
On Some Properties of the Groups G ( n ,  l)  (*). 

A L ~ r ~ o  CAWSCmo~ 

S u n t o .  - I~ [lJ ~ stata costruita una ]amiglia di 3-variet~t chiuse e connesse mediante l'uso di 
gra]i 4-colorati sugli spigoli, lYella presente nota si studiano alcune proprieth algebriche dei 
gruppi ]ondamentali delle suddette 3-variet~t, per i quali una presentazione ~ stata ottenuta 
in [2]. I1 lavoro ha soprattutto un interesse algebrico, pi~ che topologico, per le tecniche usate 
nelle dimostrazioni. 

1. - By ~ (resp. N . )  and Z~ we will denote the set {0, 1, . . . ,  ~) (resp. A~--  {0}) 
and the  r ing of integers  mod n respect ively.  

In  [1] edge-coloured graphs (named 3-gems, i.e. graph encoded 3-manifolds) are 
used to define a family of closed connected 3-manifolds which includes the  lens 
spaces (see [3]). 

For  any  two posit ive integers n and l, the re  is such u manifold M(n~ l) which is 
proved to be homeomorphic  to M(l,  n) by  making use of topological considerations 
(see [4], corollary 1). 

Le t  G(n, l) be the  fundamen ta l  group IIx(M(n~ 1)) of M(n ,  1). 

Then the  group G(n~ l) has the  finite presenta t ion  (see [2]) 

(1) 

and  

(2) 

G(n, l) : (a~(i E A~_I): aoa 1 ... a~_ 1 ---- 1 

Cbi--(l--8)~i--(l--2)6bi--(1--4) ai-lai+l 

i e  A~_I, indices m o d n )  (1 odd) 

a,71aV_~aV_~ ... aV_%_~)a~_,_3)a~_,_5) ... a~_la~+l = 1 ,  

i e A~_I~ indices m o d n }  (l even) .  

(*) Entr~ta in Redazione il 1 ~ febbraio 1985; versione ampiamente rimaneggiata in data 
26 ~gosto 1987. 
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Obviously the  group G(1, n) ~ G(n, 1) is t r ivial  and G(2, n) ~ G(n, 2) is isomorphic 
to the  cyclic group Z~ for each  positive in teger  n. 

The aim of this paper  is to s tudy some algebraic propert ies  of the groups G(n, l) 
by  using Tietze t ransformat ions and the  extension theory  of groups. The paper  has 
mainly  an algebraic interest ,  r a the r  t han  a topological one, because of the  techniques 
used in the  proofs. 

As general  references for group theory  see [5], [6], [7]. 
For  presentat ions of groups in terms of generators and relations we refer 

to [8], [9], [1O]. 

2. - Throughout  this section the posit ive integers n ~nd 1 will be assumed odd 
and coprime. By  ~(n ,  l) we denote  the  Dyek's  group of type  (n, l, 2) defined by  the  
finite presenta t ion  (u, v/u~= v*= (uv)2= 1} (see [8], p. 54; [11], p. 196). 

In  order to prove the  mMn resul t  of this section we need the  following simple 
lemma whose proof has been included to make  the  reading clear. 

LE~L~A 1. -- The centre Z(~ (n ,  1)) of ~(n,  l) is trivial. 

l~Roo~. - If vu ' e  z(~)(n, 1)), t hen  vu~+~-~ (vuOu = u(vuO = v - l u  i -1  since uv -~  
= v - ~ u  -~, and thus v ~ - u  -2. I f  n = 2 1 o + l  (p>0) ,  t hen  v 2 = u  -2 implies tha t  
u ' =  (u~)~u = v-2~u = 1, whence u = v ~. Thus we have a contradict ion since 
~(n,  l) is not  a finite cyclic group (see [8]). Therefore  the  centre  of ~(n,  l) mus t  
be a subgroup of (u}. By  replacing u by  v in the  above argument ,  we can analogously 
conclude t ha t  Z (~ (n ,  l)) mus t  be a subgroup of (v} too. Therefore  the  order of 
Z (~ (n ,  1)) mus t  be a divisor of bo th  n and 1. Now the  assumption (n, l) ---- 1 com- 
pletes the  proof. [] 

PROPOSlTIOX 2. - Let Z(n, 1) be the centre oJ G(n, 1). Then the ]actor group 
G(n, 1)/Z(n, l) is isomorphic to 9(n,  1). 

CO~OLLA]~Y 3. -- The group I(n, l) oJ inner automorphisms oJ G(n, t) is isomorphic 
to ~O(n, 1). 

