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Summary. - We study a parabolic problem in a cylinder with lateral conditions o] mixed type. 
We get an existence , uniqueness and regularity result in dissymmetric ]unction spaces nicely 
]itting the geometry o] the problem. 

Introduction. 

In this paper, we study a parabolic problem in a cylinder with lateral conditions 
of mixed type. Problems of this kind were studied by MAGPIES ([15], [16]), who 
obtained existence and uniqueness results in classes of regular functions. Later, 
BAIOCCm considered the same problem in a variational setting ([2], [3], [4]), under 
very weak hypotheses on the geometrical properties of the regions where different 
boundary conditions are given. By similar abstract techniques, BEt~NAI~DI [5] got 
some globM regularity and non-regularity results. From a completely different 
point of view, G~:~'~nSA~3A~w [12] studied this problem in a semi-infinite cylinder 
when the <~ separating surface ~ is parMlel to the t-axis. In this particular case, 
Gjul'mis~rjan proved an existence, uniqueness and regularity theorem in Sobolev 
spaces taking into account the lack of regularity of the solution near the separating 
surface in the directions not parallel to the surface; these sp~ces ~nd the techniques 
employed to deal with them arc analogous to u  ones for the 
elliptic case (see [10], [17]). ESKI~ and C~_A.W~ Zuu He [11] stated an existence result 
for differential systems, parabolic in the sense of P~r supposing that  the 
separating surface be nowhere tangent to a hyperplane t = eonst. In [6] we con- 
sidered a problem of this kind for the heat equation in a quarter space when the 
sep~r,~ting surface is a paraboloid of revolution; we obtained existence, uniqueness 
and regularity results in spaces similar to GjuFmisarjan's ones, but taking into 
account the essentially different s i tuat ion due to the presence of the vertex of the 

(*) Entrata in Redazione il 27 luglio 1981. 
(**) Partially supported by G.N.A.F.A. of C.N.R., Italy. 

(***) Partially supported by I.N.F.~N., Bologna, Italy. 



376 ANTONIO BOrE - :B~TJNO F~A~'C~I - ] ]~IOO Om~EO~T: Boundary value, etc. 

paraboloid, where the  separat ing surface is t angent  to the hyperplane  t ---- 0. In  [8] 
we studied a parabolic boundary  value problem with mixed lateral  conditions in a 
finite cylinder,  when the  separating surface is nowhere characterist ic;  there  we 
solved the problem in functior~ spaces nicely fitting the shape of the separating 
surlace: this was accomplished pulling back, via a suitable change of variables 
having a global character,  funct ion spaces of Gjul 'misarjan's  type.  

The aim of this paper  is to s tudy  the above ment ioned problem in the following 
situation. We consider a second order parabolic operator with smooth coefficients 
in a cylinder of finite height whose basis is a bounded regular open subset of R ~. 
The separating surface is an ( n -  1)-submanifold of the  lateral  boundary  of the  
cylinder and we suppose i t  is t angent  to the  hyperplane  t = 0 at  ~ point,  where 
there  is a contact  of order exact ly  1; fur thermore,  the separating surface is nowhere 
else tangent  to a characterist ic hyperplane.  The boundary  conditions on the  lateral  
surface may  be ei ther  two of the the  following classical ones: Diriehlet,  Neumann 
and Robin. We prove an existence and uniqueness result  and we establish an a 
priori est imate in funct ion spaces having the  following features:  

i) if t is botmded away from zero, t h e y  are the  spaces defined in [8]; 

if) near t = 0, they  are akin to the spaces in [6] bu t  now the weight func- 
t ion on the hyperplane t : 0 is of power type ;  we note t h a t  the traces in these 
spaces on the  hyperplane  t = 0 are forced to be zero. 

Wi th  respect to [6] there  are two kinds of improvements :  

a) the problem is more re levant  from the geometrical  point  of view, since 
we are not  confined to a quar ter  space si tuation; fur thermore,  operators with 

variable coefficients are allowed; 

b) a new choice for the weight function on the basis of the cylinder allows 

to enlarge-- in  an essential w a y - - t h e  class of data  for which the  problem is solvable., 

even for the heat  operator.  
We wish now to point  out differences and connections between our and Baioe- 

ehi's results. Indeed,  the  two points of view are essentially different: the geometrical  
s i tuat ion considered in [4] is quite general;  to handle such a problem, Baioeehi 
employs aa  abs t rac t  var ia t ional  procedure, so tha t  he obtains the solution in a 
space which does not  depend on the geometry  involved. This solution cannot  be 
regularized in  the  usual Sobolev spaces, because of the presence of discontinuities 
in the boundary  conditions. On the other  hand, we consider only a par t icular  situa- 
tion, bu t  the  funct ion spaces in which we get the  solution are closely connected with 
the  geometrical  s t ructure  of the problem, so that ,  if the  data  are smooth, so is the  
solution except  in the directions normal  to  the boundary  of the  cylinder or trans- 
verse to the separating surface. Nevertheless, we note  tha t ,  by  a suitable choice 
of some parameters  which are re la ted to the  regular i ty  across the  separating sur- 
face, our spaces can be embedded in BAmoccm's [4] ones. 
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To outline the essential points of the ploof, we give a scheme of the paper. 
In  Chapter 1, we formulate the problem and establish some notations. I a  

Chapter 2, we consider a parabolic problem with constant  coefficients in a quarter 
space with mixed lateral conditions, when the separating surface is a paraboloid 
of revolution. In  this case, analogously to [6], i t  is possible to use a change of 
variables introduced by KOh'D~AT'EV [14], mapping the paraboloid onto a cylinder 
and the  ver tex to infinity. In  such ~ way, by  a Laplace transformation, we have 
to s tudy  mixed problems in bounded regions and a (non-mixed) problem with un- 
bounded coefficients in an unbounded region; the lat ter  one was solved in [7]. In  
Chapter 3, we solve the original problem in a thin layer near to t -- 0. To this end, 
the results of Chapter 2 and of [9] are used. Finally,  in Chapter 4, the original 
problem is solved; for this, we construct a global diffeomorphism eylindrizing 
the separating surface far away from the hyperplane t ---- 0 and allowing to define 
function spaces in the upper par t  of the cylinder, which fair ly fit those we have 
constructed in the lower part .  In  such a way, the global existence and regulari ty 
theorem follows by the results in Chapter 3 and in [8]. 

We note explicitly tha t  our problem is meaningless when n ~--1. Calculations 
are carried out when n >  3; the ease n = 2 is obtained by  slightly modifying the 
spaces we consider. 

1. - Notations and position o f  the  problem. 

In the sequel~ we shall always refer to the following notations:  

R 5  = {x e R ' ;  x = (x~, . . . ,  x~), x,~ > O}; 

if x ~ R  ~, then  x = ( x ' , x ~ ) =  (x", x._l, x~). -~;o = - N U  {0}. If  x ~ R ,  [x] is the in- 

tegral par t  of x. I f  u ~ 8(R~9, then  g(~) =fexp (-- ix.~)u(x) dx, where x-~ = i xj$~. 
R n  5 = 1 

If  s ~ 8(R), ~(z)=fexp (--zt)v(t)dt. We shah denote by x.V~ the differential op- 
R 

erator i xj ~j. I f  X c R ~, ~, fi ~ [-- co, + co], ~ < t ,  we shall put  X~.~ = ]~, t ]  • X, 
j = l  

if f i <  + co and X ~ . + ~ =  ]~, + oo [ •  Finally,  yku is the k-th order trace of u 
on (~X)~,Z and y~) is the l-th order trace of u on {~}• 

Let  .Q be a bounded open subset of R ~ with C ~ boundary,  being locally on one 
side of ~f2. Le t  T ~ R §  and set I = ] 0 ,  T],Q=~QO, T,F----(~Q)o,T. Let  /"1 be a 
connected and relatively open subset of _P with boundary  y such that :  

i) y is a connected C" ( n -  1)-manifold with boundary ~7; 

ii) 3 7 = Y n  ({i v }XOD); 
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iii) there exists exactly one point (0, %)~ y, Xoe ~D, such tha t  the tangent  
plane to 7 in this point is parallel to the hyperplane t = O; 

iv) y and its tangeut  plane izx (0, %) have a contact  of order exactly one. 

Fur  thermore~ put  

r~  = z ~ , r ~ ,  S~o = ~ c~ {(to, x); ~ ~ 9 } ,  

I ' ~ , t = F ~ { ( t o , X ) i X e ~ } ,  i = 1 , 2 ,  where toe [0, T] .  

Since the roles of /"1 and /~2 are interchangeable, for notat ional  convenience we 
shall suppose /'1 i s  such tha t  /~ n So = ((0, xo)}. 

Let  now P(t, x, ~)  = ~ a~(t, x) ~ be an elliptic differential operator with real 
coefficients such tha t :  1~I<2 

v) a ~  C~176 r), V~; 

vi) ~ a=(t, x ) ~ >  0, V$ e R'~\..{0}, V(t, x) e .(2o. T. 

In  the sequel, we shall consider the following problem 

(P) 

(~t--P(t, x, ~))u = ] ,  in Q, 

Ek,(t, x~ 3~)u = g~ ~ in F~, i -~ 1, 2 , 

y(o~ = 0 ,  in 9 ,  

where k~z {0, 1, 2}, i -= 1, 2, E o =  Yo, E~(t, x, 0~) = yo(~/bn), E.~ = Ez~- ~Eo, ~ ~ R \ { 0 }  
and ~/~n is the conormal derivative with respect to P(t, x, ~).  

2. - Parabolic problems with mixed boundary conditions in a ha l f  space. 

2.1. 2'unction spaces. 

I n  w h a t  fo l lows ,  w e  shal l  p u t  o~ = {(x', 0) e ~ ' ;  lx't = 1}. L e t  {%, ..., V~} be a C a 
par t i t ion of un i ty  in R ~ such tha t :  +7 

(2.1.a) suppTjF~ co:/: 0, if j : 2 , . . . ~ m ' < m ;  suppT~(3 ~o ----- 0, if j = l  or 
j ~ m ' +  1, ..., m; 

r  n (2.1.b) % e  C o (R+), j : 2, ..., m .  

l~urthermore, let W be a fixed neighbourhood of oJ in R~ such tha t  

(2.1.~) W r~ supp % = 0, 
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and 

(2.1.~) i~ supp ~ ~ Cw # o ~nd s~pp % ~ (R--~ • {0}) # o, then 
supp ,~ ~ ~W ~ (R"-~ • {0}) # 0, ~ = 2, ..., ~ .  

We shall also need a set of functions ( ~ ;  j----1, . . . ,m} having the following 
proper t ies :  

pu t  U~ = supp % and let  V~ be a neighbourhood of Uj; t heu  

(2.l.e) 

(2.1.]) 

(2.1.g) 

(2.1.h) 

(2.1.i) 

(2.1.0 

~fj~ C~(R$) and i t  is bounded with all its derivatives, j = 1, ..., m; 

0 < ~ < 1  , j ----- 1 ,  . . . ,  m ;  

y~j(x) = 1 ,  Vx ~ Uj ,  j = 1, ..., m; 

supp V~ is a compact  set if ]]-=2,..., m and supp V~c Vj, if j = l ,  . . . ,m;  

if U j ~  U ~ =  0, then  ~o~V~= 0, j, k = 1, ..., m; 

supp %C ~W.  

