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Four-Dimensional Almost Kiihler Einstein Manifolds (*). 

K. SEKIGAWA - L. VANI-EECK:E 

Summary .  - We prove that a /our-dimensional compact almost Kahler mani]old which is Ein- 
steinian and ,.Einsteinian is a K~hler mani]old. 

l .  - In troduct ion .  

An almost  He rmi t i an  manifold  M = (M, g, J)  is called an  almost K~hler mani]old 
if the  corresponding K~hler  fo rm /2 is closed (i.e. dr9 - -  0 or equivalent ly,  

g((v J) z)  = 0 
X ,  Y,  Z 

for all smooth  vector  fields X ,  Y,  Z on M;  ~ denotes the cyclic sum). M is a 

K~hler  m~nifold if V J  ~ 0 and  so it  is necessarily an a lmost  Ki~hler manifold.  
Moreover,  if the  a lmost  complex s t ructure  of an a lmost  Ki~hler manifold  M is in- 
tegrable,  t hen  M is Ki~hlerian. 

An a lmost  K~hler  manifold is also necessarily a symplectic manifold and  as is 

well-known, the  first compact  example  of non-K~hler ian a lmost  K~hler  manifolds 
appeared  in [4], [11]. I n  this context ,  the  following conjecture of S. GOLDBERG 
is interest ing [1]: 

COnJECtURE. - The almost complex structure o/ a compact almost Kiihler Einstein 
mani]old is integrable. 

As concerns this conjecture some progress has been made  under  some curva- 
ture  conditions [1], [6],[7], [8], For  example,  in [8] the  first author  of this paper  
p roved  t h a t  the  above  conjecture is t rue  when the  scalar curva ture  is non-negative.  

In  [10] S. TACHIBANA int roduced the  Ricci , - t en so r  of an a lmost  He rmi t i an  
manifold.  On u Ki~hler manifold  this tensor coincides with the  Ricci tensor. A n  
a lmost  t t e rmi t i an  manifold  is said to be a , -Eins te in  mani]old if the R.icci , - t e n s o r  
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is a cons tan t  mul t ip le  of the  E i emann ian  metr ic .  The ma in  purpose  of this paper  

is to  p rove  

T~EO~E~ A. - Let M - -  (M, g, J) be a four-dimensional compact almost Kiihler 
manifold which is Einsteinian and .-Einsteinian. Then M is a Kghler manifold. 

F r o m  this  we get  immedia te ly  

C0~OLLA~Y B. - _Let M = (M, g, J) be a compact four-dimensional almost Kiihler 
manifold oJ constant sectional curvature. Then M is a locally flat Kiihler manifold. 

This extends  a resul t  of Z. OLSZAK who proved  a similar  result  for a rb i t r a ry  

a lmost  K~hler  manifolds M wi th  dim M > 8  [6]. 

2 .  - P r e l i m i n a r i e s .  

Le t  M = (M, g, J) be a 2n-dimensional  ahnost  He rmi t i an  manifold.  We denote 

b y  z9 and  N the  Ki~hler fo rm and the  Nijenhuis tensor  of M defined respect ively  
b y  D(X, Y) = g(X, J Y )  and  N(X,  Y) = [JX, JY]  -- [X, :Y] - -  J[JX,  Y] -- f I X ,  JY]  
for X, Y e 35(M), the Lie algebra of all smooth  vector  fields ca  M. Note  t h a t  the  

Nijenhuis tensor  field satisfies the  condit ion 

N(JX ,  Y ) = -  JN(X ,  Y ) ,  X,  Y e X ( M ) .  

Fur ther ,  we denote by  V, R, @ and ~ the  R iemann ian  connection, the  cu rva tu re  

tensor,  the  Rieci tensor  and  the  scalar curva ture  of M, respectively.  Here  the  
curva tu re  tensor  R is defined b y  

(2.!) R(x, y ) z  = [Vx, V ~ ] z -  V~x,y~z, 

for X, Y, Z e 3~(M). Fur the rmore ,  we denote b y  ~o* and 3" the  Ricci .-tensor and 

the  .-scalar curvature defined respect ively  b y  

@*(x, y) = g(Q*x, y) = t race  (z ~ R ( x ,  Jz)Jy)  , 

3" = t race  Q*,  

where x, y, z ~ T M, p e M. Hence,  b y  using the  first Bianchi  ident i ty ,  we have  

