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Sobolcv, Besov and Nikolskii Fractional Spaces: 
Imbeddings and Comparisons 

for Vector Valued Spaces on an Interval (*). 

JACQUES S:Is 

Summary.  - We consider various fractional properties of regularity for vector valued ]unctions 
defined on an interval I. In  other words we study the functions in the Sobolev spaces Ws,~(I ; E), 
in the Nikolskii spaces Ns,~(Z; E), or in the Besov spaces B~'~(I; E). Theses spaces are 
defined by integration and translation, and E is a Banaeh space. In  particular we study 
the dependence on the parameters s, p and ~, that is imbeddings for different parameters. 
Moreover we compare each space to the others, and we give Lipsehitz continuity, existence of 
traces and q-integrability properties. These results rely only on integration techniques. 

Introduction. 

Purpose.  - Let  us consider a p - in tegrab le  func t ion  ] defined on an  in te rva l  I 

of R ,  wi th  values in a Bar~ach space E.  We  are in te res ted  in the  fol lowing regu la r i ty  

13roperties: 

l '(i]i(y)- t(:)lf)" dyd  
(i) j \  PJ'--x  <~176  

I X I  

(ii) ( f [ ] ] (x  + h ) - - ] (x ) i [~dx) l /~<ch  s. V h > 0  

IN 

where  Ih = {x E I :  x -~ h e I},  and  

r 

0 I g  

(*) Entrata  in Redazione il 6 settembre 1988. 
Indirizzo dell'A. : D4partement de Math4matiques Appliqu~es, Universit6 Blaise Pascal, 

63177 Aubiere Cedex, France. 
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These proper t ies  are  called f rac t iona l  since the  r egu la r i ty  order  s is be tween  0 

gnd  1. T h e y  are  weaker  t h a n  the  dif ferent iabi l i ty  in Lv, t h a t  is each of t h e m  is 

en ta i l ed  b y  ~]/~x ~ L~(I;  E) ,  which  corresponds  to  the  l imi t  case s = 1. 

These  proper t ies  charac te r ize  respect ively ,  for  (i) t he  Sobolev space W~,~(I; E),  

for (ii) t he  }Tikoskii space N~,~(I; E),  and  for  (iii) t he  Besov  space B~'IP(I; E) .  

Our  purpose  is to  s t u d y  how these  proper t ies  depend  on s, 19 and  ~, to  compa re  

each p r o p e r t y  wi th  the  o ther  ones, a n d  t h e n  to  deduce  e i ther  Lipschi tz  con t inu i ty ,  

or t races  exis tence or  q- in tegrabi l i ty  proper t ies .  

Contents. - The  out l ine  is as follows 

1. Definition of fractional spaces. 
2. First properties of fractional spaces. 
3. Young and Hardy inequalities. 
4. An integral identity. 
5. A preliminary imbedding from B~ '~ into L ~. 
6. A preliminary imbedding from B~ "~ into B~'2~. 
7. Sobolev theorem for Besov spaces: dependence of B~ 'p on s and p. 
8. Dependence of B~ '~ on 2. 
9. Dependence of B~ '~ on s. 

10. Dependence of B~ "~ on s, p and ~. 
11. Sobolev theorem, and other dependence of W ~," on s and p. 
12. Dependence of 27~,v on s and p. 
13. Comparison of W~, ~, -Y~,~ and B~ '~. 
14. Imbeddings from W ~,v, 3~, v and B) :~ into Lip ~-~/v. 
15. Traces of W ~,~, N ~,J~ and B~'V: imbeddings into C. 
t6. A limit case of imbedding from B~ '~ into LL 
17. Imbeddings from W z,v, ~Ts,~ and B~ '~ into Lq. 

M a i n  results. - Sobolev a nd  ~Nikolskii spaces are  pa r t i cu l a r  cases of ]3esov spaces 
(proposi t ioa  2): Ws.~--  ~ B~ ,', 2r = B~ ~. 

The  space B~'" increases wi th  ~ (t.heorem 11), thus  (corollaries 23, 24, 25):  

B~ffc W~,ipc B ~ f c  2V ~,ip for  2<19</z .  

These  spaces decrease  as s increases (corollary 17, p ropos i t ion  20, t h e o r e m  14):  
SiP  r i p  W ~,p c W',~, ~ , ~  c _~T,,~, B ;  c B~' for  s >~ r. 

The  var ia t ions  of s d o m i n a t e  the  var ia t ions  of ~ (corol lary (15), whence  (corol- 

laries 23, 24 a n d  25):  if s ~ r t h e n  W ~,~, 27~,~ and  B~'IP are all inc luded in W ~,~, in  
~,~ N~, ~ a n d  in B ,  . 

L ipschi tz  c o n t i n u i t y  is ob t a ined  (corollary 26):  if s > 1/19, W',p, N ~,~ and  B~'" 

are all inc luded  in Lip  :-l/ip. 
Traces  exis tence is o b t a i n e d  (corollaries 27, 28 and  t h e o r e m  29):  W ~,~', iV ~,~ and  

B~'IP are all inc luded  in e for  s > 1/p 9 (and, when  ,t = 1, for  the  l imit  coefficient 

s = 1119). 
In t eg r~b i l i t y  proper t ies  are ob t a ined  (corollaries 31, 32 and  33): W ~,~, 21T~,~, and  
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B~ '~ are all included in L~ for s --  l i p  > - -  11~, p < q ,  and in some cases for the l imit  
coefficients s - -  1/p  = - l l q .  

The Sobolev theorem gives comparisons when bo th  s and  p v a r y  (corollaries 18, 

21 and  theorem 10): W ~,~ c W ',q, N ~,~) c N ~,q and  B~ '~ c BX '~ for s - -  l i p  -~ r - -  : / q ,  

s >~r. 

Moreover for all these imbeddings (with the exception of the imbedding in Lr 

for some l imit  coefficients) we give es t imates  for the norms with explicit coefficients. 
The obta ined coefficients are not  necessarily the  best  possible ones ,  bu t  they  give 

an order of magni tude,  and  a behaviour  wi th  respect  to the  pa ramete r s  ( s , p ,  2 

and lSl). 

M o t i v a t i o n .  - The regular i ty  propert ies  (i) and  (if) are often used in evolution 

problems:  then  I is a t ime  in terva l  an /~ is a funct ion space buil t  over  a domain  
D c R  ~. 

The p rope r ty  (iii) is not  so f requent ly  used, however  it is ve ry  useful for our 

proofs. Indeed  m a n y  results for Ws.~= B;  '~ are obta ined f rom propert ies  of B~ '~ 

for p ve 2. For  example  we deduce the  Sobolev theorem W ~,~ c W ~,~ (s - -  K ip  = 

= r - - l / q ,  p<.Kq) f rom B[ '~c B~ '<~ and f rom B [ ' ~ c B  ~'~ for 2</~, b y  choosing 2 = p,  
# = q .  

F o r m e r  re su l t s .  - The imbeddings given here are a l ready known for real functions 
on R ,  t ha t  is for E = I = R. But  most  of t h e m  are not  proved  for vector  valued 
functions,  and there  characterizat ions b y  translat ions are not  f requent ly  used on 
an interval .  

The main  feature  of thc  present  pape r  lies in the methods.  We define the frac- 

t ional  spaces b y  integrat ion properties,  and for the proof we use only the  integra- 
t ion inequalities of H61der, of Young and Hardy ,  and  an in tegra l  ident i ty  given in 

l emma 7. On the  con t ra ry  the  classic definitions and  proofs rely on interpolat ion 

and  on Fourier  t ransform,  Fo r  example  we prove  (corollary 24)_ t h a t  . . . . .  :: 

2 (IIs(y)-s( )IIF dyd  V" 
tTm  ! 

