
Sard and Bertini Type Theorems for Complex Spaces (*)(**) 

MIS~ELLA ~IAB-A~ESI (Bologna) 

Summary. ~ We prove that i f  X is a normal [resp. reduced, maximal] complex space and 
f: X - . C  is a holomorphic ]unction, then /-1(c) is normal [resp. reduced, maximal] for all 
but countably many c ~ C. This Sard type theorem, together with a Banica's result on the 
fibers of a flat map, allows us to prove Bertini type theorems for reduced and normal complex 
spaces. 

Introduction. 

The classical t heorem of Sard (see: [M]) says t h a t  if ]: X -*  Y is a differentiab]6 

m a p  be tween differentiabte manifolds,  then  the  image of the  crit ical points  has Lebes:  
gue measure  zero in Y. Moreover,  i t  implies:  

(S) if X and Y are regular  complex spaces (i.e. complex manifolds) and ] is holo- 
morphic ,  t hen  the  image of the  crit ical points  i s  even ana ly t ica l ly  meagre ;  

(S') if X is a regular  complex  space and  f: X -~ C is a holomorphic  f lmetion,  t hen  
]-~(c) is regular  for all bu t  countably  m a n y  c ~ C (see (I.1)). 

I t  is also easy to  see t h a t  f rom (S') one can deduce a Ber t in i  t y p e  theorem such as 

(B) let  L be a holomorphic  line bundle  on a regular  complex space X and let  V 

be a finite dimensional  l inear subspace of F ( X ,  L)  which generates  L. Then 

the  subspace of zeros of a (~ general  )> section of V is regular  (see (II.5) for the  
precise mean ing  of <( general  ~)). 

The a im of this note  is to  prove  (S) and  (S') when (( regular  ~) is replaced by  other  

proper t ies  such as (~ reduced ~), (( normal  )>, ~( m a x i m a l  )~ and to see when (S') im- 
plies (B). 

I n  section 0 we recall  some prel iminaries;  in section I we first p rove  (S') and (S) 

for (~reduced ~ and <(normal >) (see: (I.4) and (I.5)). I n  order to p rove  (S) we use 

the  B~nics  resul t  (see: (0.3)a) saying t h a t  for a flat map  ]: X -+ Y the  set  N of 
points  x e X such t h a t  the  fiber ]-l(](x))  is not  normal  [resp. : not  reduced] in x is an 

(*) Entrata in Redazione il 13 marzo 1982. 
(**) This research was done when the author was a member of the G.N.S.A.G.A. of 

the C.N.R. 
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analyt ic  subset of X (but is is not  clear a priori t h a t  f(N) is anali tyeally meagre). 
Later  on we prove (S') for <~ maximal  ,> (see: (i.12)), by  using a lemma (see: (I.10)), 
which says, roughly, t h a t  normalizat ion commutes  with taking fibers, at  least outside 
a suitable meagre subset. 

F rom (S') for <~ maximal  >>, we can deduce (S) for such proper ty  only when Y 
is one-dimensional (see: (I.14)), because an analogue of B~nics result  for maximal i ty  

is not  ye t  available. 
S ta tement  (S') and the  above mentioned theorem of B~nic~ allow us, in section II~ 

to prove (B) for <~ regular >>, ~ normal  >>, <~ reduced >> (see: (11.5)). As a Consequence 
we have t ha t  the above mentioned propert ies are preserved by  general hyperplane  
sections for complex spaces embedded in P~ or C ~. This is well known in the  algebraic 
ease, hence in P~ (see e.g. [F1], [K], [Se]), bu t  it  seems to be new for normal  or reduced 

(not necessarily compact) analyt ic  spaces in C ~. 
A Bert ini  theorem for maximal i ty  is known only in the  algebraic case (see: [CGM]), 

bu t  it  is clear f rom the above discussion, t h a t  i t  could be deduced from the  results 

of section I I  if one had the  analogue of B~nics theorem. 
P a r t  of this research was done during a s tay  at. the  ~Ia themat i sches lns t i tu t ,  

der Universiti~t Mfinster (Bt~D). The author  wishes to t hank  prof. O. FoRsmE~ for 

his helpful advice. 

Standing  notat ions .  

All complex spaces are supposed to have a countable base of open subsets. 
Holomorphie  map always means holomorphie map between complex spaces. 
Whenever  ]: X -+ Y [resp. : ]: X -+ C] is a holomorphie map [resp. : a holomorphie 

funct ion on the complex space X] for every  y ~ Y [resp. : c e C] we denote  Xv : =  ]-l(y) 
[resp.: Xc :--]-1(0)] with its na tura l  complex structure.  

