
Linear Parabolic Evolution Equations in LV-Spaces (*) (**). 

GA:BI~IELLA DI BLASIO (L'Aquila) 

S u m m a r y .  - Sia A i l  generatore di un semigruppo analitieo in uno spazio di Banaeh. In ~uesto 
lavoro si stadia i~ modo sistematieo la regolarit~ delle soluzioni dell'equazione paraboliea 
astratta ~e'(t) = Au(t) • ](t), u(O) = %, ~n /unzione della regolarith dei ]ati ] e %. 

O. - I n t r o d u c t i o n .  

In this paper  we want  to develop a theory  for evolution equations in B~nach 
spaces to derive regular i ty  results for the  solutions of ini t ial-boundary value prob- 
lems of parabolic type.  More precisely we shall be concerned with boundary  value 
problems of the  form 

(P) 

u t ( t , x ) - - A ( x ; D ) u ( t , x ) - L f ( t ,  cv), O < t < T ,  x ~ 9 ,  

B~(x; .D)u( t , x ) - :O,  l < i ~ < m ,  O < t < T ,  x ~ ,  

u(O, z )  = Uo(Z) , 

where [2 is a bounded open set of R ~ with regular boundary  ~ ,  T >  O, A(x; D) 
is an elliptic l inear differential operator  in g2 of order  2m and Be(x; D) is a given 
system of m linear differential operators in ~t9 ver i fying the  conditions of A~Mo~ 
DovGLIS and NL~E~BERG [2, sect. 1]. In  general  we suppose t h a t  ] and uo are no t  
continuous bu t  only in L~ (and accordingly the  derivatives which appear  in (P) 
mus t  be unders tood in the distr ibutional  sense). This L~ set t ing has been extensively 
used and there  exists a classical existence and uniqueness theorem when / e  L~. 
�9 (0, T;  ~ ( Y 2 ) ) w i t h  i < p <  c~ due to ~LADYZENSIt:AJA, SOL0~:NIKOV and URAL'- 
CEVA [12]. Here  we want  to invest igate  again this problem to derive new regular i ty  
results. To this end we rewri te  problem (P) as a Cauchy problem in a Banach  
space E 

{ ~ ' ( t ) - -~Au( t )+]( t ) ,  O < t < T ,  

(P') u(0) = u . ,  

(*) Entrata in Redazione il 15 hglio 1983. 
(**) Work done under the auspices of the G.N.A.F.A. of the C.N.R. 
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by taking  e.g. E = Lq(~), Au = A(x; D)u for u e DA -~ the  complet ion in W~,~,q(~Q) 
of the  class of functions in C~"~(.C~) satisfying the  boundary  conditions (P)~. For  
more details see [2, sect. 1]. In  the  same paper  it  is p roved  t h a t  A generates an 
analyt ic  semigroup in Lq(Y2) when 1 < q < c~. For  this reason we are led to s tudy  
problem (P') assuming t ha t  E is a general  Banach  space, f ~ L~(0, T;  E) (1 < p  < ~ )  
Up e E and A is the infinitesimal generator  of an ~nalytic  semigroup in E.  A solu- 
t ion of (P') in general  verifies (P')~ almost  everywhere  in ]0, T[ because its deriva- 
t ive belongs to Lp(0, T;  E) (see section 3 for a more precise definition of solutions). 

The s tudy  of the  abs t rac t  problem (P') is well developed when E is a I t i lber t  
space: see for ins tance the  LIO~S and MAGv.~ES'S book for the  case p = 2 [14] and  
the  paper  of D~ S ~ o ~  [7] for the  case 1 < p < c~. I f  E is a (possibly nonreflexive) 
Banach  space several existence and regular i ty  results are proved by  DA PRAmo and 
G~IsvA~D in [6] as ~n applicat ion of a general  theory  on the  sum of two operators  
act ing on functions spaces, t~ere we want  to find again these results as well us new 
ones by  using ~ direct  approach based on a suitable definition of Sobolev spaces 
of f ract ional  order  Wo'~(O, T; E) and of ~ class of interpolat ion spaces between D~ 
and E, which will be denoted  D~(O, p). In  this  way we can give n self-contained 
exposit ion and we can describe s is tematical ly how the  regular i ty  of the  solution 
depends on t ha t  of the  da ta  ] and up. Using this ~pproach and recent  results on 
elliptic operators in L~(t9) (see Amann  [3] and the  references therein)  we are ~ble 
to s tudy  the  parabolic problem (P) also in some cases not  previously considered 
(for example  when ] e  L~(0, T;  Lq(tg)) wi th  p and/or  q ~ 1). Moreover we can 
obtain fu r the r  regular i ty  of the  solutions of (P) when e.g. f is more regular  wi th  
respect  to t ime or space. This direct  approach proves to be useful for the  develop- 
ments  of the  theory  (such as nonautonomous  problems~ nonlinear problems,  ..., etc.) 
which we will pursue in fu tu re  papers.  

The plan  of the  paper  is as follows. In  sections 1 and 2 we give the  definitions 
and the  propert ies  of the spaces W ~ ~nd D~(O~ p) which are needed in our  paper.  
In  section 3 we in t roduce various kind of solutions for problem (P') and in sec- 
t ions 4, 5, 6 and 7 we s tudy  the i r  regular i ty  under  various assumptions on ] and up. 
In  section 8 we use the  results of sections 4-7 to describe in a complete  w~y the  
propert ies  of the  solutions of (P'). ~ e x t  we shall apply  these results~ in section 9, 

to the  concrete parabolic ini t ial l -boundary value problem (P). Final ly  in the  Ap- 
pendix we collect the  proofs of the  propert ies  of the  spaces W ~ and D~(O, p) t h a t  
are used in this paper.  Some of these propert ies  are known bu t  we give here  direct  
proofs in order  to make  the  paper  self-contained. 