Ih  I •  

This inequal i ty  can be deduced (for E = R) f rom classical results on fract ional  
spaces given in [LP], [LM], [BB] and  [T]. Bu t  the  la t ter  results include m a n y  hard  
propert ies  of interpolat ion and  equivalence of norms. 3s not  all the coef- 

ficients are given ill these results, and  therefore the  above coefficient 2I s  should be 
replaced b y  an unknown one. 

I a m  indebted  with E. 3{AG]~ES and A. VIsi~mi~ for their  interest  and advices 
on this topic, and  for their  k ind invi ta t ion in Pav ia  and Trento  where the present  
paper  was par t ia l ly  writ ten.  
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1. - D e f i n i t i o n  o f  f r a c t i o n a l  spaces .  

Let  I be an either bounded or unbounded interval of R, und dx be the Lebesgue 

measure on I .  Le?G E be a Banach space, ii II be the norm on E,  and 1 < p  < c~. Then 

Z~(I; E) is the space o~ class of meusm'able functions from I into E, such tha t  

If! ]l. < ~,  where 

i f  p < oo ! l l l l~ - -  Ess s u p  ',}I(x)ll i f  p = oo . 

I 

For  ~ny h>O we set I~-~ { x s I :  x -F h s I } ,  and we denote by  ~ ~he transla- 

tion operator, tha t  is (~/)(x) = ](x + h). Given feL~(I;  E), then f, v~f, and 

~ ] -  ] are ~11 defined in Ix. 

DEFINITI0:N 1. -- Let  I be an interval of R and let E be a Banach space. 

Sobolev spaces are defined for 0 < s <  1, l < p <  c~ by  

w~0~(s; ~) = {re ~ (z ;  E): Iltll~=~< oo}, 

it/i~,,, = U \ .  ~ - - ~  ! t y -  ~11 
Z x I  

i] f(y) - f(x)II !fT[-~,,~ = E s s  s u p  

if p <  zo~ 

i f : p =  z~. 

Lipschitz spaces are defined for 0 < s < ! by  

L i p ' ( I ;  J~) = { f e L ' ~  .E): !]/lgT~.< oo}, 

t i t ( y )  - t ( x ) ] t  II//I~T0. = E s s  s u p  

Besov spaces are defined for 0 < s < 1, l < p <  0% l~<jl< 0r by 

B~,,(s; ~ ) =  { / e  .L~(Z; E):  ittll~:.~< ~ o } ,  

!i ~ ~P  - - -  

0 

]i i ~~  p __  ..,/iL; - s u p  h-"ll~,~/-/lls,,(~;~) 

ff )~< oo~ 

if ~ =  oo. 

~ikolskii  spaces are defined for 0 < s < 1, l < p •  oo by  

N,,,(s; E) = {t~ L,(S; E): Ylls,,< oo}, 
s l  i iili!~,., = S u p  h -  , l 'c , , t - -  S:~[~;,(~:~). no 

h:>O 
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RE~AlCK i.i. - The in terva l  I~ is as follows. 

I f  I = ] - -  0% co[ or I---- ]~, 0r then  I ~ =  I .  

I f  I - - - - ] - -  o%fl[, then  I h = ] - -  o % f l - - h [ .  

I f  I = ] ~ , f l [ ,  then  I~----]g, f i - - ~ [  for h < f l - - ~ ,  L ~ = 0  for h>fi--o~. 

I~EMA~K 1.2. -- Denote  II] the  length of I (lI] - -  oo if I is not  bounded).  

Since I~ = 0 for h >  II], we have  

I i i  

o<a<l• 
0 

h -~ ]['~h i - -  ] [IL~(zh; ~'). [ ]  

2. - First properties o f  fract ional  spaces. 

We give some e lementa ry  propert ies  which will be used further.  At  first let us 
see t h a t  Sobolev, Nikolskii and  Lipschitz spaces are par t icular  Besov spaces. 

PI~OPOSlTIO~ 2. - Assume 0 < s < 1 and 1 ~<p < c~. Then 

W~'~(I; E) = B~.~q . F,) 

N',~(I; E) = B2~(I; ~) , 

8 ,  ~  . �9 Lip,  ( I ;  ~ )  ---- W',*~ E) = N',~(I; ~) -~ B= (I, E) 

In  addit ion,  V] 6 L~(I; E), 

iI/I]L. . = li/ll ,.  = Illlt  . . . .  lltll :  o �9 

PI~OOF.- Use the  change of var iable  y - - x  = h in the definitions of Illll .., 
and 111H ro.. = 

Next  we see t h a t  these spaces have  the restriction proper ty .  

PI~OPOSlTION 3. - Le t  J be an intervM of R, J c I ,  and 0 <  s < l ,  l < p < c %  

The restr ict ion opera tor  f rom I onto J maps  W~.~(I; E), iV,.~(I;E) and  
B~"(I; E) respect ively onto W~,,(J; E), N~,~(J; E) and B~,'(J; .E). 
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In addit ion,  V] ~ Z~(I;  E), 

'.it l!~..,(;; ~)< ii/II~..~(,; ~), 
[]  

P~ooF.  - This follows f rom the restr ic t ion p rope r ty  for the integral  and  for L~. [ ]  

When  there  is no possible confusion, we do not  use a special nota t ion  for the 
restriction. For  example  for any  funct ion ] on I we shall wri te ] e W~,'(J; E) mean-  
ing t h a t  ~(the restr ic t ion of f to J belongs to W~,~(J; .E)~. 

We see now tha t  theses spaces have  the  t rans la t ion proper ty .  We set I + k = 
= {x + k: x e I } .  

PROPOSITIO~ 4. - Le t  k ~ 0  and 0 < s < l ,  l<p<co, 14)~<oo. 
The t rans la t ion  opera tor  v~ maps  W~,~(I; E), N~,~(I; E) and B~'~tI �9 E) respect- 

ively onto W~,~(I - ~; E), N~,*(I - /~; E) and  B~'~(I - k; E). 
I n  addit ion,  Vf~ L~(I; E), 

i _ _  ] 

PROOF. -- This follows f rom the t ransla t ion p rope r ty  for the  integral  and for jSv. 

3. - Young and Hardy inequalities. 

We will use the following modified Young~s inequali ty.  

LE~nWA 5. - Let ] ~ L ~ ( I ; E )  and g~Z~(0,  a) where a > 0  and 1 / p - ~ l / r ~ l .  
6 

Define 2 '  in I ~ :  { x e I :  x +  a e I } ,  by  •(x) -~f](x + t)g(t)dt. 
0 

Then  F ~ Lq(Ia; E) where 1/q = l ip  -~ 1/r--  1, and  

]lFll~o(zo,E) < [11 iLL~(~; E)iig I[z,(o,~). [] 

PROOF. - At  first assume tha t  ] is continuous and  has a compact  support .  Given 

x ~ I~ we have  

a 

ii < f lt/(x + t)il lg(t) I dt ----f( ]l/(x 4- t)li~/~lg(t)t ,/~) ]!/(x + t)II ~-'/' Ig( t ) P-'/' at. 
0 0 
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The Hblder  inequaIi ty  with 1/q -~ (lip -- l/q) ~- ( 1 / r -  l/q) = 1 gives 

a a a 

IIE(x)l[ < II/(x + t)]l" ]g(t)l~dt /I/(x -+ t)lI~dt ) [Jlg(t)l~dt . 

