
A n  Identi f icat ion Prob lem 
for a Semi l inear  Parabol ic  Equat ion  (*). 

A. LOl~E~ZI - E.  PArAt~O~I (**) 

S u n t o .  - Si considera un problema sovradeterminato per l'opeuatore pa~abolico semilineare 
~(u) = D t u -  D ~ u -  a(u) contenente un termine incognito a(u) c si 2~ova resistenza di 
almeno una soluzione (u, a). 

O.  - I n t r o d u c t i o n .  

We consider ~ semil inear  parabol ic  equat ion  of the  fo rm 

(o.1) D , u - -  D ~ u - -  a(u) = ] in  Q r =  (0, l) x(0 ,  T) (/, T > 0) 

Subject to the  following bounda ry  and  init ial  conditions 

(0.2) D~u(0, t) = fll 0 < t < T  

(0.3) D~u(1, t) • t~2 O < t < T  

(0.4) u(x, O) = g~(x) 0 < x < l  

fll and  fiz be ing negative constants .  
For  a prescribed funct ion a i t  is well known t h a t  problem (0.1), (0.2), (0.3), (0.4), 

admi t s  ~ unique solution u (e.g. f rom the  anisotropic  tt61der space C2+~,(2+~)/~(Q~)), 

prov ided  t h a t  a and  the  da ta  / a n d  g~ belong to sui table  tt61der spaces. 
On the  con t ra ry ,  in our ease the  funct ion  a is assumed to be  unknown.  In  order 

to de te rmine  the  pa i r  (u, a) i t  is ev ident  t h a t  we need fu r the r  in format ion  in addi- 
t ion  to (0.2), ..., (0.4). 

(*) Entrata in Redazione il 7 matzo 1987. 
(**) Gli autori sono membri del Gruppo hTazionale per l'Analisi Funzionale e le Appli- 

cazioni del C.N.R. 
Lavoro parzialmente finanziato dal Ministero della Pubblica Istruzione. 
Indirizzo degli AA.: Dipartimento di Matematica, Via Saldini 50, 20133 Mflano (Italy). 



264 A. Lo~E~zI - E. PAPA~0~I: An  identi]ieation problem, etc. 

The addit ional  boundary  conditions we are going to consider are the following 

(0.5) u(0, t) = g~(t) 0 < t < T  

(0.6) u(l,  t) = g2(t) 0 < t < T .  

However  such conditions prove to be not  sufficient to determine a: in fact  using (0.5) 
and (0.6) we can de termine  a only in the  ranges of g~ and g~, bu t  not  (in general) 
in the  range of ga. 

IIence,  in addi t ion to (0.5), (0.6), we shall suppose tha t  the  funct ion a (essentially 
an  unknown source t e rm depending on the  <~ t empera tu re  ~> u) is known over some 
in terval  of tempera tures  coinciding with the range of gs. 

Thus we get the  fu r ther  informat ion 

(o.7) a(~) ~- ao('r /or any ~ in the range o] Ha. 

Our identification problem consists therefore  in determining a outside the  range of gs. 

RE~A~K 0.l.  -- We observe tha t  boundary  conditions (0.2) and (0.3) are quite 
part icular .  Their  in t roduct ion  is in tended  only to simplify our exposition. The 
general  ease, where the  constants/31 and fi~ are replaced by  a pair  of non negat ive 
functions g~ and g~, is t r ea ted  in the  in ternal  repor t  [8]. 

F inal ly  we stress tha t  a problem similar to ours involving nonlinear parabolic 
equations in non-divergence form in the  mult idimensional  case was first s tudied by 
ISKENDEROV [4]. ]~e obta ined  mainly  uniqueness and stabi l i ty  results. As far as 
existence is concerned, he outl ined an i tera t ive  procedure s tr ict ly depending On the 
knowledge of the  temperature-f lux on the  lateral  boundary  of the  cylinder under  
consideration.  

Taking advantage  substant ia l ly  of the  same procedure  BEz~o$6E~xo [1] proved 
la ter  on some existence theorems (in the  large) for solutions to inverse problems 

re la ted to quasilinear parabolic equations.  
Unfor tuna te ly  such techniques seem not  to apply  when ei ther  the  equat ion is in 

divergence form or the  unknown funct ion a does not  appear  in the  boundary  
conditions.  

l .  - S tatement  o f  the  m a i n  result .  

Before s ta t ing our result,  we have to specify the  II61der spaces which ar% from 
our point  of view, the  funct ional  f ramework appropriate  for invest igat ing the inverse 
problem (0.1), ..., (0.7). 1Vlore exact ly  the  unknown pair  (u, a) is looked for respect-  
ively in the  space ~l~• where gO(u) denotes the  range of u , ~  (0,�89 
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7 s (~, �89 ~nd 

(1.1) % = {~ e c~§ D~u, D,~  e C~+~'<~§ (1) 

We observe tha t ,  in order not  to overburden  our notat ions,  th roughout  the  paper  
we shall use the  following notat ions  

where n = 0, 1, 2, ..., fl e (0, 1) and w c /~  denotes the  domain of 9. 
In  different situations we shall use explicit  notations.  
Our resul t  requires thg t  data  satisfy the  following basic bounds 

(1.5) D~f(x, t)<-- m V(x, t) sOT 

(1.6) D~g~(t) > m ,  D~g~(t)<-- m Yt E [0, T] 

(1.7) D~g~(x) <-- m Yx ~ [0, l] 

for some prescribed positive cons tant  m such tha t  

(1.8) m < m i n  ([~1[, [fl~]) �9 

I~EI~IARK 1.1. -- According to bounds (1.6), (1.7) the  chain of functions {gl, g3, g~} 
tu rns  out  to be monotonic  non increasing on the  parabolic boundary  of QT. 

As far  as the  smoothness of data  is concerned,  we shall assume t h a t  

(1.9) I e C~+~'(~+~)f2(~)~) 

(1.10) gl, g2e Cs+v([O, T]) (0 < ~ < 7 < �89 

(1.11) g~e C6+~([0, l]) 

(1.12) ao e e~+~([g~(l), g~(0)]). 

Moreover the  data  ], gl, g~, g3, a0 have to satisfy suitable consistency conditions 
at  (0, 0) and  (l, 0). For  the  sake of b rev i ty  we do not  list them,  bu t  we l imit  ourselves 
to ~sserting t ha t  t hey  can be easily derived by  equations (0.1), ..., (0.7) using the  

(1) For the precise definition of tt61der spaces see [5, ehpt. 1], where they are denoted 
by H 2+~ r 
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following formulas  

(1.13) 

(1.]4) 

l ira ~ ~ = DtD~O, t )  D~Dtu(x , O) lira ~ a'  
x-->O+ t->O+ 

lira ~ D~D~u(l, t) . D~Dtu(x, 0) = lira J 
x-->~-- t--->O + 

We can now s ta te  our existence resul t  t h a t  we shall p rove  in sect ion 5. 

