
Shape Sensitivity Analysis Via a Penalization Method (*). 

M. C. DELFOUI~ - J . -P .  ZOL]~SIO 

Summary. - The object of this paper is the development o/ a penalization technique to compute 
the shape derivative of cost ]unctionals where the state is the solution o] a non-linear equation 
and/or a linear variational inequality. This type o] problem is ]requently encountered in 
Shape Sensitivity Analysis. 

R ~ s u m ~ .  - Cet article prdsente le calcul des ddrivdes de ]orme de ]onctionnelles d$]inies snr u/r~ 
domaine gdomdtrique par nne m~thode de pdnalisation. On suppose que lYtat est la solution 
d'une dqua~on non.lindaire ou d'une indquation lindaire. Ce type de probl~me est ]rdquemment 
rencontrd en analyse de sensitivit~ des ]ormes. 

l .  - I n t r o d u c t i o n .  

The object  of this pape r  is the  deve lopment  of a penal izat ion technique to com- 
pu t e  the  shape  der iva t ive  of cost ~unctionals where the  s ta te  is the  solution of a 
non-l inear  equat ion  and/or  a l inear  va r ia t iona l  inequali ty.  This t y p e  of p rob lem 

is f requen t ly  encountered  in Shape Sensi t iv i ty  Analysis.  
~ o r  pa r t i a l  differential  equat ions where the  s ta te  is the  minimizing e lement  of a 

quadra t i c  energy  funct ional  over  a l inear  subspace of a Hi lbe r t  space, the  shape 
de r iva t ive  can be computed  b y  dif ferent ia t ing a Min Max problem with  respect  to 
an  a p p r o p r i a t e  vec tor  field (cf. D~LFOV~ and ZOL]~SIO [1, 2, 3]). This approach  

read i ly  lends itself to some class of non-different iable  cost functions,  bu t  difficulties 
are  encounte red  when the  energy  funct ional  is non-l inear  or when the  s ta te  is given 
as the  min imiz ing  e lement  over  a closed convex set  which is not  linear. 

The reader  should not  be  a f ra id  b y  the  list of some of the  hypotheses .  I n  fact ,  
mos t  of t h e m  are  m i n i m a l  and  are verified under  mi ld  cont inui ty  hypotheses .  W h a t  
is i m p o r t a n t  to notice is t h a t  we never  ask any  form of different iabi l i ty  of the  s ta te  
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variable. In addition this paper constructively introduces a natural adjoint function 
and its corresponding variational inequality. All this is done in a non-standard 
way without an a priori Lagrangian formulation. 

For illustration~ we apply the theory to a numerical problem which is studied 
in DELFO~-PAYRE and ZoL~sIo [1]. The solution of the state equation does not have 
enough smootheness to justify the final expression by variational techniques. Other 
techniques using implicit functions theorem fail because the underlying function 
spaces are different. At best we could show by direct variational techniques that  
the state y~= y~oT~ is differentiablc in H~-weak. 

This paper also at tempts to provide justifications for results which are usually 
obtained formally in the literature. One good example of such computations can 
be found in J. C~A [1] who provides a quick and efficient tool to obtain the final 
expressions. I t  is important  to notice that  such expressions are usually not available 
for variational inequalities except in some special cases. The type of techniques 
we have used are related to the ones found in IV[. F o ~ I ~  and GLowI~sKI's [1] book, 
on augmented Lagrangian methods. Some of our results might also have some 
potential  in dynamical problems such as the ones studied by G. DA P ~ o  [1]. 
Finally some of our results h~ve been announced in DET,~o~ and ZoL~,sm [1]. 

2. - S t a t e m e n t  o f  the  prob lem and or ientat ion.  

Let  E: R + • K -> R be an energy Junctional defined over a closed convex subset K 
of a Banach space B. Assume that  for each t in R +, the map 

(1) cf ~ E(t, of) 

is convex and continuous on K and that  there exists a unique solution y = y(t) a K 
to the minimization problem 

(2) E(t, y) = inf  E(t, q~) ~ e(t) . 
q~eK 

In  particular y is completely characterized by the variational inequality 

(3) y e K ,  d E ( t , y ; O , ~ - - y ) > O ,  V ~ e K ,  

where for each ~ in B 

(4) dE(t, y; O, ~p) ~- lira E(t, y ~ s~p) - -  E(t, y )  
8~o s 

Associate with the above problem a cost function 

(5) J(t) = P(t,  y(t)) 
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for some fuuct ional  

(6) F: R +  •  --> R .  

Assume t h a t  for all t in a neighborhood of 0 the map 

is convex and continuous on K for some topology ~B weaker than  the  norm topology 
of B. 

Our object ive is to invest igate  the  existence the  Gateaux semiderivat ive of J 
a t  0 

(8) dJ(O) = l im J(s) J(0) 

s x,~0 8 

and to character ize it. 

2.1. Construction o] a Min Sup problem: the Zagrangian approach. 

In  m a n y  cases the  above problem can be re formula ted  with the help of a L~- 
grangian of the form 

(9) 

When  K ~ B 

(~o) 

L(t, q~; ~) = ~(t ,  ~) § dE(t,  qJ; o, ~) . 

J(t) -~ Inf  Sup L(t ,  ~v; V) �9 
~eB ~eB 

I f  in addi t ion  J5 is convex and lower semi continuous in ~v and concave and upper  
semi continuous in ~ the  Lagrangian has saddle points (q~, ~ )  which are completely 
character ized by  the following system of equations (we assume ~ and E are suf- 
ficiently differentiable in ~v) 

(11) d~(t ,  q~t; O, q~) + d2E(t, q~t; O, Vt; O, q~) = 0 ,  Vq~ e B 

(12) dE(t, q~t; 0, ~v) = 0 ,  V V e B .  

For  non-linear energy functionMs E(t, ~) the  convexi ty  of the Zagrangian with 
respect  to q is usually lost as can be seen f rom the t he rma l  rad ia tor  problem (cf. 
DELFOUI~, PAYI~E and ZoL~sIo [1]) where 

(13) 
~J Z~ 21 
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where q, > 0, q~. > 0, ~2 is a volume of revolut ion with boundary  Z = 27~ u ~'~U 27~, 
2:1 is the interface between the  rad ia tor  and the hea t  source, 2:~ is the  radiat ing 
surface and Z~ is the la teral  adiabat ic  surface 

Figure 1. - Volume ~2 and its boundary Z = Z~ ~J 27~ u Zs. 

I t  is readi ly  seen tha t  the under lying space B is 

(14) JB = {~0 e N~(~):  ? ] z e  L5(2:3)} 

which is a reflexive Banach  space. However  

(15) 

and when F is negat ive on a subset of non-zero measure of X~, d/~(~; F) is no longer 
Convex wi th  respect  to ~. 

Another  interest ing and difficult ease is the  one where K is no longer a l inear 
subspace of B, bu t  a closed convex set of B. There  the Inf  Sup formulat ion (10) 
could be modified as follows 

(16) J(t) = inf Sup Sup (r(t,  ~) - - #  dE(t, ~; 0, ~ - -~ )} .  
r .u~O ~eK 

but  in general,  we again loose the  convexi ty  with respect  to ~. For  the character iza-  
t ion  of opt imal  controls in this context  the reader  is refer red  to Sn~ S~vz~o~G [1]. 
I t  is also in teres t ing  to no te  t ha t  the r ight-hand-side of (16) can also be wr i t t en  
in the  following form 

(16a) J(t) = i n f  Sup (F(t,  ~) - -  dE(t, eli O, ~f} 
ep~K ~p eTzr 

where TK(~) is the  closure of the cone R+(K-- ~) in B .  
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Notice also t ha t  the following two var ia t ional  inequalities are equivalent  for a 
closed conyex set K 

and  

3y e K , V~ e K , dE(y  ; ~p - -  y) > O 

3y ~ K ~ Y~p e T ~ ( y ) ,  dE(y ;  ~o) >~ O. 