0 0 0 

When t spans ]0, a[, y - - - x - ~ t  spans a subset  of I .  Thus 

C* a 

ix (x)ji.< jjl(x + 
0 I 0 

By integra t ing in x on I a, we obtain  

a a 

Ia D 1 a I 0 

When x spans I n ,  y : x + t spans a subset  of I .  Thus f [i/(x -~ t)lPdx< f li/(y)]l ~ dy, 
a n d  I a I 

a 

Ia I 0 

This is the desired inequali ty.  The continuous functions with compact  sup- 
por t  being dense in Z~(I;  E) b y  cont inui ty  this inequal i ty  is satisfied for all 

/ 6 Z ~ ( I ;  E ) .  �9 

L e t  us r emind  H a r d y ' s  inequali ty.  
L E ~ u ~  6. - Le t  g be a real  non-negat ive  measurable  funct ion on ]0 r T[, T <  0% 

s > 0  and l < ) , < o o .  Then 

T T T 

0 0 0 

t 

sup t-,fa dh 1 (h) -h-<s Ess sup t-"g(t) .  �9 
O<t<T O<t<T 

0 

PRooP. - We assume for t:he m o m e n t  t ha t  g ---- 0 on a neighborhood of 0 r and we 
t 

denote G(t)=fg(t)dh/h. Then 
0 

1 d ( t - . G ( t ) ) ~  = - -  s t - . ~ - l O ( t ? +  t-.~-lg(t)G(t)~ -~ 
2 dt 
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Let  us integrate  f rom 0 to T. Since G ~ 0 on a neighborhood of 07 the integral  
of the left  hand  side is non-negative.  Therefore 

T T 

sf t - ' - 'G( t )  ~ cZt< ft-"-~g(t)G(t? - '  dr. 
0 o 

The right hand  side equals 

T 

= f (t - " - ~  G(t)g)(~-l)/~(t -sx-1 g(t);') 11;~ dt . 
0 

Thus~ by  HSlder inequal i ty  with ( , t - - ! ) /A  + 1/A = 1 it is bounded by  

Therefore 

T T 
/ [, \(~-1)/.~/ /, \z/x 

. 

0 0 

3' T 
/ p \1/~ / l" \1/~ 

9 . 
0 0 

This proves the first desired inequal i ty  in the case where g equals 0 in a neighbor- 
hood of 0. The general result  follows b y  approaching g b y  functions which equal 
0 in a neighborhood of O, for example g ~  l~>og. 

Le t  ns prove the  seeond inequali ty.  D e n o t e c =  Sup t-~g(t). Thus g(h)<ch ~ and 
therefore o < t < 

t t 

SuD t-~fg(h) d~hh < Sup t-~rchsdh c 
o<~2~ o<t<~ . j  -h  - - s "  

0 0 

[]  

4.  - A n  in tegra l  ident i ty .  

The proof of the Sobolev imbedding will rely on the following ident i ty .  

L ~ t ~ •  7. - Le t  feL~(I;  E), p <  o~ and a >  0. Assume tha t  

a 

fil dh 
0 
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Then 

a a a - - h  

, f ~  - -  
-~ rh/dh~-  dh (I-- 'chl'ct] 

0 a 0 

dt 
(t + h) 2 

in L~(I~; E ) .  �9 

P~ooF. - The function h - + ~ 1  is continuous from [0, a] into Z~(I.; E).  
the integral  

0 

converges in Ep(Io; E). 
We show nex t  the convergence of the following integral 

Thus 

a a - - h  

0 0 

dt 
(t § h) ~" 

The integrated funct ion is continuous, and therefore measurable. In  addition 
if 0 < t <  a -  h, then x + t spans a subset of I~ as x spans In. Thus 

a a - - h  a a - - h  

d [](I--~h)Tt]I]z~(z.:~)(t+h)~<~ d ]] f - -~hI]~(z~;E)( t+h)  --  
0 0 0 0 

a 

o 

dh.  

This last t e rm is finite by  hypothesis,  thus  the integral X(a)  converges in Z~(Ia; ~).  
The integrals X(a)  and Y(a) being convergent,  i t  remains to prove tha t  their  

sum equals f. By  the change of variable u = t, k -= t + h we obtain 

a k 

0 0 

in L~(Ia, E) . 

Let  ~ > 0 be given, and consider 0 < a < ~. Then I~ c In. Therefore by  restric- 
t ion the above equal i ty  also holds in Z~(I~; E). Thus a - +  X(a)  is differentiable 
f rom [0, ~] into Z~(I~,/~) and 

a ( 1 / )  
~--~ (a) : a~ j . -~---~a a ~hfdh (a) -~ ~a (a) in L~(I~; E ) .  

0 0 
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Thus the restr ict ion to I~ of X(a) + Y(a) is independent  of a. Moreover, ff a -> 0 
then,  ill L~(I~; E), X ( a ) - + 0  (by the last expression for X(a)) ,  aud Y ( a ) - + ] .  
Therefore 

X(a) + : Y ( a ) =  J in L~'(I~; E) for all a<c~.  

In p~rticuiar this is satisfied for e == a, which proves the ]emma,. [] 

REMARK 4.1. -- I f  f is jUSt in L~(I; E), the  iden t i ty  given in lemm~ 7 holds in 
W-~,~(I~; E).  

Indeed  the  double integral  X(a) converges in W-I,~'(I~; E) since 

RElgAI~lC 4.2. -- I f  I = R~ le t t ing a -~ c~, it  is possible to prove tha t :  

c ~  o o  

] = d ( I -  ~,,)~:,f (t + h) ~ 
0 0 

in L%R; E ) .  m 

RE)~ig~ 4.3. - I a  the ease I ---- R and 8]/~t ~ L~, the ident i ty  of lemmu 7 is due 
to IL'Ih" [I]. I t  WaS used in [G], p. 260, to  prove t race results. 

5. - A preliminary imbedding from B~ '~ into L ~. 

We give an inequal i ty  which will be used to prove the Sobolev theorem for Besov 

spaces. 

L E ~ i  8. - Suppose tha t  s -- l i p  ~ -- 1/q (0 < s < 1, l < p  < q <  c~). Then 

',~ ~" E) Z~(I; .E) B~ (.L, c 

~oreove r  for all a <  [II/2 (lli being the length of I )  and f e B~ '~, 

a 

(f dh a'[[1i].(~:~)) ; 
K 

iiti[~~ <211~ \)1~-'1[~ i -  fl[~.<~,,; E)T + 
0 

for unbounded  I ,  9_. ~/q m a y  be replaced by  1, and the inequal i ty  holds for all a. 

For  a-= 111/2 this inequal i ty  implies 

[I]il~,<2~/~(ll]][~:,'+ (~)~ [1][]~'). �9 
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P~ooF - Let ] e  B~"(I; E) and a > 0 The assumption of lemma 7 is satisfied 

since 

a a . 

f dh , f ~ dh 8 

0 0 

Therefore the identity of lemma 7 yields: 

a a a - - h  

f ] = a z~]dh + d I -  T ~ ) ~ : ~ i - -  

0 0 0 

gt 
(t + h) ~ 

in L~(I.; E ) .  

