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S u m m a r y .  - I n  this paper some aspects o/ the asymptotic behavior o/ solutions o/ quasilinear 
(generally nonautonomous) parabolic equations are considered. Speci]ically a result o] con- 
vergence to a stationary state is given and, under more restrictive conditions, some sharper 
descriptions o] converging solutions are obtained. ~inally a saddle point situation is exam- 
ined. The employed techniques are abstract and inspired by the papers o] Sobolevskii and 
Da Prato - Grisvard. 

O. - I n t r o d u c t i o n .  

T h e  theory of abstract quasilinear parabolic equations has been studied fairly 
completely from the point of view of the problem of the existence of solutions. 
I can mention the fundamental  paper of SOBOLEVSKi~ [18] and the more recent 
results of POTIER-FE~RY [15] and LV~A~DI [10]. 

A rather interesting subject is also the investigation of asymptotic properties 
of solutions; this problem has been studied rather extensively for semilinear equa- 
tions (see in particular the book [7]), while not much has been done in the general 
quasilinear case (see [15], [16], [11]). 

The aim of this paper is to extend to this case some results of stability of solu- 
tions and convergence to a stationary state which, as far as I known, have been 
proved only in more particular situations (see [7], oh. 5, [14], [12] for the semilinear 
case, [20], [13] for the linear case, [15] for the autonomous case). 

The plan of the paper is the following: the first section contains some linear 
estimates which will be useful in the sequel. The second section is dedicated to the 
study of the convergence to a stationary state and contains some abstract results 
related to this problem and to the description of the behavior of solutions converg- 
ing to the limit point. The third section contains some applications of the results 
of the previous one. The fourth section describes an abstract saddle point situation 
which is applied to a concrete example in the fifth and last section. 

(*) Entrata in Redazion6 il 24 gcnnaio 1987. 
Indirizzo dell'A.: Dipartiraento di M~tematica, Universit~ di Bologna, Piazza di Porta 

S. Donato 5, Bologna (Italy). 
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1.  - S o m e  e s t i m a t e s  for  t h e  l i n e a r  c a s e .  

By now, X will be a complex Banach space with norm II I[. The same symbol 
will be used for the norm in the space s Also, C will be a generic positive con- 
stant depending on the assumptions m~de in each occasion. If A is a linear oper- 
ator in X, ~(A) and a(A) will be the resolvent set and the spectrum of A. 

Now, let {A(t): t0< t<  + c~} be a family of linear operators in X satisfying the 
following assumptions: 

(A1) Vt>to ~(A(t))~_ { 2 e C :  Re~<0} ,  3C~> 0 such that  

lI(;~ - A(t))-~il < 0 1 ( 1  + I;~1) -1 

for t o < t < +  c~, I~e~<~O. 

(A2) Vt>t0, D(A(t)) = X~ independent from t, with X1 dense in X. 

(A3) 3C~>0,  0 < t t < l  such that 

II ( A ( t ) -  A(s))A(~)-lii < C~lt-- sp  Yt, s, v e [to, + ~ [ .  

(A~) HA(t)-  A(c~))A(oo)-l[I = •(t) ~ 0. 

under the stated conditions, the Operators --A(t)  are infinitesimal generators of 
analytic semigroups {exp (--sA(t)):s>~OI, such that  

llexp ( -  sA(t)) ll < C~ exp ( -  8os) , tlA(t) exp (-- sA(t)) il < C~s-l exp (-- ~oS) 

for suitable constants C8, 8o > 0, depending on C1 (see [19], [4]). 
allow to define the fractional powers A(t)-% V~>0:] 

+ c o  

A(t) -~ = I'(o~)-lfs ~'-~ exp (-- sA(t)) ds , 
0 

The operators A(t) -~ are injective and bounded. 

A ( t ) ~ :  (A(t)-~) -1 

These estimates 

A(t)~ = ident i ty .  

One defines 

A(t) ~ is a closed densely defined operator and, if a < fl, D(A~) g D(A ~) ; the following 
interpolation estimate is available: 

ll_~(t)~ ~]l < c(~, ~, r)  llA(tF~]l (~-~)/(~-~)IIA(tF~II (~-~>~(~-~) 
W e  D ( A ( t ) ~ )  , i f  ~ < ~ < 7 . 

The constants C(c~, fl, 7) depend only on C~ (see [4], part  2, 14). 
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We denote  wi th  U(t, s) (to<S<<.t < c~) the  evolut ion opera tor  genera ted  by  
{A(t): t>to}. 

We huve the  fol lowing es t imutes :  

P~OPOS:T~OS" 1.1. - IJ 0~<y < f l < l ,  to<~% t<<.@ c% the conditions (A1)-(A3) are 
satisfied and sup []A(t)A(~)-:II < @ c% one has 

]lA(t)v A(3)-~]l <~ C~(7, fi) 

with C,(y, fi) depending on C:, Ca, sup HA(t)A(3)-~II. 

P~ooF.  - One has 
+ c o  

IIX(t),X(3)-~ll = [l-r(~)-: f s~-:X(t), exp (-- ~X(~)) dsll < 
0 + r  

~</'(fi-:) C(0, fl, 1) f sr ) exp (-- sA(3))[]~ilexp (-- sA(T))]l :-~ds <~ 
0 §  

<F(fl)-:C(o, ~, 1) C~(:, :)Ca f s ~-~-~ exp (-- (~os) ds = C~(/~, y ) ,  
0 

(~,(1, 1) = sap IIA(tlA(3)-:I] ) . 

PROPOS:TIO~ 1.2. -- Assume the operators A(t) satis]y (A1)-(A3) and moreover 
IIA(t)A(3)-: tI<Cdl,  1) ]or to<t, ~<~ + c~. 

Then, /or O<f l<g  < 1 @ #, ~ < ~o-- (C3CAJF(#)) ~/~ 3C5> O, depending only on 
C:, C~, tt, ~, C8, fl, ~, C~(1, 1) such that 

I]A(t) ~ U(t, 3)A('t')-~I[ < Q(t  - 3)~ -~ exp (-- (~(t -- z')) . 

P~OOF. -- See [16], t heo rem 1. 

PRoPos:~:o~ 1.3. - Assume the conditions o] proposition 1.2 are satisfied. Then, 
V~G [0, 1], 0<fi~< 7 < : @ # with 0<~,- -  ~<1,  VO < fl, d < ~o-- (CAC3F(tt)):/u, there 
exists Q depending on C~, C2, C~, #, ~, fl, o:, y, 0, satis]ying 

IIA(~)~[U(t @ h, 3 ) -  U(t, 3)]A(~)-~I] < C~h~'-=(t-- T)~-~ exp ( -  (~(t- 3)). 

PnO0F. - See [16], t heo rem 2. 

P~oPos:TIo~ 1.4. - Assume the conditions (A1)-(A4) are satisfie& 
Let i :  [to, @ c~[ -+ X be such that 3c~ ~ ]0, 1[, N ~ R+ satisfying 

<-~Kt -  ~]~ Vt, 3>to.  t 
Then, /or to <~ 3 <~ t < + ~ ,  f U(t, s) J(s) ds G X1 and 

T 

t 

IIA(t)f v(t, s) ](s) as f] < c7 + ca Ill(t)r[, 
"c 

lit(t) -/(:) ]J < 
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with C7 and Us depending only on C~, C2, #, ~, 80, 57. Moreover, assume that there exists 

Joe x such that IIJ(t)- foil ~ O. Then 

t 

s ~ v  
T 

with C9 depending on C~, C2, #, ~ (~o, N,  ~. 

PROOF. -- One has 

t t 

A(t)f ~7(t, ~) I(s)as = f  A(t) G(t, s ) [ l ( s ) -  i(t)]as + 
"t" t "I; 

§ v(t, s ) -  exp ( -  ( t -  s).A(t))]:i(t) ds + ( 1 -  e,~p ( -  ( t -  ~')~(t)))l(t). 

From I[A(t) U(t, s)l[ < C ( t -  s) -1 exp ( -  a ( t -  s)) for a < ao (see [4], corollary of lem- 
ma 13.1), it follows 

t t 

fA(t) V(t, s)[/(s)- f(t)]as <.Ycf(t- s)~-I exp ( -  a ( t -  ~))ds<~-oa-~r(~). 