2.2. Construction o] a non-Zagrangian  ]ormulation. 

To get  a round the  above difficulties we propose to replace the Lagrangian by  
the  following funct ional  

(17) G(t, ~, tt) ~- ~( t ,  9) q- #[E( t ,  q~) - -  e(t)] 

where  At e R + and  

(18) 

I t  is readi ly  seen t ha t  

e(t) Inf/~(t, 9) = E(t,  y , ) .  

(19) J ( t )  : In f  Sup G(t ,  9 , / ~ )  �9 
~eK itS0 

When ~(t ,  ~) and E(t ,  q~) are convex with respect  to ~, the funct ional  G is convex 
in ~ for all #~>0 and l inear  (hence concave) in # for all 9. 

In  this case, the  In f  Sup problem (19) is equivalent  to the Inf  Sup problem (14) 

Inf Sup {F(t,~)--AtdE(t,~; 0, ~ - -9 ) } .  

Indeed if 

3~ ~ K ,  E(~) -~ e 

then  9 is comple te ly  character ized by  

d E ( 9  , ~ ~ q~) > O, V~p ~ K <=> Sup - -  dE(9 ,  ~p - -  9) : O. 
y~eK 

Conversely if 

3~ e K ,  Sup - -  dE( 9 ; ~f - -  q~) -~ O, 
yJeK 

then 

E ( 9 )  - -  I n f  E ( ~ )  = S u p  ( E ( 9 )  - -  E ( ~ ) } < S u p  - -  g E ( 9 ;  ~ - -  9) = 0 
~peK ,/~eK ~eK 
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which implies 

3 ~ K ,  E ( 9 ) < I n f  E(~, ) ~ 3 ~ e K ,  .E(~v) : e .  
~oeK 

The inequalities characterizing a saddle point (Vt, t i t ) E K •  R+ (if it  exists) of 
(19) would be 

(20) #Y(t, r O, 9 -  Ct) 4-/~ &Eft, Ct; O, q~- r 

(21) (tt - -  #,)[E(t, 9t) - -  e( t ) ]<0 ,  Vt t>0 .  

The  last  inequal i ty  (21) is equivalent to 

# t [E( t ,~ t ) - -e ( t ) ]  = 0 

(22) #t>O,j  [E(t, 9~) - -  e( t ) ]<0 .  

So if there exists a solution (9t, ttt) e K x R  + solution of (20)-(22) 

2~(t, ~ ) -  e(t) = 0 ==> r f t=  Yt and /~,>0 arbi t rary  

fit = 0 => .E(t, (Pt) -- e(t) <<.0 => 9t = Y~. 

I f  / ~ > 0  is finite, equation (20) reduces to 

d~'( t ,y ,;  O, 9 - -  y , ) > 0 ,  V g e K  

which is equivalent  to say t h a t  

(23) ~(t ,  y,) = Inf  ~(t ,  ~) .  
r 

This implies t ha t  the solution Yt of (18) also minimizes 2~(t, 9 ) o v e r  all 9 in iV. This 
is a special case. In  all other cases /~ = 4- co which makes i t  difficult to extract  
any  information from (20). 

At  this stage the existence of saddle points is questionable and we have seemingly 
lost the adjoint  s tate  which quite natural ly  comes out of a Lagrangian formulation. 
To get around this difficulty we s tudy the following family of problems indexed 

by e > 0  

(24) 

where 

(25) 

J~(t)  = Inf G~(t, of) 
~eK 

Ge(t, 9 ) = G (t, cf, l-s) = _F(t, cf) 4-1- [E(t' r - -  e(t)] 

r e e K  

o r  
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Under  appropr ia te  hypotheses  the minimizing elements F~ would be character ized by  

(16) d_~(t,~i; 6 ,~ - -~ )  § l o,q~-~'~)~o, V~eK. 

So the steps are now clear. We must  in t roduce appropr ia te  hypotheses so tha t  

l im J~(t) -~ J(t)  . 
s',,~o 

In  the process we shall const ruct  the var iable  

pi = (~,- ~)/~ 

which will converge in an appropr ia te  sense to a natural  adioint state variable p 
which is typica l  of a Lagrangian approach.  Thus we shall recover  everyth ing  wi thout  
the afore ment ioned l imitat ion of a Lagrangian method.  

3. - The family of  problems indexed by t. 

In  this section a more precise problem formulat ion is given and specific hypotheses  
are in t roduced  in order  to make  sense of the constructions outl ined in the previous 
section. 

3 .1 . .P rob lem ]ormulation and hypotheses. 

Let  E :  R + •  be an energy funct ional  defined over a closed convex sub- 
set K of a Banach  space B. Assume th a t  the following hypothesis  is verified. 

H1 Fo r  each t in O,T]  the map 

(1) ~ ~ E(t,  ~) 

is convex and continuous on K and there  exists a unique solution y = y(t) e K 
to the  minimizat ion  problem 

(2) E(t ,  y) = In f  {E(t, ~): ~ e K} d,, e(t) .  [] 

In  par t icu lar  y is completely character ized by  the var ia t ional  inequal i ty  

(3) y e K ,  

where for each ~ in B 

(4) 

&E(t ,y ;O,q~- -y )>~O,  VqDeK 

dE(t, y; 0, ~) = l im (E(t, y ~- sw) - -  E(t ,  y))/s . 
s>O 
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Associate with the above problem a cost function: 

(5) J(t) = ~(t, y(t)) 

for some functional  

(6) F:  R + •  -+ R .  

l~or the moment ,  assume tha t  the map ~ ~ / F ( t ,  ~) is convex and lower semi con- 
t inuous on B. 

Our main objective is to show tha t ,  under  appropriate hypotheses, the cost func- 
t ion J(t) eun be expressed in the form 

t 

(7) J(t) =- J(O) -~ l/(s) ds 
0 

for some function ] in L~176 T) which will be characterized in terms of the s tate  y(t) 
and the solution p(t) to an appropriate adjoint  unilateral  problem for each t. Under 
an addi t ional  hypothesis we shall also show tha t  ] belongs to C~ T), t ha t  is J 
belongs to C~(0, T) and dJ(O) : ](0). 

3.2. Penalized problems. 

Ins tead  of tackling the problem directly we introduce a family of penalized 
problems indexed by  s ~ 0: 

(8) J~(t) : Inf  IF(t ,  q~)§ ![E(t,  q~)- e(t)]}. 

It2 (i) There exist T >  0 and g >  0 such tha t  for all t in [0, T] and e in [0, g] 
there exists a unique minimizing element y~ in K of the functional  

(9) 

over all ~0 in K.  

(ii) l~or all t in [0, T] 

(10) 

v~(t, ~) = F(t, ~) § 1 [E(t, ~) - -  e(t)] 

y •  -> q~ in B �9 
8 ~ 0  

Hypothesis  It2 contains hypothesis  t t l  a n d  y ( t ) ~  yO. 
Existence and uniqueness of solution yt~ in a neighborhood of (t, s) = (0, 0) may  

result  f rom a posi t ivi ty hypothesis on ~(t,. ) on K or from a growth proper ty  of 
Lw(t, s) as l]~I[ goes to infinity. In  the sequel we shall denote by y the solution 
y(0) = y]. 
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To make  sense of the adjoint  s ta te  we need the  following addit ional  hypotheses 
in a ne ighborhood iY of y in B. 