Let us estimate the first integral by Young's inequality, that  is by lemma 5, 
a 

with g( t )~- - i  and 1 / r = l - - s ,  thus 1 / q - ~ l / p + l / r - - 1 .  This gives 1 /a f v~]dhe  
e Lq(I~; E), and o 

a 

0 

We now estimate the double integral. Using lemma 5 for Th]- - ]  e Z~(Ih; E) 
and g(t) = (t + h) -2, we obtain 

a - - h  

dt 
I f (I-- ~'h)7;t/ (l---~-~]Sq(i .,E)< lJ]-- *a]tl~'(Zh;E)[]gllL'(~ " 
0 

Here 

Ihl-2r__ al-2r\llr 
[lgllL,(o,o-~)-- ~ 77--~ ) <~v/,-~ _~ eh-8-1 

where e = (2r-- 1)-1/'<1. Thus 

a a - - h  a 

0 

This last term is finite since ] E B~ '~. Thus the integral 

a a - - h  

0 0 

dt 
(t + h) ~ 
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converges in L~(I,~ ~,). Therefore the ident i ty of lemma 7 yields f G Z~(I~; E) and  

0 

If  the interval  I is unbounded on the right side, then I~ ~ I and the first desired 
inequali ty of lemma 8 is proved, with 2 ~/q replaced by 1. 

I f  the interval  I is bounded on the right side, we invert the t ime direction, l~orc 
precisely we use the above inequali ty for ](t) ---- /(-- t) which is defined on 7 
: {-- t: t e I } .  Since [1]-- ~]I]~(L;E)~- I[]-- ~h]l[~(I;E), this gives 

a 

0 

dh 

If  the interval  I is unbounded on the left side, then  i ~ =  i and [[]]ls,(L; =) - -  
= ][]I[Lql;E)" Thus the f i rst  desired inequa l i t y  is proved again. 

There remains the case where I is bounded on both sides~ tha t  is I ~ ]~; ~[. 

Then, if a < ( f l - -  ~)/2~ 

fl--a fl 

Ilt(x)h dx+Jlll(x)liadx) 

The previous two inequalities then  yield 

h 

0 

Thus the first desired inequality,  and therefore the lemma, is proved for any 

interval  I .  [] 

6. - A preliminm T imbedding f r o m  B~ '" into  B:  '~. 

We now give an imbedding which will be used to prove the Sobolev theorem for 

Besov spaces. 

L E ~  9. - A s s u m e  s ~ r  ( O ~ r ~ s ~ l , l < p ~ c % l < ~ c ~ ) .  Then 

(Z,- : 
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Moreover, IZl being the length of I,  Vie  B]'=: 

i]l[l~:,'< 

IZl'-_.s !lilies, ~ for bounded 1 
8 - - r  

] /ii][~:"+~ IlfllL~ for all I [] 

PROOF. - Let ] e B~ '~ and a > 0. B y  H61der's inequality for (2 - -  1)/4 + 1/~ = ! 
we have 

where 

a a 

f hs-r+l/~-I ( h-8-1/~ I[Th ] - ][ILK/h; ~ ) ) d h ~ c  ( f (h-s]l~h]- ]][L~(Ih;IZ))a ?)1/4  

0 0 

c 

a 

I J h ( s - r + l l ~ . - 1 ) ) . l ( ) . - 1 ) d h )  : 19~_IF - a s I r ~ s _ _ ~  , 

o 

Thus, for ~ < 0% 

a a 

0 0 

For 2 = cr we obtain 

0 

When I is bounded, we obtain the first desired inequality by choosing a = [I]. 
Indeed (see remark 1.2) the integrals and the supremum for 0 < h <  III are equal to 
the integrals and to the supremum for 0 < h <  oo. 

For all I we have the following e s t i m a t e  

0o 1 0o 

- < h - ' [ l ~ l - l l [ . ( . ~ , ~ )  T § 21[]11.(~,~ . 
0 0 1 

B y  using the previous inequality for a = 1 we obtain 

c o  1 

0 0 
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For  24 ----- c~ the integrM in the r ight-hand side is replaced by  a Sup. This implies 
the  second desired inequali ty.  Then the lemma holds. 

7.  - Sobolev  t h e o r e m  for B e s o v  spaces :  dependence  o f  B~. '~ on  s and p .  

Let  us see tha t  B~ "~ decreases when s increases and p decreases, for any  fixed 

s -  z ip.  

TttEOI~EI~[ 10. - Suppose s > r  and s - -  1,/p = r - -  1/q (0 < r < s  < 1, l < p d q <  c% 

1 4  24 ~< c~). Thett 

B~,'(I; ~)  c Bi,"(~; ~), 

,l/l]~,'<~ lI/lI~," v/e Bi". 

This holds for 0 = 2~/~3 ~-', thus  0~<6 and, if I is unbounded,  for 0 ----- 1. [ ]  

P~ooF, - I f  s ---- r the spaces to be compared coincide. Now let s > r, s - -  l i p  = 
= r - - 1 / q  and  ] ~ B ~ ' ~ ( I ; ~ ) .  By  lemmata  9 and 8, B~'~cB1  cZ~, therefore 
] e Lq(I;  E) .  

Let  t > 0. B y  restr ict ion (proposition 3), f E B~'~(It; s  By  translat ion and re- 
striction (propositions 4 and 3)~ T~feB~'~(I~; E).  Thus ~ t J - - J ~ B ~ ' ~ ( I t i - E )  and,  
by  lemma 9~ v~J--  ] ~ B~ (I~, E) .  

Now we can use the 1emma 8 for v l j -  1, ( s -  r ) -  l i p  = --  1/q and a = t. 

Unbounded I .  - I f  I is not  bounded the lemma 8 yields, for all t 

0 

Since T~(v t ] -  ] ) -  (v~,f-  1) = 7~(v~]-  I ) -  ( v J J - / ) ,  i t 's  norm in L~(L+~; E) is 
bounded b y  2 t imes the norm of ~ f -  I in Lv(I~; F,). 

Case 24 < co. Thus  the  above inequal i ty  yields 

oo 

0 

co  ~ oo 

0 0 0 
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Bounding the first integral  of the right hand side b y  Hardy ' s  inequality,  t ha t  
is by  lemma 6, we find 

c~ 2 

0 " 0 

This yields the desired inequali ty since 2/r + 1<3/r. 

Case 2 = c~. Replacing the  integration in t by  a supremum, and using the second 
inequal i ty  of lemma 6, we obtain 

t 

0 

T h i s  yields the desired inequal i ty  for ~ = cr 

Bounded I. - I f  I = )g, fl( is bounded, then  the condition on a in lemma 8 yields 
t<lI~[/2 , t ha t  is t < ( f l - - t - - ~ ) / 2  thus t<( f l - -~) /3 .  Under this condition 

t 

0 

As in the unbounded case ][vh(vt]--])--(~t]--])HL,<2][vh]--/ILL," 

Case /l < oc. Thus 

(p-~)/8 

0 

c~  t 

0 0 

c ~  

o 

Therefore, by  Hardy ' s  inequality,  tha t  is by  lemma 6, 

(~- 0,)/3 co 

0 0 
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In  the left hand  side we use t -~ hi3. Then ~ n f -  ] = ~2t(~tf-- ]) + zt(~t]-- ]) + 
-+- ( ~ f - -  f), and therefore I I~ , ] -  f I l~(z~;~)<3il~t]-  ]lI~u,;~). Thus this change of 
variable gives 

, ~ - ~  (~-~)/s  

( f (h "i]~]- ]i!Lo(I~;~)) ~ ~)11z~31-r (f(tril~d- ]!t,(z.~)) ~ ~)1,. 
0 0 

I f h>~ f l - -  r then  I h =  0 and /ITh] - ]l]s,(z~;s)= 0. Thus fl--  a m a y  be re- 
pluced by  c~ in the left hand side. Then the l~st two inequalities yield, 

0 0 

This gives the desired inequality. 