Moreover, 

[IA(t)EU(t, s ) -  exp (-- (t-- s)A(t))] [I < C(t--  s)~Z~-i exp (-- a(t- -  s)) 

(see [4], lemm~ 13.1) and so 

t 

f.~(t) E •(t, s) - exp ( -  (t - s)A(t))] l(t) as < oa-,z~r(ff/2)Ill(t)Ii �9 
T 

Finally,  

11(1- e~p ( -  ( t -  ~).~(t))) l(t)lI <(1 + c~ e~p (-- ,5(t-- ,)) Ifl(t)ll �9 

So, the first est imate is proved. 
If HI(t)-/olI ~ o, we pose ~(t) = sup II1(s)- toil. 

s ~ t  

We have I l l(s)-  ] ( t ) J I~(2~(v ) ) �89  ~/~, from which 

t t 

~_(t).f v(t, s)Et(~) - ](t)] ds < c(2_~(~))�89 s)~-~ e~p ( -  ~ ( t -  s))ds < 

< c~(~12) a-~/~(2Nr ~ , 

and the second estimate follows. 
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2. - Abstract  results  o f  convergence  and stability.  

Now consider a real Banaeh space X. When it is necessary we shall ident i fy  X 
with  its eomplexifieation Xo = {u~ § iu2: u~, u~ e X} .  

Let  --  A be a linear operator in X, which is the infinitesimal generator of analyt ic  
semigroup {exp (-- tA): t>O}, such tha t  I[exp(-- tA ) l l<Moexp( - -  ~ot), with Mo, 
~o positive. 

We can use its fractional powers A~(a ~ R), which are closed densely defined 
in X. I f  ~>0 ,  we pose X ~ = D ( A  ~) and Itxll~= ]lA~xil, V x e Z = .  Now, let R e  
e ]0, § c~], such tha t  gu e X~ (for a fixed e e [0, 1[) wi th  tlulI~ < R, gt e [0, @ ~ ]  
a linear operator A(t, u) is defined in such a way tha t :  

(BI) 

(B2) 

D(A( t ,  u)) = D(A)  -= 221; 

~(A(t, u)) ~_ {~ e C: Re A<0) and ][(A(t, ~) --  ~)-~1f < 

<const (11~I1~)(1 § I~1) -~, IIA(t, u)-lll~(x,x,)---<eonst (11~11~); 

(here and in the following const (r~ s, ...) will mean a function depending on r, s~ ..., 
which is increasing in each of its arguments) 

(B3) vs, t e E0, § oo3, w ,  v e ~ ,  w e z1 ,  (B~ = {u e X~: l]~ll~ < R}) 

II(A(t, u) --  X(8, v))wII <eonst  (11~11~, IIv]l~)(l t - -  sp § 11~-- ~114 IlwE; 

(84) I[~(t, ~ ) w -  ~4(~, ~)wll <const (t; I>iI=)]lwll. with lira const (t, 8) = 0 
t--> c~ 

Ys e [0,/~[; 

Le~ J: [0, § c~]xB~ --~X, with 

(FI) 

(F2) 

(F3) 

(Fd) 

Vt e [0, + oo]u -+ ](t, u) is of class r from B~ (with the norm n ]1~) to x ;  

llf~(~, ~)h<xo x><eonst (II~L), Wt z B~; 

I l l ( t ,  u )  - 1(~, ~)I1 + IIE(t, u )  - f (s ,  u)112(:~o,x) < eonst (llu II~) I t - s l  ~' 
Yue B~, s, t e  [0, § c~[; 

ill(t, u ) -  ] ( ~ ,  u)]l § IJt'~(t, u ) -  l : ( ~ ,  u)ilc(x~ x) <Cons t  (t, IIuL), again converg- 
ing to 0 (as t--~ § ~ ) .  

Consider now the problem: 

du 
(2.1) -~(t)  @ A(t,  u(t))u(t) = l(t, u(t)) , t>to>~o U(to) = ~ e X1 n B~ . 
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A solution of (2.1) is, b y  definition, a mapping u e  C([to,/ ' [ ;  X1) n Cl([to, T[; X),  
with t > to, which satisfies (2.1) pointwise. 

For the existence and the unici ty  of local solutions, see [4], pa r t  2, 16 and [18]. 
Now we prove the  following 

PROPOSITION 2.i. -- Assume the conditions (B1)-(B4), (F1)-(F4) are satisfied and 
let u be the maximal solution o/ (2.1), for some ~ X l n  B~. Suppose that 

(a) u is defined on [to, T[ (for some Te] to ,  + co]); 

(b) sup ]lu(t)l]a< + ~ lo t  some # e ] ~ , l ] ;  
[to,T[ 

(e) sup Ilu(t)ll~,< -~. 
Eto,TE 

Then, T - ~  -~- o% sup I]u(t) II~ < q- co and u is uni]ormly hStder continuous with val- 
[to,+oo[ 

ues in X~, V r ~ [0 , / [ .  
More precisely, Hu(t)HI<C, depending on sup llu(t)H~, sup I[u(t)l[~, sup nu(t)]l~ 

[to,+ oo[ [to,+ ~ [  Eto,+ ~ [  

and nu(t)-- u(s)]lj<klt-- s] ~ with k and 0 delpending on r ,  sup [Iu(t)][~ , sup Uu(t)lI~ . 
[to, + r [to, + pc[ 

PROOF. - F rom the proofs of theorems 16.1, 16.2 in [4] and from (]31)-[]34), 
(F1)-(F4), i t  follows tha t  the  integral equat ion 

t 

u(t) = ~(t ,  t')uo + f ~;~(t, s) l(s, u(s)) as 
t '  

(with the evolution operator generated by {A(t, has a unique 
local solution u which is defined on an interval  [t', t' q- h], with h depending only 
on nUo][~ and IluoU~. Moreover, on this interval  u is hSlder-continuous with values 
in X~, with constants which are again depending only on ][uo]]~ and IluoIl~. From 
this and from (b) and (c) one has T ~-- -[- pc and the  global h61der cont inui ty  of u 
on [t0, ~ c~[ with values in Xa.  

Now, observe tha t  this implies tha t  ]] U~(t, s)[ 1 < M ,  ]IA(t, u(t)) U.(t, s)][ < M ( t  -- s) -1 
if t -  s < h, with  M independent  from s, t (this is a consequence of the  theory  de- 

t + h  

ve lopcd in  [4] pa r t  2.3). So, from u(t + h) = U~(t q- h, t)u(t) + t f  U~(t, s)/(s, u(s)) ds, 
one has 

t + h  

t[u(t q- h)IIl~< [[ U~(t q- h, t)u(t)[]l q- f U~(t, s)](s, u(s)) ds 1. 
t 

][ U~(t q- h, t)u(t)][l<~ 

< HAA(t § h, u(t § h))-ll] [lA(t § h, u(t § h)) U~(t § h, t)A(t ,  u(t))-~[[ 

[[A(t, u(t))vA-~][ Huff)[I~, with 0 < r < fl- 
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One has, f rom [4], es t imate  14.11, 

l]A(t H- h, u(t -]- h)) U,(t -{- h, t )A(t ,  u(t))-vll < Chv -~ . 

F r o m  this and f rom (B2) i t  follows sup U U~(t + h, t)u(t)[[~< + oo. Moreover, with 
t~to 

the  same method  and calculations similar to those of proposit ion 1.4, one draws 

t+h 

if '..< sup ~;~(t, s ) f ( s ,  u(s))  + co 
I t ' , +  oo[ 

t 

f rom which one has sup ]]u(t)l]l<-~ oo. 
Finally,  if ~t,,+ ~[ 

~ <  7 <  1 ,  Ilu(t) - u(~) l l~< 

< c o a s t  (~, 1)(2 sup Ilu(t)[[~)(u-~)l(~-~)lIu(t) - u(-c)l[~-r)/(~-=), 
[ t ' , +  oo[ 

so that u is h61der cont inuous with values in X r.  

P~O~'OSZTTO~ 2.2. -- _Let Uo ~ B~ such that there exists u solution of (2.1) satisfying: 

(a) sup [lu(t)II~< § 0% for some # e ]~, 1]; 
t ~ t  

(b) l[mt) - Uo[I ~ co 

Then, 

(1) Uo~ X~, A ( ~ ,  Uo)Uo= f (~ ,  Uo); 

(2) [lu(t)-Uo/[~ ,~-7=~ 0 .  