PROOF. -- Le t  us assume for G(n, l) the  finite presenta t ion  labelled (1). There 
is an automorphism ~: G(n, l) --> G(n, l) defined by  r = a,+l (i c d~-l), where the  
indices are mod n. Obviously ~- is the  identical  au tomorphism of G(n, l) and 
a ~ =  r for each ieA~_~.  Each relat ion of G(n, 1) can be wr i t ten  as follows: 

( 3 )  (~-(~-2)(ao) a~-(z-t)(ao) ... (~-l(ao) a~+l(ao) _-- 

-= ~-(~- ~)(ao)(~-(z-5)(ao) ... ~-4(ao)(l~-2(ao)(~(ao) �9 

By  using the  formula ai = a*(a0), each relat ion obta ined from (3) for i i r  1 -- 1 is 
easily proved to be a consequence of the  relat ion (3) wr i t ten  for i = l - -  1. How let 
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us consider the  extens ion  group O(n, l) = G(n, l) (a> wi th  the  p roduc t  (a i, g)((TJ, h) = 
-~ ((7i+J, (TJ(g)h) (for the  ex tens ion  t heo ry  of Groups we refer  to [6], p. 150; [7], 
vol. 2, p. 71, [5], p. 215). 

A finite p resen ta t ion  for G(n, l) is 

G(n,  l) = <~o,  (7: 0 . ~ =  1,  (7(ao)0.8(ao). . .  0.~-2(ao)(73(ao) = 

= 0.2(ao) G4(~o) ... , / -~(ao)0 .1-~(~o)(73-~(ao)  > . 

Since the  c o m m u t a t o r  fac tor  group of G(n, l) is nul l  (see [2]), t h e n  G(n, l) is co inc ident  
wi th  its c o m m u t a t o r  subgwoup G'(n, I). B y  se t t ing  y - ~  ao1(7 = (1, % 1 ) ( 0 . , 1 ) =  
= (0.,(7(aol)), we prove t h a t  the  second re la t ion  of G(n, / )  is equ iva len t  to  
(ya)(/-1)/~y = (0.y)(1-1)/2(7. In  fact ,  we have  

y~  = ~o~(70. = (0., (7(~o~))( (7,1)  = ( .~ ,  (72(~o~)) 

( y . ) 2 =  ((72 0.2(~01))(0.2, 0.2(a01)) = ((74, 0.4(a01).2(~01)) 

(y0.)~ = (.4,  (74(~ ~ 1) .~(~o 1))(.2, 0.~(~01)) = ( .~,  0.0(~01).4(~ ~ 1 ) .2 (% 1)) 

(y0.)(/-1)/2 __-- (0.~-1, (7~-1(aO1) ,Z-3(aO1 ) ... 0.4(a O 1)(~2((~bO1)) 

(y0.)(/-~)/2y = (y0.)(3-~)i2(0., 0.(%1)) = (,3, ,~(ao~), /-2(aol  ) . . . . 5 ( a o l  ) 0.8(aol ) (7(aol)) . 

( .y )  = 0.~o~(7 = (0., ~)(0., (7(~ol)) = ( .~,  (7(~ol)) 

((7y)2= ( . 2  .(~b01))(.2, 0.(~01)) = (0.4, 0.3(~01)0.(~01)) 

((7y)3 = ( . 4  .3(~ 01) (7(l~, 01)) (0.2 . (a01))  : ( . 6  65(~ 01) 68(~ 01) 0.((~;1)) 

((Ty)(t-1)/2 = ( , / -1,  0./-2(1%01)0./-4(a01 ) ... 0.8(ao1)0.(a01)) 

((7y)(~-t)/2(7 = ((Ty)(~-;)I2(a, 1) = (0.3, 0./-1(a~1 ) 0./-~(a ~ 1)... 0.4(%1)(72(aO1)) �9 

The re la t ion  (y0.)(l-1)/2y = (0.y)(/-1)I2(7 holds i ,  we have  

, l (aol) ,3-2(ao1 ) ... 0.~(aol)0.3(aol)0.(ao 1) -~ , / - l ( a o 1 ) , / - ~ ( a o l  ) ... 0.4(aol)(72(aol), 

t h a t  is the  inverse  of the  second re la t ion  of the  group G(n, l). 
Since aoal ... a~_~ = 1, we also prove t h a t  y~--~ 1; 

y ~ =  ~0~(7 ~0 ,0 .  ... ~ o ~  = (~, . ( ~ J ) ) ( 0 . ,  0.(%~)) ... (0., 0.(%~)) = 
1 2 n 1 2 n 

: (0.2 .2(Cb01)0.(~01))(0., (7(~01))... (0., 0.(~01)) : 

3 n 
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= (~ ,  . ( . ~ (~o ' ) . (%~) ) . (~o ' ) ) (~ ,  ~(~o~)). . .  (~, ~(~o~)) = 
4 n 

= ( ,~,  . ~ ( % ~ ) , ~ ( % ~ ) O ( a o b ) ( , ~ ,  ,~( ,~; -b) . . .  (~, ,(,~;~)1 = 
n 

- -  ( ~ ,  ~ ( ~ o ~ ) ( ~ " , ~ ( a o  ~1 . . .  ~ ( a o ~ ) )  = (1,  c~-~a - ~ o  , _ ~  . . . .  a; ~) = ( 1 , 1 /  

Thus  ano the r  finite p r e sen t a t i on  for G(n, l) is der ived:  

Le t  ~ be  the  a u t o m o r p h i s m  of G(n, l) def ined b y  ~(a) = y and  ~(y) ---- ~. Le t  G(n, l) 
be  the  ex tens ion  group  G(n, ~)(-c~ = (G(n, / ) (a))((T~) .  