We remark  that (2.1.g) implies that % ~ j =  %., if ] = 1, ..., m. 

DEI~I~ITI0~ 2.1.1. -- Le t  q e C\{0} ,  s, r, 1 ~ R. Denote  by  H~,,,{R)q ~ the  space 
of funct ions  u such t h a t  

Itl~lll ~,,,~ =f( lql  ~ + [~l ~)"(lqt" + I~'i~)~([qi ~ + l~"I 0'l~(q, ~)1 ~ d~ < + co.  
R n  

q 
By H~,,,z(R+) we shall denote the  natura l  quot ient  space. A list of the  propert ies  
of such spaces is given in [6] and [8]. In  a similar way, let  us denote by  H~,,(Rq ~-~) 
the  space of functions u such t h a t  

=f(Iql 2 + I#rIe)~(lql 2 + I~"12)']~(q, #~)[2 d~'< + ~ .  
Rn-Z  

DE~INImlO~ 2.1.2. - P u t  M~(R ~) = L2(R~), Vq e C, and, by  induction,  if 

2m<s<2m+2, meNo, qeC\{O}, Req2<(n/2)--2m, 

M~(R") =- ~.~;,.~R.~((1 - -A)  r n ~)m,.r + x.V)~-~)/~) ,  

equipped with the  graph norm. Such a definition is well-posed (see [7], Remark  2.5). 
We shall denote  by  ((.))~ the norm in M~(R~). F u r t h e r m o r e ,  we call M~(R~) the  
na tu ra l  quot ient  space. Some propert ies of these spaces are proved in [7]. 

In  what  follows, we shall always suppose tha t  the  following hypothesis  is satisfied. 
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HYPOTHESlS 2.1.3. -- Whenever  the  spaces M~ q are involved, the  complex para- 
mete r  q is such t ha t  l~e q~< (n/2) - -  2.[s/2] - -  2, q #  O. 

DEFLNITIO~q 2.1A. -- I f  j ~ {2, ..., m'}, call S~ the operator  on functions u, induced 
by  a change of coordinates in V~, mapping V~ n ~+ into R-~ and V~ (~ (R '*-~ • {0}) 
into R~*-I• {0}~ leaving the n-th coordinate unchanged and such that~ if (y~, ... , y . )  
are the  new coordinates, y~_~ is equal to the (signed) distance between the  project ion 
onto the  x~-plane of the original point  and co. I f  j ~ ( m ' +  1, ..., m}, we pu t  S~ = L 

Choose y(~)~ U~ in such a way that: 

(2.1.4.a) 

(2.1.4.b) 

(2.1.4.o) 

if U j n , o ~  0, then  y(~)e~o; 

if U~(~ (R~-~X{0}) :/: 0 and U ~  co : O, then  y(~)~R~-~X{0}; 

if U ~  W and U~(~ W=/= 0, then  y(~)~ W. 

DEFINImI0~ 2.1.5. -- Le t  q e C and let  s, r, l: R~--> R be continuous functions 
such tha t  

i) SlCW---~ 8(y(1)) , r l c w :  0, I]CW ~--- 0. 

P u t  sj---- s(y(j~), rj--- r(yc~)), Is----- l(y(,),  j = 1, ..., m. We shall say tha t  a hmc- 
lion u belongs to M(~,,,o(R+) iff 

if) ~lu  ~ M,~(R+), 

iii) q ~ ; u ~ H ~ j , r ; , ~ ( R " ) ,  if Uj~ (R"-~X{0})= 0, j > 2 ;  

iv) S j % u ~ H  q 'R ~!~ if U~n (Rn-Ix{0)):TL-0, ~>2. ~j,~'j,Ijk +1 ,  

I f  u E M~s,,,0(R~) , we write 

i = 2  

where the  norms [I['[L]~,,~.~ are computed in R~ when condition iv) is satisfied. 
We note  tha t  the  so defined spaces are independent  of the  par t icular  choice of 

the  change of variable operators S~. 
Ill  the  sequel, we shall always suppose tha t  the functions s, r, 1 satisfy the 

condition 

v) < Ir - < 1/4, II - 1, l < 1/ t, 

provided U~rh U~r  0, ], k = 1, ..., m. 

DEFII~ITION 2.1.6. -- We put  W'---- W (h (R~-I•  {0}) and we th ink  of W' as a 
! 

subset of R ~-1. Le t  o, @: R ~-~ -> R be continuous functions such t h a t  ~Icw'-~ ~(Yr 
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! t 
~l:w'-= 0 and pu t  ~;-~ a(y(~)), @~: @(y(~)), where y(~):  (Y~n, 0), if U;rh (R"-~X {0)) r 0, 

---- 1, ..., m; if q ~ C, denote by  M~,.e)(R '~-~) the  space of functions v, such t h a t  

q #--1 . i) ~%(., 0)v ~ M,,,(R ), 

if) s~(. '  , o)ve Ho~.~,(~ ,-1), if v ~  (R-- ix{o})  r ~, ~>~, 

where S~ is the operator  induced by  S~ on the  boundary .  

q n--I I f  v e M(~,~)(R ), we write 

V 2 . IIIsm(, 0) ,IL0 . 
i = 2  

In  the sequel, we shall always suppose tha t  the functions a, o satisfy the condition: 

iii) Iz~--,~l < 1/4, le~-- ~~ < i /4 ,  provided U~r~ V~r~ (R,-~x{0}) v~ ~, 

], k : 1, ..., m. 

M q [ R  n "~. D~,PzNImIO~ 2.1.7. - Le t  u E (~,r,~)~ +j, t hen  ~ u  belongs to the  con'esponding 
H-or  M-space with fixed indices. Le t  k e No be such tha t  s~ > k - F  1/2 if Uj rh 
r~ (R,-~X{0})~:  0. Then there  exists the k-th order t race of ~0ju, y~(%u), on the  
hyperpl~ne x~ = 0. P u t  

7 ~ u =  ~ 7k(~0~u). 
j = l  

vj n (_a~-~ x {o}) ~0 

For  functions u e Cr n M(~,,.~)(R+), we have (7ku)(x')  = (~u)(m', 0). By Pro- 
posit ion C.1 in [6] and Theorem 2.14 in [7], we have:  

P~oPosI~Ioz~ 2.1.8. - Suppose t h a t  the  hypotheses  of Definition 2.1.7 hold. Then 
q n q #--I 7~ is continuous ~rom M(~,,j)(R+) into M(~+,_k_!.,~)(R ) and its norm is uniformly 

bounded in q. 
In  what  follows, we shall always write q~-= y -F i#;  hence, by  Hypothesis  2.1.3, 

will satisfy suitable conditions, depending on the order of the  spaces involved. 

DEFI~ITIObT 2.1.9. -- Denote  by  M((~ +~ +z)/~; ~,~, 0; .~(R X R~) the space of functions u 
such t h a t  

= ~(r + % )))(.,~,~) d# < + oo.  (u)((~ +~ +~)m; ~,, ,~) ;  v 
R 

D~FIz~ImIO~ 2.1.10. - Denote  by  M((o +.~)1~; ~, ~); ,~(R • R " -  t) the  space of functions v 
such t ha t  

f(( 2 2 = v(7 + iff, .)))<,,e)d# < @ oo (v)((~+ Q)/2; ~,~); ~ 
R 

25 - A n n a l i  d i  M a l e m a t ~ c a  
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DEFINITI0~N 9.].11. -- Le t  s, r, l, y e R .  Denote  by  H(s+,+G2;~,,,~;.~(RxR" ) the 

space of functions u such t h a t  

U[2 f ~ 2 

R 

The space H(~+,+~)/~; ~,,,~; r(R X R~)  is defined ana]ogously. 5{oreover, if J is an in- 

t e rva l  of the  real  axis, H(~+,+G2:~,~,z;,(JxR ~) and H(~+,+~)/2;~,,,~; r ( J x R + )  are de- 
fined as the  n~tural  quot ient  spaces. 

Here  and  in wha t  follows, we agree to omi t  the  index y if y = 0. 

DEFIiNITIOi~ ~ 2.1.12. Let  @, G, y Q R. Denote  by  , -1  - H(o+~)/2;o,e;r(RxR ) the  
space of funct ions ~ such t h a t  

2 ~ A r IIv[[(~+~)~;~,o;~: IIIv(r + i~, ) I I I ; , ~ @ <  -t- oo. 
J 

R 

!Vioreover, if J is an iu te rva l  of the  real  axis, H(o+~)I2;~,Q;r(JxR ~-1) is defined as 

the  na tu ra l  quot ient  space. 

PI%OPOSITIOI~ 2.1.13. - Let  ks250.  If s > k ~-1/2, yk is cont inuous f rom 

H(~+,+l)/2:~,~.z; ~(R X R~)  onto H(~+,.+~_k_~)/~; ~+~_~_~,~; y(R X R~-~). 

The proof is given in [19], Theorem 6.1 and [13], Theorem 2.2.8. 

DEI~INITION 2.1.14. -- Le t  s > 0 ;  denote  b y  M,m;~;y(RxR~) the  space of func- 

t ions u such t h a t  

R 

I f  J is an in terva l  of the  real ~xis~ M~/2:~. v(J • R ~ . + ) is defined as the  na tura l  quot ient  

space. 

By  Proposi t ion 2.10 in [7]~ we get  

PROPOSITION 2.1.15. - The spaces M~/e;~:~(RxR~_) are in terpola t ion spaces. 

DEFINITION 2.1.16. -- Le t  g > 0 ;  denote  b y  Mo/2.~:~(RxR ~-1) the  space of func- 

t ions v such t h a t  

(v )< , /2 ;  <,: ~, 
R 

I f  J is an in terva l  of the real  axis~ Mo/2;o:v(J• is defined as th~ na tura l  quo- 

t ient  space. 
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PROP0SITI0~ 2.1.17. - Le t  k ~ 570, s > / ~ - ~  ] /2 ;  t hen  y~ is continuous from 

M(~_~_~>/e;~_~_~;,(RxR ). M ~ ( R x R ~ )  onto ,' "-~ s / g  ; s'- 

The proof is s t raightforward once the corresponding theorems for (~ elliptic ,) 
M-spaces are known ([7], Theorem 2.14). 

I:~E2,s 2.1.18. -- Le t  u ~ M((s§ ~,~,0; r ( R •  R+) ,  t hen  

2 = 2 y~ 2 

j = 2  

An analogous s ta tement  holds for the spaces on the boundary.  

DEFII~ITI02~ 2 . 1 . 1 9 . -  Le t  u ~ M((~+,+,o/~;s,,,O;~(RxR+); then % u  belongs to the 
corresponding M- or H-space with fixed indices. Le t  k ~ No, s~ > k -~ 1/2, provided 
Ujc~ (R"-~X{0}) # 0. So, there  exists the k-th order t race of %.u on the hyper-  
plane x~ = 0. P u t  

yku = ~ yk(~ju) .  

v ~  (~-' x {o})~0 

m 

We note  that ,  if u E C o ( R x R ~ )  , (yku)(t, x') = (~u)( t ,  x', 0). 
By Propositions 2.1.13 and 2.1.17, yk is bounded from 

M((~ + ~ +z)/2 ' ~,~,~); 7(R • R~)  

tO 

M((s+, +~-~-�89 s+~-~-~,O; ~ (R • R n-1) . 