PzcooF. - I t  follows easily f rom (a) and (b), b y  the  usual in terpolat ion inequali ty,  
t ha t  I Iu( t ) -  uol[ --> 0. By  theorem 2.1, u is globally holder continuous with values 
in X~ and bounded  with values in X1. This implies t h a t  the  operators A ~ ( t ) =  
= A(t ,  u(t)) satisfy conditions like (A1)-(A4), wi th  A~(~) ---- A(o% uo). Moreover, 

t --> ](t, u(t)) is globally h61der cont inuous and Ill(t, u(t)) --  ](oo, Uo)]l ~ 0. 
I t  follows f rom [20] t h a t  uo ~ X1, 

du 
X(oO,  Uo)Uo = /( ~ ,  Uo) , ~ (t) - .  o . 

Then 

u(t) = .r u(t) ) - i  I(4 u(t)) - ~  (t) 

and f rom this the  result  follows easily. 
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I~EMA~X 2.3. - The hypothesis (a) and (b) in proposition 2.2 can be replaced with:  

(a') u is globally hSlder continuous with v~lues in X~; 

(b') ]Iu(t)" UoI]~ ~ 0, 

~nd the conclusions ~re the same. 

TIIEOt~EM 2.4. -- Assume the conditions (B1)-(B4:), (F1)-(F4:) are satis]ied and 

(a) l ( ~ ,  o) = o 

(b) dA(oo ,  0) - f ( oo ,  0)) o {~ e C: ~ e  ~ < 0 } .  

Then~ Vile ]~, 1] there exist To>O, tto ~ O, such that the maximal solution o] (2.1) is 
globally de]ined ]or every to> To, ~ ~ XI  with H~][~<tto and moreover, nu(t)H1 ~ o. 

P~OOF. - We pu t  ~(t, u) --~ ](t, u ) -  f~(t, O)u, B(t, u) : A(t,  u ) -  ]'~(t, 0). 
Then (2.1) is equivalent  to 

du 
d--t + B(t,  u(t))u(t) ---- ](t, O) ~- o(t, u(t)) ,  u(to) = ~ .  

Define v ( t )=  A~u(t), V~(t, s) the evolution operator generated by {B(t,  A-~v(t))}. 
I t  follows 

t 

(2.2) v(t) = A~ VJt, t~ + fA~  VJt, s)[l(s, O) + ds, A-~v(8))] ds. 
to 

Now fix 0 < f l --  ~. Define 

S(to, ~) = {v e C([t0, + ooE; x ) :  ]Iv(t) - v(~)]I < ( t -  ~)0 ][v(t)l] <~,  i[v(t)][ ~ 0}. 

For to>O, ~ > O, S(to, ~) is ~ closed subset of the Banach space of continuous and 
bounded functions from [to, + oo[ to X. 

Define, for v e S(to, ~), 
t 

(2.3) ~v(t) = As Vo(t, to)~ + f A~ Vo(t, t)[](s, O) + ~(s~ A-~v(s))] ds , 
to 

with ~ e X 1 ,  ][uil~< R. 
Assume IlexP (-- t(A(oo, O) ' -- s 0))I1 <Mo exp (-- ~ot), ~or some Mo, 6o posi- 

tive. Then, for ~ fixed (~ < (~~ 3t(c$)>~0, ~((~)~ 0 such t h a t  

HvJt, s ) l l < C e x p ( - ~ ( t - s ) ) ,  Vv ~ s(to, ~),  
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for some constant  C positive. This follows from the fact  that ,  for any  v less than  0 
and  #, for any  s ~ 0, 

snp (lib(t, A-~v(t)) - -~ (~ ,  A.-~v(~))I/)/I t --  T I .<~ 

if to is sufficiently large and ~ is sufficiently small and so proposition 1.2 is available. 
Also, one verifies tha t  liB(t, v(t)) V~(t, s)N < C ( t -  s) -1 exp [ -  (~(t- s)], from which 
one draws 

(2.4) 
{ IIA~ T~Jt, 8)II < C ( t  - s)-~ exp (-  ~(t- s)), 

II A~ Tq(t, s)~II < C exp (-- ~(t -- s))II~lI~ �9 

Further ,  a s tandard consequence of (F3)-(F4) and (a) is tha t ,  for to sufficiently large, 
sufficiently small, 

Ill(s, o) + ds,  A-~v(s))II <~(1 + ~) (Vv E S(to, ~)) 

for a fixed e > 0. Therefore, 
t 

IITv(tlII < r  ( -  a ( t -  to))llaNo-l- cefexp (-  &(t- s))(t- s)-~ds(1 -[- ~), 
to 

from which one has tha t ,  
Vv ~ ~(to, V). 

Moreover, for to < r < t, 

for to large enougy, ~ sufficiently small, ][Tv(t)ll< ~ 

l i ly( t )-  ~v(~)]I < I[A~(G(t, to)-  G(~, to)) ~II -i- 
t 

+ If oyo( , s)[s(s, o) + o(s, ov(s))] ds + 
2" 

t 

+ fA~[Vo(t, s ) -  Vo(~, s)][S(s, 0) + ds,  A-~v(s))]as . 
to 

One has, from poposition 1.3 and lemma 14.1 in [4] 

]lA~(Vjt, to)- vo(~, to))~ll < c ( t -  3) ~ exp ( -  ~(, - to))I1~I1~, 
t t 

fA~ V~(t, s)[t(s, o) + q(s, A-~v(s))] a~ < c~f(t-- s)~ e,~p (-- ~(t -- s)) &. 

* �9 (1 -~- r/)< C e ( t -  "r)~-~(1 -~- ~) 

Again from proposition 1.3, one has 

I]A~EG(t, s ) -  V~(~:, s)]]l <C(t--  ~:)o(~:_ s)-a exp (-- ~(~-- s)), 
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from which 

t 

fA=[V~(t, s) -- V~(v, s)] [/(s, O) + e(s, A-=v(s})] as < ~ ( ~  + v ) ( t -  ~)~. 
to 

Finally,  it is easily seen tha t  T v ( t ) ~  O. 
All these est imates imply that ,  for ~ sufficiently small, to sufficiently large, if 

][u]l~ is sufficiently little, To ~ S(to, ~). 
Now, if v, w ~ S(to, ~), like in [4], proof of theorems 16.1~ 16.27 one gets:  

t 

rw(t}- r~(t) =~A~ Vw(t, 8){[B(s, ~-~v(s)) -- B(s, A-~(s})] A-~ r~Cs) + 

t 

H Tw(t) -- Tv(t)[[ <~f II A~ V~(t, s)11(1I [B(s, ~t-~v(8)) - B(s, A-~w(s))] A-~II. 

~o �9 IIA'-~rv(s)ll + l[~(s, A-~w(8))]-- ds,  X-~(~))II) a~. 

One has 

I1A~ v~(t, s)1[ < r  s)-~ exp ( -  ~ ( t -  s)) , 

H[B(s, A-~v(s)) -- B(s, A-~w(s))]A-~ H < CIjv(s ) - w(s)I[, 

owing to the  hypothesis  (B1)-(B4), (F1)-(F4). 

t 

IIA~-~Tv(t)lI = l AVe(t, to)~ + Af V~(t, ~)E/(s, o) + e(~, A-~v(~))]as < 
to < c(t  - to)~ ,-~ exp ( -  ~ ( t -  to))(ll~II, § (1 + v)~d)  

(by proposition 1.4, with V > 0). Finally,  for ~ sufficiently small~ 

lids, A-~w(@ - ds ,  A-~v(8) ) [I <~llw(8) - v(s)l[. 

From this, 

I ]Tw(t ) -  yv(t)]] < c o n s t  (~, II~]l~) sup l iw(t)-  v(t)ll, 
t~to 

with const (s, r) ~ 0 .  

So we have proved tha t  there  exist  To~> 0, /to > 0, ~o > 0, such tha t  Vto> To, V~ ~ X~, 
with l]~l]~-..</to, one has tha t  T has a unique fixed point  in S(to, 7), for every ~<~]o: 

From this, the  theorem follows easily~ also taking remark  2.3 into account. 