Obvious]y  ~-- - -1  and  [G(n, / ) :  G(n, 1)] divides 2n. In  ~(n,  1) t he  re lut ion 
(y(~)(~-~)/2y = (ay)(~-~)/~(~ is p r o v e d  to be  equ iva l en t  to (av) ~ = (~a)~. In  fac t ,  we  h u v e  

((~) = (1,  ~)(~', ~) = (~, ~(~)) 

( a ~ ) a =  (1, (~(~))(~:, ~:(a)) = (v, ~(a)av(a)) 

( ~ T ) ' =  (T, T('~)~... T(~)~:(~)) 

(~0") = (~:, 1)(1, (~) = (,-, ~) 

(~a) ~ =  (V, a)(V, a) = (~:~, ~:(c~)(7) = (1, ~:((~)a) 

( ~ ) '  = (~, ~ ( ~ ) . . .  ~ ( ~ ) ~ )  

( /--1)12 

Since ~(~) = y, t he  fo rmula  

~(~) ~ . . .  ~(~) ~ ~(~) = ~ ( ~ )  ... ~ ( ~ )  
1 ( / - -1) /2  1 ( / - -1) /2  

is equ iva len t  to  (ya)(~-l)/~'y = (ay)(~-l)lea. 
Thus  the  group  ~(n, l) a d m i t s  the  fol lowing p re sen t a t i on :  
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Since (a~)~ commutes with the two generators a~ z of G(n, 1), the cyclic subgroup 
B = ((~)~} is central  in G(n~/): 

( ~ ) ~  = ~ ...  ~v  ~ = ~v  ... ~ = ~ 2 ~  . . .  ~ = ~ ( w )  . . .  ( r ~ )  = ~ ( ~ ) ~ .  
Y Y 1 ~-i Y "-" Y Y 

We obtain t ha t  [G(n, l): G'(n, l)] = 2n as the commutator  factor group 

G(n, l)lO'(n, l) = @, 3: a s =  v ~ = 1, av = 7:cl} 

is isomorphic wi th  the direct product  Z~ • Z~. 
Fur the r  G(n, l) ___ G'(n, 1)@~} and 

o ( ( ~ r ) , )  = o ( ~ ) 1 ( o ( ~ ) ,  ~) = 2~1(~, ~) = 2 ~ .  

Since G(n, l) = G'(n, l) ~_ G'(n, l), there is an epimorphism 

~ ( n ,  ~) /~(~ ,  ~) § ~ ( ~ ,  ~)/ /~ '(n,  ~); 

therefore i t  ~ollows tha t  [G(n, l): G(n, l)] ~ [G(n, 1): G'(n,/)] = 2n. Final ly  we have 
G(n, l) = G'(n, l) as [G(n,/): G(n, ~)] divides 2n. Since l is odd, i.e. 1 = 2p + i for 
some positive integer p, we have B = ((~)~} = (a~v ~} = (a~z 2~+~} = ( a ~ z } = ( a ~ )  
in the abelian group O(n, t)/G'(n, l). 

Then 

O(n, l) ~-- G'(n, t )@v} = ~'(n,  l )B  = G(n, 1)B . 

The factor group G(n, 1)/B has the following finite presentat ion 

By set t ing v = (~v and  u = ~-~ i t  follows tha t  the group 

G(n, l) /B = (u ,  v: u ~ =  v~= 1, (uv)~= 1} 

is isomorphic with the Dyck's  group ~(n ,  ~) of type (n, l, 2). Thus the subgroup B 
is the  centre Z(G(n,  l)) of G(n, l) since ~(n ,  l) has trivial centre and B is central  in 
G(n, 1). Fur the r  the sequence of isomorphic groups 

~D(n, l)_~ G(n, 1)/B ,~ (G(n, I )B) /B  N G(n, l)/(G(n, ~) ~ B) = 

= e ( ~ ,  0 / ( ~ ( ~ ,  ~) ~ z ( ~ ( ~ ,  0 ) )  
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implies tha t  Z(n, l) c_ G(n, l) r3 Z(G(n, l)). Since G(n, l) = G'(n, l) C'G(n, l), we also 
have G(n, l) a Z(G(n, 1)) = O'(n, l) (3 Z((](n, 1)) c Z(G'(n, 1)) c_ Z(n, l) so tha t  the  
proof is completed.  [] 

~OROLLARY 4: 

1) The group G(n, l) is in]inite whenever n > 5, 1 > 1 or n > 1, l > 5. 

2) l) is isomorphic to 0(n',  l') if/  {n, l} = {n', r}.  

3) G(3, 5 ) -  G(5, 3) is the special linear homogeneous group SL(2, 5). 