THEO~E~ 1.1. - Suppose that the data [, g~, g~, g3, ao enjoy properties (1.5), ..., (1.12) 

for some o~ ~ (0, �89 and y e (o~, 1) and assume that they satisfy also the consistency con- 
ditions implied by (0.1), ..., (0.7), (1.13)~ (1.14). Then there exists a positive con- 
stant T /or which the inverse problem (0.1), ..., (0.7) admits a solution (u, a ) e  ell x 

x c~+ffa(u)). 

2. - Some basic estimates for the solution to problem (0 .1) ,  . . . ,  (0 .4) .  

We observe t h a t  the  unknown  funct ion a appear ing  in equat ion (0.1) m a y  be 
de te rmined  a t  mos t  on the  range  2~(u) of u. Therefore  i t  is basic to find out  ~(u)  
in t e rms  of t h e  funct ions g~, g2, g3 only. Consequently our first t a sk  in this section 

consists in showing tha t ,  if (u,a)~ClL• is a solution to p rob lem 
(0.1), ..., (0.4), t hen  u a t t a ins  its m i n i m u m  and  m a x i m u m  values on the  parabol ic  
bounda ry  of Qz. Actual ly  we are going to prove  much  more.  Owing to the  techniques 

developed in the  sequel we are  forced to show t h a t  D~u is bounded  away  f rom 
zero in ~)z. 

To that purpose  we need to in t roduce the  Banaeh  space C~+~(/~) consist ing of 

funct ions a ~ C(R) such t h a t  

(2 .1)  IJal[~+r = Sup la(~:)l -1- Sup IT - -  GI-~ID~a(~) ---D~a(G)[ < -I- oo.  
�9 ~t t  v ,  ael~ ;3 r a 

I n  the  sequel we shall use also the  following met r ic  subspace of C~+'(/~) 

(2.2) 

where a0 is the  funct ion in Cd+~([ga(1), g3(0)]) appear ing  in (0.7). 

TKEO~E~ 2.1. -- Suppose that the data ] and g8 satisfy bounds (1.5) and (1.7). Then, 
iJ (u, a)eCtL• is any solution to problem (0.1), ..., (0.4), we have 

(2.3) D~u(x, t) <- -  rain (raM -1, m) V(x, t) e Qz ,  

where M is a positive bound of Ha]!l+v. 
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P~ooF. - Observe first t h a t  according to the  results  in [5, chapt .  5] the  solution 

u - ~  U(a) to p rob lem (0.1), ..., (0.4) belongs to C2+~'(~+~)/2(~)r) together  wi th  the  

der iva t ive  D~u. 
In t roduce  now the  funct ion w ~ C2+~'(2+~)/2(~)T) so defined 

(2.4) 

where 

(2.5) 

w :  D ~ u - ~ v ,  

---- min  (mM -1, m) . 

I t  is easy to check t h a t  w is ~ solution to the  following Cauchy-Dir ichlet  p rob lem 

(2.6) 

(2.7) 

(2.S) 

(2.9) 

Dew--  D~w-- wD~a(u) = -- ~,.D a(u) + D~l in Q~ 

w(o,t) = ~ , + ~  o < t < y  

w(x, O) -= D~g3+ v O<x<~l 

w(l, t) = fl~-~- u O <~ t <~ T . 

F r o m  bounds  (1.5), (1.7) i t  is i m m e d i a t e  to realize t h a t  our choice (2.5) oi v assures 

the  nonpos i t iv i ty  of the  r ight  m e m b e r s  in equat ions (2.7), ... ,(2.9). The same is 
t rue  also for the  r ight  m e m b e r  in (2.6). I n  fac t  V(x, t) e~)~, VT e :R(u) we have  

(2.1o) - -  ~D~a(~) ~- D ~ l ( x  , t)<...~,M-- m < O  . 

F r o m  the  m a x i m u m  principle we infer t h a t  w ~< 0 in ~)r. [] 

CO~OLLA]~y 2.1. - Under hypotheses (1.5), (1.6), (1.7) the range o/ the solution u 
to problem (0.1), ..., (0.6) is the interval [g2(T), g~(T)]. Moreover u satis]ies the ]ollowing 
bounds 

(2.~1) g~(~)<~u(x,t)<g~(v) Y(x,t)  eQ~,  V~e (0, T ] .  

PI~00F OF COROLLAlCY 2.1. -- F r o m  bound (2.3) we i m m e d i a t e l y  infer  t h a t  

(2.z2) g~(t) ~- ~(l-- x )<u(x ,  t)<~g~(t)- vx V(x, t) eQT.  

Using the  s t r ic t  mono ton ic i ty  of gl and  g~ (~), f rom (2.12) we easily derive (2.11). 
Since gl and  g2 are the  bounda ry  values of u, f rom (2.12) we conclude t h a t  the  ra~nge 
of u is jus t  the  in t e rva l  [g2(T), g~(T)]. [] 

(~) See bounds (1.6). 
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Now we s tudy  the  dependence  of the  solution U(a) to p rob lem (0.1), ... ,(0.4) 

upon a, as a varies in the  met r ic  space C~+r(t~,~ defined b y  (2.2). More exac t ly  we 
a o ~--2 

are in teres ted  in deriving severM es t imates  assar ing the  boundedness  and  the  con- 
t i nu i ty  of the  opera tor  U. They  will p rove  to be the  basic tools to solve the  t rans-  

fo rmed  inverse  p rob lem of section 3. 
To this purpose  we stute  the  following theorems:  

THEOREM 2.2. - -  Assume that a e C~+r(t~,~ and that the da ta / ,  g~, g2, g3, ao possess go x ~ - i  

properties (1.5), (L7), (1.9), (1.11) and satis/y consistency conditions implied by 
(0.1), ..., (0.7), (1.13), (1.14). Then problem (0.1), ..., (0A) admits a unique solution 
u ~ U(a) satis/ying the following estimate: 

(2.13) 

1+? VaE C~, (/~). 

The (( constant )~ C~(T) depends obviously on T, but it is also an increasing/unction o/ 
t[a]lz+~ and o/ the norms o/ data in the prescribed spaces. Moreover C~(T) remains 

bounded as T -> 0+. 

T~EOREM 2.3. -- Let hypotheses listed in theorem 2.2 be satisfied. Then the map 
a -+ U(a) is continuous /rom C~+~(1~) into C~+~'(2+~)/2(Q~) and satisfies the estimate 

(2.14) 11 7(a2)- a, ll= Val,a e Co. 

where the (~ constant ~) C2(T) enjoys properties similar to the ones o/Cz(T) in theorem 2.1. 
Moreover the maps a -~ DU(a) and a --> D~a(U(a)) are bounded and continuous 

/ tom Cz+v(R~ (0 < ~ < ? < �89 respectively to C~+~'(~+~)/2(~)~) and C~'~/2(Q~). 
a o ~ - ~ 1  

We observe t h a t  e s t imate  (2.13) is of the  Schauder type,  and  can be inferred as 
in [5]. Therefore  we omi t  the  proof  of t heo rem 2.2 and  refer  the  reader  in te res ted  
in a detMled proof  to the  in te rna l  r epor t  [8]. 

On the  con t ra ry  we sh~ll give a proof  of the  less usual  theorem 2.3. However ,  
owing to its length~ we pos tpone  i t  to section 5. 