O. - Pre l iminar ies .  

We recall some well known facts we will use in the following: 

(0.1) DEFINITION. -- A subset A of a complex space X is said to be analytically 
meagre (<~ nggligeable ~> according to [Fr] (IV.11)) if A c U Y~ where each Y~ is a locally 

analyt ic  subset of X of eodimension >1 .  ~ 

:RE~AI~K. -- Clearly if dim X = 1, then  an analyt ical ly meagre subset of X is a 

countable set of points.  

(0.2) I f  1: X -+ Y is a proper  holomorphie map, then,  b y  Rem m er t ' s  mapping 
theorem (see [1%] sat z 23), the image of any analyt ic  set is again analytic.  
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This is no longer true if the map is not  proper. However we have the following: 

LEm'IA ([R] satz 20). - Le t  J: x -~ Y be a holomorphic map between complex 
spaces and let Z be an analytic subset of X. Then ](Z) is a countable union of locally 
analyt ic  subsets of 1 z. 

We can also observe t ha t  if I n t  Z = 0, then  ](Z) is analytical ly meagre. 

(0.3) Le t  ]: X - +  Y be a holomorphic map and let us consider the following 
subsets of X:  

SI(X) : =  {x ~ XIXr(~ ) is not  a manifold in x} 

NI(X) :-- {x ~ XIXf(~,) is not normal in x} 

RI(X) : =  {x e XI/YI(~) is not  reduced in x} 

and  the following subsets of ix: 

S~(Y) : = / ( S , ( X ) )  = {y ~ YIX~ is not  a manifold} 

_N,(Y) : =  J(Nf(X)) ~- {y e YIX~ is normal} 

/~(Y) :-- ](Rs(X)) = {y e YIX~ is not  reduced}. 

i t  is well known that: 

a) I~ROPOSITION (B~nic~. [B]). - I f  ]: X -> Y is fiat, then  the sets Sf(X), N~(X), 
/?s(X) are analyt ic  subsets of X. 

I t  is not  clear a priori t ha t  ](Sf(X)), ](Nf(X)), ](R~(X)) are analytical ly meagre. 
However, we have 

b) COI~0I~LAI~u (Bs [B]). - I f  ]: X -> Y is fiat and proper, then  the sets 
Sf(Y), N (Y), /~f(Y) are analyt ic  subsets of Y. 

(0.4) We recall t ha t  a reduced complex space X is said to be maximal (according 
to F~sctm~ IF], p. 111) or weakly normal (according to A~D~EOTmI-NORGUEm [AN]) 
if the sheaf 0x of continuous weakly holomorphic functions on X is equal to the 
s tructural  sheaf 0x of X. For a summary of the results about maximal i ty  we refer 
to [AN], [AAL], [F] eh. I I ;  however we recall the following fact we shall use later on: 

If  x~ -2+ X is the normalization of the reduced complex space X, then  X is maximal  
if and only if the following sequence of complex spaces is exact:  

-- gl > 

(I) (2 xxx)rod ~ 2 ~ x 

where gl, g2 are induced by the projections ~o1~ P2: J~7• ~7 (see: [F], p. 123- 
124); or equivalently,  if we put  ~ ' : =  gloz = g2o~: (~Xx~) rea  -+ X, if and only if 
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the  sequence of coherent  ana ly t ic  sheaves over  X 

(II)  0 - ,  0 x ~ z ,  O~ (g,_g-~-~ 7l',O(_~x~)~ed is exact .  

I. - Sard t y p e  t h e o r e m s .  

I n  th is  section we prove  Sard t y p e  theorems for the  proper t ies  (( normal  )), (( re- 

duced ~> and (~ ma~ximal )>. 

(I.1) THEOaEH (Sard). - Let X be a complex mani]old, I: X ~ C an holomorphic 

]unction. Then there exists a countable subset A c C such that ]or each c ~ C - -  A the 

]iber Xe is a manilold. 

PRooF. - Le t  S be the  set of crit ical points  of ]. I t  is well known t h a t  S is ana ly t ic  

in X,  moreover  by  the  classical theorem of Sa rd / (S )  has Lebesgue measure  zero in Y. 

By  (0.2) the  conclusion follows. 

(I.2) COrOLLArY. - Let X be a complex space, 1: X -+ C a holomorphic ]unction. 

Then there exists a countable subset A c C such that ]or each c ~ C - - A  Sing (X~)c 

X~ (~ Sing (X). 