In  R+ x R ~  we define the following change of variables ([14]): 

T :  (t, x)  , 
{ "~ = - - � 8 9  

co = t-1/2x , 

I t  is obvious tha t  T is a C~-diffeomorphism onto RxR~+.  Let  u e  C~(R+xR~+) 
and pu t  v = uoT-~; the~. we have:  

v 

where C~j, d~v j are suitable constants,  equal to zero if y ~ ~, 
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DEFI~ITI05~ 2.1.20. -- Le t  s, r, l, y ~ R.  We denote by  ;E(~+,+~)/~;~,,,~;,(R+xR') 
the  space of functions u such t h a t  u o T - ~ =  v eH(~+~+o~;~,~,~;v(R• ~) equipped 

with  the  norm 

II = �9 

I n  an analogous way,  <(italics) spaces in R+xR~+ and in R + •  ~-~ are defined. 

DE~m~tm~orr 2.1.21. - Le t  s > 0 ;  denote  by  ~(~/~;~;,(R+ •  ~) the  space of func- 

t ions u such t h a t  u o T - ~ =  v e M~/e;~:r(R• ~) equipped wi th  ~he no rm 

$ 

I n  the  same way  spaces in R ~  are defined. I f  J is an in te rva l  of the  real posi t ive 

axis, A~m; s; ~(J • R~) and 2L~/2; ~; r ( J  • R~)  are defined as na tu ra l  quot ient  spaces. 

P~0POSIT~O~ 2.1.22. - Let  k ~ No, s > k ~-1 /2 .  Then y~ is cont inuous f rom 

Ji(~12;~;v(R + •  onto dtb(~_~_,)/2;~_k_i;~+k(R + •  
The proof is a s t ra ight forward  consequence of Proposi t ion 2.1.17. 

DErI~I~IO~ 2.1.23. - Le t  s ~ No, T E ]0, + c~], X an open subset  of R~; denote  

b y  K~(Xo, z) the  space of functions u such t h a t  

t ) , [ ' /  t \~+2~ lu(t' x)I~ +J [Y~-t) l~u(t ,  x)12dtdx ~ - 

Xo, T Xo,T 

Xo,T 

8 The spaces K , ,  where s is not  an  integer,  are defined b y  interpolat ion.  

F u r t he r  results about  these spaces can be found in [9]. 

PRoPosimIo~ 2.1.24. - Le t  s > 0 ,  to > O, y'---- y . - -  n/2 - -  1. Then 

n r~i~"R'~ ~ = ~12;~; ~((R )o,~o) , M y ,  \~ ]O,tQ/ 

algebraically and topologically. 
An analogous assert ion holds t rue  for the  half  space. 

PgooF.  - We note  t h a t  the  spaces &~/2;~;r((R'~)0,t0) are interpolat ion spaces. 
This follows b y  s tandard  techniques f rom Proposi t ion 2.1.15. Hence  we need only 

to prove  the  assert ion in the  case s = 2m, m ~ ~Vo. At first, we prove  t h a t  

Rn R+ Rn /it+ 
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is s norm equivslent  to (.)*u ~ ;  ~ in ~ ;  2~: ~(R+ • R ' ) .  By  Lem m a  2.3 in [7], put t ing  
woT-~-~ g, C~-~ q ~ -  x.V~, C~= 1 - - A ~ ,  C~-~ ~ - ~  ~.V~,  C~= 1 - -z l~ ,  we have 

f(( 
R 

7c=1 i~, . . . , i~= 1 
R R 

11~(~ + i(~, . )II~ d ~  = 

) 1 ~ k , m  �9 " " 
i l , . . . , i ~ = l J  \ d  

R ~ R 

R ~ R 

The converse inequali%y can be proved in a similar w~y. 
Le t  now p be a bounded continuat ion operator  f rom K;~((R')o,to) into K~,(R+x 

xR~),  such tha t  supp (pu)c  (R~)o,2to, Vu e KTm,((R')o,t,). Then, if u e K~,((R~)o,t.), 
we have 

(pu)*; ~,.; ,<v2(pu). .  ~m; , < v i p u ;  + ~],. , ,<v lu ;  toL; ,,; 

hence, u e ~ ; 2 , ~ ;  ~((R~)0,t~ �9 
The converse inequali ty,  as well as the assertion about  the half space, can be 

proved in a similar way. 

]:)EF1N1TION 2.1.25. - - W e  denote by ~L((~+~+~)/2;~,~,O;.~(R+xR'~+, the  space of 

functions u such that u o T - ~ =  v ~ M((~§215 and pu t  

(u)((~+~+~)m;~,,,0;, = (v)((~+~+i)m;,,r,0;, �9 

I f  J is an interval  of the positive real axis, ~%((~+~+~)i2;~,~,O;v(J• defined 
us the  natura l  quot ient  space. 

It is straightforward to prove the following result. 

P~oPosIT~o~ 2.].26. - Le t  f i >  0. The functiotls in Ji(~((,+r+~)/2;~,~,0;,((R~)o,~) 
can be continued to functions in ~((~ +r +z),,~; ~, ~,~); v(R + x R~_) so t h a t  the  continuation 
operator  has its norm uniformly bounded with respect to ft. 

DEFINITION 2.1.27. -- We denote by  ~b((,+ ~)/2; a, ~); v(R + • R ~-1) the  space of func- 
tions u such t ha t  uoT -1 = v ~ M((~+~)/2;~.o) ~(R• 1) and pu t  

(u)((~+~)/~;o,,o); ~ = (v)((~+~)/2;,,o); , .  
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I f  J is an interval  of the  positive real axis, uig((~,+~)/~;,~,o);~,(JxR~-~ ) is defined as 
the natura l  quot ient  space. 

t~0POSITIO~ 2.1.28. - i) Le t  s,>~l; then  the map u ~-~ 8~.u is continuous from 

ii) Le t  s~>~2; then  the map u ~ 8tu is continuous from 

J~z((s§ ,l);7(R+ X R  n )  tO ~((s+,'+l-2)/g;s-2,'r,l);y+2(R+ X R ~ )  . 

PI~OOF. - Le t  us prove i). At  first, we note  tha t  the cont inui ty  of spatial de- 
r ivat ives in spaces M(~,~,~)(R~) is proved quite analogously to Proposi t ion 2.1.17 
in [8]. :Now 

( <  u)t(%+,+,),~,,.,,,)~ ~§ = ( ( % u ) o : r - . ) ~ ( , + . . . ) ~ , , . , , , ) ;  ~_.  = 

o - 1  2 

= f ((<,(exp (n(uoT-'))(;,  + 1 + i~, .)))~,,,~)d~< 
R 

R 

R 

8% i) is completely proved. 
Assertion ii) is proved in a similar way. Indeed, 

*2 : oJ.V,)(u T ))((,,+~.+~)/2;~,,.0~,+,~< (%u)((,+,.+z)/2;~,~.,~),~,+2 {-(exp(2T)(<.+ o - 1  2 

A 

f <o~ (((y + ~;o- + ~o.%)(uoT-~-)(7 + {o-, -)))(~,,,~)~o-; 
R 

by the cont inui ty  of q~+ og.V~ in spaces with fixed indices (see [6], Appendix C 
and [7], Proposit ion 2.12), the assertion follows. 

PROPOSITION 2.1.29. -- Le t  ~ e 8 ( R •  then  there  e x b t  C O > 0, C a > 0, such 

tha t ,  V~ > 0, Vu e ,JL, e/2;~,_z,mr((R'~)o,,~), 

"(R.~)O, 4 
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P ~ o o ~ .  - B y  Proposi t ion 2.1.2~, we  have:  

(~u~(s/2; s,-z,O; r % 

+ 
j=`2 

= C~ ~ I ~ .  
~'=1 

4 

In  order to  es t imate  I ~  we first prove the  fol lowing assertion: there exist  C o. 
C'~ :> 0 such t h ~  

(2.1.29.a) " d 7~ Vv e i%_~/`2_~((~+)o,~) 
~ f 

[~v] sup ~ + C. v]~/`2.~_.i`2_ ~ . 
" ( R ~ ) o ,  ~ 

B y  interpolat ion,  we m a y  suppose ~ = 2m, m s No. Then~ we have~ by  R e m a r k  2.10 
and Propos i t ion  2.12 in [9], 

(R~-lo,d 

i = I  

< C 3 (  f (tY-Ft/2-1+2m ~ l(~;~x)(~;'-'v)(',x)]2'~ 
/=o 

(R-~o d 

) ) + t ~-<`2-1+2~ ~ ~ `2~-~ , (D~ "v) x)l 2 I (q~)  ~t, + t v - ' /2 -~ l (~v) ( t  , x)] z dt c~x < 
i = 1  ..I.=0 

2 '2 -~fo O 

(R~-~o,~ (~>o,~ 

So (2A.29.a) is proved.  
Then, by Proposi t ion 2.1.24, 

In order to estimate Ijl  ] > 1, we need only to prove the following assertion: 

�9 /g ,t (2,1.29.b) there exist O o > O, C . >  0 such that, 

f/ .,}" 

( R " )  o ,,~ 
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First, we note that, if v'eHo/~;o_~.,~;~(R• ]Iv';'H/2:e,_;.~:.~(R• ~ is equi- 
valent to 

Ru+~ 

where w'(t, x) = exp (-- yt)r x). 
Put  (see also the proof of Propositio~ 2.2.8 in [8]) 

Call E + the pseudo-differential operator whose symbol is 

We remark that ~+ is analytic in ~, if Im ~ > 0. 
As in the proof of IJemma 4.3 in [18], we have: 

§ 

--�89 (~ R n 

where lw/~- e-#lov / and loV is an arbitrarycontinuationofv/inHo/2. ~ ~ ~..v(R• 
A~ i ,  the proof of eropositio~ 2.2.8 i . [8] ,  if V( t ,~ /=S~ i~ i :x ) (~ ( t , x ) - -  

--:r 0))oT-1), we have: 

$+(v, ~)(~ �9 ~%)(v, ~) = (~ �9 ($§ ~w))(~, ~) + 
I 

Rn+~ 0 

- ) �9 (v - -O,  ~--~7)~(v--O,  ~--~7) lw(v, ~) d# dO d~ : 

= (~ �9 (P.+ ~))(v,  #) + (B t%)(v, ~). 

Then, (2.1.29.b) follows by arguments analogous to those in Lemma 1.2 in [10] 
and Proposition 2.2.8 in [8]. Now, by (2.1.29.b), Ij  (j > 1) can be estimated anal- 
ogously to I1. So, the assertion is completely proved. 
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In  an analogous way, we can prove the  following 

P~O~OSlTIO~ 2.1.30. - Suppose s + r + / > ~ 0 ;  then~ Ve > 0, there  exists ~ > 0~ 
such t ha t  

for every  6 < ~ ;  here the norms are computed  in (R~)o, ~. 