2n 

@*(x, y) -: -- �89 ~ R(x, Jy, el, Je~) 
i = 1  

for an a rb i t r a ry  or thonormal  basis {el, i = 1, ..., 2n}. (See [10], [12].) 
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The following decomposition for the  vector bundle A* M of real 2-forms over M 

is well-known [5]: 

(2.2) A ~ M  = R ~  | A~d~M| L M ,  (Whitney sum) ,  

1 1  where A o' M denotes t he  bundle of real primit ive J - invar ian t  2-forms and L M  
the bundle of real  pr imit ive J-skew invar iant  2-forms o v e r  M. 

We define the  2-forms ~0 and V on M b y  

(2.3) ~(x, y) = trace (z ~ J ( V J ) ( V ~ J ) z )  

and 

(2.4) V(x, y) = trace (z ~ R(x ,  y ) J z )  

for x ,  y, z e T M, p e M. T h e n  the first Chern form 7 of M is given by  

(2.5) 8~7 = -- ~ -k 2 9 .  

I t  is well-known tha t  the first Chern class el(M) of M (in the  de l~ham cohomology 
group) is represented by  the  2-form 7 [2]. 

In  this paper, we shall adopt  the following notat ional  conventions: 

(2.6) l~ijk-~ g(R(ea, ei)ej, ek) , 

R~ijk = g(R(Jeh,  et)ej, ek) , 

. , .  

R ~  = g( R(  Jeh , Je i) Je ~ , Je~ ) ; 

~ j  = ~(e~, ej), ..., Q~i -~ ~(Je~, J~j) , 

e*J = e*(e~, ej), ..., e ta=  Q*(Je,, Je~); 

J ~ j =  g(Je~, e~), V ~ J j ~ =  g((V~J)e~,  e~.~), 

and so on, where {e~, i ~ 1, ..., 2n} is an or thonormal  basis of the tangent  space 
T M at p e M .  
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3. - S o m e  resu l t s  in a l m o s t  Ki ih ler  g e o m e t r y .  

I n  this section we shall p rove  some e lemen ta ry  formulas  and  results for a lmost  
K~hler  manifolds which are Eins te in ian and  , -E ins te in ian .  

LEM~A 3.1. - Let M ---- (M, g, J) be a 2n-dimensional .-Einstein almost Hermitian 
manifold. Then we have 

T* 

~b 

PROOF. - By  the  definition (2.4) of the  2-form yJ we get  

T* 
~.  ~ R . ~  ~ R 3 ~  ~ *--- 

k k n 

which proves  the  required formula.  

Fur ther ,  the  following equalities are known for an a lmost  Ki~hler manifold [13]: 

(3.1) I[VJ!l~- 2(~*- ~), 

(3.2) 

(3.3) 

(VzJ) I r + ( V j z J ) J Y  = O, 

g(N(X, Y), Z) -~ 2g(J(VzJ)X, Y) , 

for X,  Y, Z e 3~(M). (3.2) means  that M is a quasi-Ki~hler manifold.  

F r o m  now on we assume t h a t  M - ~  (M, g, J) is in addi t ion Eins te in ian and  
. -E ins te in ian .  Then,  b y  L e m m a  3.1 and  (3.2), we see immedia te ly  t h a t  the 2-form y~ 
is e~osed and eoelosed. F ur t he r  we have  

L E ~  3.2.  - ~ (V jJ~) (VkJ~b) (Vr  = O. 
J,k,a,b 

PROOF. -- Using (3.2) we get  

(VjJ~)(VkJ~b)VjJ,b: ~ (VTJ~i)(ViJ~b)V~J~b---- 
J, k,a,b J, k,a,b 

= - -  ~, (V~J~)(VkJ;b)VjJ;b=-- ~ (v~g~)(vkg~b)V~J~, 
J,k,a,b i, k ,a,b 

f rom which the  desired resul t  follows. 