4) There is an epimorphism of G(n, l) onto the alternating group A 5 o] degree 5 
if] n---- 0 (mod 5), 1---- 0 (rood 3) or n - -  0 (mod3) ,  1---- 0 (mod 5). 

PROOF : 

1) G(n, l) admits  ~(n,  l) as factor  group and ff)(n, l) is infinite whenever  
(1-- 2) (n - -  2)>~4 (see [8], p. 54). 

2) G(n, l) ~ G(n', l') gives G(n, l)/Z(n, l) ~_ G(n', t')/Z(n', l') iff ~(n ,  l) ~_ ID(n', t') 
irr {n, l} = {n', l'}. 

3) The group G(3, 5)(__ G(5, 3)) has the  presenta t ion  <X, Y / X 3 =  lz2= (X-l :yp> 
(see [12], case n = 5, k = 1, p. 221). By  se t t ing /~  = Y-1X and S = X -1, the  group 
G(3, 5)_~ <R, S : / ~ " =  $ 8 =  (RS) 2> is isomorphic to the  b inary  polyhedra l  group 
<5, 3, 2> (see [8], p. 68), which is S.~(2, 5) as proved  in [13], p. 80. 

4) Le t  S5 be the  symmetr ic  group on Ns. We can suppose t h a t  n ~ 0 (mod 5) 
and 1 = 0 (mod 3) wi thout  loss of general i ty.  Since N(n, l) = <u, v/u~= v~= (uv) 2 = 1) 
is a factor  group of G(n, l), i t  suffices to construct  an epimorphism of ~(n ,  l) onto A~. 
Le t  us consider the  correspondences u -+p l  and  v -+p~, where p~ (resp. p~) is the  
cycle of order five (resp. three) <12345> (resp. <143>). By  making use of the  sub- 
s t i tu t ion product ,  we have (pl.p~)~= (<12> <45>)2 --  - iden t i ty  and p~ = p~ --  P2 = 
= pS~ = iden t i ty  for some integers $, ~. Thus there  is an  epimorphism of ~D(n, l) 
onto the  subgroup H of S~ genera ted  by  p~ and  p~. Now the  cycles P~,P2 belong 
to A5 since they  are even permutat ions .  Fu r the rmore  the  order  of H must  be 
divided by  the integers 5, 3 and 2, whence by  30. Since A5 has no subgroups of 
order 30, i t  follows tha t  H = A5 as requested  

For  the  converse implication,  we first note  tha t  if there  is an  epim0rphism ~0 
of G(n, l) onto a group K with t r ivial  centre  (K ---- A~ for example),  then  there  also 
exists an epimorphism of ID(n, l) onto K. In  fact ,  the  cent re  Z(n, l) of G(n, l) must  
be a subgroup of Ker  ~0 since the centre  of K is trivial.  Therefore we have 

K ~_ G(n, / ) /Ker ~0 __ G(n, 1)/Z(n, l ) /Ker ~o/Z(n, t) ~_ ~(n,  l)]Ker q~/Z(n, l) 
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(use prop. 2), whence 9(n ,  I) admits  K as factor  group. Le t  ~ be an epimorphism 
of ~(n ,  l) onto K. I f  K = As, ~(u) = S~ and yJ(v) ---- S~, then  the order of S~ (resp. S~) 
must  be a divisor of bo th  n and 60 (resp. l and 60). Since n, 1 are odd and coprime, 
the  proof of s t a t emen t  4) is completed.  [] 

]~ecently D. L. JoH~so~ and k~. ~ .  T~o~As [12] have obta ined  an independen t  
proof t ha t  the  groups G(n, 3) are pairwise non-isomorphic whenever  n is odd and  

coprime to 3. 

3. - In  this section we completely compute  the  commuta to r  factor  group 
G(n, 1)/G'(n, l) of G(n, l) for any  two posit ive integers n and 1. ~ o t e  t h a t  G(n, 1)/G'(n, l) 
represents  the  first integral  homology group of M(n, l) and therefore  throughout  
this section i t  will be denoted  b y  H~(M(n, 1)). The following proposit ion implies 
as a direct  consequence t ha t  the first Be t t i  number  of M(n, l) is always even (pos- 
sibly null). 

Pl~ol, osi~rlO~ 5. - The commutator factor group HI(M(n, l)) of G(n, l) is given by 
the following table: 

I odd => 

f Z~ i] (n, l) = 1 
n even => HI(M(n, 1)) = Z • .~_~Z • Z, ~(~.~) if (n, l) > 1 

(n,l)-- 1 times 

0 if (n, 1 ) = l  

n odd :::> H~(M(n, 1)) : Z~ • • Z2 if (n, l) > 1 

(n,l)--  1 times 

e v e n  

n oaa :::> ~ l ( M ( n ,  l)) = 

n even ~ H I ( M ( n ,  l)) = 

z ~  i t  (n, l) = z 

Zx. . .xZxZ~/ tn ,z~ i] (n, l) > 1 

(n,l)-- 1 times 

z ~ / ~  i t  (n, l) = 2 

ZX. . .xZxZ~/(~,~)~ if ( n , l ) > 2  
(n,1)--2 times 

PROOF: 

I) t odd. 