Case ~ -= ~ .  :Re:placing the integ~'ation in t by a su:premum, and using the second 
inequali ty of lemma 6 we obtain 

t 
t. 

- , . ,  t , h"-'~/l"G.f - -  ,tl'.~ (z,,;~) ~ + t-~'li't",t - - / r ]  " Su:p ~ ! ] ' v ~ f - -  ] ] [ z . , ~ ( & ; E ) ~ 2  j~' Su:p 2t , ,,, , dh 
t<(~-~)/3 t<~ 

0 

) 7 + 1 s~:p t-' i]~i  - .f/l~,(-,,~) �9 
t <: r 

' T  Now, using ~gain t = h/3 and [1 ~1--]] !~<3]]~]--] ] ts~,  we obtain 

S u : p h - " i l ~ t - - / b . , ~ ( , , , . ~ ) =  Sup n- , ] i . , : ,~ f - ] / [~ ,o ( , , ,~ )<31-~  su:p t - ' [ i~ , f - t i l . , . ,o( , , ; .~ ) .  
h < c o  h < / ~ - - ~  t <(/~-~)1~. 

Final ly 

This is the desired inequality, which is :proved for all I and 2. �9 

8 .  - D e p e n d e n c e  o f  B~: ~ o n  ~. 

Let  us see tha t  B~ '~ increases with L 
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THEOrEm[ ii. - Suppose A</~ (0< s < I, l<p<oo, l<A<#<oo). Then 

'~ E) 8,~ . B], (I;  c B~ (I,  E) ,  

1I I [ !~ , '<~ Nl][i,'~,, vt ~ B i " .  �9 

The theorem will be proved in three steps, by  using the following semi-norm 
on B~ '~. Given ] in L~(I; E), we set 

~ ( h )  = S u p  l[*J- l][~(z,;E) 

co 

( f ( ? (,, ) 11II1~," = n - , ~ ( h ) ) ~  - -  I ~'~ = S ~ p  ~ - ~ ( h )  i f  ~ = oo . 
h>0 

0 

In  the first step let us prove tha t  this defines an equivalent semi-norm on B~ '~. 

LE~a~A 12. - For all / e  B~'~(I; E) (0 < s < 1, l < p <  0% 1 < t <  oo), 

P~ooF,  - The first inequal i ty  is obvious since ii T~f - -  I i I~(~.  E ) <  %(~I, 
Let us prove the second one. For h < t < 2 h  we have v J - - f ~ - ~ h ] - - / - I -  

+ rh(r,-hl-- 1), thus 

For t < h  this inequali ty still holds. Thus, calculating the supremum for 0 < t < 2 h  
we obtain 

%(2h) < libel- l]l~,(~; ~) + %(h) 

The case ~ <  oo. Thus 

co oo oo 
( f (k_ss dh, ) ~ /  f (h-sl[Th/-- '/']L~(/h; ~)) 1 ~)111 (~\j (]~-sO)'(h))~ d hh)l]l . 
o o o 

By the change of variable 2h -+ h, in the left hand side we obtain 

oo �9 oo 

0 0 

which is the second desired inequality. 
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The ease 2 ---- oo. Replachlg now the integration in t by  a supremum, we obtain 

28 Sup h-"oo,(h) -= Sup h-"e,J,(2h).<< Sup h-~li% / --/liL~u~;~) 4- h-~c%(h) �9 
h > 0  h>O h > 0  

This gives the second desired inequality for i = oo. [] 

I n  the second step let us prove the result of theorem 11 for f f  = oo. 

LEYEVIA 13. - For  all /eB~'V(I; E) ( 0 < s < l ,  l < i 0 <  co, 1 < i < o 0 ) ,  

!rillb,,,< (8,V filh$  ," I 

P~oo~. - Let  t > 0. Since c%(h) increases with h we have 

c o  oo ,co 

Thus 

c o  

SllP ~-Sc~ < (sl)l/x ( f (h-s~176 d-~) 1/~ 
0 

In  the last step let us prove the imbedding for all #>~  A. 

t)t~OOF OlJ ~ THEOI%EI%f 11. - Let /eB~ 'v and #>l. We have 

0 

co  

, \(ff-'~)/,~ / 

0 

This is 

In addition, by  lemmata  12 and 13, 

. . < (s,t)~I~ 
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The max imum of (S~) 1/'~ with respect to ~ is a t ta ined for s~-~ e. Thus 

(s~)1/~/(2~-- 1) < e~/~/(2 ~ -- 1) < 2Is. Therefore 

�9 - 2 1-~lg 

This proves the inequali ty in theorem 11, and therefore the theorem. �9 

9 .  - D e p e n d e n c e  o f  B~:  v o n  s .  

Firs t  we show tha t  B~ 'v decreases when s increases, for  fixed p and 2. 

TlZEO~EM 14. -- Suppose s > r  ( O < r < s < ! ,  l < p < c %  1 < 2 < ~ ) .  Then 

B~'~(I; ~)  c B?~(I, . E )  . 

And, t l I  being the length of I ,  V]e B~ '~ 

2 
[ I ] l I ~ " <  : , l i l ies"+ 7 llfll~, 

for bounded  I ,  

for all I .  �9 

PI~OOF. - Le t  ] e B~ 'v and.a > 0. 

Bounded I.  - For  ~ < 0% 

a 

dhW ~ 

0 

For ~ = 0% 

0 

O < h < a  O < h < a  

These inequalities give the first desired inequali ty by  choosing a = I/I. Indeed 
(see remark  1.2) the integrals and supremum for 0 < h <  [II are equal to the integrals 
and to the supremum for 0 ~< h <  co. 

Bou~ded or unbou~vded I. - We bound 

oo 

0 1 

0 

oo 

1 
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Thus 

- ,  , ~ dh ~/;' d h \  ~/~ 

0 0 

(f 
0 

For  ). ---- oo the  integrals are replaced b y  Sup. This proves the  second inequali ty,  

and  therefore  the theorem.  �9 

Le t  us see t h a t  B~ '~ decreases when s increases, even if ~ v~ries. 

COI~OLLAI~Y 15.- Suppose s>r (0<r<s<l, l<p< oo, 1<i<o% i<#< oo). 

Then 

And, V / e  B~ '~, 

Moreover,  if ~</~, 

B~ff(I; E) c B~, (I ,  E) 

2 l ip - ,  II/l[~," for bounded  / ,  
r(s - -  r) 

2 4 
r(8- r) li/]l~:"+ ~ ii/lit~ for M1 Z. 

2 
s Iz?- ' l i / i !~ ,"  

2 2 

for bounded  I ,  

for all  I .  

P R O O F . -  I f  2 < ~  theorems 11 and  14 yield B~'VcB~'~cB~'~ and the desired 

inequal i ty .  
/:~r, 27 C rd7 For  all i and  /~, l emma  9 and  theorem 11 yield B~'~c--1 B~, . �9 

10 .  - D e p e n d e n c e  o f  B~. '~ o n  s ,  p a n d  e .  

Le t  us see t ha t  B~ '~ decreases as s and  s - -  1/p increase and  as p decreases. 
TttEOREI~ 16. -- Suppose s ~ r ,  p < q  and ei ther  s - - l i p  > r - - 1 / q  or s - - l i p  

---- r -  1/q, i</z .  Then 

B~,~(Z; E) c B. (z, ~)  
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~oreover ,  V ] e B ~  '~, if A<,u 

Iii]l~;,~< 
36 
7s lI[~-r-~/~+~/~Ilill~'" for bounded I ,  

6 6 
~s li]ll~l"+ ~ li/[]~: for unbounded  I 

and, if s -  l i p  > r -  l /q ,  

361I I. " - ~ / ~ + "  ~ 
r~(s -r-~/p + 1/q) Iliil~'~'" 

]2 6 IIlll~:,.+ V ii/l[. 
r~(8 - r - 1 / p  + :Wq) 

for bounded  I ,  

for unbounded I .  