2 

J,k,a,b 
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P ~ o o ~ .  - W e  use  t h e  first B i a n c h i  i d e n t i t y  and  the  l~icei  i d e n t i t y  to  ge t  

J~(VkJ~)V~J~b=-- ~ J~(V~J~)V~Jb~-- ~ J~(V~J~)V~bJ~= 
5,1r 5,k,a,b 5,~,a,b 

= ~ J~(V~J~b)(R~J~j @ R ~ J ~ )  @ 
5,~,a,b,t  

5,k,a,b, t  

~,~,a,b,t 

~ J~(V~J~b)J~ -ff~- ~ J~(V~J~lJb~+ 
~ n  k,a,b 2 n  k,a,b 

-~- �89 ~_, Jtk(V~J~)(Rb~t~-- R~t~)J~= 
5, k ,a ,b , t  

5,k,a,b, t  5, k ,a,b, t  

= - -  ~ J i k ( V k J a b ) R a b ~ t J t ~ =  
j , k , a ,b , t  

T* 
: 2 ~ J~(V~J~)e*~ : ~-  ~,bJ~(V~J~)J~-: O. 

k,a,b 

2 _ _  LE~ 3.4. - ~ J~(V~J~)V~J~-- O. 
~,k,a~b 

P ~ o o ~ .  - I n  a s imi lar  w a y  as for Z e m m a  3.3 we h a v e  

Z 
,l~,a,b 

V 

= 2 ~ R~o~Ji~J~VoJo~+ 2 ~ J~R~o~J,~Vj~= 
j, k,a,b, t 5, ~,a,b,t 

~,Ic, a,b,t  5,k,a,b,t  

= - -  ~ J i k R k a j t J t b V a J b j  - -  ~ J i k R a j / c t J t b V b J J a  : 
5, k ,a ,b , t  5, k ,a ,b , t  

: - -  ~ JikRl~tjJjbVaJbt-- ~ JikR~i~aJ~VbJjt: 
5, k ,a ,b , t  5, k ,a ,b , t  

5, k ,a ,b , t  

- -  V~(,oo~Job) - -  2 ~ (VbJ~)R~o,,JobJ,~-- 2 ~. J~k(V~l~oj~)Jo~J~= 

27;* 

n b l~,a,b ~,k,a,b,t  

Ji~.b V~Jab -- ~ J~J~V~J.~ : 0 . 
Ir n lc, a,b 
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By the definition of the 2-form q0 (see (2.3)) we get 

(3.4) % ~ :  ~ J~k(VkJ~)vjg~b.  
k,a,b 

Further ,  from (3.4) we obtain 

(3.5) ~ V~%j = ~ (VjJ~k)(V~J,b)VjJ~b-+- 
i ~,k,a,b 

5, k,a,b J,k,a,b 

By using Lemma 3.2, Lemma 3.3 and Lemma 3.4, (3.5) yields 

(3.6) ~ : O.  

Moreover, since d? = 0, by  (3.6) and Lemm~ 3.1, we have the following 

PI~OPOSITXO~ 3.5. - Let M = (M, g, J)  be an Einstein, . -E ins te in  almost K~ihler 

mani]old. ~hen the 2-]orms ~o and ~o are both closed and coclosed. 

Note t ha t  when M is almost K~hlefian, then  ~0 is J- invariant .  

4. - P r o o f  o f  T h e o r e m  A.  

Let  M = (M, g, J)  be a four-dimensional Einstein, , -Eins te in  almost K~hler 
m~nifold. :By (3.2) we h~ve 

(4.1) 

where {r J r  is a local orthonormal frame field of the bundle L M  in (2.2), a a 
local 1-form and J~  the local 1-form defined by ( J ~ ) ( X ) =  -- a (JX) ,  for X e ~(M) 
(see [7], [9]). Then, by  (2.3) and (3.1) we get 

(4.2) 

[7]. 