3. - The inverse problem trasformed. 

This section is devoted  to t r ans fo rming  our inverse p rob lem (0.1), ..., (0.7) into 
a new one, character ized b y  the  appearence  of the  unknown funct ion a in the  boundary  

(8) Dv ~- (Dzv, Dtv) denotes the gradient of v. 
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conditions. 

(3.1) 

where 

(3.2) 

The new problem involves a and the function v so defined 

v ---- L(U(a), D) Dt U(a), 

U(a) is the solution to problem (0.1)~ ..., (0.4) and 

.L(u~ D) - -  D . u D t - -  DtuD~ . 

Assuming for the moment  t ha t  v ~ C2+~,(~+~)/~(QT), w~ can show tha t  (v~ a) is a solu- 
t ion to the following inverse problem 

(3.3) D~v -- D~v -- 2[D~ U(a)/D~ U(a)]D~v -- D~a(U(a)) v = 

-= Q(U(a)) q- D~]D~V(a)--  D~D,]D,U(a) in QT 

(3.4) v (o , t )  = gl(t) o < t < r  

(3.5) D.v(0, t) =- Dtg~(t)Dt[a(gl(t))] -- a(g~(t))D~gi(t) Jr ~2(t) O < t < T  

(3.6) v(x, O) ----- ~3(x) O<~x<~l 

(3.7) v(1, t) -~ ~4(t) O < t < T  

(3.8) D~v(1, t) -= Dtg2(t)Dt[a(g2(t))] -- a(g2(t)) D~(t) ~- ~5(t)  O<t< T 

(3.9) a(~) ---- ao(~) g~(1)<~<<.g~(O). 

The functions Q(U(a)) ~nd ~j (j ---= 1, ..., 5) ~re defined by the following equutions 

(3.10) Q(U(a)) =- {D~ U(a) -- 2[D~ U(a)]~/D~ U(a)} Dt U(a) q- {-- 3D~Dt U(a) -q- 

q- 2D~ U(a)Pt U(a)/D~ U(a)} D~Dt U(a) q- 2D~ U(a)[D~Dt U(a)]2/D~ U(a). 

(3.11) (jl(t) -~ fl~Dyg~(t) O<~t<~ T 

(3.12) ~(t) = Dtg~(t)Dt](O, t ) -  ](0, t)D~g~(t) O<~t<T 

(3.13) ~a(x) -= D~g3(x){DJg~(x) Jr D~(ao(g3(x))) ~- D~](x, O ) -  D~ao(g3(x))" 

�9 [D~g~(x) q- ao(g3(x)) -ff ](x, 0)] q- D~/(x, 0 ) } -  [D~g3(x) q- ao(g3(x)) q- ](x, 0)]. 

�9 + + 0)} 

(3.14) ~4(t) = fl2D~g2(t) O<.<t<<. T 

(3.15) gs(t) = Dtg~(t)Dt](l, t ) - / ( l ,  t)D~g2(t) O<<. t<.KT . 

In  order to derive equations (3.3), ..., (3.9) i t  suffices to use est imate (2.3), the fol- 
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lowing identities and to perform s tandard  computations 

(3.16) 2)~ r(a) - L(~(a) ,  2)) 2)~ ~(a) = 0 

(3.17) D~ V(a) -- D~ U(a) D~D~ U(a) = 

= D~ U(a)D~ U(a) -- D~ U(a)D~Dt U(a) -- [D~D~ U(a)] ~ 

(3.18) D~ V(a) -- L(U(a), D) D~D~ U(a) = 

-~ Q(U(a)) ~- 2[D~ U(a)/D~ U(a)]/)~ JS(U(a), D) Dt U(a) , 

where Q(U(a)) is defined by  (3.10). 

X~EI~ARK 3.1. -- According to theorems 2.1 and 2.2; from definitions (3.10), ..., (3.15) 
we infer the following relations 

(3.19) bl(a) ~ D~ U(a)/D~ U(a); bl(a), D~b~(a), D~b~(a) e C~'~I2(QT) 

(3.20) b,(a) ~ D,a(U(a)) e C~'~/2(~)T) 

(3.21) q(~;(a)) e c~'~/~(~) 

(3.22) ~ ,  ~de C1+7([0, ~/~]) 

(3.23) g',, ~, e c(~+~)~([0, r]) 

(3.24) ~3e C~+~([0,/]) �9 

We notice now tha t  in our original case the function v belongs to C~'~/2(~)z), but  i t  
does not  (in general) to C2+~'(~+~)/2(~)z). However we can prove, using an approxi- 
mat ing and regularizing procedure concerning the function a and involving the clas- 
sical problem (3.3), ..., (3.9), t ha t  (v, a) solves equation 

D~(~bl(a)) - -  b~(a)qD} dxdt + 

QT Q~ 
T 

0 0 
T 

~- g2+8~ ~- bl(a)(~/, �9 )gl§ di~ --i__~ 0 (-- 1) ~+3jD~f(j/, ") dt Vq~ e qb 
0 

and satisfies conditions (3.4), (3.6), (3.7), (3.9). 
The functional  space qi, consisting of test  functions % is so defined: 

(3.26) r = {q~ e Ce+~'(2+~)/2(~)T): q~(x, T) : 0, 0 < x < / )  . 
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We observe t ha t  equat ion (3.25) can be formally deduced f rom (3.3), ..., (3.9) by  
mult iplying bo th  members  of equat ion (3.3) by  a tes t  funct ion ~ e ~b and integrat ing 
by  parts .  ~ o r e o v e r  every  solution (v~ a) E C~+~'(2+~)/~(~)r) • C~+'(tt) to problem 
(3.25), (2.4)~ (3.6), (3.7), (3.9) is necessarily a solution to problem (3.3), ..,, (3.9). 

For  a rigorous proof of equat ion (3.25) the  reader  m ay  refer  to the  appendix in [8]. 
We want  now to t ransform the  classical problem (3.3), ..., (3.9) into a more 

suitable one by  el iminating the unknown funct ion a. This will be performed in 

two steps. 

ST]~P 1. - We proceed to de termining a in terms of D~v(O, .), D~v(l, .) and ao 
by  using boundary  conditions (3.10), ..., (3.13). 

To this purpose we recall  t h a t  g~ and g~ are s tr ict ly monotonic  according to con- 
ditions (1.6). Then,  using equations (3.5) and (3.8) and the  following consistency 
conditions (implied by  equations (0.1), ..., (0.7), (1.9)~ (1.10)) 

(3.27) 

(3.28) 

Dtg~(O)- D~g,(O)- ](0, O) -~ ao(g,(O)) : a(g,(O)) 

Dtg , (O)-  D~g3(1)- ](1, O) : ao(gs(1)) -~ a(g3(1)) , 

we can express a in the  closed in te rva l  [g~(T), g~(T)] in terms of D~v(O, .), D~v(l, .) 
and  ao. 