I t3  The map q ~-~J~(t, ~) is twice Gateaux  differentiable in ~ :  t ha t  is for all 
in h r and ~p and ~ in B the  following l imit  exist  

dE(t, ~; 0, ~) = l im [E(t, ~ ~ syJ) - -  E(t, ~)]/s 
s'~o 

d~E(t, ~; 0, ~f; 0, ~) : lira [dE(t, ~ ~- st;  O, ~p) - -  dE(t, q~; O, y~)]/s. [] 
s',~o 

H4 There  exists a Hi lbe r t  space V, B c V, with continuous embedding such tha t  
the map 

~ ~'(t, ~) 

is convex and V-continuous. Moreover  for all ~ in N (~ K the maps 

~ dE(t, qJ; O, ~) ,  (~, ~) ~ d~E(t, q~; O, ~; O, ~) 

ex tend  cont inuously  to Y and V • V, respect ively and 

3~ > 0 such t ha t  Y~f e ]7, d2E(t, 0; 0, yJ; 0, ~)>~Ii~fll~. [] 

t I5  Given convergent  sequences ~ ~+ y~ in B, ~.  -+ ~p in Y (strong) and ~ --> ~ in 
V (weak), there  exists a subsequence { ~ }  such t h a t  

d~F,(t, q~.~; o, ~~ O, $.~) ~ d~, ( t ,  y~; o, ~f; O, ~) . • 

As ment ionned  in section 2 we shall introduce the approximate  adjoint  s ta te  

p~ - (y ' . -  y~)/8 e B 

and  s tudy  its behaviour  as e goes to zero. This will require  the  following addit ional  

hypotheses .  

t / 6  Given any  two sequences {~.} in ~ n K and (~.} in V such t h a t  ~ -~ y~ in B 
and ~ - >  ~ we~kly in Y for some y in V~ there  exist  subseqnences (still de- 

no ted  {~., ~ } )  such t h a t  

lira inf d~ E(t, F.; O, y~; O, ~f~) > d: t~(t, yto; 0, y~; 0, ~p). [] 
~- ->  c o  

3.3. A priori estimates ]or the penalized problems. 

LEig]~A 1. - Assume tha t  hypotheses  t~2 to H4 are verified. There exist  a constant  

c(t) > 0 such t ha t  
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(12) IIY~- y*oll~< ~c(t)/~ 

(13) Ilpill~< e(t)/~. 

]?zoo~. - By  definition of the minimizing element y~ we have 

(1~) ~(t ,  y'~) + 1- [~(t, ~'~) - ~(t ,  y'o)] <2~,(t, y~o). 

By V-continuity and convexity of ~ ~ / ~ ( t ,  ~o), there exists a support  functional  to 
~(t ,  ~) ut qD-~ y~, t ha t  is 

Hence 

(15) 

with e ( t ) =  Hx*ol]v,. From (14) we have 

2'(t, qj)>~ zv(t, y~) + (x*,  q9 --  y~} . 

But  from (15) 

~(t,  ~)~>2~(t, y ~ ) -  e ( t ) l l~ -  y~l]~, V ~ e V ,  

I~(t, ~i) - E(t, y~)l< ~l~(t, yl) - ~(t ,  ~ )1 .  

o < ~(t ,  y~) - ~(t ,  yl) < e(t)II y l -  y~tl. 

and hence (11). By  hypothesis H3, there exists 0 e ]0, 1[ such tha t  (use the varia- 
t ional  inequal i ty  (3)) 

B(t, y,) - E(t, y~)~> a ~ ( t ,  y . ,+  0(y~-  y~); o, y,~- y~; o, y ~ -  y~) 

and by  hypothesis  H4 

E(t,  yo) - E(t, Y~)> ~][Yl-- Yo[[~ . ~  

Combining the last  inequal i ty with (11) we obtain (12) and (]3). [] 

L]~lv~ 2. - Under hypothesis  I t2 to H4, for all t in [0, T] 

(16) J~(t) --> Jo(t) as s ----> 0 

and for each e > 0 there exists 0 e ]0, 1[ such tha t  

(]7) 0 < 1 dE(t,  yto; O, p~) ~- d~E(t, y~ + ~ ~ ~ ~ . O(y~- yo); o, p~; o, p~) < -  g•(t, yo; o, p~) 
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Bu~ 

(18) 

and. 

(19) 

(~o) 

- d~(t, y~; 0, p'.)<~(t)~/~ 

o < 1 dE(t, y'o; o, p : ) < c ( t p / ~  
E 

0 <l im sup 1 _ dE(t, Y~o; 0, p*,) <~ 
t t t < - - l i m i n f  {dr(t, y*.; O, pJ) + d2E(t, y; + O(y.--y'o); O,p,; 0, io',)}. 

But 

E(t, yt) >/i~(t, Y*o) ::> ~(t, y~)<d,(t) 

3F(t, y**) <Js(t) <Jo(t) -~ ~(t, y~). 

By hypothesis H4 and estimate (12) in Lemma 1, we obtain (16). We know by 
hypothesis H2 to H4 that  

Y~-- Yo) > 0.  

Combining this with (11) an4 (12) we obtain (19). l~ow by hypothesis It3, there 
exists 0 6 ]0, 1[ such that  

(21) E(t, y~') - ~(t ,  y~) = d~(t,  y~o; o, y~-' v~) + a ~ (  t, yo' + o(vo-' Vo),~" o, y~-~ yD. 

But y~ verifies the variational inequality 

(22) d~(t,y~; O ,~ - -y~)+ldE( t , y~ ;  0, qc--y*~)>0, V ~ K  

and 

(23) d~'(t,y**; O, 9 - - y i )  + d_F(t, 9; O, *y--9)<0. 

By setting ~ = y~ in the above inequalities we obtain (17) and (20). [] 

]~EI~LARK 1 .  -- For 0 < sl < s~ 

E(Yo)<~E(Y~I)<~E(Y~.) , ~(YJ<~(Y~)<-<2(Yo) 

Jo=~(yo)>J,~>~J~, 0 ~> J . . - -  J o _ _  > __J~,--J~ 
E1 E2 

0 
E1 '~2 

and necessarily 

P~ooF. - By definition J~(t)<Jo(t) from (16). 
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B ut  

and  

Hence 

and 

Also 

0 <dE(yo; p,) < 1 [E(y~) - -  E(yo)] <F(yo) - -  .F(y,) < - -  d.E(yo; y , - -  Yo) 

l im dE(yo; p~) = 0, l im sup dF(yo; p~) < 0. 
~'~o ~'~o 

( ) _ /7(y~) F ( y ~ )  - - /~(Y0)  O>dFo = l im F y ~  > 
e"~O 6 81 

0 > dJo lira Je -- Jo d~-- do J,,-- Jo 
d,~O 6 61 62 

F ( y ~ )  - -  F(yo)  

82 

l im 1 [ E ( y , )  - -  E(yo)]  = dJo-- dFo > O. 
~x,~0 62 

s 

0>d/~o > l i m  sup dF(y~; p~) 
~ o  

1 
0 > dJo >l i ra  sup dF(yo; p~) -}- l im sup - dE(yo; p~) 

g',~0 8"x0 6 

0 < l i m  sup I dE(yo; p~) <dJo -- d2'o. 
8~o e 

[] 

3.4. Zimiting behaviour ol P~ as s goes to zero. 

In  l emma 1 we have  seen t ha t  the elements p~ are bounded in Y. So by  construc- 
t ion  they  have  weak l imit  points in the  tangent  convex cone 

(2~) 

LE~V~A 3. -- Assume tha t  hypotheses  H1 to  H4 and H6 are verified and t h a t  p 
in V is a weak  l imit  point  of {p~: e > O}. Then 

(25) 

(26) 

(27) 

aE(t, y~; o, p) = o ,  p e T~(y~o) 

0 < l i ra  inf 1_ dE(t, y~; O, p~) 
C 

0 < l i r a  sup 1dE(t, y~; 0, p~)<--[dF(t, Y~o; 0, p ) +  d~E(t, Y~o; O, p; O, p ) ] .  
8 

P~ooP. - I d e n t i t y  (25) is a direct  consequence of inequalities (19). As for (26) 
i t  follows f rom (3) by  set t ing ~ : Yo and dividing b y  s > 0. Final ly  (27) follows 
f rom (20) and is a consequence of the weak lower semicont inui ty  of ~ ~-~ d~(t, Y~o; O, ~f) 
and hypothesis  It6.  [] 
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(28) 

whe re  

(29) 

So the  w e a k  l im i t  po in t s  of {p~; e > 0} be long  to  the  closed c o n v e x  cone 

S(t) = Tx(yto) n VE(t ,  yto)• , 

r E ( t ,  yot)~ = V-closure  (~# e B :  dE(t,  yo~; 0, ~v) = 0}.  

