
On the Distribution of Complex Numbers 
According to Their Transcendence Types (*). 

FRANCESCO AMO~0S0 

Summary. - ffor each complex number its transcendence type is de]ined as a non.negative real 
number, which supplies a measure o] its approximability by algebraic numbers. The dis- 
tribution o] complex numbers according to their transcendence types is studied and the exis- 
tence o] complex numbers with a given transcendence type is proved. 

S u n t o .  - Per ogni numero complesso ~ de]inito il suo tipo di trascendenza come un numero realc 
non negativo che ]ornisce una misura della sua approssimabilith mediante humeri algebriei. 
Si  studia la distribuzione dei humeri complessi in relazione al loro tipo di transcendenza e 
viene dimostrata l'esistenza di humeri complessi aventi tipo di trascendenza assegnato. 

l .  - I n t r o d u c t i o n .  

L e t  ~ e C and  let  E denote  the  set  of non-negat ive  real  numbers  v for which 
there  exists some posi t ive cons tan t  C ---- C(~, z) such thu t  

(1) L o g  IP(~)I > - ~ t ( P )  ~ 

holds for a n y  po lynomia l  P wi th  in teger  coefficients and  such t h a t  2 ( a ) #  0. B y  

t (P) ,  as usually,  we m e a n  the  size of P,  i.e. the  m a x i m u m  be tween  log H ( P )  and  
deg P,  where  H ( P ) ,  the  height  of t ), is the  m a x i m u m  of the  absolute  values  of i ts  
coefficients. ~u define the  t ranscendence  t y p e  ~(~) of ~ as the  inf imum of J ~  (with 

~(~) = + ~ if E~ = 0). I t  is easy  to see (see [7] p. 4.34) t h a t  the  t ranscendence  
t ype  ~(~) can also be  defined as the  in f imum of the  exponents  ~ such t h a t  (1) holds 
only for i rreducible polynomials  P wi th  in teger  coefficients and  such t h a t  P ( ~ ) #  0. 

The t ranscendence  t ype  also supplies a measure  of the  approx imab i l i ty  of a com- 
plex n u m b e r  b y  algebraic  numbers .  For,  the  inequa l i ty  

(2) Log [~--  fl[ > - -  t ( f ly  

holds for a n y  real  n u m b e r  v > T(~) and  for a n y  algebraic  n u m b e r  fi, provided  t h a t  
t(fl) is a sufficiently large real  number .  He re  t(fl) is the  size of the  min ima l  
equat ion  of fi over  Z.  

(*) En~rata in Redaziono il 22 aprile 1987. 
Indirizzo dell'A.: Via dei Pensieri 65, 57100 Livorno (Italy). 



360 :F~A~CESCO A~o~oso:  On the distribution o/ complex numbers, etc. 

For  any  T, let  Ar be the  set of all complex numbers  with t ranscendence type  T. 
Of course g ~ Ao if and only if ~ is a ra t ional  integer or a non-real algebraic integer 
of degree two over Q. A~ consists of all algebraic numbers  which are not  in Ao. Also 
A ~ = 0  ior any  ~ e (0,1) (J (1, 2) (see [7] p. 4.2). On the  other  hand,  a lmost  all 
complex numbers  lie in A~. 

The si tuat ion is ve ry  similar to the case of the  i r ra t ional i ty  measures. The expo- 
nen t  ~ in (1)-(2) plays the  same role as the  exponent  2 in the  inequal i ty  

(3) ~--~ >Clq] -~, p, q e Z .  

The i r ra t ional i ty  me~sure of an i r ra t ional  number  a is defined to be the  infimum of 
the  exponents  ~ for which (3) holds for any  p, q and for a suitable C ---- C(a, 2) > 0. 
B y  l%oth's theorem,  every  irrat ional  algebraic number  a has i r ra t ional i ty  measure 2, 
and by  Khinchin 's  theorem almost all i r rat ional  numbers  again have i r ra t ional i ty  

measure 2. 
In  the  s tudy  of i r ra t ional i ty  measures,  a powerful  tool is given by  the  theory  of 

cont inued fractions, which provide an opt imal  es t imate  of the  approximabi l i ty  b y  
rat ional  numbers.  For  example,  the  problem of the  existence of real  numbers  with 
a fixed i r ra t ional i ty  measure is solved by  the  use of cont inued fractions. 

