
G l o b a l  S o l u t i o n  o f  t h e  C a u c h y  P r o b l e m  

for  a C las s  o f  A b s t r a c t  N o n l i n e a r  H y p e r b o l i c  E q u a t i o n s  (*). 

P I E R 0  D ' A N C O N A  

Summary. - This  paper" is concerned with the global solvability o] the:Cauchy problem/or lhe 
abstract nonlinear equation 

u" + 91(u)A~u + 9~(n)A~u = 0 

where A 1, A S are ~on-negative symmetric operators on an Hilbert space, while q~l, q'~ are 
locally .Lipschitz continuous non-negative ]unctions, in a Banach scale. 

O. - Introduction. 

This paper is concerned with the global solvabili ty of the Cauchy problem 

u" + ~l(u)Alu + qD~(u)A~u = 0 

(1) ~(o) = ~o, ~'(o) = ~1 

where A1, A2 are nonnegat ive  symmetric operators on an Itilbert space while ~1, ~ 
are nonnegat ive  functions.  

A special a t tent ion will be paid to the  case 

(2) ~,(~) = l,(<P,~, u>) (i = 1, 2) 

(with P~ not neeessarly equal to A~) in view of the applications to the PDE's. When 
/ )~=  A~, problem (1) is of <~ variational type ~>. 

A special case of (1) is the problem 

{ ~ " + / ( < A ~ ,  ~>)Au = 0 

(3) ~(0) = ~0, ~(0) = ~1 

which was invest igated by  many  authors (see e.g. [B], [M], [D], [Po], [1~], [AS1]); 
here A:  V - +  V' is a symmetric posit ive defined operator from a Banach space to 

(*) Entrata in Redazione fl 30 d i c e m b r e  1986. 
Indirizzo de11'A.: Scuola Normale Superiore, Piazza CavaHeri 7, 56100 Pisa, Italia. 
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its dual, i.e. 

(4) 
<Au,~> = <Av, u> 

<Xu,~>>c]lul]~ (e>o) 

while ](r) is a nonnegative function on R +. 
Now POH0~AEV ([P]) proved the global existence for (3) under the assumptions 

(5) 
] is locally Lipschitz continuous and 

/ ( r ) > , > 0  onR+ 

provided that  the initial data Uo, u~ are A~-analytic vectors. 
We recall that  a vector v e V is called Ai-analytio if ~K, A >  0 such that  

(6) V j ~ N ,  A ~ v ~ V  and I<AJv, v}]~<KAJj!. 

A similar result was proved, under weaker hypotheses, in [AS1], where the global 
existence for problem (3) is obtained provided that  

(7) 

J is continuous and > 0 on R + 

+co 

f /(r) ar = + co or s u p ] < + c o .  
R+ 

0 

The most natural step towards a generalization of problem (3) is probably prob- 
lem (1). Here (see Theorem 1 below) we prove a global existence result for (1) in a 
Banach scale generated by an n-tuple B ~ (B,, ..., B.) of operators. 

More precisely, given a Hilbert triplet (V, H, V') (i.e. a reflexive Banach space V 
together with a bounded symmetric embedding I of V into its dual space V', H 
being the Hilbert space obtained by completing V in the inner product (% w). :~  
:= <Iv, w}i < , }  is the duality map) and n operators B~, ..., Bn in s such 
that 

(8) [B~, Bk] -- 0 ,  h, k = 1, ..., n 

( [ , ]  denoting tile commutator), we introduce the Banach spaces 

(9) X,(B) := {v e V: l[vl[r < -~ co}, r > o , 

with the norms 

TJ 
(10) ]]vHr :=  sup I[BJvIln �9 . 

~eN 
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We have set for brevi ty  

~ l  con B ~' = B~ o. . .oB~ (~ = (~, ..., ~1 eN' , )  

l lB~vll~ N)  [ ]Wvll . :=-~,~ ~!~ ] . j !  ( i s  . 

The family {X~(B)}~.>0 is called the Banach scale generated by the n-tuple B. 
The elements of the l~r6ehet space 

(12) Xo§ : =  f-1 X~(B) 
~'>0 

are called the B-analytic vectors. 
Our main  result can then  be s tated as follows (see Th. 5.1): 

THEOBE~ 1. - ~et us consider t~b. (1)~ assuming that A~, A~ are bounded symmetric 
nonnegative linear operators ]rom V into V% which satis]y the conditions 

l l-~l[.  < M(llvlI~ + HB~vI1, + I]B~v][~) 

J 
+ C(j -I- 1)(j -f- 2) ~ [IB~vll~/h! 

h = 0  

~/j e N (~ e N~), ]or M, C> 0, while ~(u) ,  ~(u)  arc locally Zipschitz continuous, bounded 
]unctions > 0 on V. 

Then Pb. (1) is globally well-posed in Xo+(B), in the sense that ]or each uo, u~ in 
Xo+(B ) there is an unique solution 

u e C~([0, -[- o0[; Xo+(B)). 