I~E~_A~K 2.5. -- For  the following, we need some more accurate est imates of solu- 
tions converging to 0. 
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So, let u be a solution converging to O in X~ (fl > st), with the hypothesis of 
theorem 2.4 satisfied. F ix  ~ <  30, with 1]exp (-- t(B(c% O)))<Moexp (-- 3ot). In  
the proof of theorem 2.4, we ha, re  seen tha t ,  if to is sufficiently large and ~ is suf- 
ficiently small, for v e S(to, V), HAlVe( t, s)I[ < M e x p  (-- ~(t-- s))(t-- s) -~. For a suit- 
able to, t - * A ~ u ( t ) e S ( t o ,  U) and, defining v ( t )=  A~u(t), one has v ( t )=  Tv(t) (see 
(2.3)) with ~ = U(to). I t  follows (for t ) to)  

t 

1[ Tv(t)II < -~ '  exp ( -  ~ ( t -  to))/I U(to)Ii~ § f M e,~p (-- ~(t-- s))(t -- s)-~ IE v ( t )  II 
to 

(][/(s, O)l I § ]lO(s, A-~v(s)) [I) &-< (for suitable values of ~) 

t 

< M '  exp (-- O(t-- to))][U(to)]I~ + Mfexp (-- O(t-- s))(t-- s)-~ll/(s, O)tl ds + 
to t 

+ M~fexp ( -  ~ ( t -  s ) ) ( t -  s)-=l~(s)ll ds,  
to 

so tha t ,  if we put  

9~(t) = exp [3t]ilv(t)I I , 
t 

~b(t) = M'  e x p  (3to)HU(to)II~ § M f  exp (~,)(t-- s)-~l]t(s, O)[I as,  
to 

t 

we have q~(t)<~(t)§ which implies (see[7], l emma 7.1.1) 
t to 

~(t) < q~(t) § o f E;_~(O(t - s)) q~(s) ds, with 
to 

oo  

0 = ( M s F ( 1 -  ~))~/(~-~), E~_~,(z) = ~z~(~-~) /F(n(1-  st) § 1) ,  
d E I = 

1 - ~  d ~ E l - ~ ,  

and so 

t 

Tlu(t)[j~ = IIv(t)l] <exp ( -  ~t) q,(t) § o exp (-- ~t) f ls~_~(O(t-- s)) q'(s) ds , 
to 

for every t>to sufficiently large. 

I~E~AnK 2.6. -- I f  the conditions of theorem 2.4 are satisfied and, moreover, 
/(t, 0) = 0 Yt> 0, an easy consequence of the theorem is a result of asymptot ic  s tabil i ty 
of the null  solution, which is a sort of nonautonomous version of theorem 2 in [15]. 

Under less general conditions, we can give a be t te r  description of the asymptot ic  
behavior of solutions converging to 0. 

THEO!CE~ 2.7. -- Assume the conditions o] theorem 2.4 are veri]ied and A(t, u) = 
= A(u), ](t, u ) =  ](u) (]or t>O, ueB~) .  I] B = - - A ( O ) +  ]'(O), suppose that a ( B ) =  
= {fl} U al, with R e f i >  O, i n f R e 2 >  Refl, B -1 is compact in X and fi is a simple 

a j  
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cigcnvalue o/ B. Moreover, i] e(u) = ](u)--  ]'(0)u, let lle(u)ll = o([]u]]~+~), for some 
v > O, as ][u]l~--*0. Then, i/ u is a solution o] 

d~ 
(2.5) a-7 + ~t(u(t))u(t) = ](u(t)) 

such that Ilu(t)]]~,, ~ o, ]or some or'> ~, 

u(t) ---- exp (-- flt)p -~- r(t),  with p e Ker (fl-- B ) ,  []r(t)]]. = o(exp ( -  8t)) 

(]or t--* + c~), /or any 7 < 1. 

To prove this result, we need the following 

L E ~  2.8. - JSet B satis/y the conditions o] theorem 2.7, g: [to, + oo[-->X con- 
tinuous, g(t) = O(exp (-- 8' t))(t -+ + c~), with 8' > I~e 8. 

I] u is a solution o/ 

[2.6) d--t + Bu  = g(t) ,  on [to, -[- ~ [  

u(t) = exp (-- flt)p + r(t), with p e ker (fl -- B), llr(t)II~ = o(exp ( -  80)(t ~ + ~) ,  ]or 
any 7 < 1. 

PROOF. -- We call P1 and P~ the projections onto ker ( f l - -B)  and  R ( 8 - - B )  
(respectively), such tha t  I ----- P1 + P~. We put  Y~ = ker (8 -- B), Y~ = R(f l - -  B) 
Y~ and :Y~ are invar iant  wi th  respect to B, Y1 c_ D(B~), V n E  N. 

We define Bj = B]yj. B I e  ~(XI), a(B~) = {8}, a(B~) = a~. 
I f  us(t)-~ Pju(t),  one has 

duj 
d---i (t) -~- Bjuj(t) = Pr 

As B l u  = flu, Vu~ ~ ,  
t 

u~(t) = exp ( -  8 ( t -  to)) u~(to) + f e x p  (-- 8(t-- s)) P~g(s) as = 
to t 

to 

and, from this, ul(t) = exp (-- flt)p ~ r1(t), with 

p = exp (flto)u~(to) + f e x p  (fls)_P~g(s)ds 
to 

~nd llr~(t)h = o(e~p (-- #t)) 
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(remark tha t  in Izl the norms II II and 1[ [[1 are equivalent).  Moreover, 

t 

udt) = exp (-- ( t -  to)B2)Udto) q-fexp (-- ( t -  s)B2)P2g(s)as . 
to 

8o, as a(BD = a~, 

[]exp(-(t~--to)B~)udto)]l<Cexp(--f l"(t-to))I]Udto)H1, with f i"> R e f l ,  
t 

to t 

< e l ( t -  ,)-~ exp ( -  f l"(t-  ,)) e~p (-- fl's)as = o(exp ( -  fit)). 
to 

So, the lemma is proved. 

PROOF OF T t m o ~ , ~  2.7. - F rom (2.5) one has 

du 
d--{ -4- Bu(t) ~- @(u(t)) + [2.(0) --  A(u(t))]u(t) . 

From remark 2.5, one has 

IIu(t)]l~ KM']IU(to)]lz exp ( -  ~ ( t -  to) ) El_~(O(t -  to) ) . 

From a suitable choice of s (and of 0) and from the estimates of/~1-~ one can find 
in [7], lemma 7.1.1, one draws Uu(t)ll~<M(~)exp ( -  ~t) V3 < t~efl. This implies 
t ha t  II e(u(t))II < c exp ( -  ~(1 ~ v) t). I f  3 > Re/3/(1 ~- v), one has 3(1 ~ v) > Re ft. 

Now we need an est imate of IIu(t)]ll. One has, with the notations of theorem 2.4, 

d u  
~-7 + B(u(t) )u( t )  = e (u( t ) ) ,  with B(u) = A(u) ' - L (o ) ,  

so tha t ,  if U(t, s) is the evolution operator generated by {B(u(t))}, 

t 

u(t) = U(t, to)u(to) + f v(t, ,)e(u(s)) a s .  
to 

Now, 1] U(t, to)U(to)l]~< HAB(u(t))-ll] ]IB(u(t)) U(t, to)U(to)[], which implies (see [4], esti- 
mate  (13.19)) 

II u(t,  to)~(to)II1 = O(exp ( -  ot ) ) ,  for some 0 > O. 
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Furthermor% 

t t12 t 

[f mt, s)~(u(s)) ds ,<l f mt, s)q(u(s)( ds ~ + fret, s)q(u(s))ds ~ 
to to t/2 

t/2 t/2 

f v(t, s)~(u(s)) ds ~< ~] fmu(t)) v(t, s)~(u(s)) d s <  
to t/2 to 

< efe,~p ( -  o(t - s ) ) ( t -  s)-~ e,~p ( -  0(1 + v) s) as < 
to t/2 

< ct-lfe,~p ( -  o ( t -  s)) e,~p (-- ~(~ + ~) s) as = 0 ( e x p  (-- ~' t ) ) ,  for some  #' > 0 .  
to 

Finally, 

t t 

]fmt, s)~(u(s))ds ~<~ .(u(t))fmt, s)~(u(s))ds < 
t/2 t/2 

< (by proposition 1A) C exp (-- d(1 @ v)t /4) .  