(I.3) LEPTA. Let X be a complex space, let Z be an analytic subset o] X and let 

1: X - +  C be a holomorphie 1unction. 
Then there exists a countable subset A c C such that ]or each x ~ Z with 1(x) ~ C - -  A 

one has 

dim~ (Xl(~) ~ Z) < dim~ Z .  

P ~ o o F . -  Le t  A : =  {cs  C[X~ contains an  irreducible component  of Z} and  

1 ' : :  1]z: Z ~ C. Clearly for each point  x ~ Z such t h a t  ](x) e C - -  A we have  

d im,  (XI(,) (~ Z) = d im,  Zl,(~) = dim~ Z - -  1 

and the  conclusion follows. 

(I.4) TI~EO~E~I. - .Let X be a normal [resp.: reduced] complex space, ]: X---> C 

be a holomorphie 1unction. 
Then there exists a countable subset A c C such that, 1or each e ~ C - -  A ,  Xe is normal 

[resp. reduced]. 

P~ooF. - We prove  the  theorem for X normal .  
Wi thou t  res t r ic t ion we m a y  assume t h a t  ] is not  cons tan t  on any  irreducible com- 

ponent  of X. So, if for each k c N we consider the  ana ly t ic  subsets of X (see [F] 
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lcmma p. 160, or [ST] (1.11)) 

Sk(Ox) : :  {P e X[prof Ox, e < k} 

Sk(Ox; ] ) :=  {P e X]prof (OxJmc,~(~)Ox,~)< k} 

we have (see: [F] cor. p. 154) 

(~) &+,(o~) = s,~(o~; t) w e N. 

Moreover we can observe that  

(2) s~(ox; h = U z~(OXo) W e N. 
CEC 

Since X is normal, we have (see: [F] (2.27)) that  

Y P e X  and Vk>11 

so, by  (1) 

dimp (Sing (X) n S~(Ox)) < k - -  2 ; 

dimp (Sing (X) (~ S~_~(Ox; ])) <k  - -  2 .  

By lemma (I.3) ~pplied to the anMytic subset Z7:_1 : =  Sing (X) c~ S~_1(Ox, ]) for 
each k~>l there exists u countable subset A~_I c C such that for each P e X with 
I(P) r A~_I 

dim2 (X~(2) (~ Sing(X) c~ Sk_l (Ox;]) )<~k--3  so, by (2), 

dim2 (Xf(~)(~ Sing (X) (~ Sk_l(Oxz<~)) ) < k - -  3 .  

Let .~ c C be the countable subset (see (I.2)) such that for each e E C- -_~  
Sing ( X c )  ~ X c ('~ Sing (X) and  le t  A :  = ( U Ak-1) ~.j ~ ~ C. 

"k~>l / 
Then for each k > 1 and for each P e X such that  ](P) e C - -  A we have 

dimp (Sing(Xs(•)) (~ Sk_l(Ox;(~)))<k--3 so, by [F] 

(2.27) the conclusion follows. 
For X reduced the proof is analogous using the fact that  a complex space X is 

reduced in a point x if and only if 

dim~ (Sing (X) (h S~(Ox)) ~ k --  1 for k ~> O. 

18 - Annal i  dl Matemalica 
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(1.5) THEOtgEM. - Let X be a normal [resp. : regular, reduced] complex space, 
f: X -+ Y a holomorphic map. 

Then there exists an analytically meagre subset A c Y such that X~ is normal [resp. : 
regular, reduced] for each y ~ ~ - - A .  

Moreover, whenever ] is proper, A is analytic of codimension >~1. 

P~ooF. - We shall prove  the  proposi t ion for X normal  complex space (since in 
the  other  case the  a rgument  is the  same). Wi thou t  res t r ic t ion of genera l i ty  we m a y  

assume ~- reduced;  moreover  by  [Fr] (IV.9) we m a y  assume J flat, so b y  (0.3)a t he  
set 

2Yf(X) : =  {x ~ XIXs(~I is not  normal  in x} 

is ana ly t ic  in X, hence by  (0.2) A : =  ](2g~(X)) is a countable  union of locally 

analy t ic  subsets of Y. We prove  t h a t  i n t  A = 0 b y  induct ion on the  dimension of :g. 
I f  d im Y = 1, this  is an easy consequence of (1.4). So let  d im:Y = m > 1 and  

let  us assume t h a t  there  exist  y c Y and an  open neighbourhood U~ of y in Y such 

t h a t  f-~(y') is not  normal  for each y '  ~ U~. Le t  U be a smooth  non e m p t y  open subset  
of U~ and, ident i fying U to  an open subset  of C ~ to which i t  is biholomorphic,  let  
p :  U -+ C the  project ion on one of the  coordinate axes. 