In  the <( variat ional  )> case in which 

(14) ~,(u) = i~(<A,u, u>) , i = 1, 2 

the functions ]~: R + - >  R + are nonneg~tive, locally Lipschitz continuous, bounded 

O n  l ~  § 

However, in this special case the assumption of boundedness can be replaced 
by the following o n e :  

+co 

t]~(r) dr = + (15) 
0 

for one or both  functions ]~. 
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Thus in par t icular  we have the following result  for P D E ' s  (see Theorem 6.1): 

C0~0LLARY 2. -- Consider the Cauehy problem, /or real p, q > l :  

d dy)%= o 

(16) u(x, y, O) = Uo(X, y) 

u~(x, y, O) = ul(x, y) 

where f2 is a given rectangle in R 2. Then/or  every %, ux analytic ~-periodiv ]unctions 
there exists an unique solution u in C~(R ~ X [0, + ~ [ ) .  Moreover, u ( . , . ,  t) and u~(.,. ,  t) 
are analytic Q-periodic, for every t>O.  

1 .  - N o t a t i o n s .  

We begin with some prel iminary definitions and results. Fo r  a more thorough 
t r ea tmen t ,  see [AS2], [C]. 

DEFINITION 1 . 1 .  - -  A Banach scale is a family  {Xr I of Banach  spaces, I in terval  
of R,  with norms 1]" I1,, such t h a t  each X~ is cont inuously  embedded in each Xr_~, 

> o (it is usually supposed that I1" 11,-~ < ll" If,). 
The spaces X,+ :=  U X,_~ and X~ : =  (1 X,  are endowed with the  locMlyconvex 

~ > 0  I 

induct ive  l imit  topology. 
The space X~- : =  A X~._~ will have  the  inverse l imit  topology with respect  to 

~>o 
the  embeddings of the  scale; i t  is a Fr6chet  space. 

Finally,  the  analytieity radius of a vector  v ~ X8 is defined as the  number  

ro:-= sup {feZ: veX,} .  

DEFINITION 1.2. -- A Banach  scale is said to be dense in itsel] if, for every  r, 
r + ~ e I ,  (~ > 0, X,+~ is dense in X~-. 

DEFINITION 1.3. - A linear operator  A on U x ,  is said to be of order m in the  
z 

scale if, when r, r -- ~ ~ I ,  ~ > O, AXrc_ X,_~ and there  exists a constant  K such 
t ha t  

(17) []~_vll,_~ < K iLvl], " 

In  the  in t roduct ion  we defined the concept  of a Banach  scale generated by  an 
n-tuple of operators.  We repeat  i t  here in a more general  se t t ing .  
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DEFI~ITIO~ 1.4. -- Le t  B = (B1, . . . ,B~)  an n- tuple  of opera tors  on the  Hi lbe r t  
space H.  Wi th  Do~(B) we denote  the  intersect ion of all  of the  .D(Bi~ o ... o B J ,  
i~, . . . , i~ va ry ing  in {1, . . . ,n}  and  h in N. B is said to be  closed if, given a n y  se- 
quence {v~} N conta ined in all of the  D(B~), converging to a v e l l ,  and  such t h a t  

B~vt,-->w~, i -----1~ .. . ,n, t hen  v~  5 D(B~) and w~= B~v, i -----1, ..., n. B is said to 
i = l  

be commuting if [Ba, Bj~] = 0 on D~(B). 

DEFINImlON 1.5. -- Le t  B be a closed commut ing  n- tuple  of l inear  opera tors  on H.  
The  fami ly  of B anach  spaces 

X~(B) :----- {veDa(B): Ilvll~< + ~ )  ( r>  0) 

with  norms  

(18) llvll~ : =  sup tlB'vll, r' 

(employing no ta t ion  (11)) is called the  Banach scale generated by B. 
I n  th is  f r ame  i t  is possible to  define a new k ind  of order for l inear  operators~ 

s t ronger  t h a n  the  one in def. 1.3. 

DEFINITION 1.6. - Given a pa i r  (m, A) of posi t ive  numbers ,  a l inear  opera tor  A 
on Do(B) is said to be  of ~o-order (m, A) wi th  respect  to B if there  exists  a cons tan t  

K s.t. 
j + m d j+m--h 

(19) liB'Av]Is<K.(j + m)Z ~, flB~vtl, h, 
h = 0  

for every  i e N and v e D~(B). 

I~E:lYIA~K 1.7. -- I f  an  opera tor  A has  m-order (m, A) wi th  respect  to B,  then  i t  
has  order  m in the  scale {X~(B))~<I/A (def. 3). For  a proof,  see [AS2]. 

I~EMAlCK 1.8. - Two Banach  scales {X~),, {~Y~}~ are said to be  equivalent if 

with  cont inuous embeddings,  whenever  (3 > 0, r - -  ~, r, r + ~ ~ I .  

I n  this  case, the  first B anac h  scale is dense in i tself  (def. 1.2) iff the  second is. 
I n  par t icular ,  the  scale genera ted  b y  B is equivalent  to the  scale 

(20) 

with  norms  

(21) 

s  := {v ~ D~(B): HI villa< + ~ )  (r > o) 
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2. - The global existence in the linear case. 

The theorem of ~his paragraph, due to AnosIo and SPAGNOL0 ([AS2], [S]), will 
be crucial in order to get our global existence result for Pb. (1); thus we reproduce 
it  here for sake of completeness. 

We begin by establishing our basic setting, in which both linear and non- 
linear global existence results (see w 5) are obtained. 

Suppose that: 

(22) 

i) a g i lber t  triplet (V, H, V') is given; 

ii) an n-tuple B = (B1, ..., B~) of commuting operators of s H) is given; 

iii) the norms ]Iv]It and HvI]s-ff ~ [IB~vH. are equivalent on V. For sake 
i = l  

of simplicity, we will assume that 

iv) a positive constant A is given, and the Banaeh. scale 

{X,(B)}o<,<I/A 

is dense in ltself (def. 1.2). 