It follows Ilu(t)]I~--~ O(exp (-- Ot)), for some 0 positive. 
So 

[[ ( A ( 0 )  - -  A(u(t))) u(t)[I < 01IA(0) - -  A(~(t))]Iu(~,x) exp [--  Or] < 

<(owing to (B3)) CHu(t)]I~exp(- Ot)<CM(8)exp (-- (~ + O)t), 

for any ~ <  Re fl. 

So, we have proved that  g satisfies the conditions of lemma 2.8 and the theorem 
follows. 

T~EO~E~ 2.9. - Assume the conditions o] theorem 2.4 are satis]ied. Furthermore, 
](t, 0)-~ t-q]l~-t-~]~(t), with @> O, ]~(t) ~ O. Then, i] u is a solution o] 

d~ 
(2.~) 4-7 + Aft, u(t))u(t) =/( t ,  mr)) 

such that ]or some fl > ~]Iu(t)]lz ~ o 

u(t) = t-~ul + r~(t) , 

with ule  Xl ,  lirl(t)ll~ = o(t-~), Vr e [0, 1[. 
For the proof, we need the following lemma: 

L E ~  2 .10 . -  Let A(t) satis/y the conditions (A1)-(Ad); if g: [to, ~-oo[- ->X 



DAVIDE CTU[D:ETTI: Convergence to a stationary state, etc. 345 

is continuous, jig(t)- l~II---> 0 and 
t 

u(t) = U(t, to)U(to) + f u(t, s)g(s)& , 
to 

the~ ]lu(t) - A(~)-~f i I I ,  ~ o v7 e [o, 1[. 

PuooF. - Firs~ of all, [] U(t, to)U(to)]] ~ ~ O. l~ow, 
t t t 

to to to 

-- exp (-- ( t -  s)A(t))] ~ as q- A ,A( t ) - z (1 -  exp (-- ( t -  to)A(t))) ~ ~ AvA( oo)-~]~ 

(this can be proved using the est imates of lemma 13.1 in [4]). 

PuooF oF T*mOI~E~ 2.9. - By  theorem 2.2, IIu(t)I]~-->o, v~[o ,x] .  Define 
v(t) = teu(t). Then, 

av (A(t, ~t-1)v(t) ]~ + f~(t) + tQ~(t, u(t)) a-7 + u(t)) - ]'(t, o) - = 

To apply lemma 2.10, wi th  A ( t ) =  A(t, u ( t ) ) -  f~'(t, 0 ) - - ~ t  -~, and so prove the 
theorem, we have ~o show tha t  ]lt~o(t, u(t))II ~ O. By remark 2.5, 

t 

Ilu(t)ll~<exp ( -  ~t)ga(t)q- 0 exp ( -  (}t)~E~_~(O(t- 8 ) )  qb(s) & , 
to 

with 

One has 

so t ha t  

t 

~(t) = M' exp (~to)]]U(to)I[~ + Mfexp ( & ) ( t -  8)-~111(8, 0)11 as. 
to 

t 

, ( t )  < M' exp (ato)]l U(to)Ile + C f e x p  (&)(t -- 8)-~ s-~ & , 
to 

t 

exp ( -  ~t)*(t)< M' e~p (-- a(t-- to))llu(to)jle + Cfexp ( -  ~ ( t -  s ) ) ( t -  ,)-=s-~g,, 
t to t - - to  

f e x p  (-- ~ ( t -  s ) ( ( t -  s)-a s-~ ds = t-efexp (-- c~s)s-~C 1 -- s/t)-o ds.  
to 0 

One has 
t - - to  t / 2  

f e x p  ( -  os)8-~(1 - 81t)-o]as< fexp ( -  &)s-~(1- 8lt)-~& + 
0 t 0 + c o  

+ f e x p  ( -  &) s-~(X -- s/t)-~as<2ofexp (-  &)s-~a8 + 2~+~ -1 exp ( -  ~t/2)t ~-~ . 
t /2 0 

8o, exp ( -  at)O(t) = O(t-o). 
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1Y~oreover, ~'~_~(O(t-- s)) < C(O(t-- s)) -~ ex9 (O(t-- s)) (see [7] th. 7.1.1), so tha t  
t t 

exp ( -  Cf(t- ((0- si) 
to to 

As 0 can be arbitrari ly small, one can prove as before t ha t  

e x p  [ -  at]frE'~_ ~(0(t - s)) ~ ( s )  as  = o( t -~)( t  ->  + oo) . 
t0 

Therefore,  [[u(t)H~= O(t-o)(t -+ -~ ~) .  

From (FL)-(F4), one has lie(t, u)ll <~([lul]~)IIuIl~, with V(~) ~ o. I t  follows 
[lt~(t, u(t))]l <tey~([fuI[~)I[u(t)]]=< c~(t[u(t)]l~) --> o .  So, lemma 2.10 can be app l i ed .  

3. - Some examples and applications. 

In  this section we want  to apply the results o~ the previous one to the  s tudy  of 
the asymptot ic  behavior of the solutions of the problem 

(3.~) 

--~,~'=1 aij(t, x, u, Du) ~xi ~x~ - -  ](t, x, u, Du) , 

u(t ,x)  = 0 ,  for t>to ,  x ~ ~f2 

U(to, X)=Uo(X),  for x e  

t>to , x G f2 

Here 

/~u (x ~u 
Uo e w~ ,~ (9 )  c~ W~o,.(9), with 1 < p < -~- oo. 

We gssume tha t  ~9 is a bounded, regular domgin in /~" with smooth boundary  39.  
~oreover ,  for 1 < i, j < n, we huve the  mappings a~j: [0, ~- oo] • ~ • IR • I], -* R, 

wi th  R ' 6  ]0, + co], I~, = ]-- R',  R'[, I~, = {z e R ~ [z I < R'}. 
The following conditions are requested to be satisfied: 

(el)  sup la.(t, x, u, P)I < § ~ ;  
n 

(C2) 3v > 0 such thu t  ~ aij(t, x, u, p ) ~ > v ] ~ [  ~, V~ ~ R"; 
i d = l  

(03) la,~(t, x, u, p ) -  a.(s, y, v, q)l<A~([t-- sl~ + Ix-- y[~+  I~-- v] + IP-- q]), 
with A I >  O, ju ~ ]0, 1]; 

(c4)  [a,~(t, x, u, p ) -  a.(co, x, u, p)] ~ O, uniformly in x, u, p;  ] is defined on 
[O, + c~] •  • with va~lues in R and:  
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(ol)  (m, p) ->/(t, x, m, p) e c'(z~, xZ$,) V(t, x) e [o, + o~] xS~; 

(G2) ID(~,~(/(t,x,u,p)l<A~, with A~>O, Vte [0, + ~1, x e g ;  

(63) [D(u.~)/(t , x, u , p ) -  D(~.a)/(s, y, v, g)l<As(]t-  s [ , +  I x -  yI.-+- l u -  v[ + 
+ Ip-ql ) ,  for s, te[o, + ~ C , ~ , y ~ ,  u, v e z ~ , ,  ~ , q e Z ~ , ;  

(04) 1/(% x, u, p) - / ( s ,  y, m, P)I <A~(lt - s]" + I x - Yl '~) for s, t e C0, + c~[, 
x, y e ~ ,  u, v e I~ , ,  p, qeI~,;  

(65) It(t, x, m, p) -/(~, x, m, P)I + ID(~,~)/( t, x, m, p) - D(,,~)/(c~, x, % P)l ~ O, 
uniformly with respect to x, u , p .  

We pose X = Z~(/2), D(A) -~ W~'~(~) n<Wi.~(9), am = -- Am. If  Y ~nd Z are 
a couple of compatible Banach spaces, we write (Y, Z)o,a (0 < 0 < 1, qe  [1, ~- ~1) 
to indicate the real interpolation space with indexes O, q (see, for example, [21). 
One has, for 

O< sl~< o~< s~<l  , (X, D(A)) (--->~,~ (X, ])(A)) c~,-~ D(A~) <----> (X, D(A)) (--->~,oo (X, D(A))~,a 

(see also [15], pages 318-319). Assume 1/2p < sl < ~ < s~, with s~, s~r �89 
In  this case, (X, D(A))~.~ : {u e W2~'~(D): ul~ ~ : O} (see [5J, th. 7.5, [61, 1.10). 