The corresponding problem for the  t ranscendence measure seems to be more 
difficult, since algorithms similar to the  cont inued fractions are lacking. The main 
purpose of the  present  paper  is to prove the  following theorem.  

TEEO~E~ 1. - For  any  real number  ~>2 ,  the  set A~ has the  cardinal i ty  of the 

cont inuum.  
In  addit ion,  in the  final pa r t  of the paper  we shall give some results about  the  

topological propert ies  of A~. 

2.  - T h e  c a s e  1 : > ( 3  ~ V '5 ) /2 .  

We s ta r t  f rom a simple case, in which we can exhibi t  some numbers  which lie in A~. 

IJE~_A 1. -- Le t  ~ e R. I f  there  exists a sequence of integers p~, q,~ satisfying 

gcd(p~, q~) = 1 

o< q.t+ 
log q.+l < el(log q~) ~ (d > i )  

- -  c3(log q.)~ < l o g  I~ - -  p~/q~[ < - -  c~(log q~)~ (2 > 2) 

for some constants  cl, e~, c3, t hen  ,%<~(~)<max (,~, 1 ~- d/(,%-- 1)). 
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PI~OOF. - We may  verify the  condition on the  t ranscendence type of ~ only for 
irreducible polynomials (see [7] p. 4.34). 

Let  P be an irreducible polynomial of Z[x] with t(P) large. Let  n ~ N such tha t  

(1) log q,<t(P) < log q,+~. 

I f  P ( p . / q . ) =  0 then  P(x)-~ qnX- -p ,  and so log[P(~)]>--c4t (P)  ~. Similarly, if 
_P(p.+~/q.+~) ---- 0 we have log ]P(~)]>--  e~ t(P)& Thus we may  assume P(p./q.) V: 0 
and P(P.+~/q.+l) ~ O. 

We distinguish two cases: 

Case 1: assume tha t  

t(P) < 
c2(log q,j~-1 

2[2 + log ([~1 + a)] ' 

Then, using also inequalities (1) 

1 <qt.(P)lP(p./q.)I < ]~ --p. /q.]  .exp ([2 § 10g (]~1 § 1)] t(P) log q.) § 

§ ,P(~)f.exp ( t ( P ) l o g q , ) < e x p l - - ~ ( l o g q . ? ~ §  ]P(~)I 

Hence 

log I-P(~) I > -  �89 t(P) ~ > -  �89 t(P)~ 

�9 exp (t(.P) 0 . 

Ca8e 2: a s s u m e  n o w  

We have 

t(P) > 
e2(log q~)~-I 

2[2 + log (l~l + ~)] " 

1 < q,~+~t(')lP(p,~+~/q.+~)] < Ioc-- p.+flq.+,[ exp ([2 § log (l~l + 1)] t (P) log q.+ 0 + 

§ IP(~)I exp (t(P) log q.+~) < ~ § I~(~)l'exP (oot(P) l+d~(~-l)). 

Hence 

log [P(~)[>--  eTt(P) 1+a/(~-1) . Q.E.D. 

PEOPOSITION 2. -- Let  (3 + %/5)/2 < v < + oo. The map 

+ o o  

k = l  

is well-defined and one-to-one. 
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Pt~ooF. - Le t  f ~ {0, 1} N and for any  integer n > 2  define p~, q. as follows: 

Pn = ~ 22t~I+~'(n)-vt~J-/('e) q = 22t~'~+f(n) 
k = l  

The hypotheses of lemma 1 are satisfied with ~----d ~ -z  (note t ha t  2~.p~, whence 
ged(p~, q,,) = 1). Vrence 

and  9(]) e A, .  
Finally,  if ], g e  {0, 1} N and ]#g ,  let k0= rain { k e ~ :  ](k)=/:g(k)}. Then 

+c~ 

I(p(/)- 9(g)l> 12-2t''~'~- 2 ~ 2 - v " q >  0.  Q.E.D. 
k = / c o + l  

C01~0LI~AI~V 1. - If ,>(3 + VS)/2 then  Card ( A , ) =  e 

t '~oo~.  - If  ~ e [(3 + V 5 ) / 2 ,  + ~ )  we apply proposition 2. If  * = + ~ we 
need only to consider the  map ~v: 

+co  

~: {0, 1} ~--> A + ~ ,  J -~ 5 2-2k!-Y(k). Q.E ,D.  
k = l  

3 .  - T h e  g e n e r a l  c a s e .  