In this same setting, we will say that  a linear operator A on /)~(B) satisfies a 
ffuasi-eommutativity eondition with B if 

(23) 
( ~ (ABly, B~v)~ ~ 

( x IIE , <c(j + 2)A ] + 
\ 1 2 ~  2 ~ .  I I ~ �9 

-+- c(i + 1)(i + 2) ~ AJ+~-~, ,~=o ]IB~tI" V .  

for some nonnegative constant e, for every j 6 N, v ~ Xo+(B ). [,  ] denotes the com- 
mutator, and we have employed notations (11). 

We recall that  a linear operator A: V-+  V' is said to be symmetric if 

(24) 

and nonnegative if 

(25) 

<Av, w> = <Aw, v> , 

<Av, v> > 0. 

We can now state the global existence theorem for the linear problem 

v"q- A(t)v = 0 
(26) v(0) = v0, r  = v~. 
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TI:IEORElV[ 2.1. -- .Let the setting be as in (22). _Let 

(27) A e ~oo(O, + ~;  c(v, v')) 

be a /amily o/ symmetric nonnegative linear operators A(t): V - *  V', operating on 
Xo+(B). 

Assume that, /or every ] ~ N, ~ e N ~ and v e Xo+(B ) 

(2s) B~ A( .  )v is H-measurable, 

A(t) satis/ies, /or each t> O, the quasi-commutativity condition (23) with B,  and precisely 

(29) 

(30) 

/ r B~v~\~ 

~ e N  n 

J 

-~ e(t).(] ~- 1)(] @ 2) ~ ][B%I]~A~+~-~/h! 
h=O 

IIA(t)vll~<~(t)(llv[l~ § IIB~vl[~ § IIB~v]l~) 

/or some nonnegative ~ocally integrable /unctions ~(t) and fl(t). 
Then Pb. (2) is g~obatly solvable in Xo§ ). 
More precisely, i/ the initial data vo, v~ belong to X~o(B) /or some ro< l /A ,  and 

W 6  s e t  

t 

(31) r(t) : =  ro exp - A 1 + ~/1-2-~%A 

then there exists an unique solution 

e N N re (o ,  T ; X ~ ( B ) ) .  
T>O r 

RE~A~K 2.2. - Actually, we won ' t  need this theorem in its full generali ty;  in 
fact,  we are interested in the special ease of the problem 

(32) 
v"+  (al(t)Al + a2(t)A2)v = 0 
v(O)=%, v(O)=vl. 

It is easy to see that, in order to satisfy hypotheses (27)-(30), i t  is sufficient to 
require tha t ,  for k = 1, 2: 

(33) a~e.5~oo(O , + c~); 

(34) a1~>0; 
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(35) 

(36) 

(37) 

ATr s V') is symmetr ic  and nonnegative;  

AT: satisfies the  quas i -commutat iv i ty  condition (23) with B ;  

AT: is of ~-order (2, A) with respect  to B (dcL 1.6) (and therefore operates 
on X0§ remark 1.7). 

3. - An extension of  a theorem by Nishida. 

In  order to prove our global existence result for Pb.  (1) we sh~ll firstly prove 
the local existence. To this end, we will use ~ nonlinear version of OvSiannikov's 
Theorem; such a result  was obtained by  KA~o and l~IsnI])A for a first order equa- 
tion (see [KN] for the original proof). I t ' s  not  too difficult to generalize it to the  
ease of ~n m-th order equation, for m>~2. 

TttE01CE]~I 3.1. -- .Let {X~} I be a Banach scale, I -~ [5, @o]. Consider the _Problem 

I d~u _ F(t, u(t)) o < t < ~  
(38) dtm ' 

u(~)(O) = u~, ] = 1, ..., m - - l ,  u j e X ~ ~  

~7 t - -1  

;Set Ito = Z TJIIu~l[~~ and It  > Ro. 
j=O 

We wilg assume that: 

i) the mapping (t, u) ~ / 7 ( t ,  u) is continuous on [O, T ] •  Xq: ]lul]Q< R} with 
values in Xq_~ (for every @, @ -- ~ e [5, @o[7 ~ > O). 
Moreover, there exists a lc~O s.t. 

(39) 

k HF(t, Y~ \ l [ /or every ~ e [5, 60[. 

ii) For every Q, @'e [5, @o[, with 5 '>  @, and u, v i u  Xq, with [lu]lQ,< It, l!v]lQ,< It, 

llF(t, u) -_F(t, v)I[~< c l tu-  vlF~, 

Then there exists a positive constant o: such that (38) has an unique solution u in 
Cm([O, ~(@o-- @)[; X )  /or every @ e [5, @o[. Moreover, [lu(t)][z< R. 

P~ooF. - The proof closely follows the idea os Nishida's theorem. However~ 
we exhibit  it for sake of completeness. We divide it into several steps. 

1) We can suppose 5---O. - Simply translate  the scale, i.e. set Ye :=  XQ+y 
and reformulate  the  theorem in this frame. 
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2) In tegral  version o] the problem. - (38) is equivalent  to 

0 0 0 

where Uo(t) := ~ Puj .  Note tha t  any  solution of the integral  equat ion is C "~ as 
j=0 

soon as i t  is continuous.  