I f  we denote g : =  ~of:  X -+ C, b y  th.  (I.4) there  exists c ~ C such t h a t  g-~(e) = 
= f-~(p-~(c)) is normal .  So, if we consider fta_~(~): g-~(c) --~p-~(c) since p-~(c) is a 
( m -  1)-dimensional complex space, by  induct ive assumpt ion  there  exists a t  least  

a point  z ~p-~(c) such t h a t  ]-~(z) is normM and we have  a contraddic t iom 

(I.6) Lm~wA (Y. T. Siu). - Let X be a complex space and let ~ be an analytic coherent 

sheaf on X .  
Then there a locally ]inite family (Yi)~z of irreducible analytic subsets o] X such 

that for each 

x e X ASSo~,~(~-~) = { ~ , 1 '  " " '  }~x,~'(~)} ' 

where Px,1, ..., P~,r(~) are the prime ideals of Ox,~ associated to the irreducible components 

o] the germs Ni,~ with x ~ Yi .  

PROOF. -- This immedia t ly  follows by  [S] th. 4 tak ing  as subshea~ of 5 r the  0-sheaf. 

(i.7) DEFINITION. - The ana ly t ic  subset  (~Y~)~z of l emma  (I.6) are called analytic 
subsets associated to the sheaf 2". Since the  fami ly  (Y~)~• is locally finite, i t  is a t  mos t  

a countable  one. 

(1.8) LE31)~A. - Zet X be a complex space, let 
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be an exact sequence o] coherent analytic sheaves, and let ]: X - >  C be a holomorphic 

]unction which is not constant on any irreducible component o] X .  

Then there exists a countable subset A c C such that ]or each c ~ C - -  A the sequence 

0 -+:~@o~Oxo-+gQo~Oxo-+JG@o~Oxo  is exact. 

PnooF. - Le t  (17,~)~• and (Z~)j~ z bc the analytic subsets associated to the sheaves 
to the sheaves 9/~- ~nd ~/Im fl respectively and let 

A : =  {ce C I X ~  17~ for some i} w {e e C [ X ~  Zr for some j} .  

Le t  c e C --  A and let x ~ X~. Since ] is not  constant  on each irreducible com- 
ponent  of X ,  Oxo,, ~_ Ox , , / t Ox , , where  t is a regular element of Ox, ~. Moreover, since 
c ~ C - -  A ,  t ~ p for each p ~ Asso~,~(9/5-)~ w Asso~,z(JC/Im fl)~ hence by [CGM] (i.1) 
the sequence 

is exact. 

(L9) LE~[)~A. - Let X be a reduced complex space, let Y be a normal complex space 

and z :  Y --+ X a ]inite modification (1). Then ~: Y --+ X is the normalization o] X .  

(I.10) PI~0POSITIO!N. - Let X be a reduced complex space and let 7~: f f  --+ X be its 

normalization. Zet ]: X --+ Y be a hoIomorphic map and let ] : ~  ]o7~: X -+ 17. 
Then there exists an analytically meagre subset A c Y such that ]or each y ~ 17 - -  A 

z] f~ 2f~ -+ X~ is the normalization o] Xy .  

P~ooF. - Le t  

AI :---- {y e Izl,Y~ is not  normal},  

A2 :---- (y ~ YIN(X) contains an irreducible component of X~} 

(where N ( X )  denotes the non-normal locus of X) and A :~-A1 u A~. Clearly for 
each y e Y - -  A z ] ~ :  Xy : =  z-l(Xy) -+ X~ is a finite modification and Xv is normal, 
hence X~ is the normalization of X~ (see: (I.9)). Since A1 is analytical ly meagre 
by (1.5), we have only to prove tha t  A2 is analyt ical ly meagre too. 

Le t  P : =  { x e X [ ]  is not  flat in x} and let P ' : =  (xeN(X)l][ ,y(x)  is not  fiat inx}. 
Then by [F] cot. p. 154 on X - -  (P u P~) the dimension formula holds both for ] 

(1) That is a proper, generically bijective holomorphic map. 
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and J[~(x), so, since codim N ( X ) > I ,  dim X~ > dim (X~ (3 N(X)) for each y e J ( X - -  
--  (P u P')) .  Therefore A~ c Y - -  J ( X - -  (P w P')) ,  hence i t  is analytical ly meagre 
by [Fr] (IV.9). 