For the proof of theorem 1 we will show tha t  for each T > 2 there exists a se- 
quence (~n) of algebraic numbers, with t(~n)<exp [@--1)  ~] and  

- -  B exp [v(v - -  1)~] < log  l ~ - -  ~.+,1 < - A e x p  [ v ( ~  - -  1 ) . ] .  

Then the number  ~ = lira ~. must  lie in A~ by theorem 2 of [5] or theorem 2 of [1]. 
We need some lemmas:  

L ~ M A  2. - l~et ~ e C ,  [ ~ l < l .  Yh, d e R  with min (h, d) >12 3PeZ[x]--{0}  
with log H(P) <<. h and deg P < d such tha t  

le(~)l < exp ( -  ~ dh) 

(see [72 p. 1.35) 

Im~xMA 3. - Le t  a, f le  Q with a # ft. I f / / ( ~ )  denotes the height of the minimal 
equation of ~ over Z, then  

log I~ -- flI > -- deg ~ deg fl -- log H(~) deg fl -- log H(fl) deg 

(see [7] p. 1.30). 
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L~,~v~A 4. - Let  P, Q e Z[x]. If  PIQ then log H(P)<IogH(Q)-J-deg Q (see [7] 
p. 4.11), 

L E ~  5. - Let  P e Z [ x ] - -  {0} and ~ C .  If  P ' ( ~ ) # 0  then 

deg PIP(8) 
rain 18--~[< 

P~ooF. - We can assume _P(~)# 0. Suppose 

deg P 
_p(x) = ~ [ I  (x - ~,) 

i=1 

with O <  I~-- - ~ l < . . . < 1 5 -  ~,l.  w e  have  

~=~ 1~ - ~ 1  
Q.E.D. 

LE)C~A 6. - Let ~ a ~  with H(~ )deg~ >2 .  Assume that 3 Q e Z [ x ] - -  {0} with 
- -  co < log [Q(~)t < 6 deg~(logH(~) -f- log deg ~). Then 3fl a Q with 

deg fi < max (deg ~, deg Q) 

log H(fi) < max (deg ~, deg Q) -]- max (log H(~), log H(Q)) -t- log 2 

such that  

- -  co < log [~ -- fi] < log [2 max (deg ~, degQ)] -]- �89 log [Q(a)l 

PnooF. - If  [Qr(~)[>v/~Q-~l then the assertion directly follows from lemma 5. 
Assume 
over Z. 

I@'(~)]<~/~. ~=Q +~, where P is the minimal equation of 
Then P and P '  are coprime. By using their resultant we find that  

On the other hand 

hence 

]P'(~)[ > [H(~) deg ~]-2 d~ 

[qt((~)l < [H((Z) d o g  (~]-8 deg" r < 1 [j~(~) d e g  0~J -2  deg 

[0'(a)[> �89 [H(a) deg ~]-2 do; ~> �89 [O(a)P. 

Using lemma 5 again (with _P = Q), we complete the proof. Q.E.D. 
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We are now ready  to  prove a proposit ion which will allow us to define the  se- 
quence (~)  induct ively.  

Pt~0P0SITION 3. - Le t  t,s, k a R  with  k > l ,  s > l ,  t>8 .104ks .  

Let  ~ a Q, I~1 < �89 w i t h  

t hen  :ly a Q wi th  

such that  

s/k < deg ~ < s log H(~) < ks 

t/(2.10~k) < d e g y < t  logH(y)<21ct 

-- 4kst < log [y --  ~[ < --  -~s t .  