(4.3) 

By (4.1) we also have 

q0 = 2~AJa  

:Now, we assume tha t  M is not  Ki~hlerian, i.e. z*-- ~ > O. Further ,  we define 
a local vector field A'  by  g(A',  X )  = o~(X), X E T~(M). Taking into account (3.1), 
(4.2) and (4.3), we may  define a differentiable 2-dimensional J- invar iant  distribution 

HVJll ~ =  21LV~]! 2 = 411~]L ~ 
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ID on M by  

9 ( p )  = (x e T ~ M I , ( x )  = (J , ) (x )  = 0} ,  

p e M. We denote by  ~•  the orthogonal complement of if) in the tangent  bundle 
T M  over M. Then we see immediately tha t  the distribution ~•  is also J- invariant .  
By  Proposition 3.5 we have from (4.2) 

(~.4) (4iv A')g(JA',  X) -~ g([A', JA'], X)  -- (div JA')g(A',  X) -~ 0 ,  

for X e 3:(M) and 

(4.5) g(JA', Z)g(A', [X, Y]) -- g(A', Z)g(JA', [X, I7]) --~ 0 ,  

for X, :Y e ~ ,  Z e ~(M).  From (4.4) we get 

(4.6) g(EA', JA'], X)  : 0 

for X e ~ ,  ~nd from this we see tha t  ~•  is involutive. (Note tha t  {A', JA'}  is a 
basis of ~ . )  Similarly, from (4.5) we get 

(4.7) g([X, :Y], A') --~ g([X, IT], JA')  -~ 0 

for X, 17 e ~ .  Hence ~ is also involutive. So we have 

P~0PosITIO~ 4.1. - Eat M be a ]our-dimensional Einstein, ,-Einstein almost 
Kiihler mani]old. Then the distributions ~) and ~• are both involutive. 

Next, let {A, JA},  respectively {B, JB}, be a local orthonormal frame field of li) x, 
respectively ~ .  Le t  Z be any  leaf of �9 and Z • any  leaf of ~D • We denote by  V 1, 
respectively V ~, the induced l~iemannian connection on Z, respectively Z • and by  
al, a2 the corresponding second f tmdamental  forms of /~ and Z • in M. Since if) 
und ~•  are J- invariant ,  Z and L • are holomorphie submanifolds of M. Further ,  
since M is a quasi-KEhler manifold, L and Z L are necessarily minimal submani- 
folds of M. 

Now, we denote by  D z, respectively D ~, the Hermit ian connection on the holo- 
morphia vector bundle ~ ,  respectively ~• defined by 

(a.s) 

(4.s') 

D ~  -~ g(Vx~, B)B  -~ g(Vz~, J B ) J B  , 

D ~  ---- g(Vx~], A ) A  ~- g(Vz~, J A ) J A  

for any  ~ e ~ ,  ~ e  ~•  and Xe3~(M).  Finally, we denote by S~, respectively S~, 
the shape operator of L, respectively Z ~, corresponding to ~, respectively ~. 



156 K. S:EKIGAWA - ]-~. VA~NHECKE: Fo~tr-dimensional almost~ etc. 

We now prepare some formulas which we will need later on. 
obtain easily 

(4.9) g(a2(A, JA),  B) -- g(Ja~(A, A), B) = �89 JB), A ) ,  

(4.10) g(a~(A, A), B ) -  g(a~(A, JA),  JB) : �89 B), A ) .  

On the other hand, (3.3) and (4.1) yield 

(4.11) g((~(X, JY) ,  Z) -~ g(Ja~(X, Y), Z) 

for X,  v ~  q), Z e ~• Hence (4.11) implies tha t  each L ~ (L , J  ~ J{L) is a 
2-dimensional a-submanifold. 

5[oreover~ le~ K~, respectively K~, denote the curvature  tensor of D ~, respect- 
ively D 2. Then we obtain 

L E n A  4.2. - We have 

(4.12) g(KI(B, JB)B,  JB) -~ 

(4.13) g(K~(A, J A ) A ,  JA)  = 

(4.14) g(KI(A, JA)B ,  JB) = 

+ 

(4.15) g(K~(B, JB)A ,  JA)  -~ 

g(R(B, JB)B,  JB) -~- 2][G~(B, B)I] 2 , 

g(R(A, J A ) A ,  JA)  -~ 211a~(A , A)]t~-- 

g(N(A, A)), a) + ltN(A, B)II , 

g(R(A, JA)B ,  JB) -- 2 tI(~(A, A)113+ 

g(N(d, A)), A) , 

g(R(B, JB)A ,  JA)  -- 2 I[a~CB, B)[I 2 . 