To this purpose we have to in tegra te  equat ions (3.5), (3.8) which can be viewed 
as two first-order differential  equations and to perform the  changes of variables 
defined respect ively  by  t ~ g~-l(~) and  t -~  g~(v)(4). We obtain the following 

formulas:  

(3.29) 

(3.30) 

(3.31) 

a(~) : D~g~(g~l(~)) {ao(ga(l))[Dtg~(0)] -1 § 

§ f [Dsg~(s)]-~[D~v(~, s) -- ~(s)]ds} 
0 

a(~) = ao(~) 

a(~) : D~g~(g-~(~)){ao(g3(O))[Dtg~(O)] - '  § 

0 

g~(~) < ~ < g~(0) 

g~(1) <. ~ < g~(O) 

g~(O) <~ ~ <~ gl (T)  . 

Using consistency conditions involving the  da ta  ], gj (j ~--1, 2, 3) (for the details 
see [8] formulas (2.43)~ ... ~ (2.46)) we can prove t h a t  the  funct ion a defined by  for- 

(4) g-1 denotes the function inverse to g. 
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mulas  (3.29), ..., (3.31) ac tua l ly  belongs to C~~ g~(T)]). Moreover i t  is not  
difficult to realize t h a t  a verifies the  following es t imate  

The posi t ive  cons tan t  C depends on m, fl~, fl,~ and  on suitable norms of da ta  re levant  

to this  contex t .  

STEP 2. - Using step 1 we can represen t  a in the  in te rva l  [g2(T), gz(T)] in t e rms  

of v as follows 

(3.33) et -~ A(D~v) , 

where A:  C2s'r(~),)--->C~+r([g2(T),g~(T)])is the  l inear  affine opera tor  defined b y  

formulas  (3.29), ..., (3.31). 
~ o w  we would e l imina te  et f rom prob lem (3.3), ..., (3.9). But ,  under  our present  

hypotheses  et, as a m e m b e r  of C ~ + ~  is defined on the  whole of _R. Such a difficulty ao VLvj '  

can be overcome in the  following way :  according to bounds  (2.11) in corollary 2.1 

the  domain  of a in our inverse p rob lem (0.1), ..., (0.7) turns  out  to coincide wi th  the  
in te rva l  [g2(T), g~(T)]. This allows us to res t r ic t  the  class C~+'(R) to a n y  class g 
more  sui table  for our p rob lem wi thout  a n y  danger  of arbi t rar iness .  I n  par t icu lar  
we can choose as our class A the  image  of C~+r(R) under  a (fixed) l inear  extension 
opera tor  g ac t ing  f rom CI+~([g~(T), g~(T)]) to C~+~(R)(~) such t h a t  

(3.34) 

(3.35) 

II get lJ~o<R> < c~rlaII ~<rg~<T>,gl<T>~> 

[1D~ get ]] c~(R) < C2 ]1D~ et l[ ~,([g,(T),~I(T)]) 

va e c([g~(T), g~(r)]) 

vet E c~+ r([g2(T), gl(T)]) . 

The posi t ive cons tan ts  C1 and  C~ depends only on g~(T) and g~(T). 
I n  order not  to overburden  our nota t ions  f rom now on we shall denote  ga sim- 

p ly  b y  et. 
For  our admissible  funct ions  et e A f rom (3.32), (3.34), (3.35) we easily derive 

the  following e s t ima te  

(3.36) [l~l]o:+~(R)<C(HD~v( O, ")H~-}-I1D~(z, )11~+1) vete~. 

The posi t ive  cons tan t  C depends on m, ill, f12 and  sui table norms  of da ta  re levan t  
to this context .  

(~) For the definition of C~+~(R) see formula (2.1). 
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We can now eliminute a from problem (3.3), ..., (3.9): we get the following semi- 
linear Cauchy-Dirichlet problem 

(3.37) 

(3.3S) 

(3.39) 

(3.40) 

(3.41) 

(3.4:2) 

D r y -  D~v = BI(D~v)D~v + B2(D~v)v ~- B3(D~v) 

v(o , t )  = ~ ( t )  o < t < T  

v(x, O) = ~ ( x )  O < x < l  

v(t , t )  = ~ ( t )  o < t < T .  

in QT 

The nonlinear operators Bj (j ~ 1, 2, 3) are defined by the equations 

(3.43) 

(3.44) 

(3.~5) 

B,(~) = 2D~ Y(A(z))/D~ U(A(z)) 

B3(z) -~ Q(U(A(z))) q- D~fD~ U(A(z)) -- D~DtfD, U(A(z)) .  

Problem (3.37), ..., (3.42) will be solved in the next  section, while the remaining par t  
of the present section is devoted to the  s tudy of some basic properties of oper- 
ators Bj (j = 1, 2, 3). 

F rom theorems 2.1, 2.2, 2.3, definitions (3.10), (3.43), (3.44), (3.45) and est imate 
(3.32) we easily infer the following 

L E n A  3.1. - The mappings Bj (j : 1, 2, 3) are bounded and continuous from 
C 2r'r(Q~,) into C~'~/~(Qr) (0 < ~ < y < 1). Moreover they satisfy the estimates 

(3.46) I[BJ(z) ]lc'~.~,'(-6~)< C(T, M) Yz e K ( M ) ,  ~ ~-- 1, 2, 3 ,  

where C is a positive function bounded as T --~ O + for any (fixed) positive 
is so defined 

(3.47) K(M)  = {z ~ C2r''(Qz): ]lzlic..,.'(~.)~ M} . 

Mand K(M)  

Final ly  according to definitions (3.43), (3.44), (3.45), (3.29) i t  is not  difficult to prove 
the following 

L:~MMA 3.2. -- Let v be a solution to problem (3.37), ..., (3.42). Then the values at 
(0, O) and (l, O) of B~(D~v) (j ~- 1, 2, 3), depend only upon the values at special points 
of data ao, ], gj (j ~-- 1, 2, 3) and of their derivatives. Such points and derivatives are 
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listeg in the following table 

]unction 

ao 
] 

gl 
g~ 
g8 

number 
of derivatives 

1 

4 w. r .  t o  x ,  

2 
2 
4 

2 w.r. to t 

points corresponding to 

(o, o) (t, o) 

ga(O) ga(1) 
(0, o) q, o) 

o o 
o o 
o 1 

4. - A n  existence theorem for a semil inear parabolic problem. 

I n  this section we solve problem (3.37), ..., (3A2), t ha t  we rewri te  in a compact  
form as follows: 

v e C~+~'(2+~)/~(Qz) a e (0, 1/2) 

D~v--  D~v = B(v, 1)~v) in Q~ 

(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

v(o,t) = ~l(t) 0 < t < T  

v(x, 0) = ~(x) 0 < x < l  

~,(1, t) = ~ , ( t )  o < t < ~ r .  

The (nonlinear) operator  B maps C 2~' r(~)~) • C2r,,(~)~) (0 < a < r < �89 into C~'~/e(Qz) 
and satisfies the  following equations 

(4.6) 

(4.7) 

B(v, D,v)(O, O) ~- D,~I(O) -- D~8(O) 

B(v, D,v)(l,  O) = Dt~4(O) -- D~8(1) . 