DE~'I~I~IO~ 2.1.31. - Le t  u ~ Jt((,+,+Ge;~,, ,~);~(R+ xR%) ;  then,  if v = uoT-~, 
(9~v)oT belongs to a corresponding J~- or ~L-space with fixed indices. Le t  /c ~ No, 
s~> k + �89 if U~(~ (R~-~• 0; then  there  exists the k-th order t race of 
(%v)oT on the  hyperp lane  x.---- 0. Set 

~u= ~ ~((%v)o~). 
i = l  

u~ ~ (w,-, • {o}) ~0 

We note  tha t ,  if u is a smooth function, (yku)(t, x') = (8~u)(t, x', 0). 

Pt'~01"OSITIO~- 2.1.32. - Le t  k ~ No, s~ > k + �89 if Ur (h (R ~-~ • {0}) :# 0; then  ?k 
• +) into is a bounded operator  f rom ~(~((~+~+i)/2; .... 0;r(R+ R~ 

�9 -&((,+, +z-k-~)/:~; *+,'-k-�89 v+~(R+ X R '~-1) �9 

PROOF. - We have 

- -  k 1 2  k 
= = t 

and so, by  Proposit ions 2.1.13 and 2.1.22, 

(2.1.32.a) (Y~u)~i~+r+~-k-�89 ~+,-k-�89 v+~:< 

(si+ r~ + & -  k -  �89 s~ +n: -  k-�89 ~; ~+k 4 -  
J=l  \~;=2 

/ 

~Ow~ w e  ~h~ve: 

II S~((Yo~i) ek~ 2 

d =f  lll(~'J(;~o%)e~r~(%v)))(y + ~ + iG, )tlI;,+r,-~-U, G< 
R 
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2 d 

R 

f k ~ , 

R 

C ~ 2 < ~(~. (~v))( (8_~+~+~)l~;~_~,~,~);  i *-~ ~'~" C~(u)((8+','+~)i~;~,~,~); v " 

The l~st inequal i ty  is obtained by  the cont inui ty  of the spatial derivatives in the 
space M((s+~+~)12;~.~.~ ) ;~, which is almost obvious. 

The other  t e rms  in (2.1.32.a) can be handled analogously. 

RE~AgK 2.1.33. -- Let  k ~No, y - - n / 2 - - 1  ~- 2s~<O, s~> 2k + 1, and let  u ~  

C~(R+• ~ ~((s+~+~)l~.;~,~,O;:,(R+ •  '~+.~ Then, if we pu t  (7(o~)u)(x) = (~t~u)(0, x), 

we h~ve 7~)u = O. Indeed,  u = 2 (%oT)u;  now, if x e R"\{O},  then  le)l = t-~lxi -+ 
5=1 

~o+> @cx~, so tha t  (%oT)(t, x) = 0 for ] = 2, ..., m, provided t is small enough. On 
the o~her hand, (q~oT) u ~ Ky_,I~_~(R+ •  so t h a ~  by  Proposi t ion 2.16 in [9], 
~ ( (~ loT)u ) (0 ,  x) = 0. This justifies to set 

Vu ~ ~((~+~+0/.~;s,~,0; ~(R+ • R~+), provided 7 - -  n/2 - -  1 + 2s~<0, sz > 2k + 1. 

2.2. Ell@tic estimates depending on a parameter. 

In  this section we shall recall some known results. 

In  what  follows, L ( ~ ) =  ~ c , ~ 5  will denote a differential operator  with con- 
i , j=l  

stunt real coefficients such tha t  the mat r ix  e = (%)~,5=~ ..... ,~ is positive definite. 
~ 'urthermore,  we set . 

J = l  " 

~ 0  ~ ~0 " 

THE0t~E:~'~:2.2.1 ([7], Theorems 4.1, 4.2). - Let  s>~2; if Re q2< qo (qo suitable) the  
operator  (L(3) -~ x .V  ~ q~)O E~ is an isomoriJhism from M~(R'+) onto M~_e(R~)• 
• k = O, 1; fur thermore,  i t  has, together  with its inverse, a norm 

uniformly bounded in q. 

THEORE~ 2.2.2 ([12]; see also [8]). Le t  s>2,  / > 0 ;  if R e q ~ <  0, ]ql>~o (qo sui- 
table), (kz ~- k2)/2 < s --  1 < (k~ ~- k2)/2 -~ 1, 

gl~ Hz-z-k~-~,zt.~+ J, H~_2, _~,~(R+), g2~ Hs_z_l~ _Lz(R_ ) , 
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then there exists a unique solution u ~ H ~ , _ u ( R ~ ) o f  the problem 

(2.2.2.a)(~, ~) E~ u = g~ , in  R~ -1 , 

~ U - - - -  g~, in R ~-~, 

where k ~  {O, 1}, i = 1, 2. 
Furthermore,  the following a priori estimute holds 

tliulIl~, _~, ~< C(lllYlIl~-~, -z,, + ' 

where C is independent  of q. 

THEOI~E~I 2.2.3 (err. [6], Theorems 3.3.2, 3.3.3 and 3.3.4). - Let  s>~2, / > 0 ;  if 
P~e q~< 0, lql >~qo (q0 suitable), then the operator (Z(~) ~- qp) | Ek is an isomorphism 
from H q.,_U(R+) onto H,_2 ,_u (R+) •189  j, k - ~  0,1 ;  furthermore,  it 
has, together with its inverse, a norm uniformly bounded in q. 

Analogously, L(~) + q~ is an isomorphism from H ~ ~ ~ ~,_~,~(R ) onto B ~ _ % _ u ( R  ); 
fur thermore it has, together  with its inverse, a norm uniformly bounded in q. 

2.3. Existence theorems and a priori estimates ]or elliptic problems depending on a 
parameter. 

THE01~E~'[ 2.3.1. -- Let  q ~ C, Re q ~  0, s, l: ~ -> R such that 

i) the  triple (s , - -~,  l) satisfies all the conditions of Definition 2.1.5; 

ii) sj>~2, l~>O, j ~- 1 , . . . ,  m; 

iii) (kl -~ k2)/2 < sj - -  l~ < (k~ -~ ka)/2 -~ 1, if j --~ 2, ..., m'. 

Furthermore,  let / e M(~_2,_u)(R~_), 

Let  u be a solution of the  problem 

(2.3.1.a)(k,,~,) 

L(:~) ( q - x - V q -  q2) u = f ,  in R ~ ,  

G~u = g~, in {x'; Ix'l < 1},  

G P  = g2, in {x'; Ix'j > 1 ) ,  
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where k~e {0, 1}, i = 1, 2. Then, if Re q~<qo< O, the following a priori estimate 
holds 

2 

i=1 

where C is independent of q. 

PR00F. -- We agree tha t  ~11 the constants appearing throughout  this proof will 
be independent of q. 

1) Multiply the first equation in (2.3.1.a)(~.k0) by q~l and the third one by 
y ~ ;  we obtain 

where 

.Ek,((plu ) ~--- ()]0991)g2 - -  .~(k12)(~21.~) , 

~r~v = (L(O)q~)v + 2(evf~).Vv + (x.V~)v, 

F(o~)V ---= 0 ,  

By Theorem 2.2.1, we have 

(1) 

provided Re q~< yo< 0 (y, suitable). 
Now, as ~0~----const. outside of a compact set, by Lemma 2.13 and Proposi- 

tion 2.12 in [7], we get 

((Tl~Jlu))sl-2~C2((~JlU))sl-l~C2~((~lCflk~))$l-1 ~- C2((@91'~))$1-1-~ ~ ((~/)1~k~))81_1) �9 
k=l  k~2 

By Proposition 2.17 in [7J, 

((v~)),,_~<o,(1 + IRe " -~ 

furthermore, we remurk that ,  if ~ k  ~ 0, by  (2,1.i) and (2.1.l), U~----- supp ~ W, 
and this implies tha t  y(~:)e ~W, by (2.1.4.c); so s~ = s~ and l k =  0. Hence, by  (2.1.b) 
and Propositions C.2, C.3 in [6], 

((~1~,..~))s~-1 < e, Z llls~l~lll,~_l,_~,~< C~lq1-1 :Z llls~,~tll~,_~.~ �9 

k~2 k=2 k=2 
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Finally,  we get 

(2.3.1.c) ((Tlv~u))~I_2<C~(1 § iR e 2 -~ q I) 

In  an analogous way, if k~ = 1, by  Theorem 2.14 and Lemma 2.13 in [7], 

((-~11)('~)1~)))$z--~< C7(('l])ltt'))sl,-l< ~c[7(((~01~/)1"~)),1-1 § ~ (((P/c~I'U)),)-t) , 
k=2 

which can be est imated as above. At, last, we get 

(2.3.1.d) ((q~]u))s~< Cs(((q~l])),~-2 § (((TOVl)g~.))s~-,:,-i § (1 § i re q~l)-~((u))s,_,,~). 

2) A~ in [12] and in [6], Theorem 4.1, we can prove that ,  for every s ~ 0, if 
the par t i t ion of un i ty  {~;  j : 1, ..., m} is sufficiently refined, 

2 

i=l ,~,t 

j -~ 2, ...~ m' .  We note that ,  by  Proposition 2.1.16 in [8]~ we may  refine the p~rti- 
tion of un i ty  as we want,  wi thout  changing the spaces; hence (2.3.1.e) is proved 
in our spaces. 

3) As in [6], Theorem r we can prove tha t ,  if j ---- m ' §  1, ..., m, 

(2.3.1./) 
2 

Ili(7o%)g~lL~-,~-~,-~,~§ (1 § iRe q21)-'~((u))(, _u)). § 5 
i = 1  

4) Summing up (2.3.1.d)-(2.3.1./),  we obtain 

2 
2 --�89 ((~t))(s_u)~C11(((]))(s_2,_,,D§189 § (~ § m(1 § i~eq l) )((~te))(,,-U)) �9 

As Cll does not  depend on ~ , m , q ,  we can choose s, q iR such a way tha t  
C1,(~ + m(~ + IRe q21) -~) < 1. 

Thus, (2.3.].b) is completely proved. 

THEORE~ 2.3.2. -- Let  the hypotheses of Theorem 2.3.1 be satisfied; then there 
exists a unique solution u ~ M ( ~ _ u ) ( R ~  ) of the problem (2.3.1.a)(kl.~). 

PROOF. - The proof is the same as t ha t  of Theorem 4.2 in [6]. 
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2.4. The paraboliv problem. 

Tn-EOaE~ 2.4.1. -- Let  s, l: R ~ - ~  [0, q- col satisfy the hypotheses  of Theorem 
2.3.1 and let ~ ~ ]0, ~ - c ~ ] .  Suppose tha~ 

ii) g ~  ~-1 ~c((~-~,-i)/2:~-t-~,-~,~):,+~.,((R )o,~), i = i ,  2. 

Then there exists 70~ R such that ,  if 7<Yo, there is ~ unique function u satisfy- 
ing the following conditions: 

iii) u e d~(~/.z;~,_~,z);~((R~)o,~) ; 

iv) ( S t - - L ( ~ ) ) u  = / ,  in (R+)o,o, 

~-i t}; v)/L~u = g~, in ((t, x9 e (R ~ )o,~; Ixq ~-< 

vi) E~j~ ge, in {(t, x ' )~  ~-~ �9 t}; = (R )o,~, [x ' l~> 

vii) 7(o~ : O. 