PROOF. - Lemma  2 asserts the  existence of a polynomial  Q ~ Z [ x ] -  {0} with 

dcgQ<s/k ,  logH(Q)<kt 

which satisfies 

- o0 < log  I Q ( ~ ) [ < -  } s t .  

By lcmma 6 we can find an algebraic number  fl with 

d e g f i < s ,  logH(fl)<s + kt + log2 (2) 

satisfying 

(3) - -  ~ < log [fl-- ~l<log2 + logs - }st < - ~6st. 

Now lemma 3 shows t ha t  st/lO<s~+ ks~+ s logH(fl), thus  

(4) logH(fl)>t/lO -- (k -~ 1)s > t /15.  

Using lemma 3 again, we have:  

(5) log [ f l -  a[ > --  3kst. 

We have l if ted the  height  of ~; we now want  to lift  its degree. As before, we can 
choose a polynomial  Q e Z [ x ] -  {0} with :t(Q)<t/30 satisfying log IQ(•)l < - t : / 3 6 0 0 .  
Inequa l i ty  (4) and 1emma 4 ensure t h a t  Q(fl) ~ o; hence,  using (2), 1emma 6 yields 

an algebraic number  7 wi th  

(6) deg y < t / 3 0 ,  logH(y)<2kt 
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which  satisfies 

(8) log  tY - - /3]  < - -  t2/8000. 

Aga in  us ing  l e m m a  3 w i t h  inequa l i t i e s  (2), (7) a n d  (8), we f ind 

t~/8000 <2k t ( s  + deg  ~ ) .  

T h u s  

d e g ~  > t/(20 000 k) 

Fina l ly ,  (3), (4) a n d  (8) show t h a t  

log ]), - -  ~l < - -  ~ - s t ,  log I}' - -  al > - -  4ks t .  Q.E.D.  

C01~0LLAI~Y 2. - L e t  d > 1. P u t  co = 20 log lO/d(d --  1) and ,  for  each  n E N ,  

k~ = 105~ s~ = exp  (cog s) . 

T h e n  for  each  h e n  a n d  f: N - +  {0,1}, t h e r e  ex is t s  a ~ e Q  such t h a t :  

I I )  41r + f(n) ~f(n + 1) S~+ 1 _ _  - -  - -  1 5 ~ n  rVn+ 1 On 

n I )  14:~0,~ = glEl,~ ~ as = a~ f o r  /~ = 1, . . . ,  n. 

P~ool~. - W e  r e p e a t e d l y  a p p l y  p ropos i t i on  3 w i t h  t h e  choices 

I~ -~ k~ , s ~ s~k~ ~) , t = ~ ~f(~+l) Q .E .D .  - n + l . - n + l  

Pl~oo~ oF ~m~ol~=~ 1. - F o r  each  ]: 2V -+ {0, 1} w i t h  ](1) ---- 0 we p u t  ~k = llm" a .  
s whe re  t h e  a n a re  as in  co ro l l a ry  2. F r o m  I I )  of coro l l a ry  2 we  f ind 

( 9 )  l o g  I ~ f - -  a n  f ]  < - -  2 o ~ n  r v n + l  on  , ~ ' " n  ' ~ n + l  ~  " 

s i t  is e a sy  to  see t h a t  I f  P. is t h e  m i n i m a l  p o l y n o m i u l  of  a n, 

16 15n ~ d + l  
_~_.,~+1 log IPA@I > - 10 ]0  ~ log IP.(@I < - ~ % , 

(use (9) a n d  see [7] p.  4.40). 
Thus ,  b y  t h e o r e m  2 of [P]  or t h e o r e m  2 of [A], ~s lies in Aa+l:  W e  h a v e  p r o v e d  

t h e  m a p  

~ :  { / : ~ v - ~ { o , ~ }  ~ i t h  / 0 ) = 0 } - ~ + ~ ,  / - ~ ,  
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is well-defined for each d > 1. We claim th a t  9d is one-to-one. For  le t  ], g: N --> {0, 1) 
with / (1 ) - - - -g(1)~  0, and assume ] # g .  Then~ if n o =  rain { h e N :  ] (n )#g(n ) } - -1  
and  ](no+ 1 ) =  17 g(no+ 1)----0, f rom (9) and I I I )  of corol lary  2 we obta in :  

l+I(no) l + d  _1__7.1(no)/~ ~l+d~ I~,- ~1> I~,-  ~ ~  I~,- ~ . l>exp ( -  5k~~ ~0 ) -  exp ( -  ~o,~o ~o+~ ~~ J > o. 