PROOF. - First ,  (4.8) and (4.8') yield 

(4.16) 

(4.16') 

Using (3.3) we 

Now, we prove (4.12). Using (4.11) we get 

(4.17) g(VjBB , JV~B) : g (V~B + (~I(JB, B), J(V~B -~ al(B, B))) --~ 

-~ g((~(JB, B), J(~I(B, B)) : II(~I(B, B)II 2 . 

g(KI(X, Y)B, JB) : g(R(X, :Y)B, JB) + g(VyB, (VxJ)B)  -- 

-- g(VxB, (VrJ )B)  ~- g(V~B, JVxB) -- g(VxB, J V r B ) ,  

g(K~(X, ~Y)A, JA) : g(R(X, :Y)A, JA) + g(VrA, (VxJ)A) -- 

-- g(VxA, (VyJ)A) + g(VrA, J V x A ) -  g(VxA, JVrA) . 
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Similurly, we h~ve 

(4.18) g(V~B, JV~,B) = -- ]I~(B, B)][ ~ . 

Hence, (4.12) follows from (4.16), (4.17) and (4.18). (4.13) may be derived in a similar 
way. l~ext, we prove (4.14). By a straightforward calculation we get 

(4.19) g(Vj~B, (V~J)B) ----- g(-- S~JA + D~B, V~(JB) -- JVAB ) = 

= g(-- S~JA ~- D ~ B , -  S~sA ~- D ~ J B -  J(-- S~A ~- D~B)) = 

= g(S~JA, S~BA-- JS~A) : 

= g(S~JA, A)g(S~A--  JS~A, A) ~- g(S~JA, J A ) g ( S ~ A -  JS~A, JA) -~ 

: g(a~(A, JA), B ) ~  - g(a~(A, A), B)~-~ - g((~(A, JA), S)g(a~(A, A), JB) -- 

-- g((~(A, A), B)g((~(A, JA), JB) . 

Similarly, we have 

(4.20) g(V.~B, (Vj~J)B) -~ -- g(a~(A, A), B) 2 -  g(a~(A, JA), B) ~ + 

+ g(a2(A, A), B)g(a~(A, JA), JB) -- g(a~(A, A), JB)g(a2(A, JA), B) ,  

(4.21) g(Vj~B, JV~B) : -- g(a2(A, JA), B) ~ -  g(a~(A, A), B) ~ -  

-- g(a~(A, JA), B)g(a2(A, JA), B) + g(a~(JA, JA), B)g(a~(A, A), B) ,  

(4.22) g(V~B, JV~B)  --- g(a2(A, A), B) ~ -}- g(a2(A, JA), B) ~ . 

Further, by (4.10), we obtain 

g(a~(A, JA), JB) ----- g(a~(A, A), B) -- ~g(~(A, B), A) 

and hence 

(4.23) g((~2(A, A), B)g(a2(A, JA), JB) = 

---- g(a2(A, A), B) ~ -  �89 g(s B), A ) g((~(A, A), B) .  

Similarly, (4.9) yields 

(4.~4) g(a=(A, A), JB)g(a,(A, JA), B) = 

= g(~(A, A), JB){-- g(a~(A, A), JB) + �89 JB), A)} = 

: -- g(a2(A, A), JB)~+ ~g(l~(A, JB), A)g(a~(A, A), JB) .  
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Therefore, by (4.16) and (4.19)-(4.2Q, we obtain 

g(K~(A, JA)B, JB) = g(R(A, JA)B, JB) 45 

+ 2g(a~(A, JA), B)g(a2(A, A), JB) -- 2g((~(A, A), B)g((h(A, JA), JB) = 

= g(R(a, z )B, J B ) +  2{11o ( , a ) }  = 

= g(R(A, JA)B, JB) 45 2 I/~(A , A)Ii ~ -  g(iV(A, ~(A, A)), A) ,  

(4.15) is obtained in a similar way. 
I%xt, we define the 2-forms $~ ~ V(~) and ;~ ~ y(~• by 

(~.25) 

(4.26) 

y~ : y(~)) : 

I 
= --2--~ (g(K~(B. JB)B, JB)i(B)Ai(JB) 45 g(K~(B, A)B, JB)i(B)Ai(A) 45 

45 g(K~(B, JA )B, JB) i(B) A i(JA ) 45 g(K~( JB, A ) B, JB) i(JB) A i(A ) 45 

45 g(K~(JB, JA)B, JB)i(JB)Ai(JA) + g(K~(A, JA)B, JB)i(A)Ai(JA)} , 

y~. : y(~)• : 