Furthe'~more, the following a priori est imate holds: 

(2.~.I.a) 
2 

, ( . ) )((~-2)/2;~-.~,-z,0; v+2 q- ~ (g~)((,-k,-.~)/2:~-z-k,-~,O; v+l~, , 
i = 1  

where C is independent  of 3. 

Pt~o0F. - Suppose, first, ~ ~ ~- oo. B y  l~em~rk 2.1 33, if 

u ~ A5(~/2; ~, -~,0; ~(R+ • R + ) ,  

then y(o~ ~ 0. We use the  notat ions of section 2.1 and pu t  

U ---- u o T  -1 , F = - -  exp (-- 2 r ) ( / o T  -~) , G~ -~ exp (-- k~r)(g joT -~) , 

] = 1, 2; then u satisfies iii)-vi) iff 

iii') U c M(~/2;~ ,_~ ,~) ;~(R•  

iv') � 8 9 1 8 9  in R x R ~ ;  

u E ~ U  = G~, in {(% c o ' ) e R x R ~ - ! ;  1(9'] > 1}. 

By  means of a bil~teraI Laplace troa~sform, iii')-Vi') are equivalent to 

iii") 0 e M(~ _,,O(R+); 



AINTOI'r ~BovE - ]~l%Illg0 F]{ANC~ - EN~C00B~ECHm: Boundary value, etc. 395 

iv") � 8 9  �89 vo~2 + L(O~)~2 = P, 
v") E ~ 0 = 0 ~ ,  if [ + ' l < l ;  

v i " ) E ~ - - - - # ~ ,  if I~o' l>l;  

in R';; 

where Re p = y and by  5/p we mean the square root of p with posigive real part .  
v ;  ~ O 5e - - Due to our hypotheses,  i0 ~ M(~_o, _~,o(R+), 1, so ~g(~_~_~,~)(R ~ ~)(j = 2), 

tha t  the  problem iii")-vi") has a unique solution satisfying (2.4.1.a), by  Theo- 
rems 2.3.1 a.nd 2.3.2. 

By  an argument  quite analogous to tha t  of [lJ, w 11, it follows that  the prob- 
lem considered has a unique solution in a cylinder of finite height, too, and tha t  the 
constant  appearing in the  corresponding a priori est imate can be chosen independent  
of the height of the  cylinder. 

3. - The problem in the lower part of  the cylinder. 

3.1. Some preliminaries.  

Denote  by  ~(o~, u~o) two, arbitrari ly chosen, positive numbers and by  d(o), u(o) 
two positive numbers  such tha t  ~o)< 6(o), ~(o)< ~(o)and satisfying conditions ~o)-~3) 
specified below; moreover, set 

Q(O)= 9o,~(o), F(o)=  (~:9)o,~(0), i f }o )= /~  (3 F (~ , i = 1, 2 . 

We shall suppose that  

%) ~(o), d(o) are small enough, so tha t  y n ([0, d(~215 2U(~ is the graph 
of a C ~ real f lmetion defined on a subset  of ~zP. 

Now, let {@o), ~v(o)} be a par t i t ion of uni ty  in ~ subordinated to the covering 
{S(Xo, 2u(o)), CS(xo, ~(o))}. We shall denote by  the same symbo 1, ~o), the  function 
it @ (o) ~ ,  i =  1, 2. Obviously, {@1 ~ ~(2 ~ is a par t i t ion of uni ty  in Q%-'. 

Multiply b y  9~o) problem (P) in Q(o) (i.e. mult iply by  9~o) the  differential equa- 
tion, by  7o~  ~ the boundary  conditiol~s and by  ~.(o)~(O)ro w4 the initial condition). Thus, 
we obtain the problem 

(o) 

(a~-;(t, ~, a~))(~%) = ~o)] + T~o)(t, ~, a~)u, 

El~j(t , x, ~)(~v~~ (o) (J)(o) S i (t, = (~oq)~)gj/- x)(7oU) 

{o~ = 0 ,  

in Q(O) 

in ps, j = l ,  2 , 

where T~ ~ is a first order differential operator and S (~)(~ is the multiplication operator - i  
by  a suitable smooth function, if ks---- 1, 2. and is zero if kj = 0, i = 1, 2. 
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We suppose tha t  

a~) ~(o) is sufficiently small so tha t  there exists a C~-diffeomorphism h~o from 
~ ( ~  S(Xo, 2~ (~ onto U(~ {y e R ' ;  [y] <1,  y~>0}, such tha t  h~o(Xo) ----- 0 and 
y~ is the  distance from ~tP; hence h~(~t9 ~ supp ~(o)) = {y ~ U(O), y~ = 0}. 

Problem (p(o)) is transformed, by  h~,, into the  following one: 

! 

(~,--~o(t, y, ~))(v(~~ ~'  
f l E~(t, y, ~)(q~(~~ = v~,  

~o~ ') = o, 

in (U(~ 

in F~ ~ ]-----1,2, 

! / ! 

where Po, E~j are the operators P ,  Ekj wri t ten in the  new variables ~nd ~(o),, u are 
l the functions ~(o), u wri t ten in the y-variables. The functions /~', Gj are obtained 

vi~ h~o, from the right-hand-side terms of (p(o)) and F~ ~ is the  image, through h~o, 

of _r~n (S(~o, ~,7(~ j = 1, 2. 

set r ' =  %(~ ~ (S(~o, ~,~~ by hypothesis ~o), 

~,' = {(t, y); t e [o, ~(o)], y e u <~ y~ = o, t = r  

where q} is a real C~-function defined in a noighbourhood of the  origin in R ~-1. We 
remark that ,  b y  hypotheses  iii), iv) of section 1, qi(0) ~ 0, (Vq~)(0) ~ 0 ~nd Jr 
is positive definite. 

We now make the  following assumption: 

~ )  ~(o) is so small tha t  in h~o(~[2 n S(xo, 2~(~ there exists a C ~ change of 
variables y '=-  Z(z'), such tha t  (Oog)(z') ~- lz'l ~ (Morse Theorem). 

Hence, we m~y now muke the following change of variables: 

(y', y~) ~ (z', z~), where z ' =  (ZGI~)-~(y ') , z. = y . .  

Problem (p~o),) is t ransformed into the following one 

(e~oy,) 

(0)r/~I~ .Zprl ( 2 , -  p" ( t ,  z, ~o))(% j = , 

~r (0) t~ ~r z Ek~(t ~ z, ~z)(q~l u ) : V~ , 

y(~176 0 

in ((z | 1oo)-t(U(~ 

i n F , ' ,  j = l ,  2 ,  

where the new symbols have aa  obvious meaning. Here 

F:~= {(t,z) ER"+l; t~]0 ,  O(~ z =  (z',0), z~(Z(~)I  )-l(U(~ t >  lz'[2}. 
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Furthermore,  we note t ha t  Fg is the complement in ] 0 ~  (~ X ( ( Z ~  1~.)-~(U(~ (~ 
o}) 

At last, we suppose t ha t  

~z) we choose ~(o) such tha t  

This hypothesis implies, in particular, tha t  the boundary condition corresponding 
to ] ~ 1 in problem (p(o)) is empty.  

3 .2 . .Func t ion  s~aces. 

DE~I~ITIOE 3 .2 .1 . -  We denote by ,~,((~+r+o/2; .... ~)~O(~ the space of all functions u 
such that 

(~(~176 hxo)-%(lt(5) Z~) lz~) ~ Jg((s+r+~)m;8,~,~); r((R~_)o,a(o)) 

and 

�9 / ( s . ' 2  [O(O h 
(~  ~ ~ - n / 2 - 1 ~  J 

equipped with the norm 

LT2 ~Jsx/g,;y--n/2--1 ] " 

Analogously, if 0 < ~ < fi<~(o) we can define the space 

~((s§ O 

whose norm will be denoted by [ . ;  ~, fi](~,r,~);v. 
Since these spaces are isomorphic when y varies, if ~ > 0, we shall omit y in the 

symbol  of the space. 

Furthermore,  let ~f(o), ~f(o)~ C~(~) be two functions such tha t  

. ~  = , i = i, 2 

supp ~(~~ D c~ S(Xo, 2 {~  supp ~(2~ ~ \ S ( X o ,  7 (~ . 

We shall still call yj~o) the function l t ~  ~f~o) i -~ 1, 2. 
We note that ,  if the boundary  conditions in problem (P) are not both  Dirichlet 

conditions, we may  choose functions s, l such tha t  s - - / > 1 ;  in this cas% the spaces 
are contained in BAmCCHI'S [4] ones when s > 2 .  

2 6  - Annal i  di Maternatica 
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D]~5~ITZ0~ 3.2.2. - L e t  s @ r @ l>~l, y - - n / 2  - - 1  + s~< 0. Then,  b y  Proposi-  

t ion  2.16 in [9] a nd  R e m a r k  2.1.33, the  func t ions  ~~  and  ~(~~ huve  null  ~races 
%~,((s+r+l)/2; s,rfl)[O(0) ~ on the  hype rp lune  t = 0 .  So, if u e ~ . ,  ~ ~, we can  p u t  

y(o~ = 0 .  

DEFINITIO~ 3.2.3. - We denote  b y  .W,((,~+~)/e;~,e)~.jr,(o)~ the set  of all funct ions  u 

such that 

and  

n--, ((eo~(~O))u)o(1,| h,~174 z) e ~((o+~>/,;o,~);~((R )o,,~0,) 

~7w2;"'0 ~(~  e ~, , , /2  (r(o)~ 

equipped  wi th  the  n o r m  

o -1o *2 (o) U 2 �89 

I n  w h a t  follows we shall  p u t  

A = ( ] ; |  Z |  ]~,,)-,o(:i,| h.~,) = 1, |  ~ ,  

A ' =  (11| Z)-'o ((1,| h~o)ir,0>) �9 

B y  Propos i t ion  2.6 in [9] and  Propos i t ion  2.1.29, we have :  

P~OPOSITZO~ 3.2.4. - L e t  ~ e C~(Q(~ then ,  the  m a p  u e-~ ~u is con t inuous  in 
J6((s+~+0/2'sr ' ' '  (Q ~ ~) (o)). 

P~0P0SITIo~ 3.2.5. - i) L e t  s~>l ;  t hen  the  m a p  u ~-~ 8~u is con t inuous  f r o m  
"ff,((s+r§ ~}~o((s+r§ (0)) i n t o  ~ y + l  8--1,~',~)(Q(0)), ] --~- 1, . . . ,  n .  

Y 

ii) L e t  s @ r ~ l > 2 ;  t h e n  the  m a p  u ~ 3tu is con t inuous  f rom 

"~,((S+~'+Z--2)/'2;s--2,rfl)(fo(O)] ,]s (~ in to  ~ r + 2  ~ J " 

l~oreover,  t he  n o r m  of each one of these  maps  is un i fo rmly  b o u n d e d  wi th  respec t  
to 6 (0) . 

P~ooF.  - ii) is a s t r a igh t fo rward  consequence  of P ropos i t ion  2.1.28 and  Proposi -  

t i on  2.13 in [9]. 

L e t  us n o w  prove  i). 