If p = 2, ~ > ~ ,  A is self ~djoint and /)(A ~) : {meH~(9) :  u]~.~:= 0} (see[9], 
vol. 1, ch. 1, th. 10.1). Further,  if ~ > � 8 9  and p r  or =~>1 ~nd p - ~ 2 ,  D(A~)r 
% W I '  9 (~r~), 

If  p > qz, ~ > �89 -~ n/2p, D(A ~) ~ C~.v(9) for some ? e ]0, 1[ and the imbedding 
is compact. 

So, there exists 1~>0,  such that  HuH~<R implies tIuIle~(5)<R'. Define 
B~---- {ueD(A~): ][uI]~<R }. For u e B ~ ,  let 

(3.2) 
I D(A(,, u)) = D(A) = W~''(9) n W~'~(9) 

~v 
A(t, u)v ---- -- ~. a~i(t, x, u, Du) 

i,j=l ~x~ ~xj " 

We have 

LEPTA 3.2. - Zet a~, bj, e e C~ (l < i<n ,  1<]<n) and assume c(x)>O, Vx ~ ~,  
a ~ j ( x ) ~ > v [ ~ l ,  /or some v > O, V~e R ~. _~or 1 <2 < + o% define 

i ,J 

~- ~, bj(x) o(x)u 
j=l ~Xj 

Then, in Z,(~) e(A,)~_ {z ~ C: l~ez<O}. 
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PlmOF. - I f  y ' > y ,  define in C~ the  operator By,: 

8~u ~u 

vxr  

By virtue of the maximum principle, Krein-I~utman theory of positive operators 
and Sehauder estimates (see for a brief survey [17], in part icular  pages 21-22), 
@(B~,) ~_ {ze C: R e z < 0 } .  

By [1], @(A~)=/=0 and  (A~--#)-~ is compact  in [JL~(~Q) ~V/,~ e(A~). Assume 
]~e 4<0 ,  4u--  A~u = 0. Then, if # ~  o(A~), Re/ t<0~  # u - -  A~u = (#--  4)u. If  
21o > n, u is hSlder continuous, for some y' <y .  Then there exists a unique v e D(B~,), 
such tha t  # v -  B~,v = ( # -  A)u. On the other hand,  u is the unique solution of 

#vl-- A~vi (#--  A)u. So, v u and 'u ---- ---- , e C2'~'('~0). I t  follows 2u- -  B~,u = O, t ha t  
is, u----0. If 2p<n,  but  3 p > n ,  there exists q such tha t  2 q > n  and uaZ~(~Q). 
T a k e #  e @(A~) n ~(A~) wi th  Re # < 0 .  One can verify as before t ha t  u is the unique 
solution of #v- -A~v-- - - ( / t - -4)u .  I te ra t ing  this proceeding one has the result. 

L E n A  3.2. - The operators A(t, u) de]ined in (3.2) satis]y the conditions (B1)-(Bt) 
]or any X = Z~(tP) and ]or any ot such that 1~ > n, a > �89 ~- n/2p. 

:PROOI~. - From [1] (in particular th.  2.1) one has tha t  3Co > 0, 0o ~ ]0, ~/2[, such 
tha t  IX]> Co, [Arg 4] > 0o imply 4 a @(A(t, u)), 

(3.3) H(A(t, u ) -  4)-ill < e o n s t  (ll~lI~)(i + 141)-~ ~ 

By lcmma 3.1, @(A(t, u)) 2 {4 a C: X~e 4<0}.  We want  to prove t h a t  (3.3) is true 
for every 4, with l~e 4>0 .  In  fact,  if i t  were not  so, there would exist @ e ]0,/~[, 
V v e N  t,e[O, ~- co], u~eX~,  with ][u~I]~<@, 4 ~ a C  with  Re4~<0,  v~eD(A), such 

tha t  IIvoll = 1 and  

(3.4) IIA(t~, ~ ) v . -  ~v.II < (1 -4- I&l)v -~ �9 

The sequence (~.) is clearly bounded. So one can assume A , - . 4 o E C  , t,--->to~ 
e [0, -[- ~] ,  u.  --> u o in Cl'v'(~), for some y' a ]0, 1[. I f  we define 

i ~2r D(B) = D ( A ) ,  By = - -  a,j(to, x, Uo(X), DUo(X)) 3x,~x~'  
i ,5=l 

we have tha t  @(B) ~_ {A e C: Be A<0}. FromlIA(tv, uv)v~-- A~v~l ] ~ O, i t  follows 
~o e a(Bo) and  this is a contradiction. 

The remaining par t  of the  theorem has a trivial proof. 
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Now, define: 

(3.5) 
1: [o, + ~] •  

t[t, u)(x) = / ( t ,  x, u(x), 2)u(x)) . 

The proof of the following lemma is easy:  

LE~J:~A 3.3. - Assume p ~ n, o~ ~ 1 ~_ n/2p and the conditions (G1)-(G5) satisfied. 
I] f is defined as in (3.5), it satisfies the conditions (F1)-(F4). 

Now we ~pply the abs t rac t  results of section 2, always assuming p > n, 
> �89 + nl2p. 

Tm~0RE~ 3.4. Let u be the maximal solution o] (3.1) (which implies that 
t ~ u ( t ,  . )~  C([to, T[; W~.~(~)) c~ C~([to, T[; Z~(~)), for some ~ >  to) and assume the 

conditions (C1)-(C4), (F1)-(F5) are:~satis]ied, sup [In(t, .)]lw..~(,)< ~- ~ ]or some s ~ 2c~ 
t~to 

and there exists Uo ~ .L~(9) such that ]lu(t, .) -- uo]lz.~(a ) -> O. 
Then 

~2 u 
Uo e w~'~(~) n w P ( ~ ) ,  Iluo/l~< R, a , ( ~ ,  x, no(x), DUo(X)) ~ = 

i , j = l  

= ](z% x, Uo, Duo) a n d  Ilk(t, ") - Uol[~.~(~) ~ - w ~  o .  

Moreover~ t -+  u(t, .) is globally h61der continuous with values in W~,~(~2)~ Vs < 2. 

P~ooF. - I t  follows from propositions 2.1 and 2.2 

T~E0~E~ 3.5. - Assume the conditions (C1)-(C4), (G1)-(G5) are satisfied. Further, 

(a) / ( ~ , x , O , O ) = O  Vxe~9; 

(b) ~ ( ~ , x ,  0,0)>O Vxet2. 

Then, Vs > 20:, there exists _To>O, ~o> O, such that the maximal solution u o] (3.1) 
is globally defined and l] u(t, �9 )l[w~.~(~) -> 0 if [[ Uo []~,~(~) < tto, to > To. 

PnooF. - I t  follows from lemma 3.1 and theorem 2.4. 

Ttt:EOI~E~ 3.6. - Assume ai~(t, x, g, p) = a~j(x, u, p), ](t, x, u, p) = ](x, u, p), and 
the conditions (C1)-(C4), (G1)-(G5) are satisfied. Zet: 

( a ) / ( x ,  o, o) = o 

(b) a~ (x, o, o)> o Vx ~ ~. 
OU 
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De]ine 

D(B) -~ D ( A ) ,  i + " 

Call fl -= inf  {Re ~: ~ e C, 2 E a(B)}. Then: 

(1) fl is a positive eigenvalue; 

(2) fi is a simple eigenvalue; 

(3) I] u is a solution of (3.1) converging to 0 in W~,~(f2), /or some s > 2~, 

u(t, x) = exp (-- fit)p@) + r(t, x) , 

with p e D(B), ( f i -  B)p  = 0, exp (fit)Ilr(t, ")lI~.~(~)~t-~co o, V~ < 2. 

PnooF. - (1), (2) are consequences of [8], th.  6.3, easily extendible  (using for 
example the  me thod  of lemma 3.1) to the  operator  defined in a Sobolev space. 

Using (G3), one can ver i fy  tha t  theorem 2.7 is applicable and so the  result  follows. 

TItEORE~ 3.7. -- Consider the problem (3.1) and assume /(t, x, O, O) = t-a/~(x) + 
+ t-Q/2(t, x) with @> O, /xeL~(f2),  Ilia(t, ")11~(~) t - ~  ~ o. 