3) W e  van suppose  ~'(t, 0) = 0. - I t  is sufficient to set 

Uo§ F(t,w):= F(t,w)--F(t,O). 

4) The basle space. - L e t  a be a posit ive constant ,  whose v~lue will be precised 
in the  following. Le t  X be the  Banach  space os funct ions belonging to 
C([O, a(@o-- @)[; XQ) for every  @ e [0, @o[, wi th  the  norm 

sup sup llu(t)lIo(  t ) 
q~rO.Q~E t~[o.~(Qo-o)[ ~(Oo Z-- @) 

(finite on X). Define induct ively  the  approximate  solutions 

Uo(t) = Uo(t) 

u,0+ , r  =  o(t)+fffF(s,u,o(s))as 
and set ~o ~ 2~, ~k+l= ~7~-- ~o "2-~-2, so t h a t  g ~ .  

We have to show t h a t  the  u2s are well defined (namely, t h a t  thei r  values are 
in the  domain  of 2~, for suitable values of t). 

We will proceed by  induction.  Suppose thu t  for k = 0, ..., n 

[lu~(t)l[~ < R when @ ~ [0, @o[, t ~ [0, ~(@o-- @)[. 

In  this ease we see immedia te ly  tha t  u~+~ is well defined, continuous on 
[0, ~+~(~o-- @)[ wi th  values in Xe. The same is t rue  for v~ :=  uk+~-- u~ (for 
k = O, ..., n). 

5) More  norms.  - Put ,  for k > 0 ,  

M Z u ]  : =  sup sup 
~e[o,q0[ te[o,~(qo- Q)[ 

t 

and note  tha t ,  for k = 1, . . . , n  

~t~ ~ M~[v~] < + ~ .  
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In  fact,  if IIvT~_dt)llo<r for ~ e  [0, Co[, t e  [0, ~-~(~o-- e)[, then l[v~(t)l[o< 
t tm 

<f...fas ~.I Iv ,o_~(~)I ldd-~)-m<O.~o.~o ~ for tz[O,~_l(~o--  e)[ (and any  e 'e ]~ ,  ~o[) 
0 0 

(apply (3o)). 

6) Estimate oJ 2~. - Set ~(s) = �89 silo + ~); f rom (39) and the assumption 
in step 3 we have 

;l~(t,~o(,))llo<C,\~,t~tQo- o~t lluo(t)II~,,, 

(note that ,  if s e [0, ao(qo-- q)[, then  ~(s) ~ ]q, qo[) whence 

)( 2o< s~p sup CRo (~o(~o-~e) ~  s 

The integral  here equals (writing g = ~0(9o-- e)) 

so tha t  

(40) 

(m--I)! ~ < ( m - : l ) ! ~ - t  

2 "~ CBo 
~o < (m - -  1----~! ~ "  

Now 2k: in this case we set ~ ( s ) =  �89  ~); we have 

t tm 

o'"o (~ (~ ) -~P  < (~-~l~(~o-~(~)))(~(~)-~O) ~ 

by the  definition of XT,. I f  in the last formula we replace ~1, with ai,+1 (note tha t  
~ + 1 <  r af ter  a few passages we have 

Applying the est imate of the Appendix, with a ----- o~+1(~o-- 0), we finally obtain 

~+1(~o--q ))-1 

for ~ ~ [0, ~o[, t ~ [0, ~+l(po-- Q)[. Therefore 

2~§ < 2  ~+~ ~ - -  ] m - -  1 
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If  ~ is sufficiently small, we have then,  for k ~ 0, ..., n --  1 

1 . (41) k k +  1 ~-~ ~ klz 

7) Well-definition o] uk's. - Firs t  of all note  that, for k ~ 0, ..., n 

when @ ~ [0, @o[, t ~ [0, ~7~+~(@o--~)[ (by def. of k2) so t h a t  

[lu~+~(t)l%-<L(1 - ~,+,/~,)-~ § II~(t)l%< ~ ks(3- - ~.+U~D -1 § Iluo(t)I% 
J=0 

for k = 0 , . . . , n  (by summing up for j = 0  to k). F ro m  (41) i t  follows 

k 

k~.(]_- a j + d a h - ' <  12 ko 
5=0 

(as (1 -- ~j+~/~j)-x= 2s+~gs/~j<2~+2). Bu t  f rom (40), if we choose a (possibly) smaller 
~o, we can obta in  ko<( /~- - /~o) /24  and finM]y, for  k = O , . . . , n ,  @r 

t ~ [0, -~+1(~o- e)[ 

.R - -  ~o  

whence the  desired well-definition condition on u~+l. Bu t  note  tha t  the est imates 
(40), (41) arc independent  of n, so t h a t  with our choice of ~o (and consequent ly  of 

---- ~o/2) the  approx imated  solutions u~ will be well defined and continuous for k >  0. 

8) Convergence o] {u~}. - On [0, ~(@o-- @)[ (@ e [0, @oE) 

( , ) 1 (  ,)1 
l[u~+,(t) - u,o(t) b = ]Iv~(t)ll~<,% ! - ~ ( Q o -  e) < ,% I ~ (eo-  e 

therefore  

M[u~+l-- u,~] < k~ . 