[%u]~,_,,~,,);,+1 = ((vl ~ a~u)oA- ')~ +~+,-1>J~;,-~,~,,);,§ + 

+ [r ) a~]~,,_,~;,_~/2 = I~ + ~ .  
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:Now, keep ing  in m i n d  P r o p o s i t i o n  2.1.28, we h a v e :  

[r (~(O)u~oA-~ * (r ,~(Ohu~oA-~\ * I i < \ ~  ~ l  ~! ] ( (s+r+l- -1) /2;s - - l ,v , l ) ;7+l-~  ~\~ i r l  ~ ] ] ( (s+r+l-1) /2;s - - l , r , l ) ;7+l  ~ 

--1 ~ ---- (V((V(~ �9 (~A)oA) ( ( ,+ r+~-~) /~ ;  ~-~,~,0; 7+~ + 

+ (((~/p(l~176 9 (~ o,,(0)U~ o A - ~ *  ~1 t ]((~+~+z-~)/~;s-~,~,~);r+~ <~ 

C [/(~(~ oA : ~ *  [ [ ~  ~(~176 oA -~t* 1Lk~'Yl ) ]((s+r+l)/2;s,r,l);y-~ ~\~, ~"Yl /'V1 / ]((s+r+l--1)/2;s--l,v,l);y+l-}- 

//~(o). (oL.~ oA-- ~* + t,w~ ~ ~ ,~ ~((~+~+~-~)/'~;~-~,~,0;~+~] = C~[J~+ J~+ J~]. 

L e t  us now deal  w i t h  J~. D e n o t e  b y  po<.) a c o n t i n u a t i o n  o p e r a t o r  f r o m  ~r 
in to  r ~ / ~ t t ~ -  ~ +~) ,  wi th  n o r m  u n i f o r m l y  b o u n d e d  in ~(0) So, b y  H y p o t h e s i s  ~ ) ,  
P ropos i t i on  2.1.24, P ropos i t ions  2.11, 2.12 in [9] and  2.1.5.i)~ we h a v e  

{{~ o/~(o)o (O)u~oA-~\~oT-~ J s <  k[v~( )xxw2 ~ ~ ]2 /((~+~§ s--l,z,/); y + l  ~'~ 

C o (o) (o) u oA-~  C (o) < ~[P~,((W V~ ) )](s.- , /~;7-~,,~< ~[W u](~,-,/~;~-n]~<q~[~~ . 

J~ can be  h a n d l e d  in an  ana logous  way .  So, the  e s t i m a t e  for  -'/1 iS ob ta ined .  
T h e  e s t i m a t e  for  I~ follows ana logous ly .  

J6 ((~+~+Olz;*'~''Oto(~ k ~ No, s ; >  k + �89 p r o v i d e d  I)EFIiNITION 3.2.6. - L e t  u ~  v ~ ~ 

• {o}) o. We put 

7kU = (~]]~((~0(10)U)O (lt ~ hx~)-lo(lt(~ Z~) lz~)))o ((1~(~ %-1)o(lt( ~ ~))l/,(~)--~ ~]k(~i~ . 

B y  Def in i t ion  2.1.31 a n d  T h e o r e m  2.15 in [9], th is  def in i t ion is well  posed.  

-7s176 then yku ---~ ~E)iAI~I~ 3.2.7. - It is easy to show that, if u ~ .~ ~ j, 
k -~ yo(~u), where 8~ denotes the inward normal derivative to the hypersurface F (~ 

k F u r t h e r m o r e ,  if u e C~(Q(~ we h a v e  7ku = ~utr~o). 

P~0POSlTION 3.2.8. -- U n d e r  t h e  h y p o t h e s e s  of Def in i t ion  3.2.6, y~ is a con t inuous  
.7~,((s+~+~-~-�89 s+~-k-�89 o p e r a t o r  f r o m  js in to  ~ , + k  ~ J. Y 

PnooF .  - B y  P ropos i t i on  3.2.5, we need  on ly  to  p r o v e  t h e  asse r t ion  in the  case 
k = 0 .  W e  h a v e  

2 (o) ~- I (o) - I *2 [yoU](s+~+z_L~);,<2(((yo91 )oA )(~20((~? 1 u ) o A  )))((s+r+l-�89 

+ + ozl )((8+~+z-�89 s+r -L  0; ~ 

2 (o) (~ oA -1 o , 2 
4 

2 (o) (o) 2 
i=1 
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:Now, by Propositions 2.1.32 and 3.2.4, 

(0)2 o - 1  ,~ • u) A 

( 0 ) 2 ~  O - - 1  * 2  <01((~  ~ ~) A )((~+~+~)/~.,.,~);~<O~.[u](~,~,o;~ ~,- 

furthermore, by Hypothesis cr (2.1.5.i) and by Proposition 2.6 in [9], we have 

( 0 )  ( 0 )  2 47, F ~ ( O ) m ( O ) o , 1 2  ~ -  

C (o) 2 C < ~[~ u]~/~;~_~/~_1< ~[u](~,~,~);~. 

I~ and I~ ca~ be estimated in an analogous way. So, the assertion is proved. 

3.3. Solution in the lower part o] the cylinder. 

TKEOI~E~I 3.3.1. -- Suppose tha t  the functions s, l: R~-> R satisfy the hypotheses 
of Theorem 2.3.1 and tha t  N(0), 6(,~) s~tisfy Hypotheses ao)-~). 

Then, there exists ~, such that ,  if y < ~ ,  the operator A corresponding to the 
problem 

(3.3.1.a)(~,.~,) 

(@t-- P(t,  x, @D) u = i ,  ia  Q(o), 

/~k,(t, x, 6 ,)u = g~, in F~ (~ .i = 1, 2 ,  

y(o~ = 0 ,  in 9 ,  

is an isomorphism from j~(~12:8,-z ,~)(Q(O))  onto 
1, 

2 

~-~+2 [~A I ~+~, ' ~ ' l '  

provided ~(o), ~(o) are small enough. 

F~ooF. - I~  the sequel, by ~A we mean the <~ product  ~> of the C~-function 
by the operator A (see Section 3.1). We write the operator ~(~~ ~ in the  local 
coordinates defined by A - l ;  let us now call i t  ~ ~  where ~?) '~- ~~ 
~(o),= ~O)oA-1 and A' 1 is a parabolic operator with coefficients suitably continued 
by  constants outside Ko,~r176 , where K is a compact subset of R" ~ ~  

] - -  ! co 
Let  {Pj; ] : 0, ..., N} be a C ~ par t i t ion of un i ty  in R ~  such tha t  @j~ C o (R+), 

! [ 
j : 1, ..., ~V. Let  {~;  j : 0, ..., ~Y}, {%~; ] ---- 0, ..., AT} be two sets oi C~-functions 
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f r co - -  ! [ ! ! ! ! ! ! such that Z~ ~ (% ~ Co (R~) ,  ] : 1, . . . ,  N ,  a n d  0 < ~ < 1, 0 <. Z~ < 1, cr~ % : % ~ Z~ (r~ : g~ , 

0 , . . . , N .  Le t  z ~ e s u p p ~ , j = 0 , . . . ~  
! ! 

Denote  by  Al(o) the  parabolic principal par t  of A~. We have 

(3.3.1.b) 

where A~(o)(0 , z~) is the  operator A~(o) with coefficients frozen at the point  (0~ z~), 

! ! ! ! ! 

o ' 5 K l i =  o ' 5 ( ~ 1 ( o ) -  ~ 4 1 ( 0 ) ( 0  , Z i ) )  , 

f t l r 
a~ T I ~ :  (~(A 1 - -  AI(O) ) ~ ] = 0~ ..., N .  

f ! We can think of K ~  and T I j  a S  defined everywhere.  
Since A'~(o)(0 , z~) has constant  coefficien%.s, then, if y is suitabl% by  Theorem 2.4.1 

i t  has un inverse operator /2'~(o) ~ which is a bounded operator between the 
spaces where it natural ly  operates. :For instance, if~ for a given ], ((supp ~J)o,~(o)) ~ 
(~ A(y) ~ 0, we have: 

/~:(o)J: 3L((~-~)/2; ~-20 -~,0; ~+2((R+)o, ~~ • 
2 

i =  

! ! 
Let  us now consider the  ((differential equation component>) P~j of J~lj; an  

analogous argument  holds, if necessary~ for the  other components.  We get (the 
norms are computed in (R~)o.~(o)): 

~" ; * 2  r 
(ViPlj(t. z, O,)v)((s_2)/z;s_2._LO; : '+2< C1 2 (Ztj aaj(t, z) .,a , .2  % v) ( (s-2)12 ; s -  2, -t,~); v+.2 

i~I=2 

! ! 
where a~. are the  coefficients of P l j .  

f r So, by  Proposit ion 2.1.29 and 2.1.28, if we shrink supp Xj (and hence supp ~ 
r 

and supp o~), we hay% provided d (~ is small enough, 

r r * 2  ~ 2  

By Propositions 2.1.28~ 2.1.29 ~nd 2.1.30, an analogous est imate holds for ~'1~, 
provided 5 (~ is small enough. 

Thus, ~'1(o)(0, zj) + ; / ;K;j~- Z;T'lj has a continuous inverse RZlj, which operates 
be tween the same spaces as R'z(o) j. Let  F = (], g~ gJ  belong to the  <( space of data }>, 
and pu t  

N 
t ! T 

J = l  
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we have 

h r 
! / ! ~- r ! / ! ! 

~ = i  ~=1 

Let  us now estimate the (( differential equation component ~ B ~  of 31F; the other 
components can be estimated analogously. We get, by Proposition 2.1.30, 

f N f ! @ 

2 

i = l  

provided d (~ is small enough. 
! 

So, A!l/~[ has an inverse; analogously, /7[ A 1 has an inverse, too. Furthermore,  

--[ ! -- t  --1 --t  t --1 --f RI(AIR1) and ( . R I A 1 )  . R  1 

are a right and a left inverse of A'~, respectively. Denote b y / 7 '  1 the inverse of A' 1 
and by R~ the operator in the (t, x)-variables obtained by R! changing back coor- 
dinates via the map A-i;  in other words, /71 is such tha t  , (o)~ ~(o) is the operator "Yl * ~ I ' F  i 

~(o),~,~(o), wri t ten in the original variables. 1 "L~iWi 

Let  A 2 (~t-- P(t, x, ~) )  | Ek~(t , x, ~) ;  by ~8), we have ,,.(o)~,~(o) . (o)~ ~(o) 
If  7<Y~, Y~ suitable, by Theorem 3.1 in [9], A~ is an isomorphism from K~J2(Q (~ 
onto K (s~-2)/2r162 vK(S~-i-'~)/2r176 where i is either 0 or 1, depending o n  the order ~,+2 ~hf ) A y + i + }  ~ / ,  

of the boundary operator E~, in problem (3.3.].a)(~,~:). I f  / ~ =  A~ ~, set 

R = ~,,(o)/~ ~(o)-L ~,(0) 1~ ~(0) 
v l  - ~ l W l  ~ v 2  ~ 2 ~ 2  �9 

We shall prove tha t  AR and RA have an inverse, provided ~(o) is small enough. 
Let  ZI ~ (j = 1, 2) a function enjoying the same properties as Fie) and such tha t  

j = 1, W e  h a v e  
2 

= z ?  
J = l  

Let  us write the first te rm in the local coordinate system; we get, with an obvious 
meaning of the notations, 

1 a " l t } J l  "L~it]~l W1 ~ 1 ~ 1 ( ] Y l  + z ~ O ) ' [ ~ ' l  '"(O)/1 7~rm(o)r  

Let  ~1~'(~ 1~i'(~ the operator Z~~ ~'l~"(O)I] ~I'~(O)rlW1 wri t ten in the original coordi- 
nates; arguing as above, the norm of .,(o)~ ~(o) in the space of data  turns out to 
be small, if d (~ is small enough. 
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Fur thermore ,  

,(o)1 p r.(o) , (o)~~ (o)~ ~(o) ~o) I + z(o)[A, ~ ~ , 

where the norm in the space of data  of the  second t e rm in the  r ight  hand  side is 
small if (~(o) is small enough. Thus, b y  a suitable choice of (~(o) AR has an inverse. 
Analogously, RA has an inverse, too. Fur thermore ,  R(AR) -~ and (t~A)-~R are a 
r ight  and a left  inverse of A, respectively.  