Such propert ies are easy consequences of lemmas 3.1 and 3.2. 

l~E~c~m~r 4.1. - F rom the  definition of C2+~'(2+~)/2(~)p) i t  is immedia te  (see e.g. 
[5, chapt.  1, p. 7]) to deduce tha t  such a space is cont inuously embedded into 

v 2"'~(Q~) vr  e (o, �89 

We observe now tha t  problem (4.1), ..., (4.5) is equivalent  to the  following integro- 
differential problem: to look for a function v ~ C2r'r(Qz) with D~v ~ C2r'v(~)~) such that 

(4.s) v(x, t) = f H ( x ,  t, y, s)B(v, D~v)(y, s)dy ds ~- F(x,  t) Y(x, t) ~ QT, 
QT 
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where the functions H and /~ are so defined 

(~.9) 

(4.1o) 

H ( x , t , y , s ) = ~ -  0 ' l~ / ' 1 ~ 

l t 

x t - - s  F(x,t) =fH(x,t, y, O)~a(y)dy--~ fD~O(T, ---fr--)~(s)ds @ 
0 0 

t 

i~ ff,(s) , ,  ) 
0 

ds 

in terms of the funct ion 0 defined by  the equations 

-Foo 

(4.11) 0@, t) = ~ /~(x -]- 2n, t) 

where 

(4.12) 

We recall t ha t  E is the well-known fundamenta l  solution for the hea t  operator, 
while 0 is the Green function (over the rectangle) for such a operator when Cauchy- 
Diriehlet conditions are prescribed. F ina l l y / ?  is the solution to problem (1.2), ..., (4.5) 
wi th  B = 0. We observe t h a t / ~  does not  belong to C2+~'m+~)m(~)z), since data  ~1, g2, g~ 
do not  verify (in general) condition (4.6), (4.7) with B = 0. However, using prop- 
erties (3.22), (3.24) and consistency conditions 

(4.13) ~(0 )  = ~ (0 ) ;  ~,(0) = ~ (~) ,  

i t  is not  difficult to derive t ha t  F e Cm(Qz) and D~F, D ~ e  L~(Q~.). 
This implies tha t  F e C~v'v(~)r) (0 < ~ < ~ < 1). 1V[oreover by a straightforward 

inspection we get  t h a t  also D ~  e C2"'(~)z). 
Taking advantage now of the representation formula for the solution to a Cauchy- 

Diriehlet problem related to the hea t  equation (6), i t  is an easy task to check tha t  
every solution v e  C2+~.(2+~)m(~)~) to problem (4.2)7... , (4.5) is a solution to the 
integro-differential equation (4.8). 

Conversely every solution v e C2~'r(QT) (with D~v e C2~'V(Q~)) to the integro- 
differential equation (4.8) is easily seen (by differentiation) to be ~ solution to pro- 
blem (4.2), :.., (4.5). Since B(v, D~v) e C~'~/2(Q~) and satisfies (4.6), (4.7), we infer 
t ha t  v really belongs to C2+~'(2+~)/2(Qz). 

(6) See e.g. [2, theorem 19.3.4]. 
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Then we observe tha t  (v, D~v) is a solution in C'"V(QT)• Ce',v(~)r) to the fol- 
lowing system of Volterra integral equations 

(4.14) v(x, t) = f H ( x ,  t, y, s)B(v, w)(y, s)dy ds ~- F(x, t) V(x, t) ~ Dr 
Q~ 

(4.15) w(x, t) =f2)~H(x, t, y, s)B(v, w)(y, s)dy ds ~- D.~'(x, t) V(x, t) e ~)~, 
QT 

when v is a solution to the integro-differential equution (4.8). 
Conversely, if (v, w)~ C~r'r(~)~)• Ce"~(~)r) is a solution to system (4.14), (4.15), 

i t  is immedia te  to derive t ha t  w = D~v. 
:~ow we can s ta te  the following 

TKEO~EH 4.1. - Problem (4.14), (4.15) admits (at least) a solution (v, w)e  
C~r'~(QT) • C~r'~(Q~) (0 < ~ < ~ < �89 ]or T small enough. 

By vir tue of theorem 4.1 we infer 

COI~0I~LA_~Y 4.1. - Problem (4.1), ..., (4.5) admits at least a solution v ~ C2+~'(2+~)/2(~)r) 
]or some small T. 

P~ooF oF THEO~E~ 4.1 (Sketch). - We are going to solve the Volterra integral 
system (4.14), (4.15) by  using Shauder's fixed-point theorem. 

To this purpose we introduce the nonlinear operator ~----(:~o, ~1) where the 
component  operators 5~o and :~  ure defined respectively by the r ight-hand sides in 
equations (4.14), (4.15). 

We observe t ha t  ~ maps C2~'v(~)T) • C27'v(O~) (0 < ~ < 7 < �89 into C~'~I2(QT) • 
• C~'~/2(QT). Consequently we shall look for the fixed point  of ~ in the closed ball 
J~(M1) so defined. 

(4.16) ~(M1) = {(v, w) e O~"'(~) • O~"'(~):  J I v l ] ~ , , , < M ~ ,  ]lwlI~,,,<M~}, 

M~ being a (large enough) positive constant .  
To apply Schauder's theorem we have to show tha t  ~5 maps J~(M~) into itself 

and is compact. The first property  is implied by lemma 3.1 choosing T small enough, 
while the lat ter  is a consequence of the following 

LElVaWA 4.1. -- I] f i e  (8, 1], C~'aI~(QT) is compactly embedded into C~'~I2(Q~). 

And of the following estimates 

(4.17) [D~tt(x, t, y, s ) I<  r  - -  s) -(1+~)1~ exp [-- c( t -  s ) -~ (x  - -  y)2] 

O< x <  l, O< y < l , O <  s < t <  T~j---- 071.  
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where c is a constant  in (O, �88 and C(T) is a positive constant  which remains bounded 
as T --> 0 +. 

In  fact  we can show tha t  :5 maps J~(M~) into JS(M~) (~ 3~(M~), where J~(M~) 
is a bounded set in C~'~(Q~) for any  /~ ~ (~, �89 [] 

5. - Proofs  o f  Theorems  1.1 and 2.3.  

P~oo~ oF T~EO~E~ 1.1. - According to corollary 4.1 the t ransformed inverse 
problem (3.3), ..., (3.9) admits  a solution (~ ,5)e  C2+~'(~+~)/2(~)~)• (7) lor some T 
small enough. 

In  order to show tha t  our inverse problem (0.1), ..., (0.7) is, in turn,  solvable, 
we shall show tha t  the pair (~, ~), where 

(5.1) ~ = U(5), 

is actuMly a solution. 
To this purpose we begin by  recalling tha t  U(g) is a solution to the Cauchy- 

Neumann problem (0.1), ..., (0A) (with a = 5) and tha t  5 satisfies equation (0.7). 
Hence the pair (~, d) will turn  to be a solution to our inverse problem if, and 

only if, we show tha t  U(~) verifies also equations (0.5) and (0.6). This, in turn,  is 
equivalent  to proving tha t  the functions ~ and g2 so defined 

(5.2) ~l(t) = U(~)(0, t) O<t<~l' 

(5.3) y~(t) = ~(5)(4 t) 0 < t < T  

coincide respectively with gt and g~. 
We observe also t ha t  ~1 and  ~ belong to C(~+~)/~([0, T]), since U(~) belongs to 

C2+~'(2+~)/2(~)T) together wi th  its gradient  DU(~). 
In  order to prove the equations ~j = gj (j = 1, 2) we need to introduce the lunc- 

t ion V(~)e C~'~/"~(~)T) so defined 

(5.4) V(5) = Z(U(~), D) D, U(5). 