The convergence of ~ k~ implies the convergence of {u~} in X to an u(t), such 
that 

R - - / ~ o  
llu(t)l[~<Ro + 2 - -  

for t in I-0, ~(@o-- @)[. 
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9) u is a solution. - Fix q'~ ]~, Qo[; for t e [0, a(qo-- ~)[ 

]uo(,) + ff f F(s, u(s)) ds-u(s) o< 

o f f f  < ( e ' -  e) ~ ][u(8) - ~,0(s)l[~, 

d8 + llu~+,(t) - u(t)]lQ < 

ds + Ilu,~+fft) - ~(t)II~ 

and observe tha t  the convergence in X implies the uniform convergence of u~ with 
values in X ! (for any 0 e [0, ~o[). @ 

10) Uniqueness. - Fix a ~ e  ]0~ 00[, and set on X 

M ' [ u ] : :  sup sup Ilu(t)][Q (1 t i) 

If  u, v are solutions, then Ml[u], M~[v] are finite (as M I <  M). 
Setting w : u -  v, ~(s) = �89 (~ + ~ - -  s/a), 

ds 

on [0, a(O~-- q)[, and therefore 

d s .  

Applying again the estimate given in the Appendix (with a = a (~- -  p)) we have 

~..1 "a~ ' (  1 a(o~t ) - ~ _  , Hw(t)flQ<s~+~r ~ 

so tha t  
2~+1 

M~[w] < ~ Ca~ MI[w] . 

If  a is small enough, this implies M~[w] = 0, that  is, 

w ( t )  = o on [ o , a ( q l -  q)[ ,  

and this result holds for any ~1c ]0, ~0[. [] 

RE~ARK 3.2. -- Actually, an analogous proof is valid for the integral equation 

t 4 t.~ 

0 0 0 

for any uo continuous on [0, Ao(Qo-- ~)[ with values in X o (Q ~ [0, ~o[, Ao > 0), and 
such that  HUo(t)HQ<Ro. 
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4 .  - T h e  l o c a l  e x i s t e n c e .  

In  this section, we first specialize Th. 3.1 to Pb. (1); secondly~ to the part icular  
ease ~ok(u)= ]~(<P~u, u)), where PT~ can be different from Ak. 

In  the following section, i t  will be showed tha t  the local solution thus  obtained 
can be prolonged to ~ global one, under  suitable ~ssumptions. 

Suppose we have a Banach space V, together with its dual space V', and a 
Banach  scale {X~}r> 0 in V. Actually,  all t ha t  is needed is a scale (X,},, with I 
containing a (left) neighbourhood of to, ro being the index of the space X,~ where 
the init ial  da ta  are chosen. 

We consider problem (1) with the following assumptions (k = 1, 2): 

(42) 

and 

(43) 

Ak: X 7 - + X ;  is a linear operator of order 2 in the scale (X~},> 7 (def. 1.3), 
with 0 < ~ < r o ,  

~ :  X ; - ~  C is locally Lipschitz cont inuous .  

TH~ORE~ 4.1. -- Problem (1) under assumptions (42), (43) is locally solvable in 
the scale {X~}~>~7; more precisely, ]or every initial data %, u~ in X~~ ro >? ,  there exists 
a positive constant a such that (1) has an unique solution in C~([0, ~(ro-- r)[; X~) /or 
every r e [~, to[. 

PROOF. -- Set, for u ~ X~, 

F ( u )  = - q ~ ( u ) A ~  u - -  ~ ( u ) A ~  u . 

Pb. (1) becomes a part icular  case of (38), with m = 2 and /~ independent  of t. 
We need only prove t h a t / ~  satisfies assumptions i), ii) of Th. 3.1. Continui ty is self- 
evident;  we have to est imate the difference F ( u ) - / ~ ( v ) .  

F ix  an ~ >  I1%[1~,§ TIlulll~~ ( T >  0 arbitrary).  Denote with 1~ the Lipschitz 
constant  of ~ on { u e X ; :  [lull;</~}; i t  will be as well its Lipschitz constant  on 
all of the sets (u ~X~: [[uI]~</~} with ~Kr<ro. Denote with kl the constants such 
tha t ,  whenever r ' >  r > ~  

(r '--r)~ 

for every v ~X~,. Then we have, if u, v ~ X,, ,  IlulIJ< R, Ilvlb,< 

ki 
<(L~n + I~(v)l)" (r'--r)~" lI~ - G '  
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~n4 majorizing [(p~(v)[ with 

[~(0)] § [ g d v ) -  ~ ( 0 ) [ <  lq~/(O)[ § R.L~ 

we obtain 

H~(u) - T(v)!I, < c ]Tu - v]l,, 
(r '-r)~ 

i=1,2 
For  the next  result  we have to make an addit ional  hypothesis  on the Banacb 

scMe: we will suppose tha t  

(44) the embeddings X ~  V are continuous for r > ~ .  

This is Mways the case for Banach scales generated by  operators (as i t  is readily 
seen). 

We will consider the  problem 

u" § ]~((_plu, u} )A~u § u})A2u = 0 

(45) u(O) = Uo, u'(O) = u~ 

wher% for k ~ 1~ 2~ 

(46) 1~: C--> C is locally Lipschitz cont inuous .  