(I.11) P~O~OSITI0~. - I~et X be a maximal complex space and let ]: X---> C be a 
holomorphic ]r 

Then Jot each relatively compact open subset U c X there exists a ]inite subset A c C 
such that X~ (3 U is maximal /or each c ~ C - - A .  

PI~oo~. - Without  restricting generality (see: [~r] (IV.9) and [F] cor. p. 154) 
we may  assume tha t  J is not constant  on any irreducible component of X. Let  z :  

- + X  be the normalization of X and let R : =  ( X •  By definition of max- 
imalizatio~l (and using the same notations as in (0A)), the sequence of coherent analyt ic  

sheaves over X 

' 0  O ----> O x ~--~. z ,  O 2 ~ ~ * ~ is exact. 

IJet us denote ] : =  ]oz: X -+ C and h : =  ]o7{: R -+ C. Since f is not  constant  
on any irreducible component of X,  ] and h are not  constant  on any  irreducible com- 
ponent  of J~ and R respectively. 

Let  U be a relatively compact open subset of X, let [7 : =  ~-~(U), U := z'-~(U). 
Since ~ and hence ~' are proper maps, [7 and U are relatively compact open subsets 
of X a n d / ~  respectively. 

Let  (:g~)~• and (Yj)~eJ be the analytic subsets associated to the sheaves (z .  0~)/0  x 
and ~.0R/Im(gl--g2)* respectively (see (I.6) and (I.7)) and let 

A~ :-~ {c ~ CIX~ ~ Y~ for some i such tha t  Iz~ (3 U V= 0} 

A~ :-~ {c e CIX~ ~ Y~ for some ~ such tha t  Y~ (~ U ~= 0} �9 

Since (I7~)~• and (Yj)j~j are locally finite families, A1 and A2 are finite. 
Le t  Z : = { z e R l g r a d h ( z ) = 0 } ;  W : = { y e 2 [ g r a d / ( z ) = 0 } ;  ZI : =  Z --  Sing Z, 

Z~: = Sing Z - -  Sing (Sing Z), ... ; 1~1 : =  W --  Sing W, I~2 : =  Sing W --  Sing (Sing W), ... ; 
--(r) 

and let t/Z(~))i ~A~ [rcsp.: (W~)r~r~] be the connected components of Zi [resp.: I~j]. 

I. rr j J J = l , . . . , d i n l W + l ; y e l ~ "  

A3 : =  {c e C]Sing (R,~ (~ U) r Sing (U) n / ~ }  = 

= {c e CIR~]~s for some A such tha t  Za(3 f i e  e 0} 

and 

A4 : =  {e e C[Sing (J~o (3 [7) r Sing ([7) (3 Xc} = 

= {c~CIXc~W~ for some # such tha t  WzN [7=#0} 

(see: (I.2)), so A3 and A4 are finite. 
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Let ~(X) be the non-normal locus of X and let 

A~ : =  {c e C[~(X) contains an irreducible component of X~, 

whose intersection with U is non empty}. 

For each k>0  let/~k :-~ SingR n S~(Oa; h) c B, Sk :=  SingX (h Sk(02; D c x .  Since 
h and ] are not constant on any irreducible components of R and X respectively, for 
each k>0  we have T~----SingR 5~ S~+~(O~), S~----Sing)~ r~ S~+I(O~), so for each /c 
T~cT~+~ [resp.: S~cS~+~] and V k > d i m R + l  [resp.: V k > d i m X + l ]  we have 
T~ = SingR [resp.: S~ ---- SingX]. We denote Vk = 0~ ..., d imR + 1 

Bk :---- {e e C]R~ contains an irreducible component of T~, whose intersection 

with U is non empty} 

and Vk'---- 0, ..., dim X + 1. 

C~ :=  {e e C[X~ contains an irreducible component of Sk,, whose intersection 

with ~ is non empty} 

0 -> Oxo --> (~,0~) Qo~ Oxo --> (~',0~) | Ozo 

is exact over U. 
Let us observe that  for each c e C 

(z ,  Oy~) (~o:~ 0 "~ ' ~ ' . Xo-- ~,02o an4 (z,O~)(~o~Oxo ~,0~o 

/dim ~t + 1 \ 
Bk) the complex space Rr (h U is reduced (see the proof of Since e t A ~ w [  k= 

th. (1.4))~ so by [CGMJ (1.2) z ,Ono_  ~,0(~o• d over U. 
dim X ]  ~ k , \  

Moreover since c ~ A, U A5 W U ), by (I.10) 2~ n U is the normalization 
;z= of X o n U .  