Taking advantage of the same argument  used in section 3, we can prove tha t  (V(~), 5) 
is a solution to the problem obtained from (3.25), (3.4), (3.6), (3.7), (3.9) by  sub- 
s t i tut ing the pair (gl, g~) for (gl, g~) in the definitions oi the iunctions ~ (j = 1, 2, 4, 5). 

I t  is then  an easy task to check tha t  the function 

(5.5) v = ~ -  V(5) 

(7) The space ~ is defined in step 2 in section 3. 
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solves the  problem 
T 

(5.6) f v{-- Dsq~ --  D ~  + Dv(q~bl(-d)) - -  ~b~(-g)} dy ds = --  ~=o(--1)iq~(fl, s ). 
Q~ 0 

T 
1 

�9 {d~+j(s) + h3+/s ) -  b~(g)(jl, s)h~+/s)} ds + ~ (--1) ~ ~+~(s)D~(~l, s)ds 
~ = 0  

0 

(5.7) v(0, t) = h~(t) O < t <  T 

(5.8) v(x, O) = O 0 < x < l  

(5.9) v(l,t) = h~(t) O < t < T .  

V~ e 

(5.12) d~+r = Dtg~+j(t)Dt[~(g~+j(t)) -- ~(~l+j(t))] 

Our aim consists in showing tha t  the  function 

(5.13) ~(t) = ID~g~(t)- D~2(t)l + ID~g~(t)- Dt~(t)l 

satisfies the  following integral inequal i ty 

(5.14) ~(z) < c f ( v  -- t)-x/2r 
0 

0 < z < T ,  

(5.10) 

(5.11) 

h,+,(t) = D~g~+~(t)-- D,~y~+~(t) 0 < t < r ,  j = 0, 1 

h3+~.(t) = - -  (](~l, t) + ~(~+~(t))} [D~g1+j(t)- D~+a(t)] + 

+ (D,](jl ,  t) + D,[~(~l+j(t))]} [D,g~+~(t)- D~g~+a(t)] + 

-q- D~g~+j(t)[~(a~+j(t)) - -  Y~(~+j(t))] O<t<. T , j = O, 1 

O < t < T ,  j = 0 , 1 .  

O < t < T  

where the  posit ive constant  C depends upon admissible norms of data  (see assump- 
tions (1.9), ..., (1.12)). 

F rom (5.14) and lemma 1.1 in [7] we infer tha t  

( 5 . 1 5 )  ~(~)----o, o < ~ < T .  

From (5.13) and (5.15) we immedia te ly  deduce tha t  

(5.16) 1)tgl(t) : D~.51(t); D~g~(t) : Dt~,(t) Yt e [0, T ] .  

We observe tha t  the  function space ~b is defined by  (3.26), while the  functions 
bl(~), b2(~), hi, h~, ha, h4, all, d~ are defined respect ively b y  formulas (3.19), (3.20) 
and the following ones 
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Our assertion g~---- ~1 and g~ ~ ~ is immediate ly  implied by  the equations 

(5.~7) g~(0)- ~(0) = g~(0)-  ~(0) = 0 .  

We postpone for the moment  the proof of (5.14). We show instead tha t  equations 
(5.17) hold true. This depends on the  fact  t ha t  (U(a), a) and (U(5), 5) are solutions 
respectively to problems (0.1), ..., (0.7) and (0.1), ..., (0.4)~ (5.2)~ (5.3)~ (0.7). Hence ~ 
and ~ satisfy the  same compatibi l i ty conditions us g~ und g~. This implies thu t  

(5.18) g~(0)-  ~1(0) -~ g2(0)-  ~(0) ---- D,g~(O)- Dt~(O) : D,g~(O)- D,~(O) -~ O . 

We proceed now to proving est imate (5.14) by taking advantage of ~ representation 
formula for the function v solution to equation (5.6). 

To this  purpose we introduce the pair of linear differential operators ~ and JL* 
so defined in C~+~'(2+~)/~(~)T): 

(5.19) 

(5.20) 

L = Dr-- 1) , - -  ~ bl(~)D,-- b~(~) 

Z* = -- Dr--  D~ + D,[bl(~). ] -- b~(~). 

Consider then  the solution ~ to the following Cuuchy problem, where ~v E C o (Qr): 

(5.21) 

Z*q~ = ~2 in Qz 

9~(x, I') -~ 0 O ~ x <~ l 

D~o(O, t) ~- 0 O~t<~T 

1).q~(1, t) =- 0 0 < t < / ' .  

As is well-known, ~ belongs to C2+~'(2+~)/2(~)~) (see e.g. [5, chapt. 4]) and can be so 
represented 

l T 

(5.22) t)et v(y, 
0 s 

where G* is the Green funct ion related to problem (5.21). I t  can be shown tha t  G* 
satisfies the following est imates 

(5.23) 

(5.2~) 

[D~G*(y, s, x, t)] ~- ]D~ G*(y, s, x, t)] < C(t-- s) -(1+~n)12 exp ( - -ef t - -  s)- l (x--  y)~) 

[(D~ § D~)O*(y, s, x, t)[< C ( t -  s) -~+~12 exp (-- e ( t -  s ) - ~ ( x -  y)~) 

h ~ 0 ~ l ~  0 < v < - ~ .  
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Subst i tu t ing funct ion ~ defined by  (5.22) in (5.6) gives the iden t i ty  

(5.25) v(x, t) ~f(x, t )dxdt  

QT 

T 

1 f = --j~o(--1)J [d~+j(s) -~- h3+~(s)- bl(a)(fl, s)h~+j(s)]d3. 
0 

T 

�9 fd~fG*(jl ,  3, x, t)w(x, t) dt Vy~eC~(Q~). 
0 s 

F r om (5.22) we infer the  following representa t ion  for v, which turns  out  to be the 
s~me as in the  regular c~se: 

(5.26) v(x, t) = 
t 

f = --~o(--1) j G*(~l, s, x, t)[d~+j(s) -~ h~+~(s) - -  bl(5)(]l, 3)h1+~(3)] ds 

0 

V(x, t) e Q~. 

Arguing as in theorem 3.17 in [3] i t  is no~ difficult to prove the  iden t i ty  

(5.27) G * ( y ,  3, x ,  t) = G(x ,  t ,  y ,  3) x ,  y e [0, l ] ,  

G being the Green funct ion re la ted to the problem 

O < s < t < T ,  

(5.28) 

Z~ -= ~ in QT 

~(x, O) --= 0 O < x < l  

D ~ ( 0 ,  t ) - -  bl(~)(0, t)~(O, t) = O o < t < T  

D~(1, t ) - -  b~(~)(1, t)~(1, t) = 0 O.<<t<T. 