1. - Analytic semigroups and interpolation spaces. 

Let  E be a Banach  space with norm l" I and let  A: DA c E - +  E generate a 
bounded analyt4c semigroup S(t) in E. By  this we mean  t h a t / ) ~  = E and there  exist  
M >  0 and ~ ~ ]~/2, ~[ such t h a t  if z e  C, z #  0 and largz] < ~, t hen  z is in the  
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resolvent  set of A and we have 

lz(z A)-~xt<~MIxl 

for each x ~ E .  I t  is known (see e.g. KATO [11]) t h a t  if t ~ 0 then. S( t )x~D~ for  
each x ~ E. Moreover there  exist  M0 and M~ such tha t  for each x e E we have 

(1) Is(t)xl < MolX] , 

~nd 

(2) ItAS(t)x[ <~ i~Ixl  , 

~7ow let 0 ~ 0 ~ 1 ,  let  l < p ~  and  set 

t>O 

t ~ O .  

= 

0 

We shall denote  by  D.~(0, p) the  following in termedia te  space between D~ 

DA~ and E 

(endowed with the graph norm) and E 

D~(O, p) will be given the norm 

7XlDAr = (fx] ~ + o,~j �9 

The spaces DA(O, p) are extensively studied by  BUTZ]~R and' BERENS in [4] where 
i t  is also proved an isomorphism between D.~(O~p) and the interpolatiOn spaces 
int roduced by  L ions  in [13]. We refer  to [4] for a more detailed description of 
these spaces and quote now the  propert ies  t h a t  are used in this paper.  

(3) D~ ~ DA(O, p) ~ D~(O', p) ~. E 0 < O' < 0 < 1 ,  

(4) ts(t)l.A~o,~) < J~roJx]D~(o,~) o < o < 1 .  

For  convenience we shall denote  by  DA(0 § 1, p)~ for 0 ~ 0 ~ 1~ the space 

D~(O § 1, p) = {x e DA: A x  ~ D~(O, p ) } .  

In  what  follows we shall also consider the following intermediate  space between 
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where 

endowed with the  norm 

-~oo (f, )1i  
o 

We refer  to [4] once again for a detai led description of the space D~(�89 p) and 
l imit  our in teres t  here  in the  propert ies  t h a t  are used in this paper.  

(5) D ~ - >  D~(�89 p) ~-> D.~(O, p) , 0 < 0 < 1 ,  

(6) Is(t) xl.~..(~,~) < Molx l . ; (~ ,~)  �9 

For  the  r eade r s  convenience we shall give in the  Appendix  the  proofs of (3)-(6). 

2. - Sobolev  spaces  o f  fract ional  order. 

Let  a < b be real  numbers  and let  B be any  of the  spaces E,  D~t(O, p), D~(�89 p) 
and D , .  We shM1 be concerned with the  following spaces of B-valued functions 

defined on [a, b] 

- -  L~(a, b; B), l ~ < p <  c~, is the  space of measurable functions u such t h a t  ]u(.)t ~ 

is integrable in ]a, b[; 

- -  C(a, b; B) is the  space of cont inuous funct ions on [a, b]; 

- -  W~,~(a, b; B) is the  space of funct ions u of L~(a, b; B) having distr ibut ional  deri- 

va t ive  u' in L~(a, b; B). 

In  wha t  follows we shall set 

L~(B) = L~(O, T; B) ,  C(B) = C(0, T;  B) and  WI,~(B) = WI,~(0, T;  B ) ,  

where  T >  0 is a given number .  ~Ioreover we shall denote  by  !]'11 the  norm in 
�9 ' , ,  L~(DA0, p)) L~(E) and by  ti I[~0,~ the  norm in 

where we have  set 

= H o A u ) )  Ilull~:~ ( LLuil~ + ~ lj~ 

T 
/ ~ \ 1 t ~  

t ) 
0 
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Moreover we shall denote by ll'II~o:: and tI']1~..==.: the norms in c(o~(o,p))  and 
C(D.4,(�89 , p)), respectively. 

Finally we shall denote by L ~+ (B) and WI'~(B) the following spaces 

L~+(B) = {u e L~(e, m; B) for each e > 0}, 

W~+'"(B) ---. {u e Wl'~(e, 2; B) for each ~ > 0}. 

Furthermore let 0 < 0 < 1 and set 

T T  

, dr) 1/~ 

0 0 

We shall consider the following intermediate space between WI,~(E) and L~(E) 

W~ = {u e .~ (E):  ~o,~(u) < + o~} 

endowed with the norm 

l l~ll , .-  = (l lu? + o.,,..,, �9 

The space W~ p)) is defined analogously and its norm will be denoted 

by ll " iI ~::~ 
U o,~ ~_  O,e,~] 

where 
T T  

0 0 

The spaces W ~ are extensively studied by many authors from different points 
of view (see e.g. ADAMS [2] and the references therein). We refer to [2] for a de- 
tailed treatment of these spaces and quote now the properties that  are used in this 
paper. 