9o, for each c ~ A the sequence 

0 -~ Oxo -+ z , 0 s  -+ u', 0(~7o • d 

is exact over U and 2~ (~ U is the normalization of Xc (h U~ hence Xc 5h U is maximal. 

Obviously each B~ [resp.: Q,] is finite. 
5 /dim R+ 1 \ ldim X §  1 \ 

( _ _ u )  . ~ Let A :---- A~ u / 
= 

Since c ~ A1U A~, by the proof of (LS) the sequence 
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(I.12) TtrEOlC~3f. - Let X be a maximal complex space and let ]: X -~ C be a holo- 
morphie ]unction. 

Then there exists a countable subset A c C such that X~ is maximal ]or each c e C - -  A .  

P~ooF. - It follows b y  (I.ll) b y  tak ing  a countable covering {U~}~ N of X ,  where 
U~ is a re la t ively compact  open subset  of X. 

(I.13) PlCOpOSITIO~-. - Let X be a maximal complex space and let ]: X --> C be a 

holomorphiv ]unction. 

Then the subset 

M / X )  : =  {x ~ XlXsc~) is not  max ima l  in x} 

is analytic in X .  

P~oo~. - For  each c ~ C let  M(X~) denote  the  non-maximM locus of X~, so we 

have l~s(X) = U M(Xo). 
e~C 

Le t  {U~)~s N be an  open covering of X,  where each U~ is a re la t ively  compac t  open 
subset  of X. By  (I.11) for each i c N there  exists a finite subset  AV 'c  C such tha t  

M(X~) n U~ = 0 for each e ~ C--A~% hence M / X )  n U~ = U (M(X~) n U~). There- 
c~Aui 

fore, since M(X~) is ana ly t ic  in Xr (see: [F], p. 124) Ms(X) n U~ is ana ly t ic  in U~ 

and ~he conclusion iollows. 

(I.14) COROLLARY. - Let X be a maximal complex space, let Y be a 1-dimensional 
reduced complex space and let f: X--> !z be a homolorphic map. 

Ms(X) := (x ~ XIXs(,  ) is not  max imM in x} 

is analytic in X .  

PROOF. - Wi th  the  same nota t ion  as in (I.13) we have  

Ms(X ) = (f(z)eUeg yM(Xs(~)))k.J (s(z)es~ing yM(Xt(z))) 

where U M(Xs(~)) is an analyt ic  subset  of X by  (1.13). 
Y(x) area Y 

Moreover,  since for any  compact  subset  K c Y the  set  K n Sin Y is finite, t hen  

for any  rela t ively compact  open subset  U c X the  set A V : =  {y 6 Sing 12tM(X~) (~ 
n U :/= 0} is finite. Therefore,  wi th  the  same a rgumen t  as in (I.13), also U M(Xrr 
is ana ly t ic  in X, and the  conclusion follows, i(~)~sing Y 
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II.  - B e r t i n i  t y p e  t h e o r e m s .  

In  this section, by  using Sard type  theorems of section I and a theorem of B~nic~ 
on the fibers of a fiat morphism (see: (0.3)a), we prove Bert ini  t ype  theorems for 
regular, normal  and reduced complex spaces. 

(II.1) L E A A .  - Let X be a complex space, let V be a ]inite dimensional vector 
space o] holomorphie ]unctions on X ,  and let F. : X •  V ~ C•  V be the holomorphic map 
de]ined by (x, ]) ~-> (](x), ]). 

Then E is ]lat in every point  (Xo, ]o) ~ X •  V such that fo is ]lat in xo. 

P~ooF. - Le t  us assume dim c V ---- r and le t  (~1, .-., ~)  be the coordinates in V 
with respect  to a fixed basis gl, ..., g~ and let  z be the coordinate in C. Then C • V 
_~ C ~+1 with coordinates (z, $~, ..., ~,) and, up to a translat ion,  we m ay  assume th a t  

(]o(Xo), fo) is the  origin o~ C '+~. 
By  [F] cor. p. 154 we have to prove tha t  the  images of the  germs of the  coordinate 

functions (z, $~, ..., ~,) a t  the origin through the local homomorphism 

% 

are a 0 x • r.(~o,~o)-regular sequence. We can observe t h a t  if x ~ X, ] ~ V and ] ~ ~ ~ g, 
i = 1  

9 

i = 1  

ox• ~,(~o,;o)/~(~) ~- O X , ~ o ~  c { ~ ,  ..., ~,} ,... , Ox• ,,(~~ ..., ~(~,)) ~- OX,~o. 