COl~Or.r.Alr165 4.2. - Consider _Pb. (45), where Ak and ]~ satis]y (42) and (46) respec- 
tively, while PT~ (k ~ 1, 2) satisfies one of the ]ollowing assumptions: 

(47) 

o r  

(dS) 

2 ~ e  ~(V, V') 

P~: X;--~ X~ is o] finite order in the scale (de]. 1.3), and a continuous em- 
bedding V c V ~ is given. 

�9 'inally, we suppose that the scale satisfies (44). 
Then Pb. (45) is locally solvable in the scale {X~}~>~; more precisely, ]or every initial 

data uo, ul in X~~ t o >  ~, there exists a positive constant ~ such that (45) has an unique 
solution in C~([0, ~(ro-- r)[; Xr) ]or every r e [~, to[. 

PROOF. -- We just  have to prove, under  both  hypotheses  on P~, tha t  ~ ( u ) =  
= f~(<P~u, u>) is locally Lipschitz continuous on X~. Fix an /~ > 0, and u, v e X;  
with  llull~, [Ivtl~< 2~. 
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In  the  first case (47) 

I<P~u, v:>l< llP~fl~_<~,~,)-~tluli~ �9 II~ll~ 

if ~ is such tha t  t[" II~<~ll" I1~ (hyp. (44)). 
In  the  second case (48) 

I<P,u, *>1 < liP, alia," ilq~; 

the  cont inui ty  of V c V' implies ll'i[~,<~il'lt~, and fixed a 8 >  O, the  cont inui ty  
of XT+~S V implies ][. t[v<az[I. U;+~, so tha t  

ki 

(where m, is the  order of xP, in the  scale and k~ its constant).  
In  both  cases, we see tha t  [<_P,u, v}[ is bounded  b y  a constant  dependent  only 

on ~ if HuI[7, Uv[l~< R;  therefore ], can be considered to be Lipschitz continuous, 
with  constant  :L,~ in the  following inequalities: 

19,(u) - ~,(v)t < l/,(<-P,u, u>) - / , ( < . p , u ,  v))l  + it,(<.P,u, v:>) - / , ( r  ~))t < 

<Z,(l<r,u, u -  v>l + I<e ,m-  ~), ~>1) 

~nd, applying the preceding estimates,  we obtain the  thesis. [] 

5. - The  g lobal  ex i s tence  in  the  non l inear  case .  

We have now all the  necessary tools to prove our global existence results for 
Pb.  (1). The sett ing will be  the  one s ta ted in (22): a Hilbei ' t  t r iplet  (V, H,  V'), a 
commut ing  n-tuple B in s H)  generating the norm of V~ and the resulting Banach 
scale {X~(B)),>o, dense in itself for r e ]0, l/A[. 

Trmol~E~ 5.1. - Zet us consider problem (1) under the ]ollowing assumptions~ 
k ----1, 2: 

(49) 

(50) 

A~e ~(V, V') is a symmetric nonnegative operator of co-order (2, A) with respect 
to B (de]. 1.6); 

A~ satisfies the quasi-commutativity condition (23) with B; ~ :  Xo+(B) -+ R + 
is a bounded nonnegative ]unctio% locally Zipschitz continuous on .X, ]or any 
r > 0 .  
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Then _Pb. (1) is globally solvable in Xo+(B ). 
More precisely, if ~ol, qJ~ are bounded by the constant M, and we set 

r(t) : =  re exp [ - -  A(1  + ~ / ~ ) M t ]  

then /or every choice o/ the initial data ~o, u~ in X, . ,  with 0 < r e <  1/A, there exists 
an unique solution 

u e N N c*([o, r ] ;  
T>0 r<r(T) 

P~ooF. - 1) LE~:~A. - I /  ~ e C2([0, T[; XT(B)), with 0 < ~ < re, is a solution o/ 
Pb. (1), then ~ e C~([0, :T]; X,(B)) /or every r < r(T), T < T (where r(t) is the/unction 
defined above); moreover, when t--)-T-, ~(t) and ~'(t) converge in X~ /or r < r(T). 

To prove this, put  (k-~ 1, 2) 

{ ~k(u(t)) for t e [0, T [ ,  

a~(t) :---- 0 for t > T .  

m 

Each  ak is nonnegative,  bounded by M and continuous on [0, T[ (as ~0~ is con- 
t inuous on X,). 

Then the  problem 

(51) 
v"-F al(t)Alv + a2(t)A~v -~ 0 

v (O)=uo,  v ' (O)=ul  

satisfies conditions (32)-(37) of t~emark 2.2, therefore (as the  solution of (51) is 
unique) 

= r e  N 
"T> T> 0 ~'<r(T) 

Note that ,  if v e C([0, 2[ ;  X~(B)), ( I <  T), then  Akv is in C([0, T[; X~.(B)) for 
every r ' <  r (as A~ is of finite order in the  scale), whence v e C~([0, ~[ ;  X~,(B)); 
bu t  v is in C([0, :T[; X~(B)) when 0 < T <  T, 0 < r < r(T), so tha t  

= v e r T]; XdB))  

(from the  cont inui ty  of r(t)). 
Finally, remarking  tha t  

v e o1([o, T[; X,(m) 
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when T > 0, 0 < r < r(T), (in fuct, v" has its only discontinui ty point  in T, bu t  has 
finite r ight  and left  l imits there) we complete the proof of the Lemma.  

2) I t  is easy to see t ha t  M1 of the  assumptions of Theorem 4.1 are satisfied 
(see in par t icular  l~emurk 1.7). This guarantees  the existence of a local so]ution. 