Le t  us assume the  finite presenta t ion labelled (1) for the fundamenta l  group 
G(n, l) of M(n, l). In  the  commuta to r  factor  group HI(M(n, 1)) of G(n, 1), the  rela- 

t ion a~ai+~ = 1 ( i  ~ A n - i )  holds (see [2]). 
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B y  i n d u c t i o n  on k ~ Z,  i t  fol lows t h a t  a~ -~ : a~+,+~,~. Thus  t he  g roup  H~(M(n ,  1)) 

has  a f ini te  p r e s e n t a t i o n  whose  g e n e r a t o r s  on ly  a re  a l ,  a~, ... ,  a~. F u r t h e r  such a 

p r e s e n t a t i o n  a d m i t s  t h e  fol lowing r e l a t ions  

(~) a+ : a~+ ~ = aV+~+ ~ (i  ~ ~)  

(5) w~ai+ 1 : a~+la ~ 

(6) a l a ~ l  a~a~ 1 ..,  a~--�89 a~ = 1 

1.1) l odd,  n e v e n  a n d  (n, l) : 1. T h e r e  exis ts  a n  i n t ege r  k (resp. h) such 
t h a t  i ~- 1 ~ 1 -~ 2lk =-- i ( rood  n) (resp.  i -~ 21h - -  i + 2 (mod  n)). T h e n  t h e  re la-  
$ions a~ = a~-+~l a n d  a~ ---- a~+2 ho ld  for  each  i ~ ~V~, i odd.  F u r t h e r  we  h a v e  al = a~ 
(resp. a 1 = a~ -1) for  i e s i odd  (resp. i even) .  B y  m a k i n g  use  of  t he se  fo rmulas ,  t he  

r e l a t i on  ( 6 ) b e c o m e s  (a~)~= 1; t h e r e f o r e  

H , ( M ( n ,  1)) = < a~: a~ = 1 > ~ Z ,  . 

1.2) ~ odd,  n e v e n  a n d  (n, 1 ) ~  1. T h e r e  ex is t s  a n  inr  k such  t h a t  
i ~ i -~ (n, l) ~ 21k ~ 1 (rood n). F o r  each  i n t ege r  h, i t  fol lows t h a t  i -~ 1 ~ 21h ~ i  

(rood n)~ i ~ j ~ 2lh ( m o d n ) ,  i ~ ~ ~ 1 ~ 2lh (mod  n) a n d  i ~ ~ ( m o d n )  w h e n e v e r  

~ < i  < ~<(n, l). 

-1 - -  ... = a~-+~ for  each  i ~ hr(~,~). S ince  T h e n  we h a v e  a~ = a~+(+,~)+~ = ai+2(+~,~)+ ~ - -  
i -~ l -~ 21k ~ i ~- (n, l) (mod n)~ t h e  r e l a t i on  (4) g ives  a~ = i+(~,z). T h e n  t h e  for-  

, ~/(n,~)_ 1. B y  s e t t i n g  z a la  ~ we o b t a i n  m u l a  (6) b e c o m e s  (ala ~ . . . .  (~,~)~ - -  = a(~,~), 

H I ( M ( n  , l)) = (a l ,  a2, .. . ,  a(~,~)_l, z/z~/<~'~)= 1, 

a~aj = aja~, za~ = a~z ~ "~ Z • ... • Z • Z~/(n,~ ). 
(~,~)--  1 t i m e s  

1.3) I odd,  n odd  a n d  (n, l) = 1. Th is  case  is a consequence  of a s t a t e m e n t  

p r o v e d  in  [2]. 

1.4) l odd,  n odd  a n d  (n, l) > 1. T h e r e  exis ts  an  i n t ege r  k (resp. h) such  t h a t  

i ~ l ~ - 2 1 k = i  ( m o d n )  (resp.  i ~ i ~ ( n , l ) - ~ 2 1 h  ( m o d n ) )  for  each  i e N ~ .  Thus  
we  h a v e  a i = a~ -1 a n d  a~ = a~+(~,o for  each  i ~ ivy. T h e  r e l a t i on  a~ = ai+~(,.~) holds  

for  i E N(~,~) a n d  p e s ). S ince  i ~ j -~ 21k (rood n), i ~ i ~ 1 ~ 2lk (mod  n) a n d  
i ~ j (mod  ~) w h e n e v e r  1 < i  < i <  (n, 1), t h e  r e l a t i on  (6) b e c o m e s  (ala 2 ... a(~,~)) ~/(~'~)= 1. 