(7) W~ ~-> W~ ~-> L~(E), 0 < 0 ' <  0 < 1 ,  

(s) W~ ~ r , 0 > l i p ,  

T 

(9) -~~ <e'llu]iwo,~ , O < O < l / p  , 
0 

T 

(lo) -,Olu(Ol~dt <e"II~ll~,., ,  O > l / p ,  ~ ( 0 ) =  O, 
0 
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(11) 

(12) 

(13) 

(14) 

(~5) 

(16) 

where  

w~ c~ L~(D~(0, p)) ~ W',~(D~(0-- ~, p ) ) ,  

W~ n W~'~(~D~(O, p)) ~ W~'~(D,(Z, p)) , 

W~ ~ L*(D~(0, p)) ~-> C(DA(O -- l /p,  p) ) , 

W!."(D~(O, p) ) c~ W~ ~ C(D~(0 + 1 -- l /p,  p) ) , 

W~'~'(D~(1/p, p)) ~ L*(D~(1 § l ip ,  p)) ~ C(DA,(�89 , p)),  

W~'V(D ~(1/P, P) (~ W'/~,~(D ~) r C(DA,(�89 , P)), 

e < O < l ~  

o < ~ , / ~ < 1 ,  ~ + r  

1 / p < O < l ,  

0<1/1) ,  

T 

o 

For  the  reader  convenience we shall  collect in the  Append ix  the  proofs of (7)-(16). 

3. - Abstract parabolic equations in L ~. 

Le t  A:  DA r E - ~  E be the  infinitesimM genera tor  of a bounded  analy t ic  semi- 
group S(t) in E.  Given ] ~ L~(E) and  x ~ E we shall  be  concerned wi th  the  fol- 

lowing p rob lem 

u' = A u §  O < t ~ < T ,  

(16) u(o) --  x .  

To s tudy  p rob lem (16) we shall  use the  following definitions. A funct ion u is 

called a s t r ic t  solution of (16) if u ~ L~(DA) n WI.~(E) and  we have  u'(t) = Au(t) + 
+ J(t) a.e. on ]0, T[ and  u(0) ~ x. Moreover  we shall  say t h a t  u is a classical solu- 

t ion of (16) if u ~  C(E) n L~+(D~)nW~(E) and we have  u'(t) = Au(t) § ](t) a.e. 
oll ]0~ T[ and  u(0) = x. I t  is obvious t h a t  any  s t r ic t  solution of (16) is also clas- 

sical. The  converse  in general  is not  t rue .  
The following represen ta t ion  formula  is well known.  

TI~OlCEsI 1. - Le t  u be classical solution of (16). Then  for each t ~ [0, T] we 

h a v e  

(17) u(t) = s(t)x + ( ~ ,  t)(t) 

t 

where  we have  set ( S ,  ])( t )=fS( t - -  s)](s)as. 
0 
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P~ooF. - For  0 < e < s < t  set  v(s)= S(t--s)u(s). We have  

v'(s) ----- -- AS(t--  s)u(s) + S(t-- s)u'(s) 

f rom which i t  follows t h a t  

t t 

s(t-  v(t)- f '(s)as =fs ( t -  s)1( )as 
B 8 

and  the  resul t  follows b y  le t t ing  e -+ 0. 

As ~ consequence of Theorem 1 we have  t h a t  the  classical (and hence the  strict)  
solution of (16) is unique if i t  exists. Also i t  tu rns  out  t h a t  i t  is useful  to s tudy  the  

proper t ies  of the  funct ion given b y  (17). We shall call such a funct ion the  mild solu- 

t ion of (16). In  the  following sections we shall s tudy  the  dependence of the  regu- 

la r i ty  of the  mild solutions of (16) on the  regular i ty  of ] and  x. As a consequence 

we shall obta in  existence and  regular i ty  results for the  classical and  s t r ic t  solutions 

of (16). 

4.  - Proper t i e s  o f  %(t)= S(t)x. 

In  this section we shall inves t igate  whe the r  uoeL~(Da(O,p)) or Uo~ W~ 
for some 0. For  convenience we shall call spat ia l  regular i ty  the  first s i tuat ion and  

t e m p o r a l  regular i ty  the  l a t t e r  one. These definitions are m o t i v a t e d  f rom the fac t  

t h a t  in the  cases where A is associated with an elliptic opera tor  the  funct ions of 

L~(D~(O,p)) are more  regular  wi th  respect  to the  ((spatial ~> var iables  while the  

funct ions of W~ are more  regular  wi th  respect  to t ime.  Final ly  we shall inves- 

t iga te  whe the r  Uo e W~'~(Da{O, p)) for some e and  0; such a regular i ty  will be called 
mixed  regular i ty .  

a) Spatial regularity. 

We will examine  the  regular i ty  of u0 when x ~ D~(O, p) and 0 increases. 

THEO]~E~ 2. - Fo r  each x e E  we have  t h a t  %~L~(DA(O,p)) with 0 < lip. 
5loreover  there  exists  al ver i fy ing  

PROOF. -- Using (1) and  (2) we have  

tJ%]j < 
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~nd 

T +oo 

~,du) f dt f [AS(t + s)x]~ ds 
0 o 

T +oo 

< ~ l x l  ~ ~t (s + t)~sl-~+,o 
0 o 

T +oo 

= ] f f l x f  d to~( s +l)~s~-~+~~ 
0 0 

w h e r e  we  use  t h e  t r a n s f o r m a t i o n  of v ~ r i a b l e s  s ~ st. T h e r e f o r e  t h e  r e s u l t  is p r o v e d  

w i t h  
T + o o  

( a 1 ~ -  M ~ T  -~- M ~  - ~ ~  8 -~- 1 ) - ~ 8 - 1 + ~ - ~ ~  "~1/~ 

o o 

T~EOl~E~ 3. - L e t  x ~ Da(O, p) w i t h  0 < 1 - -  1/19. T h e n  Uo ~ L~(DA(O Jr- 1/p, p) ) 
~ n d  we h a v e  