I n  f a c t  t h e y  be long  to  a sma l l e r  se t  for  which  the  cond i t ion  

1 
0 .<l im sup  - dE(t,  yto; O, p~) <<.c(t)~/~, 

s 

holdsl  b u t  t h a t  se~ is h a r d  to  cha rac te r i ze .  

3.5. Variat ional  inequality ]or the l imit  points.  

W e  n o w  c o n s t r u c t  a cone A(t)  a n d  a v a r i a t i o n a l  i n e q u a l i t y - f o r  the  l imi t  po in t s  

o~ {p:} = {p~: ~ > o}. Let  

)30) A(t)  = 

/ 3 ( ~ :  ~ > o} c K ,  ~ = ( ~ - -  y~o)/~ such tha t  

~f ~ V / Y~ --> yJ in  V (weak) as e > 0 --> 0 and 

l i ra  I _ dE(t,  yto; O, ~f~) = O . 
~ o  8 

L ] ~ v r ~  4. - (i) The  se t  A(t)  is a cone w i th  v e r t e x  a t  0 in V. M o r e o v e r  

(3~) R + ( K  --  y~) ~ VE(t ,  yto)• A( t )  c Tx(yto) ~ VE(t ,  y~)_L . 

(ii) I f  

(32 )  limldE( t, Y~o; 0,  p t )  = 0 ,  
exa0 

t h e n  all  w e a k  po in t s  of {pt} a re  in ~-6A(t). 

P n o o F .  - (i) To  show t h a t  0 E A( t ) ,  choose ~----Y~o, Vs > O. 
~p ~ A( t )  

3 { ~ }  ~ K ,  

a n d  

T h e n  choose 

G iven  ~ > 0 and  

~f~ = (q~-- y$)/e ---> ~ in V (weak) as ~ -+ 0 . 

l i m / -  dE(t,  y~; 0, %) = 0 .  
~",~o 
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and notice t ha t  

ek 

Moreover 

- -  -- k ~  ---> k~ in V(weak) as e ---> 0 .  

l_s dE(t, y~; ~ )  = k ~ dE(t, yto; 0, ~s~) -+ k" 0 = 0 .  

So we have shown tha t  A(t) is a cone with ve r t ex  at  0. 
The nex t  step is to show tha t  any  element  

~p e R + ( K  - -  y~) N VE(t, y~)" 

belongs to A(t). This is equivalent  to show th a t  Vk>0 and ~ e K such tha t  

a~(t ,  y~.; o, ~ -  y~) = o .  

Then 

= k ( ~ -  y~) e A ( t ) .  

To see t h a t  choose for e a k such t h a t  e A < l  

~ = (1 -- ek)y~o -Jr- e2~o e K. 

Then 

and ~ e A(t). This proves the  first pa r t  of (31). For  the second one, i t  is clear t h a t  

~ o r e o v e r  there  exists eo > 0 such t h a t  for any ~< eo 

B u t  e goes to zero and necessarily 

O<gE(t, y~; O, ~o)40.  

(ii) By  the  weak closure of ~-5 A(t). [] 
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I~E~CI&I~K 2. -- If 

(33) dE(t,y~; O, ~) = O, V~ e B  

then 

(34) X(t) = T~(yto) = ~-5 A(t) 

and all l imit  points of {pt~} belong to A(t). [] 

I~v,_~A~K 3. - I f  (32) is t rue and yo ~ minimizes ~'(t, ~) over K, then pt~-+ 0 in 
V (strong). To see this use (20) and hypothesis  t t6.  [] 

THEORE~ 1. -- (i) Under  hypothesis  tI1 to H6 any limit point  2 of {2~} in Y (weak) 
belongs to 

(35) S(t) -~ T~(y~) n VE(t, y~). 

and verifies the  variat ional  inequal i ty 

(36) dF(t, y~; O, V) + d2E( t, Yto; 0, ~f; 0, 2 ) > 0 ,  V V e A(t) 

and the inequal i ty  

(37) diE(t, yto; O, 2) + d~E( t, Y*o; O, p ; 0 ,  2 ) < 0 .  

(ii) I f  

~-SA(t) = S(t) H7 

and the map 

(38) ~ ~ diE(t, y~; o, ~) 

is linear, then p - - > p  in V (weak), where P is the unique solution in S(t) of the 
var iat ional  inequal i ty  

{ 2 ~ S(t) , V~ E S(t) 
(39) dE(t, yto; O, y~--p) + d2E(t, Y'o; 0, V - - P ;  0, p ) > 0 .  ,. 

I=~EMAI~K 4. - -  Hypothes is  H7 seems to be weaker  than the classical hypothesis  

(40) V-closure {R+(K -- yt o) n VE(t, y~)'} --  S(t) 

(cf. F. I~[IO~OT [1], J .  SOKOLOWSKI [1]). [] 
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2noo~  o~ T~Eo~v,~ ].  - Since the  p a r am e te r  t is fixed, we shall drop i t  every- 
where in the  proof. (i) We al ready know tha t  the  weak l imit  points of {T*~} belongs 
to  S(t) and t ha t  (37) is verified. To established (36) we fix a weak l imit  point  p of 
{p~} and the associate4 sequence {e~ > 0}, e~ -+ 0 such t h a t  

~oz = p ~  --> p in V (weak) .  

Consider an a rb i t r a ry  element  ~ in A(t) and its associated {~0~: e > 0} r K such tha t  

~o = weak lira F~, ~ = ( ~ - -  ~o)/e and l im - ] dE(yo; ~ )  -~ 0 .  
~',~o ~"xO ~ 

The above proper t ies  remain  t rue  with e~ in place of e. 
We now tu rn  to the  vuriat ional  equat ion for y,  = y,~ 

(41) dF(yr,; ~v--y,)  + ]--dE(y~; cf--y,)>~O, Vq~ e K .  

Let  q = ~%= ~oe~ in (41). B y  hypothesis  H4, there  exists 0~e ]0, 1[ such t h a t  

dE(yk; ~ - -  Yk) : dE(yo; qJ~-- y,) + d*E(yo A - Ok(y~-- Yo); q~-- Y,; Y~-- Yo). 

So (41) yields 

(42) 

- -  d~(yo; p,) - -  1 dE(yo; p~) - -  d 2 E(yo ~- Ok(Yk-- Yo); P* ; P~) 
~k 

where we have used the  fact  t h a t  

a2~(yo; y~ -  yo) + aF(y~; yo -  y,,)<o. 

3~ultiply (42) by  ;t '~ and sum over k f rom n to Ar~: k 

(43) 0 <~-- ~ 4; 1_ dE(yo ;p,,) - -  ~ X~[dF(yo; p~) -4- d ~ ~(Yo + O~(y~-- Yo); P,0;P~)] 

- 

k 

where 

(44) ~ ~ = 1 ,  2~>o, ~,o= (q~,- yo)/~,. 
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The first t e r m  on the first line of (43) is negative.  Take the  lira sup of the 
remaining te rms on the  Right-Hand-Side of (43) and use the following result :  given a 
sequence {]~} of real  numbers  such t h a t  ]~-> ] in R,  then  

.~r, Nn 

k = n  k = n  

(45) 

B y lemma 3 

(46) l im inf WdF(yo; p~) ~- d 2E(yo -~ O~(y~-- yo); p~; p~)] = a < 0 

exists and is negat ive  (cf. (20) in lemm~ 2). 
So using (45) and (46), the second t e rm  in the first line of (43) is less t han  -- a 

as k goes to  c~. By  definition of 9 we know th a t  

l im --1 dE(yo; 9~) -~ 0 
1c---> c~ ~7c 

and  by  using (45), the  first t e rm  in the second line of (43) goes to  0 as k goes to cr 
B y  hypothes is  H5 there  exists a subsequence of {sk}, still denoted {sk} such t h a t  

and by  using (45) again the t e rm  in the  last  line of (43) goes to d2/~(yo; ~o;/~). 
only t e r m  lef t  is 

N n  

The 

l~ecall t ha t  for a convex continuous funct ion ~ ,  the map 

9 ~-~ g/~(~; ~P): V (strong) - > R  

is convex and locally Lipschitz continuous and t h a t  

(r 9) ~-~ d/~(~; ~): V (s t rong)•  V (strong) -~ R 

is upper  semicontinuous.  As a result  

(ds) g . -  d:F(yo; 9) = ~ Z~EdF(y~; ~ ) -  d~(yo; 9)] = 

= ~ 2~[diE(y~; v2~ ) -- dF(yk; 9)] ~- ~ 2~[d/~(y~; 9) -- d~(yo; 9) ] .  