T h e  i n t ege r  1/(n, l) is odd  as 1 is odd ;  s ince  a~ = 1~ i t  fol lows t h a t : a l a  ~ ... a(~.~)----- 1. 
F i n a l l y  we  h a v e  

~l(M(Yb, l)) = ( a l ,  a2, . . . ,  a(,t,D_l*, cb 2 = J. (i c ~V<n,I)_l) , ~i~j ~- a i a i } ,  

i.e. H~(M(n ,  1)) ~ Z 2 • 2 1 5  
( n , l ) - - I  t i m e s  ' 
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I I )  1 even. 

Assume  for G(n, l) t he  f ini te  p r e s e n t a t i o n  label led (2). 

L e t  us cons ider  two  consecu t ive  re la t ions  of G(n, 1). 

(~-1 ~-i (~-I -i 
i - -2  i - -4  "'" ~i- - ( l - -2)(~i-- (1--3)(~i-- (~--5)  . . . .  t ~ i _ i ~ i +  i = 1 

(~-i (~-i a-i -i = 1 
i + l  i - -1  i - -3  "'" ~ b i - - ( l - - 3 ) ~ i - - ( 1 - - 4 ) ~ i - - ( 1 - - 6 ) " "  ~ i ( ~ i §  

B y  pai rwise  mul t ip l i ca t ion  a n d  s implif icat ion in the  ~bcl ian  g roup  H ~ ( M ( n ,  1)), we 

ge t  a~ = a,+~. B y  i n d u c t i o n  on k e Z, i t  follows t h a t  a, = a~+~ for  each  i e zJ~_z. 

I I .1 )  ~ even,  ~ odd  and  (n, l ) :  1. There  exists  an  in t ege r  /~ such t h a t  

i q - I / ~ -  i q - 1  (rood n),  i.e. a , =  a~+~ for  each  i e A~-i.  I n  this  case t he  r e l a t ion  

a ~ _ ( ! _ ~ ) ~ i _ q _ ~ ) t ~ _ q _ 5 )  . . .  a i _  i a i +  i = i 

is an  i d e n t i t y  for  each  i e ~n-1. The  re l a t ion  aoa~ ... a~_~ : i becomes  a~ : 1. T h u s  

we h a v e  H i ( M ( n ,  l)) ---- <al: a7 = 1> _~ Z~. 

I I .2 )  1 even,  n odd  a n d  (n, 1 ) > l .  

i ---- i q- (n, I) Jr lk (mod n) ; t he re fo re  we 

i E 2u 

B y  i n d u c t i o n  ou  r ~ Z ,  i t  follows t h a t  a~ ---- a~+,(~, 0. T h e n  t he  r e l a t ion  

There  exis ts  an  in t ege r  k such t h a t  

h a v e  cbi= ai+(n,O+~ = a~+(n,~ ) for  e~ch 

is e q u i v a l e n t  to  

aO(T I ... (Tn-- I = 1 

, ,  \ h i (n ,1 )__  
(aia2 . . . .  (~,0J - -  1 .  

Since i ~  j ( m o d n )  if 1 < i <  j < ( n ,  l) a n d  b y  se t t i ng  z - - - - a l a  2 ... a(,,,o, we ob t a in  

H i ( M ( n  , 1)) : <a i ,  a2, . . . ,  a(~,0_l,  z: z ~I(~'~)= 1, a i a  j : aja~, za i = a~z}  ~-- 

Z x Z . . .  x Z x Zn/(~j ) . 
(n,l)---1 t imes 

I I .3 )  1 even,  n even  a n d  (~, l ) =  2. There  exists an  in t ege r  k such t h a t  

i ~ - i ~ - 2 - ~ l k  ( m o d n ) .  T h e n  we have  a i - - a ~ + 2 + ~ = a ~ +  2 for  e a c h i e A , _  1. The  
re l a t ion  aoa ~ ... a ,_~ = 1 becomes  (a~) ~/2 (a2)"/2= 1. F r o m  the  o t h e r  re la t ions  of 

H i ( M ( n  , 1)), we ge t  (ai) -~/2 (a2) ~/e = 1. B y  se t t i ng  x = a la , ,  y = a~, i t  follows t h a t  
x "/2 = 1 a n d  y~ = x ~/2. F u r t h e r  we h a v e  y,~[2 = (y~) ,12  (x,/2)~/2__ 1 a n d  

X = 00 (~(~12)+a(n12)) = X ~ ( l l 2 ) x q ( n / 2 ) =  X ~ ( l i 2 ) =  y ~ l  

for  some in tegers  p a n d  q. Thus  H I ( M ( n ,  1)) = <y/y,Z/2 = 1> ___ Z~l/2. 
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I IA)  1 even, n even and (n, l ) >  2. There exists an integer  tc such tha t  
i + lk =--i + (n, l) (rood n). Thus we have a~-~ a~+~::  a~+(,,0. The relut ion 
aoa ~ ... a~_~ = 1 becomes (a~a 2 .... a(.,J~/(~'~)= 1. F ro m  each relat ion 

we get  

a~- l a i -_12  . . .  a i _ l a i +  1 = l ,  

~ll(n,D __ , ,  ~ll(nJ) 
(~2(~4 "'" ~(~,~)) - -  ( a l a ~  . . . .  ( n , / ) - l /  �9 

By setting x ~ a~a2.., a(~,~) and y = a~a 3 .... a(,~,0_~, i t  follows tha t  x<(n'0= 1 and  
x~t(n'O= y~l(~'~)~ i.e. 