Le t  now T* be the  supremum of the  T >  0 such t h a t  3 r r e ] 0 ,  ro[, 3 u e  
C2([0, T[; X~,.,(B)) solution of (1). We will show th a t  T*---- -F pc. 

F rom the  uniqueness pa r t  of Th. 4.1 i t  follows t h a t  two any  local solutions 
coincide on the  intersect ion of their  domains. 

This allows us to define a ~ maximal  ~ solution ~ on [0, T*[. For  every  :T < T*, 
is in C~([0, T[;  X~(B)) and therefore  in 

N N C2([ 0, T]; X~(B)) 
T*> T>0 ~' <~'(T) 

(Lemma). Suppose now tha t  T * <  + oo; ~ and ~' have a left  l imit  in T* (in X~ 
with r < r(T*)), so that we can apply  Th. 4.1 again, s tar t ing in t ---- iv*. This pro- 
duces a solution ~a on [T*, T*-F s[, and ~ prolonged with ~ is a t  least C ~. Proceed- 
ing as in the  proof of the  Lemma,  i.e., l inearizing the  equation, we obtain tha t  the 
prolonged solution is in 

N N c2([0, 
T*+s>T>O ~<v(T) 

thus  contradic t ing the maximMity  of T*. 
A lust applicat ion of the Lemma gives us the  final result ;  uniqueness is an ob- 

vious consequence of the  uniqueness of the  local solution. [] 

In  Corollary 4.2 we gave a local existence result  for a par t icular  form of Pb.  (1), 

namely  

(45) 
u" + fl(<elu, u > ) A ~  +/o.((P2u, u>)A~u = 0 

u(O) = , t o ,  u'(O) = ~1.  

We will suppose now in addit ion that, for k = 1, 2 

(52) ]~: C -+ R + is a nonnegat ive,  bounded,  locally Lipschitz continuous function.  

COrOLLArY 5.2. - Suppose that, for k = 1, 2, Ak verifies (49), (50), while f~ verifies 
(52). I f  each P~ satisfies one of the following conditions 

P ~  s V') 
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o r  

P~ is a linear operator on Xo§ o] ]inite order in the scale {X,(B)}~> o (de]. 1.3) 
then Pb. (45) is globally solvable in Xo+(B ). 

More precisely I the conclusion of Th. 5.1 holds true (i] ]~I ]~ are bounded by the 
constant M).  

~ PROOF. - Cot. ~.2 holds under  assumption (44), t ha t  is always verified by Banach 
scales generated by  operators; moreover, V is continuously embedded in V' in an 
Hilbert  triplet.  Proceed now as in the proof of Th. 5.1, using Cor. 4.2 instead of 
Th. 4.1. [] 

We finally focus our a t ten t ion  on a very special case of Pbs. (1), (45)I the (( va- 
r iat ional  ,~ problem 

(53) 
u" § ]~(<A~Ul u})A~u § ]~(<A~u, u})A~u = 0 

u ( O ) = u o ,  u ~(O)=u~,  

which is part icular ly interesting, as in this case we can replace the hypothesis 

(54:) ]~ bounded 

wi th  the more useful one 
+ c o  

(55) I / ( r )  dr = § ~ .  
0 

Tm~ol~E~ 5.3. - Suppose that, ]or k = 1, 2, A~ veri]ies (49), (50), while each 
]~: R+---> R + is a nonnegative, locally .Lipsvhitz continuous junction I veri]ying one o] 
the assumptions (54)I (55). 

Then Pb. (53) is globally solvable in Xo+(B ). 
More precisely, there exists a constant M > 0 such that the conclusion o] Th. 5.1 

holds. 
8 

P]~ooF. - Set 2'~(s):-----ff~(r) dr. If  u(t) is a solution of (53) on the interval  [01 211 
we define its energy as o 

E~(t) :~-- �89 u(t)}) § F~(<A~u(t), u(t)}) + Hu'(t)ll~ �9 

I t  is easily verified t ha t  E '  ~ 0, so t ha t  

2~(t) - -  2~(0) if t e [0, T [ .  

Note  tha t  the nonnegativitY of /~ implies the nonnegat ivi ty  of / ~ ,  therefore 
~k(<A~u(t), u(t)}) (k = 1, 2) is bounded on [0, T[. 
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Suppose now tha t  /~0 verifies (55): t hen  F~0(r) -~ + c~ if and only if r --~ + ~ ,  
t hen  (A~u(t), u(t)} is bounded,  too. As /7~ is a continuous funct ion,  i t  follows tha t  
f~((A~u(t), u(t)}) is bounded  on [0, T[. 

I f  ]7: is itself bounded,  the  same resul t  holds. 
We can now proceed as in the  proof of Th. 5.1: the  only difference is tha t ,  when 

linearizing the  equation,  the  boundedness of a~(t) follows from the  argument  above 
(instead of being an immedia te  consequence of the  assumptions).  [] 

]:~E)IAI~K 5.4:. - -  _All Of the  preceeding results can be extended to the  more general 

problem 

f + . .  + = 0 
(56) / u(0) = Up, ~"'(O) = u~ 

wi th  no par t icu lar  difficulty. Note  also t h a t  i t ' s  possible to perform any  sort  of 
~ redis t r ibut ion ~ of the  assumptions:  each ~ can s~tisfy any  one of the  conditions 
s ta ted  in Ths. 5.1, 5.3, and Cor. 5.2, the  thesis remaining the  same. 