Z / p  > n, s > l + nip and [[u(t, .)[Iw,.,(~)~-W~ 0, then 

u(t, x) = t-eu~(x) + t-qr~(t, x) 

with ul ,  rlCt, ") e We'~(t~) n W~o'~(Y2), ][rlCt, ")llw..,r ~ O, V(~ < 2. 

P~oo~. - I t  follows f rom theorem 2.9. 

4.  - Sadd le  po in t s .  

In  all the  previous cases, the  operator  A ( ~ ,  O) + ]~(c% 0) had a spectrum con- 
ta ined  in ther ight  halfplane of C, so t h a t  the  semigronp genera ted  by  i t  had  an 
exponen t i a l  decay. Tow, we consider the  case when this is no more necessarily t rue.  
To this aim, we adopt  a different funct ional  approach.  

We recall  some definitions one can find in [3]. 
]bet 0 ~ ]0, 1[; assume - - A  is the  infinitesimal genera tor  of an analyt ic  semi- 

group in X. We define: 

Do(A ) -~ {x e X:  l imtOA(A + t)-~x = O} . 
t-'-> r  
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I f  x ~ Do(A), we pose 

11~1]o = I]xll + sup IIItO.A_(~ -1- t)-~x]l, 
t ~ t '  

if t' is such t ha t  [t ' ,-k c~[c_ ~( - -A) .  D~+o(A) will be {x~ D(A): A x  ~ Do(A)} and 
Hxh+o= ilxll + llAxlIo. 

The following result  is a simple elaborat ion of theorem 3.1 in [3]: 

PROPOSITION 4.1. - Let - - A  the infinitesimal generator o/ an analytic semigroup 
and assume ~(A) ~_ {z e C: l%ez<0}. 

Let ]: [to, -~ oo[ ->Do(A) continuously (to>0). We pose 

t 

u(t) = fexp  (-- (t-- s)A) l(s)ds . 
to 

Then: 

(1) i] ] is bounded, u is continuous and bounded with values in DI+o(A); 

(2) q lil(t)ilo ,~-~-~ o, I[u(t)[h+o~ O. 

P]~oo~. - F r o m  [3], th.  3.1, we know tha t  u is cont inuous with values in DI+o(A ). 
One has 

t t 

ilu(t) 1I = fexp ( -  ( t -  s)A) ](s) ds < f M  exp (-- (~(t -- s))I[/(s)II ds = Z(t) 
to to 

(for some M, (~ ~ 0). I t  is easily seen t h a t  I is bounded  if / is bounded  and con- 
verges to 0 if ] converges to 0. 

I f  7" is the  clockwise or iented boundary  of { z e C :  [Argz[~<0o} (for a suitable 
0o~ ]0, z~/2[), one has 

t 

to T t 

to i*" 

I f  8 is chosen sufficiently small, 

fexp ( -  (4 - ~) ( t -  s))(~i-  %)-1d% ----fexp (-- ~(t-- s))(~i-- % -- ~)-1d% = 
F ~ T - -  

---- (by Canchy's theorem) f e x p  (-- ~(t -- s)) (A -- ~ -- (5) -1 d~.  
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t 

So, ~,(t) = (2.i)-lfexp ( -  ,~(t- s))(j'ex~o (-- ~(t-- s))(a--  ;t-- ,~)-'a;~) t(s)as. 
to 21 

t 

Au(t) = ~u(t) + ( 4 -  ~)~t(t) = ~u(t) + (2zt/)-~fexp ( -  (~(t- s)). 
to 

/ -  

Therefore, we have the following estimate: 

IiA~(t) l] < ~ Itu(t)II + 
t 

to P 

By virtue of [3], lemma 3.2, ]l(A-~)(~-~-@~1(s)ll<r so that  
$ 

,1A (t)ll.-. ll (t)ll + creep (-  s)/(fe p (-  (t-  s) 
to .P 

O~e has fexp (-- (t-- s) ~e  ~)I~l-ola~.l < C(t -- s)o-1, so that 
t 

llAu(t)lI < ~]lu(t)ll + creep ( -  ,~(t- s ) ) ( t -  s)O-lllr 
to 

which is uniformly bounded in t if ] is bounded and tends to 0 if H](s)[]o._~-iz_~E~'~ O. 
Finally, for ~>1, 

t 

+ c o  t T'  to 

0 to 

If  
t 

sup l[](s)l]o< + ~ ,  fexp ( - t  cos (Oo)(t- s))ll](s)iloas<~r-1 
s ~ t o  

to + co 

IIIA(A + ~)-lAu(t)[I <. C f r-Olr exp (iOo) + ~]-Idr<C~ -~ 
0 

and so (1) is proved, also taking into account the fact that  Do(A) is a closed sub- 
space of {u a X: sup [[~~ + ~)-lu[[ < + oo}. 

~ D 1  

If ]lJ(t)lIo ~ o, we remark that  
t 

fexp ( -  reos (0o)(t- s))y(s)lloas< 
to T(8)  

<fexp  ( -  r cos (0o)(t-- ~))ll/(~)lIoas + 4r  cos (00)) -I (if H](s)llo<e for s >  T(e)).  
to 
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This gives 
+ oo T(~) 

0 to 

r cos (Oo)(t -- s)) r-OIr exp (iOo) @ ~l-zH/(s)lfods) dr + 
@ co  

+ Csr-oflr exp (iOo) + ~I-~dr. 
0 

The second t e rm  can be major ized by  O e ~-o, the  first by  

@-olr exp (i0o) + e[-~ exp ( -  r cos (0o))(t -- T(e)) dr = 
0 + c o  

= c -of -ol  ( 0o) + (-- 
0 

cos  (Oo)(t- r(~) ) )  d r .  

I t  is easily seen t ha t  the  integral  tends  to 0 as t --> c% uniformly with respect  to ~>1 .  
So, the  proposi t ion is proved.  

Now let  -- B be the  infinitesimal generator  of an analyt ic  semigroup in X,  such tha t  

(It) a(B) n {z e C: R e  z = O} = O. 

Define 

a~=  a(B) (3 {zE C: l ~ e z <  0} , a2=a(B)(~ {z~C:Rez>O}. 

Let  F be a counterclockwise oriented closed path,  conta ined in ~(B) (~ {z e C. 
l~c z < 0}, which turns  a round el. Define 

1" 

P~ = 1 -  P1 

P1 and P2 are projections.  I f  Xj = Pj(X),  Xj  is invar ian t  with respect  to B, 
c o  

X~_C N D(B~). We call B; the  pa r t  of B in X~. One has BleC(X1), ~(B1)=~1,  
k = l  

~(B2) = r -- B~ is the  infinitesimal generator  of an analyt ic  semigTonp {exp (-- tB2) : 
t>~0} in X2, such t ha t  Ilexp ( -  tB~)II < M e x p  (-- 3t), with M and 3 positive. More- 
over~ exp (-- tB~)x = exp (-- tB)x, if x e X~: l~inally, 

P~ exp (-- tB) = exp (-- tB)Pj  = exp (-- tB~)Pj. 

One has: 

LE~ngA 4.2. - Let x e X .  Then e x p ( - - t B ) x ~ 0  i] and only i/ x e X~. 
Moreover, i/ x e X 2 (3 DI+o(B), Hexp (-- tB)xIIl+ o ~ O. 

PROOF. - I f  X E X, x = P~x @ P2x and  

exp (-- tB)x = exp (-- tB1)Plx + exp (-- tB2)P2x. 
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One has exp (-- tB~)P~xt~--ly~ O. As a(B!) = (r~, l[exl~ (tB~)ll < M e x p  (-- (~t), for (~>0, 
M>~0. 

Soexp (-- tB)x -> 0 iff exp (-- tB~)P~x --> O. This implies tha t  

tha t  is, P~x = O. 
Finally,  if 

x ~ X~ (~ DI+o(B), 

exp (tB1)(exp (-- tBz) .F~x) -+ 0,  

IIB exp ( -  tB)x]l - -  l]exp (-- tB~)B~x]] <.. Mexp (-- ~t)[lB2x H ~ O . 