P~ooF. - Denote  S : r - -  i / q  + l i p .  Then r < S < s  and S - -  1/p -~ r - -  1/q. 
I f  2 < #  theorems 11, 14 and 10 sucessively yield ~ns'~,-~ ~,n~'~'-ns'~r ~ ,  B~,"q, and 

the  desired inequalities. 
I f  s - - l i p  > r - - l / q ,  lemma 9 and theorems i0  and 11 successively yield 

B~ '~c s,~ rq r,q B~ C B~' c B~ , and the desired inequalities. �9 

I~]~__~RK 10.1. - The embedding of theorem 16 contains all the  embeddings for 
Besov spaces given in sections 7, 8 and 9. But ,  for each part icular  case, the coef- 
ficients of the inequalities are be t te r  there than here. �9 

11. - Sobolev  t h e o r e m ,  and other  dependence  o f  W ''~ on s and p .  

Imbeddings for Sobolev spaces arc part icular  cases of imbeddings for Besov 

spaces since W ''~ ~'~ ---- B~ . Firs t  let us see tha t  W s,~ decreases as s increases. 

CO]~OZLA~u 17. - Suppose s > r  (0 < r < s  < 1, l<p< c~). T h e n  

and, VIe W ~,~, 

11/1I,~.,~ < [ 

w,,~(I; ~)  c w,,~(z; 2~) 

IIIs-,]t/I!~,.~ for b o u n d e d / ,  

4 ililI~,.,+ ~ Tli/I- for all  I .  �9 

P~ooF. - Proposit ion 2 and theorem 14 yield W 8'~ = B~8'~ c B~"~ ---- W "'~ and the 
desired inequalities. �9 

Now we shall see tha t  W ',~ decreases when s increases and p decreases, s - -  l i p  

being fixed. Tha t  is the Sobolev theorem. 
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C01r 18. -- Suppose s - - l i p  = r - - 1 / ~  and s > r  ( O < r < s < l ,  l < p <  
< q < oo). Then 

W,,~(I; E) c W,,~(I; E) 

]r/il~,,o<~ illi[,~,,~ vt e w~,~. �9 

For  unbounded  I ,  36 m a y  be replaced b y  6. �9 

PI~ooF. - Theorems 11 and 10 give B~'~c B~'VcB~' t  Then the proposi t ion 2 
"q - -  W " t  And these results yield the inequali ty.  �9 give W *'~ ---- B~ '~ c B~ - -  

Final ly  we shall see t ha t  W ~,~' decreases when s and  s -  l ip  increase and  p 

decreases. 

COrOLLArY 19. - Suppose s~>r, p<g and s--lip>r--1/q (0<r<s<l, l<p< 

< q < oo). Then 

W~,~(I; E) c W,,~(I; E) 

and ,  V.t e W~, ~', 

) 36 [ii~_r_l/v+]/~ ltli~ for bounded  I 

I ~i/][~",~-F 7 ]l't]ll'~ for unbounded  I .  �9 

r  __  P~oo~.  - Proposi t ion 2 and  theorem 16 give W~'V= B~'~c B~ - -  W ''q, and the 

desired inequMities. �9 

1 2 .  - D e p e n d e n c e  o f  N ~''~ o n  s a n d  p .  

Imbeddings  for Nikoslkii  spaces are par t icular  case of imbeddings for Besov 

spaces, since N s ' ~ =  B~  ~. 
F i r s t  let  us see t h a t  N *,~ decreases when s increases, for fixed p. 

PI~0~0SlTI0~ T 20. - Suppose s > r  (0 < r<.s < 1, l < p < <  oo), Then 

and, V /e  N*.~ 

~Y,,~(i; E) c N,,~(I; E) 

]IP-']i/ll~.,~ for bounded  I ,  

Sup {ll/ll~,,~; 2]1/11~} for unbounded  I .  
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PROOF. -- Let  /e/V' ,~.  When I is bounded we have,  for h<l�92 

For  h >  IZl this inequal i ty  is still satisfied since the two sides equal  0. The first 
inequali ty is then  obtained by  taking the supremum for h>~ 0. 

When I is unbounded we have 

The second inequality, and therefore the proposition~ is then obtained by taking 
the  supremum for h/> 0. [] 

h-'II'c~]- ]IIL~(I~;E) for h < l ,  

2 II/li.(~; ~) for h >~ 1 .  

COROLLARY 21. - Suppose s--i/p=r--i/q and s>~r (0<r<8<l, l<p< 
< q < oo). Then 

N,.,(Z; E) c N,.~(z; E),  

I[1][~,.o<~ l!/II~.,~ 

I f  I is unbounded~ 18 m a y  be replaced by  3. 

PROOF. - Proposit ion 2 'and theorem 10 give N ',~ = Boo"~ c B~r,q---- Zr~,a and the 

inequali ty.  [] 

REMARK 12.1. - T h e  corollary 21 m ay  :be wri t ten as follows: 

Le t  ] e Z~(I; E) satisfy: [[~h]--/[lz~(z~,~)<eh ~ Vh > O. 

Let  q be such tha t :  p < q < o o  if s p > l ,  p < q < T * = p / ( 1 - - s p )  if s p < l .  

Then ] e Zq(I; E) and [Izh/-- ]]I~,(i~;~)<c'h'-l/~+l/q Vh > O. �9 

Final ly we shah show tha t  N~, ~ decreases when s and s - -  l ip  increase and p 
decreases. 

COROLLARY 22. 
l<p<q< co). Then 

- Assume s>~r, p < q  a n d  s - - 1 / p > r - - 1 / q  ( O < r < s < l ,  

Now let us see tha t  _AT 8,~ decreases when s increases and p decreases, s -  1/p 
being fixed. Tha t  is the Sobolev theorem for Nikolskii spaces. 
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and, V,f e N',~, 

3 suv {I]]l[.~,.~; 2~, f ] l , }  _ II 

'F  

for bounded I ,  

for unbounded  1 .  

PlcooP. - Set S = r - -  1/q -]- 1/19. Thus r < S < s  and S - -  l i p  ---- r - -  1/q. Pro- 
position 20 and corollary 21 yield N~, ~ c N s,~ c N *,~, and the desired inequality.  [] 

13.  - C o m p a r i s o n  o f  W ~'~, Y ~'~ a n d  B~, '~ 

Let  us first compare Sobolev and Besov spaces. 

COROLLAI~u 23. -- Assume s > r (0 < r < s < 1, l < p <  oo, 1 < 2 <  oo). 