By local Lipschitz cont inui ty ,  there  exists a neighborhood ~V of Y0 and a constant  
v > 0 such t ha t  

(49) Vy e N ,  V91, 92e ~, Ida(y; 92)- dP(y; 91)l<vil92- 91[1~. 
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As a result the first term on the l~ight-Hand-Side of (48) is bounded by 

(50) ~ ~ c l l~ -  vllv= ~E] ~ ~ v ~ -  ~11v -* o. 

As for the second term denote by 

(51) l = lira sup dE(y~; F)~d~V(Yo; F) �9 
k--> co  

Then always by (45) 

(52) lira sup ~ ~ dF(y~; ~) -~ lim sup dE(y~; y~) 
~--> co k---> oo 

and the second term is negative. 
In  conclusion we have shown the following inequality for all F in A(t) 

O < - -  a -[-d/~(yo; y2) -l- d~E(Yo; ~ ; s  

But in view of lemma 3, we know that  

a ---- d~7(yo; p) -~ d2E(yo; p; p )< 0. 

l~ecall that  the set A(t) in a cone; So for any F in A(t) and 2 > 0 

82'(yo; ~t~o) -l- d~E(yo; ,~y2; p)>~a 

and 

d~(yo; y?) -~- d~E(yo; ~p; p) > Inf {a/),: t > 1~) = O . 

(ii) When (38) is linear, inequMity (36) holds for M1 ~ in ~-5 A(t) and by 
combining it with (37) 

p e S ( t ) ,  Vy2 e -d-6 A(t)  
(53) 

1 dF(yo; y~--p) -]- d~E(y0; F - - p ;  p)~>0. 

So when hypothesis H7 is true, (39) has a unique solution which necessarily coincides 
with all weak limit points of {p~}. 

This yields the uniqueness of the weak limit point and its complete charac- 
terization. [] 

REMarK 4. -- Another interesting cone with vertex at 0 for which inequality 
(36) holds is 

[ l im3{)~>O}'3{q4}cK'Y4----~"(cf~--Yt~)/e]  ~e Y*o 0 (54) B(t) -~  ~feV]~(t,y*o) • such that  y2~-+y2 in V(strong) as s->O and 

sup-%dE(t, ; 0, ~ ) ~  . 
8-->0 
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By definition, i t  is easy to check tha t  

-5-6 A( t )  - -  p c 56 B(t)  

for all l imit  points p of {pt~} in V (weak). I t  is easy to show tha t  

(55) R + ( K  --  yto) ~ VE( t ,  yto)• B(t)  c Tk(y~) ~ VE( t ,  yt)_t . 

So condition H7 could be fur ther  weakened to 

H 7  0---6 {r  ~ ( t ) }  = s ( t ) .  . .  

I ~ E ~ K  5. - I f  inequal i ty  (36) is to be verified only on R + ( K -  Y~o) N VE(t ,  Yo),t • 
then  hypothesis  H5 can be weakened to 

H5'  There exists a dense subsp~ce D of V such tha t  

V q ~ e : Y ~ K ,  V y J e D ,  (%~)~-->d~E(t ,q~;O,~;O,~p) 

is continuous from B • V (weak) into R. 

4. - L i m i t i n g  behav iour  o f  J~(t) as a func t ion  o f  t and derivat ive  o f  Jo(t). 

The object of this section is to determine conditions under which J0 ~ W1'1( 0, T) 
and s tudy  the l imit  of dJo(t) as t goes to zero. 

4.1. Di]]erentiability o] J , ( t )  with respeet to t. 

We first compute the derivative of J~(t), t e [0, T] from the r ight  

(1) dJ~(t) = l im [J~(t ~ s) - -  J~(t)]/s 
~ ",~ o 

where J~ is defined by (8) as 

(2) 

with 

(3) 

In t roduce  the sets 

J~(t) : Min {G~(t, ~): ~ e K} 

G~(t, q~) ~- F( t ,  q~) ~- -~ [E(t, (f) - -  e(t)]. 

(4) At(t)  = (yJ ~ K :  G(t, V) = J~(t)}. 
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We first need an in termedia te  result  f rom J.  P. ZoL]~sIo [3] which will be applied 

to e(t) and J~(t). 

THEOICE~ 1. -- Le t  G: R • B -~ R be a funct ional  defined on a reflexive Banach 
space B and be A a subset  of B. Le t  

(5) J(t)  = Inf  {G(t, ~): ~ e A } ,  A(t) = { ~ e A :  J(t)  = G(t, 9)) 

with the  following hypothesis :  there  exists T > 0 such tha t :  

H E 1  A(t)~=O, O<t<~T; 

H H 2  VyOe A(O), Vy~e A(t), the  functions s ~-~ G(s, yO) and s F-+ G(s, yt) are diffcren- 
t iablc in a neighborhood of zero; 

H H 3  Vy~ A(O), s ~-~ 3~G(s, yO) is upper  semi-continuous; 

H t t r  3 a topology ~ on B such tha t ;  

(i) V{t~}, 0< t .~<T , ' such  tha t  t .  --> 0, 3y ~ e A(0), 3 a subsequenee (t.~} of {t~} 
such t ha t  for all k, 3yk e A(t~) and y~ --> yo in the  ~ topology. 

(ii) The map (s, q~)~ ~G(s,  ~) is lower semi-continuous on {0} •  for 
the  topology ~ .  

Then  the l~ight-tt~nd-Side der ivat ive  of J is given by  

(6) dJ(t) : Inf  (~G(0,  ~): T e A(0) ) .  , 

We now proceed in two steps. F i rs t  we use Theorem 1 to show th a t  under  
appropr ia te  hypotheses,  e(t) is continuously differenti~ble on [0, T[. Then using 
t h a t  result  and Theorem 1 once more,  we obtain the differentiabil i ty of J~ in [0, T]. 

LEM:~I2L 1. -- Assume t h a t  hypothesis  H1 is verified and t h a t  

H8  

(7) 

is of class C 1 and the  map  

t, q~ ~ E(t, q~) 

t ~ E(t, ?):  [0 , / ' ]  -+ R 

and (t, ~) ~ dE(t, ~; 1, O) 

are weakly lower semi-continuous on [0, T] •  

Then  the funct ion e(t) is of class C 1 on [0, T] and 

e'(t) ~- de(t; 1) ---- dE(t, y~; 1, 0) ,  O<~t~T .  