Thus, if z > 2, Card ( A , ) =  c. Finally,  we h~ve claimed in the  in t roduct ion tha t  
almost  all complex numbers  lie in A~. Hence  Card (A~) = e. Q.E.D. 

Le t  A c C, and  let  A be a subset of A. We say t h a t  A is algebraically indepen- 
dent  if every  finite subset of A is algebraically independent .  I f  A is a maximal  alge- 
graically independent  subset of A, which exists by  Zorn's lemma,  then  

hence 

A c A c U U {~ e c :  P(~, 21, ..., ~ )  = o} 
{~z... ,~}cA P~Z[xo . . . ~ ] \ {0}  

Card (A) < Card (A) < max  (No, C~rd (A)) . 

This proves:  

COl~OLLAI~u 3. - For  each z > 2  there  exists an algebraically independent  se~ 
A c A,  wi th  Card (A) = c. 

4.  - G e o m e t r i c  propert ies .  

We claimed in the  in t roduct ion  t h a t  C - - A 2  is a negligible set. Moreover we 
c a n  prove:  

Tm~ol~E~ 2. - C - -  A~ has d-dimensional t tausdorff  measure  (1) zero for any  d > 0. 

P~oog.  - For  each k, n e N le t  

A~ = {P e Z[x] irreducible:  [t(P)] : n} 

9.,,0 = U {~e  c :  IP(~)I < exp ( -  kn~)} 
2cAn 

and  define the  set  ~ = LJ Q,.~. Then C - -  A~ c N ~ "  For  any  d~ s > 0 choose an 
integer  k with ,~>1 k 

k > m a x  (10, 2/d + (2 + d/d) log (I/e), lO/d + 4) . 

(i) I take the opportunity to thank Dr. Venturini for suggesting the possibility of using 
Hausdorff me~sure instead of Lebesgue measure in this context. 
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For  all n e N ,  P e A n ~  z e C ,  we have:  

log [P(z){ >~-- 3n 2 -~ log rain Iz - -  e{ 
P(~) = o 

(see [7] 1). 4.40). 
Thus, if ~1 ... ~ are the  roots  of P ,  

{z-- ~{>~exp (--  kn~/2) i : 1 ... t => log [P()z{~>-- k n  2 . 

Then,  if B(g, e) : {ze  C: {z-- r I < e}, 

~ c U U U B(~, e~1) (-- kW/2)) 
n ~  l .PeAn P(~)=O 

a n d  

diam (B(~, e~1)(-- k~/2))) < 

n ~  l .PeAn -P(~)=-0 

This 1)roves t h a t  C - - A ~  has d-dimensional  Hausdorf f  measure  zero. Q.E.D. 

CO~OLLAaY 4. - C -  A2 is to ta l ly  disconnected and  therefore  A~ is to ta l ly  discon- 

nec ted  for a n y  ~ > 2. 

PROOF. -- See [3] Corollary 2.10.12, 1). 176. 

COI{OLLAI%Y 5 .  -- A z i s  arcwise connected.  

PRooF. - See [4] Theo rem  I V  4, p. 48 and  Theorem V I I  3, 1). 104. F ina l ly  we have :  

Tm~o~E~ 3. - Le t  2 ~< T < + c~. Then  A~ is a dense set  of first category.  

Pl~OOm - For  the  first s ta tement~ note  t h a t  for a n y  ~ e A~ A~D_ ~ + Q. 

For  the  second, g iven any  e > 0 define, for each n e N ,  

9n = {~ ~ c:  wp ~ Z[x] - {o} W(~)I > ex1) ( -  ~t(P) ~+9}.  

Then  ~9~ is a closed subset  of C wi th  ~ . =  0 (since D ~  Q : 0) and  A~c U D~. 
~eA r 

Q.e.D. 
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