[ juo i l~+ , ;_  < ( ~ T § (p - 1 -  p o ) -  ~ ) "~ Ixl.A(o,~) �9 

P ~ o o F .  - W e  h a v e  

T -boo 

0 t 

ds 
(s_t)l-~+~o+l 

t h e r e f o r e ,  i n t e r c h a n g i n g  t h e  o r d e r  of i n t e g r a t i o n  a n d  u s i n g  t h e  fuc t  t h a t  1 - - p  ~- 

pO < O, we o b t u i n  

T 8 

= f i-4s(s) l + 
0 0 

§  T 

f " + I/S(slxl ~ dsJ (8 -  t) - 1 + ~ - ~ ~  d r <  (p - pO -1  
T 0 

~nd  t h e  conc lus ion  fol lows.  

THEORE~ 4. -- L e t  x ~ D~(1 - -  1/p, p). T h e n  uo E L~(D~) ~nd  we  h a v e  ][Auo][ < 

< ixjl-.~,~. 

PROOF. -- T h e  r e s u l t  is a n  i m m e d i a t e  c o n s e q u e n c e  of t h e  de f in i t ion  of I" I1-1/~.~. 

THEORE~r 5. - L e t  x e D~(O + 1 -- l /p ,  p) w i t h  0 < 0 < 1 D .  T h e n  Auo ~ L~. 
�9 (DA(O, p) a n d  t h e r e  e x i s t s  a2 v e r i f y i n g  
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P R O O F .  - F r o m  Theorem 4 and  p r o p e r t y  (3) we have  

IIAuoH < rxll-l  ,  < 

~ o r e o v e r  by  a computa t ion  simila~r to t h a t  of Theorem 3 we get 

T +oo +oo 

H$,~(Auo) = f dt f lA2 S(s § t) x]~ s -1+~-9~ ds < (p -- pO)- X f ,A2 S(s)x,~ s~-~~ ds . 
0 0 0 

l~ow (2) implies  t h a t  

IA ~ S(s)xl = IAS(s/2)AS(s/2)x 1 < M12s -1 ]AS(s/2)x[ 

and  hence we obta in  

H ~ ( A u o )  < , 1 + ~ - ~ 0  - 1  ~ . , ~ 1 1 2  ( p  - -  p O )  lX lo+l__ l /~ ,p  

Therefore  the  resul t  follows with  

a 2 = (c~ ~- i~12~-~+~~ pO)-~//~ 

where el is g iven b y  (3). 

TKE01~E~ 6. -- Le t  1 < p < oo and let  x e D4~( 1, p). Then Auo e L~(D.~(1/p, p)) 
and  we have  

A % i x - l ~ l / ~  X 

where e2 is g iven b y  p rope r ty  (5). 

PgooF.  - F r o m  (5) and  Theorem 4 we have  

moreover ,  in terchanging the  order of integrat ion,  we find 

T §  

0 t 

T s +oo T 

0 0 T 0 

and  the  resul t  follows. 

5 - .dnnal i  di  Matemat lea  
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b) Temporal regularity. 

As before  we shM1 s tudy  the  regular i ty  of uo with  respect  to t when  x ~ DA(O, p) 
and  0 increases.  

THEORE~ 7. -- Fo r  each x ~ E we h~ve t h a t  uo ~ W~ with  0 < lip. Moreover  

there  exists  % ver i fy ing 

!luo!f~0 ~<a~Ixi �9 

P~ooF. - We have 

2' t, 

0 0 

T t t 

_~ 2 f dt f ' f Ag(z)x  dT ~ ( t--  s)- I-O~ ds 
0 0 s 

T T t - - s  

0 s o 

T T - - s  t 

-- 2 d8 AS(T -~- t -1-0~ dt 
i 

o 0 0 

T + o o  

f f(ft < 2  s AS(~ + s)x]d~ t-~-~ dt 
o 0 0 

where S(t) ----- 0 if t > T. Therefore,  using H a r d y  inequal i ty  (see Appendix) ,  we obta in  

( is)  

and  hence 

T P--s 

<  0- fa fixs(t +  )xl, t - 1 - - , ~  et 
0 0 

(19) N~,~(Uo) < 20-~  H~,~(Uo) �9 

Therefore  the  resul t  follows f rom Theorem 2 wi th  

% = ( ~ T  + 20 -~ a~) 1/~ 

where al is g iven b y  Theorem 2. 
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T~EORE~ 8. -- L e t  x ~ D ] ( O , p )  w i th  O < l - - ] / p .  Then uo~W~ and 

there exists as verifying 

]1%][ ~ o + i , ,  < a~lxl~A(o,2)> . 

PROOF. F r o m  (19) we g e t  

therefore the resub  follows from Theorem 3 with 

a~ = (M~T + 2(0 + 1/p)- ' (p--pO-- Z ) - ~ )  ~/2) . 

T ~ o ~  9 .  - L e t  ~ ~ D m  -- Z/p, p). T h e n  ~o ~ W~,~(E) ~nd we h~ve IiVoII< 

< Ixh-1/2),2). 

! 
PROOF. - The result follows from Theorem 4 ~nd from the f~ct tha t  u o ~ A u  o. 