Moreover, since ]o is flat in xo, again by  [F] cor. p. 154, the germ of z is not  a zero- 
divisor in OZ~Xo , so the conclusion follows. 

(II.2) LE~x3~s - With the same notations as in lemma (II.1) let (xo, ]o)~ X •  V 
be such that fo(Xo) ~ 0 but ]o is not identically zero on any irreducible component o] X .  

Then, i] ~-~(0, ]o) is normal [resp. : a mani]old, reduced], ]or every compact subset 

K c X there exist s ~ R + and an open neighbourhood r o] ]o in V such that, ]or each 

(c, ]) ~ C•  V with [c] < s and ] ~ ~UK(]o), F-I(c, ]) is normal [resp. : a mani]old, reduced] 
at each point  o] F-~(c, ]) n (K • V). 

P~oo~. - Since ]o is not  identically zero ca  any irreducib]e component  of X ,  by 
(II.1) /~ is fiat in each point  of F-~(0, ]o), hence by  [Fr] (IV.9) there  exists an open 
~subset U c X •  V such tha t  U~/~ '~(0,  ]o) ~nd F iS f l ~  0~-er U .  SO b y  (0.3)a) the  
set  . . . .  

~v :_-- {(x, ]) e UIF-~(F(x , ])) is normal  in (x, ])} 

[resp.: S : =  ( (x , / )  e ~ [ ~ - ! ( ~ ( x ,  D) is a manifold in (x, D} ,  

n : =  { (x , / )  e ~ l~ -~ (~ (x ,  ])) is reduced in (x, ~)}] 

is open in U (hence in X •  V) and contains ~-~(0,]o). 
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Let  K be a compact  subset of X. Since the  map-ElK• K X  V -+ CX V is proper  
and N (~ ( K x  V) [resp.: S (~ ( K x  V), R n ( K •  V)] is an open subset of K X  V con- 
taining _V-~(0, to) c~ ( K x  V), then  

W : =  C x  V - / ~ ( X x  

[resp.: W':---- C x V - - F ( X x  

W":--  - C x  V - - F ( X x  

v -  N n (K x v)) 

v -  s n (Kx V)), 

V - - R  n (Kx V))] 

is u~ open subset of CX V containing (0, to) and such t h a t  

T-~(e, ]) c~ (K • v) 

[resp. : F-~(c, ]) (~ (K X V) 

F-~(c, 1) c~ (K x v) 

c N r~ (K x V) 

cS n ( K x V ) ,  

c R n  (Kx  V)] 

for each (c, 1) e W [resp.: (c, 1) ~ W' ,  (v, ]) ~ W']. 
Hence the conclusion follows. 

(II.3) RE~AEE. -- We recall t ha t  a subset M of a complete metric space V is 

said to b e / a t  if there  exists a countable family (Ui}~ N of dense open subsets U~ of V 

such that M o ~ U~. 
i e N  

Clearly a countable intersection of fa t  subsets of V is fat ;  moreover by  Baire 's  
theorem every fa t  subset of a complete metric space is dense. We recall also tha t  
the  complement  of a fa t  subset is ~ maigre ~ according to [Bo], w 1, n. 16. 

(II.4) RE~[A~K. - We recall t ha t  if L is a holomorphic line bundle on a complex 

space X and s ~ I ' (X ,  L) a holomorphie section, t hen  the  zero-set Z : :  (s ~ 0} can 
be provided in a na tura l  way with a cmplex s t ructure  as follows: the  s t ructural  sheaf 

of Z is defined by  the exact  sequence 

~ * ..A> O x-_> O z--> 0 

where s is the  sheaf of the germs of holomorphic sections of L. 
i n  the  following we always consider the zero-sets of holomorphie sections with 

this na tura l  s t lucture .  

(II.5) THEORE~. - Let X be a normal [resp.: regular, reduced] complex space 
L a holomorphic Sine bundle on X and V r F ( X ,  L) a ]inite dimensional linear subspace 
which generates ]5. Then there exists a ]at subset M c V such that /or each s ~ M the 

zero-set {s = 0} is a normal [resp. : regular, reduced] complex space. 
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PI~ooF. - Le t  {K~)~e N be a countable  covet ing of X such t h a t  Vi~ N Ki  is compac t  

and it  is contained in an open subset  Ui of X such t h a t  there  exists F i ~  V which is 

n e v e r  zero on Ui. :For each i z N  let  Mi : =  {s e VIZ : =  {s = O} be a l -codi-  
mensional  ana ly t ic  subset  of X, which is normal  [resp. : regular,  reduced] a t  every  

point  of Z n Ki}.  