This completes the proof of the assertion. 

4. - The parabolic problem in the whole cylinder. 

4.1. Geometric preliminaries. 

Aim of this  section is to construct  a diffeomorphism which (( eylindrizes ~) the  
separating surface ~ far away from t = 0. Actually,  the exhibi ted diffeomorphism 
has fur ther  good propert ies;  indeed, i t  maps the upper  pa r t  of the cylinder (i.e. the  
cylinder we obtain by  cut t ing off a layer  near t = 0) onto itself, i t  maps the 
boundary  onto itself and it  leaves t ime unchanged. Fur thermore ,  i t  allows to define 

funct ion spaces in the upper  pa r t  of the cylinder which fairly fit those we have 
const ructed in the  lower par t .  

Le t  ~ be a real positive number  verifying Hypotheses  ~0)-~3) in Section 3.1. I f  

to~ ]0, ($~[, denote by  Lto the  map 

(~, ~) ~ ( e ~ p ( - 2 ~ ) ,  VtT~2~) . 

T~LEORE~[ 4.1.1. -- There exists a C ~ diffeomorphism rto f rom #2tj2. T onto itself, 

such that 

i)  rd((~r~)tj2, T) = ( ~ ) t o / 2 , Y ;  

ii) r,o(:, n 9, .~ .~)  = [to12, T ]x {~  e R"; (to, ~)e ~,o}; 

i i i )  rt .(St) = ~ t ,  Vt ~ [to/2 , T ] ;  

i v )  r~01(~,,,  ~?)),~ = (A-I~176176176 4%,~  �9 

PROOF. - Le t  ~ > 0 sufficiently small. In  ( t 2 ~  S(Xo, 2U(~ ~ we define a C ~- 

vector  field as follows: put  

: L~oO ToA. 

B y definition, Zl( t ,x)= (t, V(x)), where V is a C ~~ diffeomorphism from 9 ~  
53 S(xo, 2~ (~ into R~. So, we have 

~( t ,  ~) = (t, Vt-o~ t -~v (x ) )  . 
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Then, we define the vector field 27o in the following way:  

xo(t ,  x) = a~-~(r ~))(~, o) = (], dw~(v(x))(v(x) /e ,O).  

Obviously, the restriction of Xo to the lateral boundary  of the cylinder is a tangent  
vector field and the restriction of Xo to y is tangent  to y itself. 

Let  now ( t , ~ )~7 ,  ~ s < t <  T; by  2. iii), there exists a neighbourhood U6,~) 
of (t,~) in ~)~+~m,T and a C ~ diffeomorphism @(<~): U6,;)-+R• , such tha t  

(4.1.1.a) 

(~.~.lb) ~(<;)(7 n u(<;)) c R x R "--~ x {(o, o)}. 

By u slight modification of the above formulas, we can recover the case t = T. 
Wi thout  loss of generality, we may  suppose tha t  

(4.1.] .~) 

(4.1.1.d) 

e(<;)(t, x) = (4 ~r(<;)(t, x)) , 

(~(~-~))-,(T, y) = (~, z(~, y') + y.  ~(x(T, y0) ) ,  

where Z is ~ coordinate system of 2" at ([, ~) and ~ denotes the unit  inward normal 
field to 2". We also suppose tha t :  

(4.1.1.e) the ( n - - 1 ) - t h  component of @6,;)(t, x) is equal to the geodetic distance 
in 2" between t h e  orthogonal projection of (t, x) and 7 n St. 

Now, {U(<~); ([, 5) e 7 n 9o~+~m,~} is an open covering of 7 ~ f2~+~m,r; call 
{U~, ..., U,} s finite subcovering and Q~, ..., % the corresponding diffeomorphisms. 

Le t  us now define the vector fields 

Xr (t,x) e U~, j :  l , . . . , p .  

I t  turns out tha t  X~ is a C~-vector field tangent  to F on Ur n F and to 7 on U~ • 7; 
furthermore,  by  (4.1.1.c), the t-component of X~ is always equal to 1 and, by (4.1.1.d), 
Xj is parallel to F. Le t  {we; j = 1, ..., p} be a C~176 of uni ty  subordinated 
to the covering {Uj; ] = 1, . . . ,p};  we agree to th ink of the r as continued in a 
C ~ way to all of ~2o, z, so that  0<o~r o J ~  0 in 9o,~,  ] = 1, . . . ,p .  If  we put  

~ ) o :  1 - - ~ o j  in ( ~ n  S(Xo, 2~(~ , then i t  turns out tha t  (r ..., 09~} is a 
i=1 

part i t ion of un i ty  in 

J = l  
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Se~ 

2 ( t ,  x) = ~ ~o~(t, x)X~(t, x ) ,  
i=O 

(t, x) ~ B .  

Obviously, the vector field 2( is tangent  to F (or to y) at every point o f /~  (or of y) 
and its t-componen~ is always positive. Let  now V be a neighbourhood of y (~ ~0. r 

in ~O,T, such tha t  

~(o)~ c V n ~o, ~ c B (supp w~ }o,e,+~ 

a~d let w ~  C~(Do.f), 0 < w < l ,  w-~ 1 in V, supp w e B ;  then define, in f2o.~, 

x ( t ,  x) = w(t, x ) 2 ( t ,  x) + (1 - vJ(t, x))(1,  o ) .  

The vector field X has the same properties as X. 
I f  X~ is the t-component of X, pu t  Iz X/X~-~  (1, I~). 

sider the  Cauchy problem 

Let  x e  ~ and con- 

(4:.1.1.t) 
v(to/'2) = (to/2, x) . 

The solution of (4.1.1.]) has the form t ~-~ (t, ~(t; x)), where ~(-; x) is the solution of 
the Cauehy problem 

{ ~(t) = ~( t ,  # ( t ) ) ,  

~(to/~) = x .  

Since .C2 is a compact manifold and 1~ is tangent  to ~ in ~.Q, 4( ' ;  x) can be con- 
t inued to all of [%/2, T]. 

Denote now by rto the m~p (t~ x) ~-~ (t, y), where y is such tha t  ~(t; y) = x. Ob- 
viously, r~o is a C ~ diffeomorphism from .(2t012.~ onto itself and verifies conditions i), 
ii), iii) of the assertion. 

To prove tha t  condition iv) holds, i t  is e~ough to show tha t  

(t, 

V(t~ x) e E (o) (supp~l)to/2,~1. Since Y = Xo in E, this is easily accomplished by 
remarking tha t ,  in E ,  

rt~(t , x) = (:gtto~)-~o~t~/2oqS)(t , x) , 
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where 

7gtJ2(8, Y)  = (tO~2 , Y) , 

:%(%/2, z) = (t, z ) .  

So, the assertion is completely proved.  

I~EMAI~K 4.1.2. -- Since the  vector  field Y is independent  of the choice of to, it  
easily follows by  assertion iv) in the  preceding theorem that ,  if 6 ' >  (~ > 0, V(t, x) e 

tF1 /6'12, T]~ 

(L[loAoraor-[}oA-loLx)(t ,  x) = (t, x) . 

4.2. tZunvtion spaces. 

DEFINITIOIN 4.2.1 (see [8], w 2.1). We use the  notat ions of Sectiort 2.1. Set  

~( t ,  x) = ~ ( V t , / 2 w ( t ,  x))  , j = 2, . . . ,  m ,  

and continue them by zero to all of ~ ,  

5=2 

Fur thermore ,  pu t  

k (t,x) = (t, j = 2 , . . . , m .  

I f  to/2<a < b < T ,  we shall denote by H(s/2;s,_U)(,.C2a,b) t h e  Spuce of functions u 
such thu t  

llu;a, bll 
~'=2 

where the norms in the right hand side for ] > I are computed ei ther  in (R~)~, b or 
in (R')~,b, according to supp ~ meets or not  T'. We note explicit ly tha t  sj, l~ are 
the same as in Definition 2.1.5. 

Whenever  there is no way to misunderstanding, we shall omit  the end-points 

of the t ime interval  in the nota t ion of the norm. 
In an analogous way, spaces on the lateral  boundary  of the cylinder ~re defined. 
Propert ies  of these spaces (in par t icular  tr~ce theorems and cont inui ty  of the 

derivatives) ~re established in [8], w 2.1. 
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DEFI~'Ir 4.2.2. - L e t  to /2<~ < f l < T ;  denote by ~0/2;~ _u)(~)~,~) the space 
of functions u such t h a t  

] --1 

Spaces on the lateral boundary  of the cylinder are defined analogously. 
~ h e n e v e r  there is no way to misunderstanding, we shall omit the end-points 

of the t ime interval  in the notat ion oi the norm. 

P~oPosiTro~ 4.2.3 ([8], Proposition 3.2.2). - i) Le t  s > l ;  then  the operator 8~ 
is bounded from 

~(8/2;~,-U)(D~,~) into ~L((.~_l)/2;8_l,_l,l)(~t~cc,fl ) , i ~ 1, . . . ,  n ;  

if) Le t  s > 2 ;  then  the operator 8t is bounded from 

:K(~/2; s ' _u)(zg~,p) into :K((~_2)/2;,_2, _ u ) ( ~ , ~ ) .  

LE~,~A 4.2.4. - Le t  t o / 2 < ~ <  fl<to; then  

~{s/z;~ _u)(~.~ ~) = 3g{~/2;',-u}/c) 

Mgebraie~lly and topologically. 