I f  ~ is sufficiently large, 

][~O B ( B  + ~)-~ B exp (-- tB)xl[ = H~O B~(B~ ~- ~)-~ B~ exp (-- tB~)xl[ ----- 

= [[exp (-- tB~)(~OB~(Bg ~- ~)-~ B~x)[I < i exp (-- (~t)11 ~~ B @ ~)-IBx II < 

The main result  of this section is the  following 

THEOI~E~ 4.3. -- Zet B satisfy (It), f: [0, + oo[• -->Do(B) such that 

(a) f(t, 0 ) =  0 Vt>0, x--~](t, x) is dif]erentiable Vt>0, (t, x)-->f~(t,x) is con- 
tinuous with values in ~(DI+o(B), D~(B)) and bounded on bounded subsets of DI+o(B ) 
uniformly with respect to t. 

(b) [If~'(t, X)Ilg(DI§247 0, uniformly with respect to t. 

(c) -- B + f'~(t, x) is the restriction to DI+o(B ) of the infinitesimal generator of 
analytic semigroup in X with domain D(B) and DI+o(B-- f (t, u)) = DI+o(B) (ident- 
ifying an operator with its restriction). _For x ~ D~+o(B), we call z(t, to, x) the maximal 
solution of 

dz 
d-t + Bz( t )  = f(t ,  z(t))  , Z(to) = x 

(for its existence and unicity see [3], th. 4.1). 
.Let 0 > O. We pose, for to > O, 

llP~xll < ~ ,  

Sq, .= {xeDl+o(B):  Hz(t, to, x )Hl+o~}  vt~>to, 

lira Hz(t, to, x)/]1+0 = o ,  B,  -~ {x e Dl+0(B) (~ Xe: ]IxHl+0~<a} . 
t-~oo 

Then, there exist (~, ~ > 0 such that t)2 (restricted to Sq.,) is a homeomorphism be- 
tween SQ.~ and B~ (with the topology induced by DI+o(B)). 
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PnOOF. -- Let  x~S~.~, for 5, a > 0 "  We put  z ( t )=z ( t ,  to, x). One has 

t 

z(t) = exp (-- ( t -  to)B)x + f e x p  (-- ( t--  s)B) /(s, z(s)) ds . 
to 

If 
t 

z~(t) = Pr zs(t) = exp (-- ( t--  to)B~)t)~x - k f exp  (-- (t-- s )Bj)Pj / (s ,  z(s)) ds.  

For j = i, applying exp ( ( t -  to)B1), one has 

t 

P~x = exp ( ( t -  to)B~)z,(t)--fexp ( ( s -  to)B1)PlY(s, z(s)) sds , 
to 

and f rom this, 

I t  follows 

Pxx ~-- - - f e x p  ( ( s -  to) B~) Px/(s, z(s)) ds . 
to 

t 

z(t) =- exp (-- ( t--  to)B2)-P~x +fexp (- ( t -  s)B,) P2i(s, z(s)) ds + 
to + c o  

- f e x p  ((s - t)B,) t ' l i (s ,  z(s)) ds . 
t 

For ~ > O, define 

= {u E C(Eto, + co[; D~+o(B)): lIu(t) 111§ 5, ll~(t)IIx§ 0) 
t 

Tz(t) ~- exp (-- ( t -  to)B2)a + f e x p  (-- ( t -  s)B2) P~](s, z(s)) ds -- 
to + c o  

-fexp ((s-- t)B1)P~/(s, z(s)) ds , 
t 

with a ~ B~ (a > 0), 

Y = (u E C([to,-+- oo[; DI+o(B)): ]lu(t)]ll+O --~ 0} . 

By vir tue of proposition 4.1, T(Y~) _c y .  I t  is not  difficult to verify, applying again 
prop. 4.1 and  (b), t ha t  

I1 Tz(t)][~+o~< M exp (-- ~(t -- to)) -~ const (~)) ~, 

with const (Q) ~ o  0. Fur thermore ,  if z, v e ~ ,  

]lTz(t) - -  Tv(t) i [~§162 sup 11/'(8, w) [l~(.~+o<~>,~,(.)) l[~(~) - -  ~(s) l]~§ 
s~>to 

[Iwlh+o~q 
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Using again (b), one concludes that ,  if ~<~o (~o sufficiently small), ]lTz--Tv]Ir~< 
<�89 Hz-v]lx;  the  whole discussion implies that ,  if ~<~0, (r<a(~), V a E B , ,  T has 
a unique fixed p o i n t  ~a in :Y. Consider now /'2: Sq,,--~B,.  t)2 is continuous. 
I t  is also a bijection. In  fact, let  a e B , .  Then x e S o .  . i s  such tha t  -Pax~--a iff 
Tz(t, to, x) -~ z(t, to, x). But  there  exists a unique fixed point  of T and this implies 

+co 

tha t  P2 is a bijcction. Also, one has P ~ l a  = a - - f e x p  ((s--to)B~) P~](s, W(s))ds. 
I t  is easily proved that ,  if t~ 

and from this the  cont inui ty  of a -~ ~a and of _P~ ~ follows easily. Therefore, the  result  
is completely proved.  

I~]~_A~K 4.4. -- SQ.~ and B,  are tangent  in 0 in the  following sense: if x ~Sq. ,  

im xl l :+o/ l lx l ] l+o  = o 

This can be verified, remarking that ,  if [la[[l+o<~', HbHl+o<~', with Q'~<Q, 
Ilia -- ~b[lr< c~ (e')][ a -- b[Ii+o and const  (e') ~ 0. Q'-->0 

5. - A n  example .  

Consider the  problem (with I : [0, 1]) 

- ~ - - a  u , ~  ~ : g ( u ) ,  x e I ,  t > O .  

(5.1) u(t, o) = u(t, 1) = o 

u(O, x) : uo(x) e H2(I) n H~(I) 

with the following conditions: 

(a) a ~ C~(R~), g ~ CI(R); 

(b) g(0) ---- 0; 

(c) a(u, p) > 0 V(u, p) ~ R ~. 

We pose /)(B) = H2(I) n H~(1), By = -- a(O, O)v" + g'(O)v. 

We shall use the  following facts:  

L]~y_~A 5.1 (see [3], proposition 6.2 and 6.3). - / I  0 < 2, 

D(B) : h~~ ~-- (u e / e ( i ) :  t-eo]iu(t ~ . )  _ ui]~(in(z_t))~% 0 .  
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L ] ~ A  5.2. - Let 0 < 0 < 1, u ~ Do(B), v E H~(I). Then uv ~ Do(I) and lluv]l~ < 
<~CIlulls~(~)l[vl]o with C independent ]rom u and v. 

P~oo~ .  - I t  is a n  ea sy  consequence  of L e m m a  5.1. 

The  p roof  of t he  fo l lowing l e m m a  is t r iv ia l :  

LE~)~A 5.3. - Assume  0 < �89 Then 9~+o(B ) -= {u e He(I)  ~ Ho~(I): u " e  h~~ 

N o w  define 

]: D~+o(B ) -~ Do(B) , ](u)(x) = [a(u(x),  u'(x)) - -  a(O, 0 ) ] u " +  g(u(x)) - -  g'(O)u(x) . 

W e  h a v e :  

LEY~WA 5.4 - ] satisfies the conditions (a), (b), (c) of theorem 4.3. 

P~ooF .  - I t  is a s t a n d a r d  c o m p u t a t i o n ,  u s ing  l e m m a t a  5.2 a n d  5.3. 

So we h a v e :  

T~tEO~E~ 5.5. - Let g'(O) + a(O~ O) k~z 2 ~ 0 ~/1r e N .  Then theorem 4.4 is appli-  
1 

cable iJ 0 < 0 < ~. I n  this case X 2 =  { u e  L2(I) :  fu( t )  sin (r~t) dt = 0 Vr<]} ,  with j 
o 

such that g'(0) q- a(0,  0) i~zr 2 < 0 < g'(0) + a(0, 0)(] + 1 ) ~  ~. 

PROOF. - One  has  r = (g'(0) q- a(0, 0)k~zr2: /~ e Z},  w i t h  c o r r e s p o n d i n g  e igen-  
vec to r s  {sin (l~zt):/~ e Z}. As B is se l f -ad jo in t ,  P~ (see i ts  def in i t ion  in sec t ion  4) 
is a n  o r thogonM p ro j ec t i on  and ,  as t h e  e igenvMues  of B a re  simple~ i t  is eas i ly  seen  
t h a t  X~ is t h e  v e c t o r  space  g e n e r a t e d  b y  (sin (rzt) :  r = 1, . . . ,  ]}. F r o m  this  t h e  

r e su l t  follows. 
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