/ 
TH~,OR~,~ 10. Let  x ~ D , ~ ( O ~ l - - 1 / p ~ p )  with O < O < l / p .  Then uo~W~ 

~nd there  exists a 5 verifying 

l] ~l+O ]1 W ~ < a5 Ix  ]DA(O +1-- 1[2),2))" 

P~ooF. - By  a computat ion similar to the one used to prove (19) we get 

(20)  ~ ' No,2)(Uo) < 20-2) H~,2)(A u o) . 

Therefore the result follows from Theorems 5 ~nd 9 With 

-= 20 %) 

where ei and a~ are given by (3) and Theorem 5 ,  respectively. 

t 
THEOREM 11. - -  Let  1 < p < oo and let x ~ D~,(�89 p).  Then u o zW~/2)'V(E) and 

we have 

, j _  IlUo!l~ . . . . .  < ( c ~ ,  2 ( p -  -1 2 ) ~  1) p ) Ixl~<+,~) 

where c~ is given by  (5). 

PROOF. - F rom (20) we have 

2) l 2) 2) N~/~,=(Uo) < P H1/~,2)(Auo) �9 
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Therefore the result  follows from the proof of Theorem 6 and from the fact  

t ha t  u '  o = A u  o. 

c) Mixed  regularity. 

TI~I~oI~E~ 12. - For  each x e E we have tha t  uo ~W~'~(D~(O - e~ p))  with s 

0 < 1/p. Moreover there exists a~ such tha t  

PROOF. -- The result follows from (11) and from Theorems 2 and 7 with 

where ca is given by  (11). 

a~ = cs(al + a3) 

TI~ORE~[ 13. - Let  x e D a ( O , p )  with 0 < l - - 1 / p .  Then for each e < O + l / p  

uo e W~'v(D~(O t'- l i p  -- s~ p)).  Moreover there exists a7 verifying 

tl Uoll ~::,i~ .... < aTlxt.A(o,~). 

PROOF. - The result follows from (11) and Theorems 3 and 8 with 

a 7 = c3((M~oT ~- (p - -  1 - -  ~90)-1) 1/v + a,) 

where c8 is given by  (11). 

TKEORE~ 14. -- Let  x e Da(1 - -  l / p ,  p).  Then uo eW"V(Da(1 - -  e, p)) for each 

e < 1 and there exists as such tha t  

PROOF. - By  a computa t ion  similar to the  one used to prove (18) we obtain 

T t 

N:, ~_~,,(u) = ~ fat  f t s ( t ) ~ -  ~(~)~l~_,,~(t- s) - ~-`~ as < 
0 9 

T T-s 

<2 -,fasf las(t + 
0 0 

therefore we get  

t - 1+~-~  at 

T T 

~v~,~_~,~ < 2,-~j'asff-4s/tl~i~_~,~ct- s / - ~ ' - ' ~  at = 
0 s 
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T t 

,: ? )  = 2 e  - v  t X ~ v d t  t - - s - l + ~ - 8 ~ d s - ~  

o o 

T 

= 2e-~(p- ep)-~flAS(t)xl~_,,, t "-~ at = 
0 

0 0 

T §  

0 0 

T + c o  

= 2M: ~-'(p-- 8p)-lflAS(t/2)xl" etf(s + �89 s-'+'" ds 
0 0 

where we have set s = st. Therefore  the  resul t  follows from Theorem 4 with 

a s = ( M ~ T  + 4M~e-V(p - sp ) - l f ( s  + �89 -1+~ ds) 1/~ �9 
0 

THEORV,~ 15. - Le t  x r  with 0 < 0 < l / p .  Then  we have 

(i)  Auo e W~ IlAuoll,vo,.< a~lxl.A(o+ l-l/~,~); 
I ! 

(ii) u o e LV(Da(O, p)), l[uoll/~.~< a~lxI,A<0§ 
(iii) uoe W~'~(DA(fl, p)), 0 < ~ ,  f l < l ,  ~ + f l = l - ~ 0 ;  

( i~ )  Auo, U'o ~ W~'~(gAO- ~, p)), e < O. 

Moreover there  exists a~ ver i fying 

(v) Iluoll,,,s:s, llAuoll,n,_,.,,, IlU'oIl,~::".,~<a~lxl~,~(o+M~,,~,). 

PROOF. - Assertions (i) and (ii) follow from Theorem 9 and 5 and from the  fac t  
! 

tha t  A u  o ~ u o .  Assertions (iii)-(v) follow from Theorems 9 and 5 7 from properties 
(i) and (ii) and f rom (11) and (12) with 

a 9 = c ( a ~ + a a )  

where c is given by  (11) or (12). 
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T}IEOI~EH 16. - L e t  1 < p  < oo and le t  x e DA~(�89 p) .  Then we h a v e  

(i) d g  0 e W1]?'~(FJ), [[Art~o] IW ..... < (0 2 + ~(P --  1 ) -1P~)  119 

I r,  1 --I 1 /~  (ii) u'oeL~(DA(1/p,p), ]]UollLf/~,~<(C2+ ( p - - )  ) 

(iii) uoe W~'~(D4(fi, p)), 0 < ~ ,  f l < l ,  ~ ~- f l= l ~, lip; 

(iv) A%, pl), e.<l/p. 

5Io reove r  t h e r e  ex is t s  a~. v e r i f y i n g  

P~ooF .  - Asse r t ions  (i)-(v) fol low b y  a c o m p u t a t i o n  s imi la r  to  t h a t  of T h e o r e m  15 

with  

= 2c(c  + 2 ( p -  

where  c is g iven  b y  (111) or (12). 