Compute now the  traces of v along the  segments x = 0 and x ~- l. F ro m  (5.7), (5.9), 
(5.26), and (5.27) we derive the  following equat ions 

(5.28) 

(5.29) 

t 

1 i hi(t) = - -  2 ~=o(.1) G(O, t, jZ, s)(al+j(s) + h3+~(s) - -  bj(~)(jt, s)hl+~(s)} as 

0 

0 < t < ~ '  

t 

1 J f G  l~(t) = - 2 j ~ o ( -  1) q, t, jz, 8)(al+j(s) + h3+~(8) - -  b~(~)(jZ. 8)h~+~(3)} a3 
0 

0 < t < T .  
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Taking advantage of formulas (5.10), ..., (5.13) and integrating both members of 
equations (5.28) and (5.29) over [0,~] ( ~ ( 0 ,  T]), we obtain the following 
Bquations: 

t 

(5.30) D z g l + ~ ( T  ) - -  Dz~I+j.(T ) =--2i=0 ~ (--1)i flTr dt f G(jl' t, il, s) . 
0 0 

�9 (h~+,(s)[.D,g,+,(8) - -  ~),y,+,(s)] + h~o+,(s)[~(g~+/s) - -  ~(y~+,(s))]} as + 

t 
--2~=o ~ (--1)~fl~r G(jl, t, i l ,  s ) h 6 + ~ ( s ) [ D ~ g l + ~ ( s )  --- 

0 0 
. D 2 ~ l + i ( s ) ]  "71- 

t 

0 0 

" - D ~ [ ~ ( g l + i ( S ) )  - -  a ( ~ i + i ( 8 ) ) ]  d s  ~ : 0 ,  ~ .  

where 

(5.31) ho+~(s) =/( i t ,  8) + fi~+~b~(~)(ig, s) + ~(yl+~(s)) i = 0, 1 

(5.32) h~+~(8) = D~/(jl, s) + ~[~(~+~(8)) ]  i = 0, 1 .  

In  order to show tha t  the function ~ satisfies the integral inequali ty (5.14) we need 
to est imate the r ight-hand side in (5.30). To this purpose we use the following lem- 
ma 5.1 (s) and  equations (5.17): 

LE~-~A 5.1. - .Let q, r ~ C1([0, T]) and let r(O) = O. Then the ]ollowing bounds hold 

(5.33) 

t a t 

fd~fo(kl, ~, jl, s)q(s)~:r(s)ds I < of( t -  s)-'lr(s)l d8 
0 0 0 

i, j, k -~  O, 1 ,  

C being a positive constant depending upon ]lqlll. 

Thus we get the integral inequMity 

(5.34) 
7; 

Ir cf(~:-t)-~,~ [lr + [~(g.~(t))- ~(g~_.(t))]] dt 
0 

V~ ~ (0, T]. 

(s) For a proof see e.g. [8]. 
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Using the  represen ta t ion  formulas  

t 

( 5 . 3 5 )  g~(t)  - ~(t) =f[D,g~(s) - D, ~(s)] ds 
0 

f rom (5.34) we immed ia t e ly  der ive  (5.14). 
This concludes the  proof  of t heo rem 1.1. []  

P~ooF oF ~HEORE~ 2.3. -- We proceed first to proving  es t ima te  (2.14). To this 

purpose,  we recall  t h a t  the  solution u = U(a) to p rob lem (0.1), ..., (0.4) is also a 
solution to the  following nonl inear  Volterra  in tegra l  equat ion 

(5.36) u(x, t) = fG(x ,  t, y, s)a(u(y, s)) dy ds -F F(x, t) V(x, t) e ~)z. 
QT 

Here  G denotes the  Green funct ion re la ted  to the  hea t  opera tor  D t -  D~ and  homo- 
geneous Cauchy-Neumann  conditions. I t  can be so represen ted  (see e.g. [2, theo-  

r e m  19.3.5]) 

-- t--8 + 1 x y x y 
(5.37) G(x, t, y, s) = ~ 0 1 ' ~ + 0  l ' ~ ' 

where the  funct ions 0 and  E are defined respect ively  b y  formulas  (4.14) and  (4.15). 
F r o m  the  quoted  t heo rem  19.3.5 in [2] we infer  also t h a t  • can be represented  

as follows 

Q~ 0 
t t 

fo(  fo( -~#~ ,iz ds+ #, - - y - , g  a~ V(x,t) e ~ .  
0 0 

Observe now t h a t  l~ is a solution to p rob lem (0.1), ..., (0.4) wi th  a = 0. 
Since our da ta  belong to the  sui table  HSlder  spaces and  sat isfy the  consistency 

condit ions fil = D~g3(O)and fl~ = .D~g3(1), we easily infer  t h a t  /~ e C~+~'(2+~)/~(QT) 
and  the  following es t ima te  holds t rue  

(5.39) 

where  owing to t heo rem 19.3.5 in [2] the  posi t ive cons tan t  C(T) remains  bounded  
~s T -+ O+ (,). 

(o) We agree that throughout this proof C(T) will denote a positive function which 
remains bounded as T-+ 0 + .  
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Suppose now tha t  aj (j --~ 1, 2) are two functions in C~+V(R) and let U(a~) be the 
corresponding solutions to problem (0.1), ..., (0.4 with a----at. 

Then U ( a 2 ) -  U(al) satisfies the  es t imate  

(5.40) II ~ ( a ~ ) -  u(al) l [1 ,1/~<r all[o Va~, a~e Cl+'eR~ 

C(T) being also an increasing function in IIal]l~ and I[a,]E~. 
To prove (5.40) we consider the iden t i ty  

(5.41) [U(a~) -  U(a~)](x, t) = f G ( x ,  t, y, s)[a~(~;(a2)(y, s)) -- a2( V(al)(Y,  s))] dy ds + 
Q~ 

+ fO(x, t, y, s)(a~- a~)(V(a~)(v, s)) dy as V(x, t) e Q~. 
QT 

l~rom definitions (5.37), (4.14) and (4.15) we infer tha t  G e  C~(~T)~ where 

(5.42) Q~ = ((x, t, y, 8) e R~: x, y e (o, ~), o < s < t < T} 

and satisfies the bound 

(5.43) ID~D~G(x, t, y, s)l < C ( T ) ( t -  s) -(1+~+2j)/2 exp ( - -  c ( t -  s ) -a(x  --  y)2) 

V ( x , t , y , s ) ~ Q T ,  o < c < � 8 8  0 < h ~ 2 j < 3 .  

Taking the  C~,~I~(~)z)-norms of both members in (5.41) and applying lemma 5.2 
reported below, we obtain the  integral  inequal i ty 

+ 
0 

§ r allk< C(T)lla~hf(~- s)-~Z~lI V(aO- U(al)[[Giy~(~)ds -~- C(T)][a~-- al][0 
0 

va~, a~ e vL+'(n).  

From lemm~ 1.1 in [7] we finally infer est imate (5.40). 