]~[. C. D E L F O U R  - f t . -1 :). ZOL]~SIO: Shape sensitivity aqalysis, etc. 1 9 9  

PaOOF. - B y  direct  appl ica t ion  of Theorem 1, we obta in  the  I~.tLS. der iva t ive  
de(t; 1) g iven  b y  (7). B u t  since the  set  A(0) is reduced to the single e lement  y~, 
t hen  

de(t; 1) : - -  de(t;-- 1) = e'(t) 

is the  usual  de r iva t ive  a t  t. [] 

LEM~A 2. -- Assume t h a t  hypothes is  I t1 ,  H2 and H8  are verified and  t h a t  

H9  for  each e>~O, the  funct ion t ~-~ y~: [0, 2"]-+ B is cont inuous;  

t t l 0  V~0 e _~ the  funct ions t ~ / ~ ( t ,  ~): [0, T]--> R is of class C 1 and  the  maps  

(t, 9~ ) ~+ F(t ,  q~), (t, q~) ~+ d/~(t, ~o; 1, O) 

a re  weak ly  lower semi-cont inuous on [0, T] •  

Then  for  each e ~  0 and  O~t<~T, 

(8) dJ~(t) = dF(t, yt,; 1, O) + 1 [dE(t, yt ; 1, 0) - -  dE(t, y~; :l, 0)] .  

P~ooF. - D i rec t  appl ica t ion  of Theorem 1. [] 

4.2. Absolute continuity o/ Jo. 

We first cons t ruc t  the  pointwise l imi t  ](t) of dJdt) as e goes to zero. Then ~ve 

use a boundedness  hypothes is  to  get  the  absolute  cont inui ty  of the  l imit  funct ion 
Jo(t) on [0, T]. 

H l l  The m a p  

H I 2  

I-Ii3 

cp ~-~ di'(t, cf;1, 0): V --> R 

is cont inuous in ~ .  

Fo r  all  ~ in B and  t in [0, T], the  l imi t  

d ~ E(t, ~; 1, 0; 0, ~o) = lira [dE(t ~ s, ~; 1, 0; 0, ~) - -  dE(t, ~; 1, 0; 0, ~p)]/s 
sx~o 

exists  for all  ~ in N. 

Fo r  all t in [0, T], the  m a p  

% y) ~ d~E(t, ~; 1, 0; 0, F) 

is cont inuous on h r • V (weak). 
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L E ~ ) -  3 . -  Assume tha t  hypotheses H1 to H13 are verified and {hat the map 
(3.38) is l inear,  then  

where 

(9) 

Vt e [0, T] ,  dJs(t) -->/(t) as e ---> 0 

](t) = dE(t,y~o; 1, O) + d2E(t,y~; 1, O; O,p~). 

P~ooF. - From H12, there exists O, 0 < 0 < 1, such tha t  

[dE(t, yt; 1, 0 ) -  dE(t, y~; 1, 0)]/s = d2E(t, yto+ O(y~-- y~); 1, 0; 0, p~).  

By  H13, the R.H.S. of the above expression goes to 

d~E(t,y~; 1, 0; 0,p~).  

Similarily by H l l  

a~'(t, y~; 1, o) ~ a~'(t, Y~o; 1, o).  

Then (9) is obtained by going to the l imit  in (8) as s goes to zero. [] 

We now introduce the botmdedness hypothesis to apply Lebesgue Dominated 

Convergence Theorem and 
t t 

Jo(t) : lira J~(t) : Jo(O) + l im [dJ~(s) ds -~ Jo(O) ~-[1(s) ds.  
~',~o ~',~o o J o d 

Recall  f rom l~emark 3.1 t ha t  

Jdt )  7 Jo(t) as e --> O. 

The boundedness hypothesis  is 

H14 3M > 0 such tha t  Vt E [0, T], V~o ~ ~r, V~ e V 

[d2E(t, ~; 1, 0; 0, ~)I<MII~I/~ 

~nd the map 

t ,  qJ ~-+ d ~ ( t ,  qJ; 1 ,  O) 

is bounded in 0, T] •  

TItE0~E~ 2. - Under hypotheses 1=[1 to H14, the l ineari ty of the map (3.28) and 
the densi ty hypothesis It7 for all t in [0, T], the function Jo is absolutely continuous. 
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I t s  de r iva t ive  coincides a lmos t  everywhere  wi th  the  funct ion ] in Z~~ T) and hence 
Jo belong to W~.r176 T):  

(lo) dJo(t)-~d2'( t ,y~o;1,0)-[-d~Y,(t ,  yto;1, 0; O, p~) a.s. in [O , T ] ,  

where  p~ is the  unique solution in S~ of the  va r ia t iona l  inequal i ty :  for all ~ in S~ 

(zl) a~(t, y~; o, ~ -  1)~) + a~( t ,  y~; o, ~ -  p~; o,p~)>o. [] 

REMARK 1. -- Hypothes i s  H9  requires  the  cont inui ty  of the  funct ion t ~-~ y~, s > 0, 

in the  B-norm.  I t  is clear  t h a t  the  technique of l e m m a  3.1 would only give the  
cont inu i ty  in V. Thus a s t ronger  resul t  is required which can be ob ta ined  in each 
ease depending on the  s t ruc ture  of J~ and  2'. [] 

4.3. Dif]erentiability o] Jo(t) at t = O. 

As this junc ture  Theorem 2 seems to be the  mos t  reasonable  resul t  when K is 
not  a subspace of V. The delicate poin t  is the cont inui ty  of po ~ as a funct ion of t a t  0 
in V (weak). I t  is crucial ly re la ted  to the  l imit ing behaviour  of the  sets 

(12) S, = T~(y~) n VE(t,  y~o) • . 

This po in t  is read i ly  expla ined  in the  following one-dimensional  example .  

EXAMPLE. -- K = {~ ~ R :  (p/>O} 

(13) E ( u , ~ ) = � 8 9 2 4 7  ~ ( u , ~ ) = 1 ( ~ - - 1 )  ~. 

I t  is easy  to ve r i fy  t h a t  

0 ,  if u > 0  

- -  u ~ otherwise 

and  that 

f 
J(u)  = �89 (y~-- 1) 2 = / 

(u + I)~12, t 

u > 0  

o therwise .  

Fo r  t = 0 as a funct ion of u the  funct ion J (u)  is represen ted  in Figure  2. 
The  di rec t ional  der iva t ive  a t  u in the  direct ion v is 

0 ,  u > O  
(14) d J (u ;v )  = ( u - ~ l ) v ,  for u <  0 .  
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- - 1  0 u 

Figure 2. 

So J is 4ifferentiable everywhere except at  u = - 0  

dJ(O;v) = min {0, v}. 

:Now fix u, v and t>O 

$(t, ~) = B(u + tv, ~) , _;(t, ~) = ~(u + tv, ~) 

y~= y.+~, , Y(t) = J(u + tv) . 

Choose u = O. Then for t>O 

for v = l  an4 t > O  

y e ~  

P~---- { 

But  for t = 0 

0 ,  if v > 0  

Yt= - - t v ,  if v <  0 

(e--t)/(e + t), O<t<e ] 
O, e < t  y ~ = O ,  

( e - t ) / e ( e + l ) ,  o < t < e  1 , 
O, e < t  I P ~  

~  1/(e + 1) ~  y ~ = e / ( e + l ) ,  Yo"=~ p , -  , po 1. 

As a result 

l impo  ~= 0 ~ 1  - -  p~. 
e~o 

For  v = - - i  an4 t>O 

e -} - t  1 - - t  
Y~--~ -}- I ' P~:e-~-  l ' p J =  1 - - t - + p ~ = l .  
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Fina l ly  

(15) dJ~(t) = 10~ 

and ia each case we recover the results at  the bcgining. [] 

PgoPosImIoN 1. - (i) Assume tha t  hypotheses H1 to H14 (H7 for all t in [0, T]) 
hold, t h a t  the map (3.38) is l inear and tha t  

K15 t, y~ ~ d"E(t, y~; 1, 0; 0, tP): 0, T] • V (weak) is continuous. 

1~16 t ~ dE(t, y~; 1, 0) is continuous at  t ~ 0. 

K17 p~o--~10 (unique) in V (weak). 

Then 

(16) aJo(0) = aE(O, yo~ 1, 0) + d~E(0, yo~ 1, 0; 0,10). 

(ii) If ,  in addit ion,  p = 10 ~ then p is completely characterized by (11) with 
t = 0 .  [] 

When the cones S(t) have an appropriate behaviour as t goes to 0, i t is possible 
to obtain a var ia t ional  equation for the l imit  point io of 10~ as t goes to zero. 