RE~_*t~  1. - As A g e n e r a t e s  ~n a n a l y t i c  s e m i g r o u p  i t  is k n o w n  t h a t  io r  each  

x ~ E  t he  f u n c t i o n  uo be longs  to  W~.~(s, T', E) ~ C(s, T; Da), for  each  s > 0. The re -  

fore  fo r  each  x e E we h a v e  t h a t  uo ~ C(E)~ L~(D~)(~ W~(E) a n d  t h a t  u'o(t)-~ 
2~ Auo(t), for  each  t > 0." 

I~E~Aa~ 2. - I t  follows eas i ly  f r o m  p rope r t i e s  (11)-(15) t h a t  t h e  spa t i a l  a n d  t e m -  

po ra l  r e g u l a r i t y  resu l t s  e s t ab l i shed  in th is  sec t ion  c a n n o t  be  i m p r o v e d .  

5. - Proper t ies  of  ul - S * ] wi th  ] ~ L~(E). 

I n  w h a t  follows we shal l  se t  ](t) : 0 if t < 0. 

a) Spatial reg~darity. 

T~:BORE~I 17. -- L e t  ] ~ L~(E). T h e n  ul ~ L~(D~(0, p))  for  each  0 < 0 < 1. i~[ore- 

o v e r  t he r e  exis ts  b~ v e r i f y i n g  

P~ooF. - We have 

T t 

;f , 

u l i ' :  S(t--s)](s)ds dt<M~T'p-lLl]il.  
0 0 
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Furthermore 

T + o o  t 

ff f H~,~(ul)= dt AS(~) S(s)/( t--s)  ~-~+~-~~ 
0 0 0 

T +oo t 

0 0 0 

T +oo 

0 0 0 

T + o o  + c o  

§ ~-~@r a~(~l-ofll(t-s)l s-~ as)". 
0 0 z 

Therefore using Hardy :inequality (see Appendix) we get 

T t 

Ho,,(u0<2 M~(O + (z-O)-")f,~tfll(t- ~)t ~s -~'-~~ 
0 0 

Hence the result follows with .... . " 

b~ = (M~oT~p-1- F 2"-1M~t0 - ~ 1 ,  + ( 1 "  0) -~) T~-~~ pO)-~) ~/~ 

b) Temporal regularity. 

T;z]~o~E~ 18. Let  / ~ L~(E). 
there exists b~ verifying 

Then ul ~ W~ for each 0 < 0 < 1. moreover 

][UlllWo,~ < b2]I/]l �9 

PROOF. - We h~ve 

T t 

0 o 

t 8 

f t --a)l(a)d~ S(s--a)/(~)d~ (t--s)-~-~ 
0 0 

�9 T t s 

0 0 0 

T t t 

f f f  + 2 ~ dt S(t--G)/(~) ( t - -s) - l -~  = J1 + J2 �9 
0 0 s 
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~ow 

J 1 = 2  ~ dt ( S ( t - - s ) - - I  S ( s - - a ) / ( a )  ( t - - s ) - ~ - ~  

0 0 0 

T t t - - s  8 

fff~ f ~ = 2 ~  dt S(~:) S(s--~)/(,~) ( t - - s ) - ~ - o ~ d s ~ -  

0 0 0 0 

T T t - s  s d(r d r  ~ 

0 s 0 0 

T + c o  t s 

f~f(f )f~( )~ < 2 ~ s AS(~:  s - - a ) / ( a ) d c t  d v  t - l - ~  

0 0 0 0 

Therefore using Hardy inequality we get 

(21) 

T 4-0o S 

J1<2~0  -~ d AS(t)  (s--c~)/(cr)d~ t - l+~-~~ 

0 O 0 

so that  

Furthermore 

T t T t t--s s 

J~=2, ja t  t_s)-~-o, S(~l/(t_~) =2  at -~-o,d~ s(~)/(t-~la~ 
0 0 0 0 0 0 

< 

T +co 

f (f, ,, y <2~ gt - 1 - ~  8 (~ ) / ( t - - ( ;  d~ . 

0 0 0 

Therefore using Hardy inequality we obtain 

(22) 
T t 

0 0 

Hence the result follows from Theorem 17 with 

b 2 = (M~T~p -1 ~- 2~M~O-~T~-~~ _ pO) -1 + 2~O-~bV~) 1/~ . 
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c) Mixed regularity. 

THEORE~ 19. - Le t  ]e_5~(E). Then uleW~'~(D~(O - s,p)) n C ( D a ( a - -  l /p ,  p))  
for each s < 0 < 1 and  1/p < ~ < 1. ~ o r e o v e r  there  exists b3 ver i fy ing  

I ~ o o F .  - The result  follows f r o m  Theorems 17 and  18 with  

b3 -~ c(bl + b~) 

where  c is g iven b y  (11) or (13). 

Rv,~_A]~K 3. - Theorems 17 and  18 are p roved  b y  DA PRATO and G]~ISVA~D 

in [6] as an  appl icat ion of the i r  theory  on the  sum of operators .  

6. - Propert ies  o f  u~ = S ,  / w i t h  /cZ~(D~(O, p)) ,  0 < 0 <  1. 

a) Spatial regularity. 

We begin with  the  following pre l iminary  l e m m a .  