L E n A  5.2. - s  I e C([2T) be a ]unction satis]ying the ]ollowing estimate 

(5.45) IP~D~I(x, t, y, s)] < C(T)( t  --  s) -(~+h+ej)/2 exp [-- e(t --  s ) -~(x  --  y)~] 

V(x , t ,y , s )  e~Qr, 0 < e < ~  0 < h < l ,  0 < ~ < 1 ,  

where the positive constant C(T)  remains bounded as T --> 0 -~ . 
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Then the linear operator 5 so defined 

(5.~6) Z](x, t) =fz(x, t, y, s) ](y, s) dy ds V(x, t) ~ Q~ 
Qt 

maps L~(Qz) into C~.~/~(Q~). Moreover the ]ollowing estimate holds 

(5.~7) 
0 

where the positive constant C(T) remains bounded as T - - >  0 q-.  

To der ive an  ana logous  e s t i m a t e  for  U(a~) -- U(al) in  C2+~'(2+~)/2(~)~) we observe  t h a t  

v = U(a~)-  U(a~) is ~ so lu t ion  to  t h e  p r o b l e m  

D , v -  D~v = a~(V(a~)) --  al(~(a~)) in Q~ 

D~v(O,t) = 0  0 < t < T  
(5.4s) 

v(x, 0) = 0 0 < x < l  

D~v(l, t) = 0 0 < t < T .  

Since al = a2 = ao in  [g3(l), gs(0)] (10) a n d  U(al) a n d  U(a2) agree  a t  (0, 0) a n d  (l, 0), 

t he  f u n c t i o n  a~(U(a~))- a~(U(a,)) van i shes  a t  (O, 0) a n d  (1, 0). F r o m  classical re- 

suits we infer  t he  e s t i m a t e  

(5.49) l[ U(a~) - U(al)11 ~ + ~,(2 + ~)12 < 

I n  order  to  e s t ima te  the  first  n o r m  in t he  r i g h t - h a n d  side of (5.49), we t a k e  n o w  

a d v a n t a g e  os l e m m a  4.2 (wi th  7 - ~  1 a n d  s = a) in [6], which  we r epo r t  here  as 
l e m m a  5.3 for  t he  conven ience  of  the  r eade r :  

LE~WA 5.3. - get ul, u~ ~ C 1,1/~ and let a ~ C~+~(t~). Then the ]unction a(u2) - -  a(ul) 
belongs to C~'~2(Qz) and satisfies the estimate 

(5.50) 
2 

where C is a positive constant depending only on ~. 

(10) See definition (2.2). 
(n) lul~,~l~ = sup {(Ix2 - x~l 2 + It~ - t~l) -~/~ lu(x~, t~) - u(x~, t~)l: (x~, t~), (x 2, t~) e ~)~,, 

(x~, t~) ~ (x~, t~)}. 
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From (5.49), (5.50), (5.40) we easily derive the est imate 

(5.5~) 
2 

II v ( ~ ) -  U(al)ii~+~,(~+~)~< C(T)I-I -I- [1~11[~+,-I [1 -F Y, iI u(a;)]l~',l/U] x 
~=1 

From (5.51), (2.13) and the first inequali ty in (5.44) we immediate ly  infer esti- 
mate  (2.14). 

Then we observe t ha t  the boundedness of the maps a--~-D(U(a)) and a--> 
--->D~ a(U(a)) from C~+r(R) respectively to C~+~'(~+~)/e(~)~) and r e ~ n  be infer- 
red by a classical regularizing procedure (~) taking into account the fact  t ha t  our 
data  ], g~, g~, ga and a0 satisfy the appropriate consistency conditions. In  order to 
prove the cont inui ty  o~ such mappings we consider the following estimate,  which 
can be shown by  applying the quoted technique to problem (5.48): 

(5.52) lid u(a~) - D U(,~)I I~,  ~,(~ + ~>/~ < G T ) l I D  E ~ ( u ( , ~ ) )  - ~1( ~(~))-I il ~,~/~ 

Val, a2~ Cl+r~l~,~ 

Consequently i t  suffices to prove tha t  the mapping a-+D[a(U(a))] is uniformly 
continuous from C~+~(R), endowed with the metric of C~+V(R), to C~'~/~(Qr). To 
this purpose assume tha t  al, a2~ C~a+'(R) and take advantuge of estimates (2.14), 
(5.50), (5.52). After  boring computat ions we deduce the inequal i ty 

(5.53) i l D r ~ ( v ( ~ ) ) ]  - DE~(~(~) ) ]  I 1~ ,~<  

<C(T){II~.~- ~11~,~+ I D ~ ( ~ ( ~ ) )  -- ~)~al(U(,~))l~,~} V,~, ~ O~*~(R). 

We notice tha t  the positive constant  C(T) depends also on []a~Jtl+s and JJasjl~+, 
(as an increasing function) and on admissible norms of data  (see assumptions 
(1.10), ..., (1.13)). 

In  order to es t imate  the seminorm appearing in the last hand-side of (5.53), we 
introduce the funct ion A : / ~ - - > / ~  so defined 

(5.54) 
[U - -  U 1 [ - ~ [ D - C a l ( U 2 )  - -  . D l . a l ( U l )  ] u 1 : ~  u 2 

A(ul, u2) = 0 u~-= u2. 

Since D,a 1 ~ C~(R) (~ < ~ ~ �89 A ~ C(R 2) and satisfies the bound 

(5.55) IA(ul,u~)l<lD, allo:(~)l% - uli'-~<li~ll[l+~lu~- u~F -~ Vu~, ~ e ~ .  

(12) For the details see e.g. [8, ~heorem 1.2]. 
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Set t ing then  uj = U(a~) (i = 1, 2) and performing long and tedious computat ions 
we obtain the  following inequal i ty ,  where Sup denotes the Supremum as (x~, t~), 
(x2, t~) run  over ~)T, (xl, tl) ~e (x~, t2), 

(5.56) ID~al(U(a2)) -- D~a~(U(a~))l~,~/e< 

u <(I A, ,~  Sup IA(u~(~, t~), u~(~, t~)) - A(u~(~, t~), u~(x~, t~))l + 

F r om theorem 2 2  we infer  t ha t  u~ ~nd u~ satisfy the est imates 

(5.57)  Ilu, ll~,,z~<M~ i = ]-, 2 

for some positive constant  M~ depending only on T, l, llfll~,,~, IIg~ll~§ and M, the  
la t te r  being a posit ive bound for ]lal[[l+, and ]la21[l+r. 

Taking advantage  of the uniform cont inui ty  of the funct ion A over [--  M~, M~] • 
•  Md  and  using es t imate  (5.44), f rom (5.53) we easily derive tha t  with 

each s > 0 we can associate ~ ~ > 0 depending on e, M, T, I and the  admissible norms 
of dat~ such t ha t  

(5.58) IIae- a~l]~+,<~ and  l]a~tl~+r<M (i = 1 , 2 )  :~- 

=> il D~ a~ (U(a~)) - -  D~ a~ ( U(a~)) tl ~, ~/~ <~ s . 

F r om (5.50), (5.53) and (5.58) we easily infer the  cont inu i ty  of the mappings 
a -->DU(a) and a -->D~a(U(a)) f rom G~+r//~,~ respectively to C~+~'(~+~)~(Q~) and 

a o " ~ /  r �9 
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