I f  )~ = p then  

I f  2 > p  then  

~nd, V] ~ W "'~, 

ilfl],~,., < 

and, V]e B~ '~, 

I f  g < p  then 

} ] ~rpp 

and, V le  W " 5  

W ' , ~ ( I  ; .E) = B~,'~(I;  .E) 

I1r 2~/~I]1]!~;., v i m  w ',~ . 

w',~(z; 3)  c B#~(X; 3)  c w',~(z; 3) 

l, 2 ,Jfll~s,'<-~ Ilffl~..~ 

4 
r(8 - r )  t / l~- ' l i f l l~ '"  

4 8 

for bounded  I ,  

for M1 I .  

w',~(z; E) c B],~(Z; 3)  c W',*(I; 3)  

2 
r ( 8 - - 9 " )  [J[ls-rl]fiIw"~ 

2 4 
r(s - r) IffH}'., + p ilf[l~, 

for bounded I ,  

for all I 
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and, u e B~ '~, 

[11]]~,,, <~  il/ll~=," �9 

P~00F. -- When 2 : p proposit ion 2 yields W~ '~ :  B~ '~ and the equali ty for 

norms. 
When ) l>p  proposit ion 2 and theorem 11 yield W " ~ =  B~'~c BSx '~ and the first 

inequality.  Corollary 15 and :proposition 2 yield s,~ ,,~ W,,~ B~ cB~  ----- and the other 
inequalities. 

When ~ < p  proposit ion 2 and corollary 15 yield WS'~= s'~ B~ '~ B~ c and the first 
two inequalities. Theorem 11 and proposition 2 give B~'~c B~'~= W ',~ and the 

last inequality.  �9 

Now let us compare Sobolev and Igikolskii spaces 

COROLLARY 24. -- Suppose s > r (0 < r < s < 17 l < p <  co). Then 

and, V[e W',', 

and, u e N',~, 

IlYll~,,,< 

we,,(/;  .~) c N, , , ( I ;  E) c W,, , ( I ;  .~) 

ll/I]~.., <2 lllll~.., 

4 
r ( ~ - , )  IZP-'[I/ll~..~ 

4 8 
r ( s - -  r) [I/ll~"" + ;~ ]1111~" 

for bounded I ,  

for all I .  �9 

PROOF. -- This is given by  corollary 23 with A = oo. 

N*'~'= B~, ~' and II,/l[~..,= Illl]~:~. 
At last let  us compare Nikolskii and Besov spaces 

Indeed  b y  proposit ion 2, 

COROLLARY 25. -- Suppose s > r (0 < r < s <  I~ l < p <  0% 1 4 ~ <  oo). Then  

and, u e N', , ,  

IlYllm< 

N', '(I;  B) c B~,~(I; ~) c N',~(I; E) 

21zp-, 
r (~ - r )  IZP-'llfl~,,, 

2 4 
,(~ - r )  II/11~.., + ~ II111,,, 

for bounded I ,  

for all I 
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I ]  ~ oo then  

2 

N~,'(z; E) = B~,~q . E) 

I]I11~,,,= I I / i l~ vie N,,~. [] 

P~OOF. - Proposi t ion 2 and corollary 15 give N s'~ ~ B~' ~ c B~'~ and the first 
two inequMities. Theorem 11 and proposit ion 2 give B~'*)c B~ ~ ~ 2V ~,~ and the 
third inequali ty.  

Proposi t ion 2 give Ns '~=  B~ ~ and the  equal i ty  for norms. [] 

14. - Imbeddings from W ~'~, N 8'~ and B~ '~ into Lip'-!/~. 

Le t  us see tha t  for s large enough~ any  funct ion of any  one of these spaces has 
Lipschitz properties.  

C0~0LLAI~u 26. - Assume s >  l i p  (0 < s < 1, 1 < p <  0% 1<)~<  oo). Then 

W,,~(I; E) c Lip ,-~/~ (I ;  E) 

N,,~(I; E) c Lip,-~/~ (I;  E)  

and 

B~,,(I; .E) c Lip ,-1/, ( I ;  .E) 

36 
illIl~7o.-,~,<s(~_]T ~ !lll!~..~ vie w,.~, 

is 
Illtl~ro.-,~,<s , i l  p IIlll~,., vl ~ :v,.~, 

36 

I f  I is unbounded 36 and 18 m a y  be replaced b y  6 and 3. 

Pl~oor. - Proposi t ion 2 and theorems 11 and 10 yield W~,~'= B~,~'cB% ~ r 
c B~-I /~ '~= Lip ~'1/~, and the first inequality.  Corollary 21 and proposit ion 2 give 
iV~,~c 2V8-1/~'~ = Lip s-1/~ and the second inequality.  Theorems 11 and 10 and pro- 
position 2 yield B~'~c B ~ c  B~-~/~'~----- Lip ~-al~ a n d  the th i rd  inequality.  [] 
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15. - Traces of W ~,~, ~V ~,~ and B~,: imbeddings into C~. 

We denote by  C,( / ;  E) the space of uniformly continuous functions from I into E, 

that is 

e.(~; E) ={tee(Z; F): Sup li/(~)--t(x)][ -~0 as ~- ,0} .  
ceI, veI, ]y--x] ~<e 

First  let us give trace results for Sobolev spaces. 

COROLLarY 27. - Suppose s > l i p  (0 < s < 1, 1 < p <  c~). Then 

w~,~(I; E) c eu(I; E) .  

For any  ] e W ~,~ and t e f (closure of I),  j(t) is uniquely defined and 

ilt(t)Ii~<8-1/p tl/11~,.~+ 2p + \ ~ 1  ] I]li[-. �9 

PROOF. - By  corollary 26 W ~,~ is included in Lip ~-~I~ and therefore in C,. The 

inequality is given by  lemma 8 with q = oo and s = l /p,  by  lemma 9 with X = p 

and r = l ip  and b y  proposition 2. [] 

Now let us give trace results for Nikolskii spaces 

COROLLAlgY 28. - -  Suppose s > l / p  ( 0 < s < l ,  l < p < o o ) .  Then 

2r E) c e , ( I ; / ~ ) .  

For  any : e/g~,~ and t e f ,  J(t) is uniquely defined and 

II](t)I[~<s_l/p ll]ll~,,,+ 2p + I11[!~,. [] 

P~OOF. - I t  is same as for corollary 27. 

Finally we give trace results for Besov spaces 

Tn~OR]~ 29. - Suppose either s = l ip ,  ~ = 1 or s > l ip  (0 < s < 1, l < p < 0% 
i < ~t < co). Then 

~,~ �9 e~(i; ~) B~ (I, /~) c 
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For ~ny ] G B~' ~ and t ~ ],  ](t) is uniquely defined, ~nd 

ilt(t) l=< 
Jl/il~P'~+ \T~/ [ i / l l -  ~or ~ = l / p ,  

~, _ ~ l p  i l?ll.~."+ ~p + k~T] li;tli~, ~or s > :Ao, 

where I1[ is the length of I~ thus 2/1I ] ~- 0 for unbounded I .  [] 

P~OOF. - Lemma 8 with q----- c~ yields B~/~ ' ' :  L ~ ~n4 the first inequali ty for 
Mmost at  t in I .  Lemmu 9 yields n~,, , -n:l~,~ ~2 ~ "  91 for S > l /p ,  and the second inequality. 
There remains to prove tha t  B~/~'~c(2,,. 

nl /~ ,~ l~  . E) .  Let  f e B~/~'~(I; E,) ~nd t > 0. By  13ropositions 3 and 4 ] - -  vt] G ~ ~-t, 
Then, by  lemma 8, for a <  IXt]/2, 

a 

f dh _,~ 

0 

Thus 
a 

f ~f ~ dh 

0 

Let  ~->0.  Then !If--Vt/IIL~(I~;E)-->0 (see for exam131e [S1], remark 3.2 p. 73). 
Therefore we can choose a-----a(t) such tha t  a ( t ) - + 0  and a(t)-'ll] - TJtlz~(x,;e)--> 0. 
Then the r ight  hand  side vanishes as t--> 0, and 

This yields ] e  r  E) (see for example [S1] theorem 1 13. 71, with /~ ~- {/}), 
and then  

Sup ] l y ( ~ ) - / ( ~ o + t ) t l  ~ 0  ~s t ~ O ,  
cG/: m + t ~ I  

This is /Gr  E). m 

16. - A l i m i t  ease  o f  i m b e d d i n g  f r o m  B~ '~ in to  L ~. 