L E ~ w A  1. - Le t  ]~ C(D~). Then Au~eL'(D.~(O,p)) for e a c h  0 < 0 <  I and  

moreover  there  exists  b4 ver i fy ing  

PROOF. - We have  

T t 

o o 

therefore  if p = 1 we have  

T t 

JIAui II < Y~ lAS(t -  s) l(s)I(t- s)-o = 
0 0 

T T T T--s 

0 s 0 0 
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whereas if p > 1 we have 

T 

]l Au~ I1" < ( i  - 1 i s , ? - l e - ' f t  ~~ etf lAS(t  - s)/(s)I~(t-- s) -~ §176 & < 
0 0 

T t 

o f f  <T" 0 I-" dt l A g ( t -  s ) ] ( s ) l ~ ( t  - s ) - l + ~ - ~ ~  = 

0 0 

T T T T--s 

- -  ~'o'  -~'f<~,f i-4g(t . ~) s(,)i:(t- . ) -  ~ +" - :~  <~t= ~ . o , - . f ~ f  ixs(t) ]i~)~' t ' l +  b:'-'O ~t. 
0 s 0 O 

Summariz ing we have,  for each p ~ 1 

Furthermore 

m o Ho ,p ) .  

T + ~ o  t 

H~,,(AuQ =j  d . g((~ 47 s)12)Ag((r + s)f2)~(t--s)  r-1+v-~~ 
0 0 0 

T +oo t 

0 o o 

T + ~  t 

f f(f )" <2PMgM~ dt (z +s)-llAS(s/2)/(t s)tds z-l+~=~~ 
0 0 0 

Therefore  by  a calculation similar to t h a t  of Theorem 17, with / ( t -  s) replaced 

by  AS(s/2)/(t--s), we obtain 

T t 

Ho,~(AUl IP  ' < ; ) 2 p - I  71/f~ ~ / : v / ~ - l ' ~  ( 1 , ~  ~ ' ~ o ~ ' ~ i t  ~ - -  - -  O ) - : P ) f d t f l A g ( 8 / ~ ) / ( t - -  8 ) l~8  - 1 + ~ - ~ 0 d 8  : 

0 0 
T T 

- ...... ~ ~ ' - ~  ~o~U1(o9, .  - ~  . (~  - o ) - ~ ) f ~  - 1  + . - -  d,flAg(~f2)S(t- . ) t  ~ ~ - -  
0 s 

T T--s 

. . . .  o ~ < , ~ t < ,  + (i- 
d d 

0 0 

. . . .  o ~ , ~ t -  + (1 + o) )go,P)  �9 

Therefore  the  result  follows with 

l,~ = (~~ ~- ~ M o ~ , ( o  + ( i -  o)--~)) 1/~ . 

~,Ve are now ~ble to ps'ove the  following result. 
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TItEORE~[ 20. - Le t  ] ~ L'(D~(O, p)). Then Aul ~ L'(D~(O, p)) and moreove r  

IIAu ll < b l111I 
where b4 is given by  L e m m a  1. 

P~ooF. - Le t  ] ~  C(D~} be such t h a t  J~ : + ]  in Lv(D~(O,p)) and  set  ul, .  = 
= S .  ] , .  We  first p rove  t h a t  for each 0~<t~< T we have  

(23) 

We have  

and  

Ul,~(t) --> u~(t) in D~(O, p) .  

lUl,~(t) --  u~(t)t" < M~ ~ - 1  lt]~-- 1[1 ~ 

[ui,~(t)_ ul(t  ) ~ ~ ~-1 Io ,~<MoT t to ,~(&--  1) 

and (23) is proved.  Using L e m m a  1 we fu r the r  obta in  

Therefore  {Au~,~} is Cauchy in L~(D~(O, p)) and hence there  exists  v e - L ' .  

�9 (D~(O, p)) such t h a t  Au~,~-+ v in -L'(D~(O, p)). This in t u rn  implies  t h a t  there  

exists a snbsequenee {Au~ ~o} sat isfying 

(24) Au~,%(t) -+ v(t) 

for a.e. O<t<~T. Final ly  using (23), (24) and  the  closedness of A we have  t h a t  

u~(t) ~ DA and Aug(t) -~ v(t) a.e. on ]0, T[. Therefore we find t h a t  Au~,~ -+ Au~ in 

L~(D~(O, p)) and the  resul t  fo]lows using L e m m a  1 Once again. 

b) Mixed regularity. 
! f 

T ~ o m ~  21. - Le t  ] e L~(D~(O, p)). Then u~ e L~(D~(O, p)) and  he have  u~-= 

= Au I @ ] and  

where  b4 is g iven b y  L e m m a  1. 

P~ooF. - Le t  ] ,  and  ul,~ be defined as in the  proof  of Theorem 20. I t  is known 
t h a t  u,,, belongs to WI,~(E) anti verifies u~,, = Aul, ~ -~ f .  Moreover  f rom the  proof  
of Theorem 20 we have  t h a t  u~,~--+ul, Au~,~-->Au~ and ]~-->f in L~(D~(O,p)). 
Therefore  the  resul t  follows f rom L e m m a  t .  
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T~molcE~f 22. - Le t  / ~  L}(D,dO, p)). Then Aul~ W~ and there exists b5 
verifying 

P~oo~. - From the proof of Lemma 1 we have 

iiAu~]l ~< T'o~-~ lIllf~,~ 
moreover 

'r t s )- ~- O~ ds f f da ~ 
0 0 0 0 

0 0 0 

T ~ 

+ 2~ fat f (t-- s)-l-~ ds l f AS(t--f) t(r a~ ~ = J1-F J2. 
0 0 s 

Now a calculation similar to t ha t  of Theorem 28, formulas (21) and (22), shows 
tha~ 

J1<2~0 -~ ds A2S(t) (s--~)/(a) t-~+~-~~ 
0 0 0 

and tha t  

T ~ T T 

,~ < 2.o-~f~tf,~(~)i(t-~)i. s-~--.o ds--- ~oo-.j'dsj',~s(~)i(t-s)l~ -'§176 dt = 

0 0 0 s 

T T--s 

= 2 , 0 - , f a s f ] A S ( s ) / ( t ) I , s - ~ + , - ~ ~  
o 0 

Therefore the result  follows from Theorem 20 with  

b~ = (T~~ 1-~ + 2"O-'(b~ + 1)) '/~ . 