P~ooF. - Let  u e  J~("/2; ' , -u)(~ ~) and set v = uorZo~. We have 

2 2 

__ ;o 2. 
- -  ]];lVi " '  #,l~./2;s.~- ~ Ii(; ,V)Ok[-1; 6r #il,2d2;s, _,,,,, = ~, 

~=2 ~=1 

Let  us consider the case j > 1. We have 

2 

I,;=1 2 

(,{~~ i oA ~oL o1~, ~ .,, 

by Proposition 2.1.4 in [8]. As, by Hypothesis ~)  ~nd condition iv) of Theorem 4.1.], 

[ --  �89 log 8, - -  �89 log ~] X U~ c L~ ~oA o r~o([~, fl] X S(x  o, V(~ , 
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the te rm corresponding to lz = 2 vanishes. We have now only to deal with the 
term corresponding to /s ~ 1; so, by condition iv) of Theorem ~.1.1, we get 

1 Z~< Oil I (%((~i~ oA- loT-1) )oh~-  1; - -  �89 l o g f i , -  ~ log aH,,m; ,,,-~,, ,,< Ce[u; ~, i l l( , ,-u);  ~" 

Let  us now consider the case }----I; we have 

2 

k = l  

J2 is easily estimated by ]I~o(2~ ~, Zll~;.~< c,[~; ~, m(~.-.o,.. 
In  order to est imate J~, we note tha t  $~= qJ~oL~%A, on rto((supp~(~~ so 

that ,  using condition iv) of Theorem 4.1.1, we get 

= Cdll~q(~]~ T - ~ ;  - -  �89 log fl, - -  �89 log :r ~, < Cs[u; a, i l l ( , , -u ) ,  ~ �9 

This proves the inclusion 35 (s/'~;~'-U)~~ \~- w,~,~j~3L(~m;~,_u)(~,~) ; the cortverse in- 
clusion is proved analogously. 

]:)EFINITI01~ ~ 4.2.5. - We denote by o(~/2;~'-U)(Q) the space of all functions u 
such that 

, 2 [u;  O, ~ 2 = t0](~,_U);,+ {u; tel2 , T}(,/2;,,_U)< + oo IEu]l(~/~;,,-u);, 

Analogously we define the lateral bomldary spaces cq~("+e)J2;~'~)(F). 
We remark that ,  by  Lemma 4.2.4, the squared and curl bracket  norms give 

the same (~ regularity )> on the layer 9t0/2,~o. Furthermore,  O-spaces are embedded 
in BAIOCCm's [4] ones, provided 3L-spaces are (see, e.g., Definition 3.2.1). 

The following proposition asserts tha t  ~q-spaces do not  depend on the choice 
of to; in fact  

PROPOSITIO~N- 4.2.6. -- Let  t ie  ]0, 61[; then  the holms 

(4.2.6.a) 

and 

([u; O, ~ ~ t~](. _.o; ~+  {u; q/2, T}(~;~,_.o) ~ 

(4.2.6.b) ([u; o, tog,_,,,); ~ + {,~; to~2, :r}~,/.~;,,_,,,))~ 

are equivalent. 
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P~oo~. - We suppos% for instance, tha t  t~< t~. Le t  u be such tha t  (4.2.6.a) is 
finite. Then, trivially,  

[u; 0, to](~ ,_~,~); v< [u; 0, t~](~, -~,0; v �9 

NOWs 

{u; %/2, T}(,i,., ,_~,~)= Nuor~l; %/2, TII(,<~;~ _,,~)< 
< c,([luorV.'; tol~, t~lI(,i~,,,-,,,)+ liuorV.'; td~, rt l<.,.,.._,,,>) �9 

The first term in the r.h.s, of the above inequali ty is easily estimated, by  Lem~ 
m~ 4.2.4, wi~h the first te rm in (4.2.6.a). Le t  us est imate ~he secon4 one; we have:  

l iuor~l ;  tU2, TII(,~.,,,, _,, ,)< I lC:(~o<' ) ;  td2, ~il,,/.~;,. + 

+ ~ I1 (r 
j = 2  

NOW, 

< ce ~ ll$~(q~~176176 b itd 2, -TiI::/~,~: 
k = l  

= C2 ~ JTr 
k=1 

where {~; k = 1, ..., m} is a part i t ion of uni ty  in ~ ,  defined quite analogously to 
{~; k = 1, ..., m} in Definition ~:.2.1, replacing to by t~. ~ow, 

On the other hand, since supp ~7~c [t~/2, T] XS(Xo, ~(o)), if k > 1 ,  

= II(((~, ~)o~; 'oA)(~o<' ) )oh; 'oh~;  t,12, r t l , . , , , , . ,  

by Remark  4.1.2. So, by  (2.1.4.c) and (2.1.5.i), 

where ~ ,  ] ~ 2, ..., m, is defined quite analogously to k; in Definition 4.2.1, replacing 
to by t l .  Le t  us now est imate the  te rm It ,  ] > 1. We get, by  Remark 4.1.2, 

I j  = iI ( (c f?L~%A)(u~  %rt,~ ' ) )~176 t~/2, TII~I2; ~j,-zj,,~ = 

= II(~j((~orV')oA-'oL,.))ohT'; td2, r l I . j~ : . . - , , . , ,  = 
= I j ( % ( ( ~ o < ' ) o A - ' o ~ . ) ) o ~ C ' o A o ~ , - ' ;  t./2, ~11.,,~:.,.-,,.,,-= 

= ll(~.(uorUi))o~7-'; t,12, TJI,,/.~,,, _,,.,,< I 1~~  %12, r t t ( .~,. ,- , . ,> �9 

Thus, (4.2.5.b) is finite. Analogously we pro~ce the converse inequality. 
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Let  us now recall some trace results about ~-spaees. 

PI~0POSITION ~.2.7 (See Proposition 3.2.5 in [8]). - Let  to/2<o~<fl<T, k~ig0,  
s > k ~ �89 we define the k-th order trace on (~D)~,z as follows: 

(4.2.7.a) Y~ u = (Yo((8~ u) ~176 I(~.%.,, 

where ~ denotes the k-th order inward normal derivative (see Definition 3.2.3 in [8]). 
Then y~ is a bounded operator from 

~(,/~; ~, _~,O(~Q.,~) into ~((s_~_�89 ~_t:_~_�89162 

Ibg~3~A 4.2.8. - Let  k ~ 2go, s > 1~ -~ �89 and u ~ (2~ '/~;~'-~'z)(Q). For  sake of sim- 
plicity and only in this lemma, we shall denote by 7~ (~) and y~) the i-th order trace 
operator in ~-  and ~-spaces respectively. Then, we have 

(4.2.8.a) k [tol2,to] x ~)  = (~) i O, ]~ ~ ,  (Ul[to/2, to]xg)  , . . . .  , �9 

PIgOOF. - We need only to prove the assertion in the ease i = 0, as otherwise 
~ .  we can replace the function u by Pu t  

W ---~ ~][t0/2,t0]x~9; 

as w ~ ~(~/~; ~, _~,o(Dt0/.2,~o), we have 

r = Z , .  = + & 
k = l  

Now, I~ = yo(C/~~ where Y0 is the trace operator in the usual Sobolev spaces. On 
the  other hand, by  condition iv) in Theorem 4.1.1, 

since A, T, Lto commute with the ordinary trace operator. 
Thu~, the assertion is proved. 

DEFINITION 4.2.9. -- Let  k e 3to, s > k @ �89 and u ~ Q(8/2;s,-~,Z)(Q); then, by  Pro- 
positions 3.2.8 and 4.2.7, both  u]~.,o and u}o,,i~.~ have /~-th order traces on the  
lateral boundary  of the cylinder. Furthermore,  by  Lemma 4.2.8, the restrictions 
of these traces to the common layer (~sO)to/2,t, coincide. This justifies the following 
definigion of k-th order trace: 

[ r~(Ul~o.,o), in DO.~o, 
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where the first trace is understood to be a J~-space one, while the second trace 
an ~-space  one. 

Moreover, the above mentioned Propositions guarantee tha t  y~ is bounded from 
~(~/~;~,-~,~)(Q) into ,q((~-~-�89189 

RE~ARK 4.2.10. -- Let  s >  1, y - - n / 2 - - 1 - ~  s~< 0; then,  by  Definition 3.2.2~ if 
u ~ [9('/~;"-~'~ it is quite natural  the following position - - y  

~(o~ = 0.  

4.3. Solution o] the global problem. 

Let  us consider the  problem (P) described in Chapter 2. The results obtained 
in Section 3.3 and in [8], Theorem 3.3.1, allow to prove an existence, uniqueness 
and ((regularity ~ theorem; namely,  we have 

T~ORE)[  4.3.1. - Let  s~>2, y e R_;  then the operator associated to problem (P) 
is an isomorphism from 

2 

[ V O(C~-,~,-~)/~;.-~-,~,-�89 , -70(~/2; ~' -~'~)(Q) onto ~,+2~')(("-~)/~; ~-2, -~,O(Q) .. ~ / \  ~,+~, 
"4=1 

provided ]~] is large enough. 
Furthermore,  we have the a priori est imate 

(~.3.1.a) 
2 

i = 1  

PROOF. B y  Theorem 3.3.1, there exists a function u(~ .~(~12;s,-~.~)(Q(O))~ which 
is a solution of problem (P) in Q(O), the lower par t  of the cylinder, such tha t  

(4.3.1.b) [u(~ -~,0; r • Cl([(at--  P(t, x, a~)) u(~ _~,~); ~+2 ~- 
2 

provided [Yt is large. 

Let  / be a continuation operator to all of Q, which is continuous fromJ~(~ ~z2; s, -~,~)(Q(O)) 
into o(8/2;8'-"~ Now, put  

]* = ! - ( ~ , -  P ( t ,  x,  ~ ) ) / u  (~ , 

* i 1~ 2; g~ = gi-- Ek,(t, x, ~) lu  (~ , 
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then~ 

aud ]* and g* are zero when t ~ ]($(~ ($(o)[; henc% in partieul~r~ they  are consistent 
with zero ~t t ~ (~(~ (see Definitio~ 3.2.6 in [8]). So, by  Theorem 3.3.1 in [8]~ 
there exists a unique solution u~(~/~;~_U)(~2~(o)/2,z ) of ~he problem 

(St-- t ) ( 6  x,  ~ ) ) u ~  = 1", in ~9~(o)z~ ' z ,  

which is consistent with zero at t =-6(~ Furthermor% the following est imate 
holds: 

(d:.3.1.e) {u:; ($(~ ~}(./~; .. -u )<  r162 ($(0)/2, ~r}((.-2)i2; .-2, -u)  + 
2 

+ ~ {g,; ~(o)/.9, :r}((~_~,_~)/~;~_~,_z_~,~)). 

By the corrisponding proper ty  of data, u~ is zero in Y26(o)j2,~(o~ ~ and we shall th ink  
of it as continued by  zero in Z9o,~(~)12. Set 

u -~ l~t(~ u~. 

I t  is obvious~ by  definition~ tha t  u is a solution of the problem (P). Moreover~ we 
hay% by (4.3.1.b) and (4.3.1.v) 

2 

+ Y, (l:gr o, a(~247 {g;~; a(~ T}((~_~,_~)~;,_~.,_~_u)) ) . 
i = 1  

~ow, 

{I*; a(~ T}((~_~)~.~;,_.~, -~,o < {1; a(~ 2, :r}((,_~)j~;~_~,_u) + c'~{Zu(~ -z,,)< 
< {/; ($(0)/2, T}((.-2)/2,.-~,-u) + Co[u(~ o, v-~c~ -u); ~< 

<{I; a(~ ~'}((~-2)/2; ~-2,-u) + r o, a(~ ~+~ + 
2 

2 

$ 
In  an analogous way,  {gi; ($(~ T}((,-~,-�89189 i ----- 1, 2, e~11 be estimated. 
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So~ (4.3.1.a) is proved.  

The  u n i q u e n e s s  of the  so lu t ion  is a,n i m m e d i a t e  consequence  of The o r e m 3.3.1 

~nd  Theo rem 3.3.1 in  [8]. 
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