I Step: Mi is open in V. 

Le t  ] e Mi.  Since L is t r iv ia l  on U~, wi th  respect  to this t r ivial izat ion,  ] is a holo- 
morphie  funct ion oR Ui, which is not  identical ly zero on any  fiTeducible component  

of Ui; t hen  b y  l e m m a  (IL2) there  exists an open neighbourhood r ) of f in V 

such t h a t  Tfx,(]) c M~. 

I I  Step: Mi is dense in V. 

Le t  g e V. By  our assumpt ions  g/Ei is a holomorphic  funct ion on Ui, t hen  b y  
(I.4) there  exists an a rb i t ra r i ly  small  c e C such t h a t  the  complex space {g/Ei = c} 
n Ui is no rma l  [resp. : regular,  redueed], hence g -  cEi ~ Mi.  

Iqow let  M : =  A Mi and  b y  r e m a r k  (II.3) the  conclusion follows. 
iEhr 

(II .6) COROL]~A~Y. - Let X c C n be a normal [resp. : regular, reduced] locally ana- 
lytic subset. Then there exists a ]at subset M o/ the space JC o] all hyperplanes in C ~ 
such that ]or evemj H ~ M, X ~ H is normal [resp.: regular, reduced]. 

(II .7) CO~0LL~_~Y. - Let X be a normal [resp. : regular, reduced] compact complex 
space, _~ a holomorphic line bundle on X and V c I'(X~ L) a linear subspace which gene- 
rates L and such that every s ~ V - -  {0} is not identically zero on any irreducible com- 
ponent o/ X .  

Then there exists a proper algebraic subset A c V such that for each s e V - -  A the 
zero-set {s = 0} is normal [resp. : regular, redueed]. 

PROOF. -- Le t  {U~}i= 1 ...... be an open covering of X on which L is tr ivial .  Wi th  
respect  to this t r ivia l izat ion of L, every  / e  V is a holomorphio funct ion on each Ut, 
so for each i = 1, ..., r we can consider the  holomorphic  m a p  E~: UiX V - +  CX V 
defined b y  E i (x , / )  :---- ( / (x) , / )  and we have  

R , : =  {(x,/) u , x ( v - { o } ) l i ( x )  = o and (i = o} is 

not normal [resp. : regular, reduced] in x} = 

= F;1({o} • (v- {o})) n {(x, I) u,• (v - i)) is 

not normal [resp.: regular, reduced] in (x, ])}. 
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Since every ] e V -- {0} is not  identically zero on any irreducible component  of X, 
t hen  ~ is flat on U{• (V--{0}) ,  hence by  (0.3)a d{ is an analyt ic  subset of U{• 

X ( V - -  {0}). Therefore d : =  U ~ is analyt ic  in X X  (V {0}), so, as the canonical 
i = 1 

project ion p:  X X  ( V - -  {0}) -~ V - -  {0} is proper,  A ' : =  p(A) is a proper  analytic  
subset of V- -{0] .  ~oreover ,  A' is obviously a cone, hence i t  is algebraic in V--{0},  
therefore A : =  A ' U  (0} is a proper  algebraic subset of V. 

(II.8) COROLLARY. -- Let X c P~(C) be a normal [resp.: regular~ reduced] complex 

subvariety. 
Then the general hyperpIane section o] X is a normal [resp. : regular, reduced] variety. 

P~OOF. - This is a consequence of (II.7), if we take  

L : =  Oz(1 ) : Op~(1)@oP Ox and Y : :  I m  ( r (P% Op~(1)) --> f(X, Ox(1)) ) . 

(II.9) t~E)~AnK. -- The proof of theorem (II.5) and corollaries (II.6), (II.7), (II.$) 
can be applied to complex spaces which have a p roper ty  ff for which a Sard type  
theorem (S') (analogue to (I.4) and (I.12)) and a rcsut  similar to (0.3)a hold. So, 
these Bert ini  type  theorems Call perhups be extended to Gorenstein complex spuees 
(for which C. B iNICi  and M. SToI~ [BS] proved the ~nMogues of (0.3)a, b and to  max- 

inmt complex spuces (for which the Sard type  theorem (I.12) holds). 
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