PgoPosImIo~ 2. - Assume tha t  the hypotheses of Proposition I (i) hold and tha t  

H18 l im dE(t, yto; O, ~) = dt~(O, yg; O, yJ) , V~f ~ V ,  
t',,~o 

lira inf dE(t, Y*o; O, Pro) > dE(O, y]; O, p) . 
t',,~o 

K19 l im d*E(t, Y*o; O, y~; O, P*o) ~- d2E( O, yO; O, ~f; O, 10), 
i',~o 
l im inf d~E(t, Y*o; O, 10o*; O, po ~) >d~E(O, yo~ O, 10; O, p ) .  

s ~ o  

H20 3T > 0 such tha t  

(17) Vo < t~<t~< T ,  S(t~) c S(t~). 

Then p is the unique solution in the closed convex cone 

(18) S = f~ S(t) 
0 < ~ < T  

of the variat ional  inequal i ty 

p ~ ,  V~S 
(19) 

l dE(O, Yo; O, ~f --10) �9 d~E(O, Yo; 0, ~f --10; 0, 10)>0. [ ]  
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5. - Shape derivative for the radiator problem. 

Let  V ~ V(t, xl, x~, z) be a veloci ty  field, V e  C~ T], C1(R3; Ra)) such tha$ 

(1) V( t ,  x l ,  x~, o) = o . 

since 2:1 is inv~riant  in the deformat ion  of the domain. I f  the field V is wr i t ten  as 
V = (V~,, V~, V~), then  the  condit ion 

(2) V~(t, xl ,  ~,  •) = o 

implies tha t  Z3 remains l inear in the deformation.  
Denote  by  Tt-~ Tt(V), the  t ransformat ion  associated to V 

aT ( V ) X  = V(t, ~ ( V ) X )  , l o ( V ) X  = X ,  t>O. 
dt 

Consider the ma t r i x  

A(t) = J(t)(DTt) -~.*(DTt) -~ 

where DT, is the  gacobian ma t r ix  of Tt and J ( t ) =  det  (DTt). On Z'3 J(t) is to 
be unders tood as det  (DTt) where 5~t is a mapping f rom R 2 in R~ namely  

~,(~,  ~) = T,(z~, ~ ,  ~) 

and D~Pt is the 2 • 2 matr ix .  In  fac t  ~ is the  t ransformat ion  associated with the 
veloci ty  field 

~(t,  ~ , ,  x~) = (r~(t ,  ~,  ~ ,  ~), r~,(t, ~,, ~ ,  L ) ) .  

For  t e [0, T] and any  m a t r i x  norm we have  

{ ll~(t)(x)ll<Cll~'tIl~,.~(.~, w e ~ q  
(3) [J(t)(~)l< ell ~,]l~'.~(.~, w e ~ .  

Now the norm H TtI[wl.~(9) is continuous in t and a f o r t i o r i  bounded in 0, T]. We 
also recall (from g. P. ZoL~sIo [1]) t ha t  the  following cont inui ty  propert ies  

I[A(t)--A(s)I]~o~(~)--->O when s -+ t  

(4) ]J(t) - -  J(s)ILo~(~)--~ 0 wheu s ~ t .  

Denote  by  f2~ the  pe r tu rbed  domain 

~%= T~(v) (~) 
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wi th  its boundory  in th ree  pieces: 

2J~= Tt(V)(Z~)  , 1 < i < 3 .  

B u t  f rom (1) X~=  Z1. 
l~or each t in [0, T] we consider the Banach  space 

and the energy  funct ional  defined on this space: 

~ z2 z~ 

Et  is convex,  lower semi-continuous on Bt  and there  exists a unique element  y~e B~ 
which minimizes Et  on Bt  (see M. C. DEr~FOV~, G. I~iYRE, J . P .  ZOL]~SIO [1~ 2]). 

The cost funct ion associated to  the radia tor  problem is iwt: B t - >  R + defined by  

~[(~ - i%)+]~ d x .  

Then  ~ unique e lement  y~.t ~ B t minimizes on B t the  penalized energy:  

(5) e > 0 , E t(Ys,t) "~ s-~t(Y~,t)< Et(~) "~- sPt(qg) , V~ e B t . 

Consider the funct ion # = m~x (Y~,t, q~) and assume th a t  

T1 > q~ (6) 

t h en  

( 9 -  1'1) + = ( y - / ' 1 )  + 

and iwt(~) = }~(Ys,t); f rom M. C. DELFOU}~, G. PiYm~, J.  P. ZOL]~SI0 [1, 2] we then  
know tha t  

" A 

Et(y ) --~ e~t(~) < Et(Y~,t) -~ s~(ye,t)  . 

B y uniqueness of the  min imum in (5) we get # = Ye,t t h a t  is: 

(7) 

I t  is immedia te  t h a t  

(s) 

1 

Y~,t qs on Qt" 

Aye , t= s(y~, t -  T1)+ in 9 t . 
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Then, Ay~,~ being in L~(~) ,  (~]~n)y~,~ is defined on H-�89 and 

(0) ~-~y~,,= 0 on Z~ 

(lO) ~ y ~ , , =  q,  on. X~ . 

And the radia t ing (non linear) condition 

(11) ~n y~'' q- (Y~")~ : G on ~ 

We suppose now tha t  y~,,12:~ has an upper bound (which is compatible with the 
fact  tha t ,  from (11) and (7) (~/~n)y~,~O on X~o). 

I t  can be easily verified t h a t  y~,, is continuous outside of 27~ in ~ , :  for example 
by  introducing, f o r  any  g > 0, the function 

G(x~, x~, z) = y~,,(xl, x~ z) G(z ) 

where 0 ~ 1  is a C ~ function on [0, L] such tha t  O(z) -~ 1 f o r 0 < z < L - -  2a, and 
~(z) ~ 0 for L - -  a<z<~L. In  part icular  g ~ :  y~,, in a neighbourhood of X~; we 
have 

~n4 

~-~ g~ = 0 

-~-~ g ~ = q i 

on {z = z -  a} n ~ ,  

on Z~ 

Ag~ ~- O~(z)y~,~ + 2~ '~ ~-zy~, ~ 

belongs to Z~(~) .  
The g~ is the solution of a linear well posed boundary  problem on E2~ r {z < Z -  ~} 

and we know t h a t  g~e C~ then  by the Masimnm Principle (see P~OT~rE~ and 
WE~]3E~G~ [1]) we know tha t  the max imum for g~ on ~ is achieved at  a boundary  
point  M at  which ( ~ / ~ ) g ( M ) ~  O. 

This point  M can only be located on 2:1, Then for each ' ~  0~ y ~ , ~ n  { z <  
< L ~ 2g} reaches its max imum on 2:1. Bu t  since Y~,t is upper bounded on ~ we 
also have y~,~ reaching its max imum on 2:1. ~ o w  it  would be possible to obtain the 

�9 cont inui ty  with respect to (t, s) of max  (y~,~(x): x e Z:~} : max  (g~: x e ~:~}. Thus this 
max imum is bounded for (t, s) e [0, T] • [0, ~] : 

(12) 
q~,<~y,,dx) < M .  



iV[. C. DELFOUa - J . -P.  Zoz]~sm: Shape sensitivity analysis, etc. 207 

Consider now 

(13) y t =  ye.toTt 8 

I t  is the unique element  of B (~2 )=  Bo which minimizes on B0 the funct ional  

where 

(14) 

and  

(15) 

E(t,  ~) q- eF(t, qJ) 

E(t ,  ~) = Et(q~oTt ~) = 

= 21-f <A.(t)"V(~, Vq)> dx -~ f  (~ I (pp- -q~(~) j ( t )dZ- - fq iq )  d Z  
..(2 za x 1 

F(t ,  ~) : / ~ t ( ~ o T  -~) = f [ ( ~ -  T~)+]~J(t)dx. 
t9 

Et(Y~.t)<Et(O ) = O, 

But~ 

(is) ilyG(~)< c .  