I~E~A~= 5.5. - A slightly more general  result  can be proved:  namely,  in Pb.  (56) 
we can suppose tha t ,  for some (one or more) K, 

A~e  s H) is of co-order (1, A) with respect  to B 

(with no assumption of nonnegat ivi ty ,  symmet ry  or commuta t iv i ty)  while the  cor- 
responding TK satisfy 

~ is bounded~ locally Lipschitz continuous on X,(B) for every  r > 0 

(with no assumption of nonnegat ivi ty ,  or even to be realvMued). 
This is not  surprising, as we can see such terms as (~ per turbat ions  ~) of order 

one to an equat ion  of order  2. 

6 .  - A p p l i c a t i o n s .  

Let  Q be a paraUelepiped in R% With  Aper(Q ) we will denote  the  space of 
analyt ic  ~-periodic funct ions on R ~. 

Consider the  problem, for real  p, q>],  

= 0 

(16) u(x, y, O) -~ Up(X, y) 

u~(x, y, O) = ul(x, y) 

where /2 is a rectangle in R 2 =  R:  • R~. 
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Tn~o~E~ 6.1. - _Pb. (16) is globally solvable in A,e:(~ ). More precisely, given any 
up, u l e  Ap~(~), there exists a unique solution u in C2(R2• § oo[), and for every 
t>~O, u ( . , . ,  t) and ut ( ' , ' ,  t) are in A~(~2). 

P~oo~. - Set H ---- L~(~); V ---- (v e H~oo(~) : v is ~2-periodic}, with the norm of 
H~(9); V' will result to be the spuce ol H~o ~ ~2-periodie ~unctions. 

We choose B = (~/~x, 3~y) ;  with this assumption, D~(B) is the space of C ~ 
~-periodic functions, while X~(B) are spaces of anulytic ~2-periodic functions with 
uniform radius of convergence, i~Ioreover, Xo+(B ) = ~er(~r~). 

Writ ing A~-~ -- ~ /~x  2, A2-~ -- ~/~y2 our equation becomes 

u"§ (<A~u, u>)'A~J § (<Asu, u>)~Asu = O, 

s~tisfying the assumptions of Th. 5.3 (note t ha t  A~, A2 commute with B ~, so t ha t  
(23) is tr ivial ly verified, and  ~re of order (2, A) ~or ~ny A > 0). 

Finally,  the scale X~(B) is dense in itself: apply l~emark 1.8 (noting thut ,  for 
r :>  0,2~(B) contains the tr igonometric polynomials). [] 

Consider now the problem in R ~ w R + 
a : ' '  t 

(57) 

u(x,  O) = Up(X), u~(x, o) = u~(x) 

under  the assumptions 

a~e A~(~2), 

(58) ID~ a~(x)] <~ CoA~o ~l 

ai j  ~ aji  ~ n d  

i, j -~ l ,  ..., n 

, V~ e N~, x e ~  

~ a ~ j ~ > O  for every ($~, ..., ~ . ) e R  ~ . 

T~Z~EORE~ 6.2. - Pb. (57) under the assumptions (58) is globally solvable in A~er([2). 
More preeisely, given any uo ,u le  Aper(f2), there exists an unique solution u in 
C2(R~x[O, + oo[), and ]or every t>~O, u(. ,  t) and ut(. ,  t) are in A ~ ( ~ ) .  

PROOF. - The proof follows the lines of the preceding one, with A I = -  zl~, 
A~-~ -- ~ (a~(x)v~)~, ]~(r) -~ r, ]2 -~ 1, B = (~/~x~, ..., ~/~x.). The only difference 
is the verification of hypotheses (49), (50), t ha t  follows, under assumptions (58), 
from Lemmas 4.1, 4.2 of [AS2]. [] 

In  a similur way, ~n application of Corollary 5.2 yields un ~nalogous global 
existence result in Aper(Q) ~or the problem 

(59) 
u(x,  O) = Up(X), u~(x, O) = u~(x) 
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u n d e r  hypo these s  (58), ~nd nssuming  that 

(60) ~p: R + - +  R+  is nonnega t ive ,  b o u n d e d  and  loeully Lipschi tz  c o n t i n u o u s .  

7. - Appendix .  

L E ~ A .  - Let a >  O, t e [0, a[, m ~ 2 ;  then 

t ~m 

a ~ s  

J J t a - -  s) T 
0 0 

2(m--1)(1 t)-~ 
m! 

P~ooF .  - As 

d~ [ 1 1 ]:(~__s)-m-~ 
ds*" m !  ( r - - s  

d~ [i 1 In(a_s)]=_(a_s)_ ~ 
ds ~'  m_-_])  ! 

wr i t ing  

( ~ _  s ) ~ +  ~ - 2 ~ ( ~  - -  s )  - ~ - ~ -  ( ~  - -  s )  - ~  , 

we ob t a in  

i(t):[1 2a _I 
m! a~ § (m--l) ! k 

] 8 : t  2 t  1 a - - t  
�9 ln  ( a - - s )  - -  - -  . a 8=o m !  ( o ' - - t )  -}- (m 1) - - - - - - - t  In 

As l n x < x - - 1 ,  

1 [ t 2 t \  
I ( t )  

2(m - -  ] ) 
m!  a - - t "  [] 
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