H~(M(n,  l)) = (a~, a~, ...~ a(~,~)_~, x, y: x~/(~'~)= 1, J/(~'~)-- ye~/(n,~) 

a i a ~  - ~  a ~ a t ~  a i x  ~-- x a l ,  a i y  ~ y a t >  �9 

F ur the r  we have 

~.nd 

y~,Z~lO~,z)~ (y~l(nJ))nl(n,~): x~nl(n,~)' 1 

x = XV'dn'l)yq~l(n'~): Xq~/("~)--~ y2qll(n,D 

for some integers p, q. Final ly  

HI( M(n  , 1)) = <al, a.2, ..., a(,,~)_2, y: y21~/(~,~)~-~ 1, aiaj : ajai,  y a ~ :  a~y) ~_ 

~_ Z • • Z • Z2n~/(~,02. [] 
i~,0-2 tim& 

COROLLAI~Y 6. - I f  n, n' are even and t~ l' are odd, then G(n~ l) is isomorphic to 
e(n' ,  v) ifl  {n, ~) = {n', v}. 

I] n, n', l~ l' are odd (resp. even), then G(n, l) is not isomorphic to G(n', l') whenever 
(n, ~) r (n', V). 

PI~OOF. - By  not ing tha t  G(n, l ) ~  G(1, n), the  proof is a direct  consequence of 
proposi t ion 5. [] 

4. - In  this section we s tudy  some algebraic propert ies  of the  groups G(4, l ) _  
~_G(l, 4) for I - - - - -4q+3 ,  q>O, and G ( 3 , 1 ) ~ _ G ( 1 , 3 ) f o r l - - ~ 6 q + 4 ,  q >0 .  We have 
the following 

PlcoPosIr 7. - The group G(4, 4q + 3), q > 0 ,  has the ]inite presentation 

(X,  Iz: X~+3 : Iz~+3 : (p+~X~+~)~}. 
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I n  particular G(4, 3) is the binary tetrahedral group <2, 3, 3}. Moreover G(4, 4q ~- 3) 
is isomorphic to G(4, 4 q ' ~  3) i l l  q = q'. 

PROOF. - A finite presentat ion for G(4, l) (1 = 4q -[- 3, q>0) is given by 

G(4, l) ---- <a0, al , a.~, a3: ao1(a21aol)q(a3al) q+ l = 1, a~ l (a~l  a~l)q(a2ao) q+ l = 1 ,  

a21(aol  a ;  i)q(al a3)q+ l = 1, all(a~1a-ff l)q(aoa2)q+ l : 1>. 

Since (asal) q+l-~ aa(alas)qal, we have 

(7) ao l (a~ l  aol)qas(alaa)qal = 1 

(8) a~l(a~la~l)qa2(aoa2)qao = 1 

(9) a~l(aolayz l)qal(a3al)qas = 1 

(10) a-~1(a~l aZ1)qao(a.zao)qa~ = 1 . 

The  relation (10) is a consequence of the other relations. In  fact, by  successively 
multil01ying (7) (8) (9), i t  follows tha t  

a~ l (ao l  a~l)qal(asal)qasa~l(a~l  a~l)qa2(aoa2)qaoaol(a~l aol)qa~(alas)qal-~ i ,  

i.e. a~l(aola~l)qala.zas(ala3)qal - -  1. Since a la~a3= ao 1, we obtain a j l ( a o l a ~ l )  q. 
�9 aol(ala~)qal ~ 1, which is the inverse of the relation (10). By making use of the 
formula a o l =  alaea 3 (or equivalently a o =  a~1ay21a~1), we can only consider the 
three ~ollowing relations for G(4, l): 

ai a.zas(a~ I ai a2as)q(a~al)q+ l = i 

a~i(a-~la~l)q(a2a~ia~ia-~i)q+l= 1 

a j  l(al a.~a3a~ l)q(al aa) q+ l --~ 1 

or equivalently 

(a~l al a2aa)a+ l(a3al)q+ l = a~ 1 

(a~al)-~-l(ala2a3a7~1)-~-l= a71 
a ~ l ( a l a u a s a ~ l ) q ( a l a J  +1 = 1 .  

Since (a~la la2as)q= af l (ala2aaa~l)qa2 and (alan)q= a l ( a s a y a ~  1, we have 

- - 1  q + l  - - 1  q , ~ l  ~ - -  (a2 ala2as) al (ala~) al a~ 1 

(a las ) -q - l  ala2(a~l a la2as ) -q - l  a ~ l =  1 

( a [ l a l a ~  a~)"a;l(a~a.)~ = 1 .  
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By sett ing X = ala ~ and Z -~ a;~a~a2as, it  follows tha t  

z q + l a l l X q + l a l  : a21 

x - q - l a l a 2 z - q - l a 2 1  = 1 

Z q a ~ I X  q+1 = 1 .  