P~ooF.  - We h~ve 

Obviously f rom (45) and (50), we have 

(16) u e -~ q~<yt~(x)<M,  Vx e ~ ,  Vt a [0, T], Ve a [0, g].  

To obtain the eoercivi ty of the second der ivat ive  

q~ ~ d2E(t, yto; O, of; O, cf) 

we need now to int roduce the closed convex subset of B(~) :  

(17) K =  ~ e B ( I ? ) : ~ - ~ < ~ < M  a.e. on ~ . 

F r o m  (16) we get  y ~ K  for any  s and t. 
We now tu rn  to the verification of hypothesis  It8, the cont inui ty  of t ~ yt in 

B(D);  e > 0. 

LEM~iIA 1. -- ~ C >  0, s.t. Vtff[0, T], Veff [0, g], 
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t h a t  is 

f ~ I~ , , i  ~ ~ + ~ f t~,,l~ < ~  f ~,~,~,,l~, + ~r(~,~,,- ~ , )+~  d~.  

B y  (16) we get  

~< [C + e ( C -  T~) ~] measure (/1) ---- a .  

Then  i t  is immedia te  tha t -  ]ly~]]~<~/~ + aL [] 

s t LE~av~ 2. - V s > 0 ,  Ny~-y~ll~(~) o as s--->t. 

P~ooF. - y~ and yt ~rc the two elements  of B character ized by  the var ia t ional  
equat ions:  

Y~o e B ,  dE(s,  y:; 0, ~) + e d2~(s, y:; 0, ~o) = 0 

dE(t,  yt; 0, q~) + s dF(t ,  y~; 0, ~) = 0 .  

B y  substraet ing these eqnations,  taking z ~ y t _  y~ and ~ = z we get:  

(19) f ( A ( t ) . V z ,  Vz) dx + f J(t)[(y~) ~- (y:)~]z dZ + 
.(2 Za 

[ ( y ~ -  , = _ _ + f ~)§ -f<(.4(t) .4(s)l.Vy:,W>~x 
f2 

- f (J(t) - J ( s ) ) ( y : ) ~  e x -  ~ f (J(t) - j ( ~ ) ) ( y ~ -  ~ ) §  a ~ .  
X'3 .(2 

F r o m  (18) and (3), (4) it  can easily be verified tha t  the t~ight-Itand-Side of (19) goes 
to zero as s goes to t .  

On the  other  side we have the monotony  inequali t ies 

(a ~ -  b~)(a - b ) > ~ l a - -  bp and [ (a - -  T1) + -  (b--  T1)+](a - b ) > 0 ,  

combining these two iuequalit ies with the fac t  t h a t  J(t)>~O on ~ (for J( t )  -~ 1 in 
C~ when t--~ 0) we get  in (19): 

an4 

f ( A ( t )  "Vz, Vz} dx --> 0 , s ---> t 
t )  

f J(t)iz]~d~--~ 0 ; 
I s  

8 ---~ t . 
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Now going back to the moving domain 9t we get I]zoYt~ll~(~)-> 0 but  

Then we get ][z]l~(o)-~0 as s-->T. [] 

5.1. Derivatives o] E and ~. 

We recall (from J.  P. ZoL~.sm [1], [2]) t ha t  t ~-~ A(t) and t ~ J(t) are differen- 
tiable from [0, T] in L~176 and tha t  the derivatives are given by 

n'(t) = div V(t)I a -  (DV(t) ~-*DV(t)( 

J'(t) ---- div V(t) . 

Then for all ~ in B we get the existence of 

dE(t, ~ ; ] ,  O) =f �89 <A'(t).V% VqJ} dx -{-f (�89 Jcfl~--q~q~)J'(t) dZ 
Y2 Z~ 

also we have, for ~, ~eB(~9):  

dE(t, q~; O, y~) = f  <A(t).V~, V~f} dx -~ f (Iq~13q~ -- q,)~fJ(t) dZ 
t2 X~ 

and for ~ e K , ~ , ~ p ~ B  

d2E(t; ~; O, ~o; O, ~) ~- f  <A(t).V$, VyJ} dx -[- 4 f  J~0laF~J(t) dX.  
.O Xa 

Moreover: 

d~E(t, cp; O, ~; O, ~)> f 
z: 

5.2. Characterization of the convex set St. 

The gradient  of E(t,.) at Yto is zero for y~ minimizes E(t, 0) on all the Banach 
space B, t h a t  is dE(t,y~; 0,~) ---- 0, Vq0~B. Then: 

{voe Y s.t. aE(t, y~; O, q') = O} = ~ ( 0 ) .  
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Then to characterize St we just  have to consider the tangent  cone: for this we have 
the 

LEMI~A 3. 

Tv,o(K) = H~(f2). 

PROOF. - We first obtain  

{2(~- -  yg) s.t. g~>0, ~ ~ K} = Z~176 ~ Ht(f2) 

for K c Z~(f2) and y~ an interior point  (in L~(f2) topology to K).  Then we conclude 
by  densi ty  of L~(f2)(~ g~(f2) in H~(t~). �9 

We tu rn  now to the verification of hypotheses II5, tI6 and It20. 
Le t  p.---- pt:  converge weakly in HI(~)  to q (since p~ is bounded in H~(f2), from 

Lemma 1, independent ly  on e ~ 0  and t). 
Then this convergence is true in H~(f2), strongly for any s ~ 1 and the traces 

on 2:3 converge in H~-�89 then  in L~(Z~) for any  ~ < 4. In  part icular  (p~)~ converges 
to q~ strongly in Z~(273). To verify tI5, I[6 and tI20 i t  is now a direct application 
of the following. 

L E ~  4. - r e > 0 ,  for any sequence t~--> s there exists a subsequence G such 
tha t  

for any  p, l < p  ~ co. 
(This subsequence converges in all the Z~(X3)'s). 
P~ooF. - We have established tha t  yt~ converges to y0 in B(f~); then  the traces 

on 273 converge in Ls(Z~). So there exists a subsequence which converges almost 
every where on 2:3. Bu t  

ly~l < ~ " on  ~3  ; 

so this subsequence, wri t ten y~ for simplicity, verifies 

]y~] ' -~  [yll ~ a.e, on Z3 

ly~[~<~/~  a.e. on z 3 .  

By the IJebesgue convergence theorem we get the convergence of ]y'~l ~ to [y~I ~ in 
ZI(X3) t ha t  is t h a t  y~ converges to y~ in s �9 

l~ow Proposit ion 7 (in DELFOv~-P~Y~E-ZoL~sIo 1]) can be direct ly applied to 
the radiator  problem and we get the 
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THEOREM 4. -- The domain D being described in the first section, let y(~2) e B(~)  
be the solution of 

~[in f f  �89 ~-f  ( �89 
~eB(t~) Z3 Z~ 

For  any admissible velocity field V (such tha t  (39), (40)) let y(tgt) be the associated 
solution on Y2t and 

J(n~) : f [ (y(n~)  -- T~)+]~ dX 
C2t 

with T~ > q~. 
Then the Eulerian derivative of J a t  t9 in the direction V e C~ T], C~(Rs; R3)) 

exists ~nd is given by  

dJ(~2; V) ~ l im (J(~2t) --  J(~))/ t  = 

t - .o  ----f(y--T1)+p dx +f<~ ' (0 ) .Vy ,  Vp> dx +f J'(O)(y*--qs)p dZ + 

" " ~ fJo(O)[ (y  - T,)§ ax 

where y : y(~9) and p-----p(~2) are respectively the element of B(~2) and H~(/2) 
characterized by the problems 

~nd 

Zz 9 

A'(O) = div V(O)I~-- (DV(O) + *DV(O)) 

J'(O) = ~IV~I(o, xl, x~, L) + ~oV~(o, xl, x~, L) 

Vg~ ~ B  

on Z3. 
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