1 

-- 2z {g(K~(B, JB)A, JA)i(B)Ai(JB) + g(K2(B, A)A, JA)i(B)Ai(A) 45 

45 g(K.2(B, JA)A, JA)i(B)Ai(JA) 45 g(K2(JB, A)A, JA)i(JB)Ai(A) 45 

45 g(g~(JB, JA)A, JA)i(JB)hi(JA) 45 g(K2(A, JA)A, JA)i(A)Ai(JA)} . 

Here i denotes the duality TM-+A1M defined by means of the metric. Then 
the first Chern class el(if)), respectively el(O• of the Hermitian vector bundle ~ ,  
respeotively ~-', is represented by  V1, respectively y~ (in the de Rham cohomology 
group). 

In what follows we suppose that  M is compact. First, we recall an integral for- 
mul~ for a four-dimensionM, compact, Einsteinian almost Ki~hler manifold, 
established in [7]: 

(4.27) f {  NRA~MI[ 2-  ]R (~/~ ~)112} di]/~ : -- ~ f (~ -~- ~ ]  ]-llVJ[] 2) ][vg!12 ~M~ 0 , 
M M 

where dM = �89 ~ is the volume form of M. 
A~M= 11 _ A d M .  

~ow~ (3.1) yields 

We note that A~+M : R~ | LM and 

(4.2s) T 1 T* 
45 8 IIVJ!]~----- T "  

Thus, by (4.27) and (4.28), we have 
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PIzOPOSlTIOZ~ 4.3. - Let M = (M, g, J)  be a ]our-dimensional, compact, Einstein- 
ian almost Kiihler manifold such that v*>~ O. Then M is a Kiihler mani]old. 

This result is a slight generalization of the result in [7] and it was also claimed 
by B. WATSO~ in his mlpublished work. 

Further ,  the 2-form ~ m a y  be writ ten as 

(4.29) ~0 = 2~AJ~ = 2 I] ~ll 2 i ( A ) A i ( J A )  

and moreover, we have for the Ki~hler ~orm ~ :  

(4.30) ~ = - - i ( n ) A i ( J B )  -- i ( A ) A i ( J A )  . 

Since the tangent  bundle T M  over M is represented by the Whi tney  sum of the 
ge rmi t i an  vector subbundles if) and if)l, the tota l  Chern class c(M) = c(TM) of M 
is given by  

(4.31) c(M) ----c(ff)). c ( ~  I) 

(in H*(M,  R)) .  From (4.31) we have in particular 

(4.32) el(M) ---- c1(~) + c1(~• . 

Hence y -- (~1 + y,) is an exact 1-form on M. Thus, using Proposition 3.5, We obtain 

f { y -  (ylq- y,)}A(p = (4.33) 0 .  
M 

Now, by  Lemma 3.1, (2.5), (3.1), (4.2) and (4.3), we have 

(4.34) Y = --  2 D--211~II~i(A)Ai(JA)  = 

_ i { z* i (B )A i ( JB)  + ( 2 z - - z * ) i ( A ) A i ( J A ) }  
167~ 

and b y  Lemma 4.2, (3.1), (4.2), (4.3), (4.25), (4.26), (4.29) and (4.30), we get 

1 
(4.35) (~  + y2)A~ = --2--~ (~*-- T){g(K,(B, J B ) B ,  J B )  + g(K~(B, J B ) A ,  J A ) )  . 

T * - -  T 
�9 i ( B ) A i ( J B ) A i ( A ) A i ( J A )  - -  - -  ~ * d M .  

87~ 
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Further ,  (4.3)~ (4.29) and (4.34) yield 

T * - -  T 
- -  ~* d M  . (4.36) yA~ 167~ 

Hence, from (4.35) and (4.36) we get 

( 4 . 3 7 )  - + - 

T * - -  T 

] 6 z  
~* d M  . 

Therefore (4.33) and (4.37) imply v * :  0 and hence, by  Proposit ion 4.3, M is a 

K~hler manifold. This is a contradit ion and it completes the proof of Theorem A. 
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