Then we obtain  

Z q + l X q + l Z - q - l X q + l Z  ~q+l = 1 

Z = z - q x q + l Z 2 q + l x q + l z - q - l x - 2 q - 1 .  

Finally the  group G(4, l) admits  the  following finite presentat ion 

G(4, l) ~- <X, Z: X ~ =  ( Z - q - l X q + l ) 2 =  Z-~> , 

where 1- - - -4q~-3  (q>0).  By  set t ing Y = Z  -~, we have 

G(4, l) = <X, Y: X ~ =  Iz~= (lZ~+~X~+~)~>. 

I f  q = 0 (i.e. 1 = 3), then G(4, 3) = <X, Y: X a =  ya = (yX)~> is isomorphic to the  
binary te t rahedral  group <2, 3, 3> (see [8], p. 69). Final ly the  s ta tement  of propo- 
sition 7 follows by  using corollary 6. [] 

PgOPOSI~:m~T 8. - The group G(3, 6q Jr 4), q~>O, has the finite presentation 

<Z, Y: X ~ + ~ =  y ~ =  ( y - 1 X ~ + l ) 9 .  

I n  particular G(3, 4) is isomorphic to the binary tetrahedral group <2, 3, 3>. Further- 

more G(3, 6q ~- 4) is isomorphic to G(3, 6q' ~- 40 il] q = q'. 

P~ooF. - A finite presentat ion for G(3, l) (1 = 6q ~- 4, q>0)  is given by  

G(3, l) = <ao, a,, a~: 

(11) 

(12) 

(13) 

(14) 

aol a~l(a;l aol a:l)q(a2al ao)%al = 1 ,  

a;  l ao~(a[ l a[l aolY(a~ aoa~)% ao = 1,  

a~l a~l(aol  a[ l  a[1)q(aoa2al)qaoa2 = 1 ,  

a 1 a 2 a o --~ 1> . 
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Since the  relut ion (13) is n consequence of (11), (12) and  the  formula  (14) gives 

ao ~ ~- a~a 2 (or equ iva len t ly  @o ~- @~@~1),  we jus t  need  to consider the  two following 
rela t ions for G(3, l); 

Since 

and 

we obta in  

@1@2ct71(a21@l tt2@-ll)q(ct2 a1@21@71)a @2@l = 1 , 

@2161 @2 (@11 @~ 1 al  af)q(@l @21 @11 @2)q@1 @21 @11 : 1. 

(t~2ttla21all) q+l = ag(a I ct21@~l@2)q+1@21 , 

(@2-1 a1@2 a l  1)q+la2(al @21 @11@2)q+ 1 @21 = @22@11 

(a~ l  al  a.za~ l)q+ l a l ( a l a ~  l a ~ l  a~)q+ l = @.~ . 

By se t t ing  X ~ a~ 1 @1 a 2 a~- 1, i t  follows t h a t  

Xq+ l @2 X - q - l  a21 _~_ @22@11 

Xq+l@l X - q - l - ~ -  ~2 " 

Then we have 

or e q u i v a l e n t l y  

a l X a + l @ l X q + l ~ l X - q - 1  ~ X a 

X ~- X a + l c t l l X - q - l @ l X q + 1 @ i X - q - l a 1 1  

(@1xq+1)3 ~ X I/2 , 

X ~ X ~ + l a - ~ l X - ~ - l c t l X q + ~ a l X - q - l @ l ~ .  

B y  s e t t i n g  17 ~ a~X~+Z, we o b t a i n  

X = X 2q+2 Y - 1 X - q - 1  Y ~ X  -q-1 y - 1  . 

F r o m  these  relat ions,  i t  follows t h a t  

~3_~ X3q+~, 

X s ~ + ~  = ( Y - ~ X ~ + ~ )  ~ . 



316 AL]~RTO CAV~CCmoL~: On some properties o] the groups G(n~ l) 

B y  se t t i ng  Z = Y - ~ X  2~+~, t h e  g roup  G(3, l) (1 = 6q ~-4~ q>~0) ~dmi ts  the  follow- 

ing f ini te  p r e se n t u t i on  

G(3, l) : (X ,  Y, Z: ]~s=  XSq+2= Z8 YZ ~ XP~+~. 

I I  q ~ 0 (i.e. 1 ~ ~)~ t h e n  

G(3~ 4) = (X~ Y~ Z :  y a :  X ~ :  Z a, :YZ--~ X~ ---- 

: ( :g ,  Z :  : g ~ :  Z a :  (YZ) ~) ----- (2, 3, 3 } .  

F ina l ly  t he  s t a t e m e n t  of p ropos i t ion  8 ~o]lows b y  us ing  corol la ry  6 ~nd the  iso- 

m o r p h i s m  G(3, 6 q - ~  4) ~_ G(6q -~ 4, 3). [] 
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