In  section 5 we proved this imbedding for s -  l i p  = --  l /q,  in the case 2 = 1. 
How we extend this result for 2.< ~/. 
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Tm~o~E~ 30. - Suppose s - - 1 / p = - - l l q ,  s < l / p  and ~ < q <  c~ ( 0 < s < l ,  
l < p < : q <  0% l < 2 < q ) .  Then 

B~'~(I; E) c L~(I; E) 

and there exists e > 0 such that ,  V]e B~ '~, 

]flll~<e(lIllls~,'+ I I /h=). �9 

REMARK 16.1. - The value of e is unknown. Indeed the proof relies on many  
interpolat ion results for which the coefficients are not  all known. 

A more direct proof with a known c can be given by  means of the repart i t ion 
function, but  it  is quite long. I t  is not  carrie4 on since the result is of little use in 
the present  paper. �9 

PROOF. -- The ease I = R .  We use the s tandard  nota t ion [A, B]o,~ , for inter- 
polation spaces. For  an exact  definition the reader is referred to [BB] p. 165. By  
the characterizat ion of fractional domains of semi-groups (theorem 3.4.2 p. 194 of [BB] 
with A ~--d/dt and X ~ Z*(R; E)) there  holds 

B ~ ' V ( R ; E ) =  [ W ~ ' ~ ( R ; E ) , L ~ ( R ; E ) ] ~ _ ~ . z ,  O < s < I ,  l < 3 . < o o .  

Thus by  the rei terat ion theorem (theorem 3.2.20 p. 178 and definition 3.2.15 
p. 175 of [BB]), 

BS'VtR" E)  -~ [B~',~(R; E),  B~"'v(R; E)]�89 if s -~ (s~ + s,)/2, , s l #  s, . q ( , 

On other  hand  the Riesz theorem (theorems 3.3.8 p. 186 and 3.3.10 p. 190 of [BB]) 
yields 

Lq(R;  E) = [Lq,(R; E), Lq,(R;  E)]t, q if l l q  = (llq~-[- 11q2)/2 , q~# q~. 

Suppose now tha t  s < l i p .  We choose sl and s3 such tha t  0 < s l <  s < s , <  l i p  
and s -~ (sl Jr- s~)/2. Let  ql and q~ be defined by  s l - -  l i p  = ~ l/q1 and s , - -  l i p  = 

= --  1/q~. Then 1/q = (1/ql-F 1/q~)/2. By  1emma 8 we have B~,,~(R; E ) c L q , ( R ;  E) 
and B~"~(R; E ) c  Lq~(R; E). Thus the above interpolation properties yield 

B~,~(R; ~) c Lq(R; E).  

For  all 2 < q  we have B~'~c B~ ,~ by  theorem 11, and therefore 

BI'~(R; ~ ) c  Lq(R; E). 

An ~these imbeddings are continuous and therefore e exists. 
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The ease I c R .  For  all f e B~'~(I; E)  there exists f e B~'~(R; E) whose restr ict ion 
to I is ]; and  the  m a p  ] - > / c a n  be ehoosen linear and  continuous.  

Then /eL~(R, E) and  therefore ] e L ~ ( I ;  E) ,  which proves  the  theorem.  The 
extension result ,  t h a t  is the  existence of f ,  is p roved  for real  functions in [T] (defi- 
nit ion ~=.2.1 p. 310 and  theorem 4.4.1 p. 321 successively for ~ ~--I  and  ~ ~ R).  

For  vec tor  va lued  functions a similar proof  holds. I t  is not  given here since i t  is 
quite long and  since the  ma in  change is to replace the no rm in R b y  the norm in E. 

17.  - I m b e d d i n g s  f r o m  W s'~, N ~'~ a n d  B~, '~ in to  L q. 

At first we give imbeddings  for  Besov spaces. 

C01~OT,LAI~Y 31. - Le t  s, p,  q and ,t sat isfy 

if s > l / p  thenp<q<c% 

if s=!/p then  ei ther  p < ~ / <  oo or q =  o% 2=I, 

if s <  l i p  t hen  ei ther  p < q < p ,  or q - -~p , ,  % < p , ,  where s - -  1/p -~ --  l / p , ,  

(O<s<l, l<p<q<o% I<i<oo). Then 

BI' (Z; c B) .  

I f  ei ther  s > l / p ,  p < q or s : 1/p, p < q < c~ or s < l/p, p < q < p*, then  

!I]J]L"<~2~/~ s - -1 /p  -}-l/q I!]1]~I'~+ 1 / p - - 1 / q  -}- k ~ ]  ] ]l/J[z~ �9 

I f  s = l/p~ q = c~, % = 1~ then  V]EB~/~'~, 

IIIl1 ;o< ilfli P, + I l t l [ . .  

I f  I is unbounded,  then  21/~ can be replaced b y  1 in these inequalities, and 2 / l i  [ = O. 
I f  s < l ] p ~  q = p ,  and  2 < p , ,  there  exists c > 0  such tha t ,  V / e B ]  '~, 

litil.<e(lfttl  ,=+ l i t l r . ) .  = 

P R O O F .  - I f  q = p by definition B~'~c L% 
How let  q > p and  set r --~ l i p  - -  1/q. Then r > 0. I f  ei ther  s > l i p  or s = l / p ,  
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p < q <  oo or s < l / p ,  p < q < p , ,  then  s > r .  Thus l emmata  9 and 8 yield 

B~ c B 1 c and the  desired inequali ty.  
I f  s = l/p, q = 0% 2 = 1, the  result  is given b y  l emma 8. 

I f  s < l/p, q ~ - p , ,  the result  is given b y  theorem 30. [] 

l~ow we give imbeddings for Sobolev spaces. 

C o ~ o L ~ v  32. - Le t  s, p and q satisfy 

if s > l / p  then  p < ~ / <  oo, 

if s = l i p  then  p < q  < 0% 

if s < l / p  then  p < q < p , ,  where s - - 1 / p = - - l / p ,  t ha t  is p , = p / ( 1 - - s p ) ,  

( 0 < s < l ,  l < p < q < o o ) .  Then 

w,,~(/; E) c L~(/; E) 

and, if ei ther  s> l /p  or s<l/ 'p ,  q < p , ,  VieWs,  ~, 

I f  I is unbounded,  then  21/4 can be replaced b y  1, and 2/]I ] = O. [] 

PROOF. - This follows f rom corollary 31 with ~ = p .  Indeed  b y  proposi t ion 2, 

FinMly we give imbeddings for ~ikolski i  spaces. 

C01~OLLAI~Y 33. -- Let s, p and q satisfy 

if s > 1/p then  p < q < 0% 

if s<l /p  then  p < q < p , ,  where s - -  l ip ~---  l / p ,  t ha t  is p , = p / ( 1 - -  sp), 

( 0 < s < l ,  l < p < q < o o ) .  Then 

N~,~(s; E) c L~(s; E) ,  

i ' : ~ - ] / q  + !llll~;, vf  e y : , .  

I f  I is unbounded, then 2 ~/q can be replaced by 1~ and 21l i1-  o. �9 

PgooF.  - I t  follows f rom corollary 31 with ~ ~ oo. Indeed  by  proposi t ion 2, 

iV ~'~-- B~ ~ and [I]]]D~= I[]tl~,,~. [] 
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