T H E O K E ) [  23 .  -- Let  / c L~(DA(0, p)). Then 

(i) uteW~'~(DA(~,p)) ,  0<~ ,  ~<2 ,  ~ + ~ = 2 + 0 ,  
(if) Au~e W',~(D~(O - s ,p)) ,  s <O, 

(iii) if 0<2/19 then  ~ l e  C(Da(O + 2-- lip, p)); 
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(iv) if 0 = l ip  t hen  ul e C(Da.(�89 p)) ;  

(v) if O > l / p  t hen  uleC(D.~(O--1/p,p)) .  

Moreover there  exists bo such t h a t  

(vii) l[ulitr . . . . .  / ~ , ~  < b~i]Ill~:,~, if 0 < l /p ;  

(viii) l].ltl~..,.. <bol]]I[~/..~, if o = ~/p; 

(ix) ildUl[tOo_,,_<5~[[/]I~,., if 0 > ~/p. 

PI~OOF. - Assertions (i)-(ix) follow from Theorems 20, 21, 22 with 

be = e(2b, -}- bb-+- 1) 

where c is given by  (11)-(15), depending on the context .  

I~E~ARK 4. - Theorems 20 and 21 were proved previously in [6] by  different 

methods.  

7. - Proper t i e s  o f  u l  = S *  ] w i t h  f ~ W~ 0 < 0 < 1. 

a) Temporal regularity. 

We begin wi th  the  following pre l iminary  lemma. 

! 
LElv~IA 2. - Le t  ] ~ WI,~(E). Then u I ~ W~ for each 0 < 0 < 1. 

there  exist  b7 and bs such tha t  
T 

IIu~ll~o,,<b~l[lll.~o.~+b~ t-~~ �9 
0 

Moreover 

PROOF. - I t  is known (see DA PI~ATO [5]) t h a t  if ] E W I ' ~ ~  then  u ~ C ( E ) ,  
u 1 a C(Da) and we have  

t 

u'l(t) = A f = ( t -  o) l(~) d~ + ](t) . 
0 

Now 

t 

Af~(t-- a) l(a) aa 
0 

t t 

= da +  ty(t- = 
o O 

t 

= A f s ( t - -  ~1(1(~1-/(t)) a~ + ~(1)1(t)-- ](t) 
0 
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w h e r e  we  u s e d  t h e  fa, c t  t h a t  for  e ach  x ~ E w e  ha, ve  

j A S ( s ) x &  = S ( t ) x -  x .  
0 

H e n c e  u~ can  be  w r i t t e n  as  

t 

u~(t) = A f ~ ( t - -  a)(t(a) - fit)) & § 8(t) l(t) = vdt) + vdt) . 
0 

T h e r e f o r e  we h a v e  

~ow 

[ f ilul " , ~ - 1  , ,~ V o l "  , N L , ( v l )  + ~ L , ( ~ ) )  11..,~<2 (P,~i + ,, o , ,  ~ -  

T 

0 0 

T t 

0 0 

a n d  

Furthermore 

T t 

0 0 

T t ~ d a ,  ~ <2~fatf Af(S(t--a)- ~(s--a)) ( t (a)-  t(s)) ( t - -s)- l -~ 
o o o 

T t s 

+ 2  2~-I t A t---(~)(f(s)--](t)) ( t - - s ) - l -~  + 
0 0 o 

T t t 

l ' 

7-2 2~'- d ,g(t--a)(](a) f(tl) da ( t - - s ) - ~ - ~  q - J ~ - k J  ' - -  3 �9 
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Now a calculation similar  to the  one  used in Theorem 18, formula  (21), shows 
t h a t  

T +~ s 

0 0 0 

Furthermore 

T +oo s 9 

0 0 0 
T §  s 

o 0 0 

Therefore using Hardy inequality we get (here / ( t ) =  0 if t < 0) 

T +~ t 

0 0 0 

+ 

so that 

T +oo +co 

T +oo 

M~'~4~)-10-~)(0 -2) -~ (~--O)-~))  f d s f  I / ( s -  t ) - / ( 8 ) [ ~ t  -1-0~) 

0 0 

T s 

0 0 

T +co  

dt = 

~t + 

o s 

T 

J ;  ~-~ M2~24~-10-~(0 -~  -~ ( 1 - - 0 ) - ~ ) ( ~ , ~ ( / )  -~ (O~,9)-lft -~)0 ] / ( t )Ol  d t ) .  

o 

r Conferning J,~ we have 

T t 

J'~ = ~ ' - ~ f d t f  l(~(t) - s ( t -  ~)((/(s) - /(t))  i~( t -  s) -~-~ d~ < 2 ~ -~  M J ~ , ~ ( / )  . 
0 0 
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Finally, by a slight modification of the proof of (22), we get 

T + r  

J; <..2~-lO-~fatflAS(s)(/(t- s)-/(t))t ~ s -~ +~-~o ~s 

0 o 

so that ,  

T t T + o a  

J; <_~'~~-~o-~( f atf ,z(,- s)- z,t)l~ as + f @r -~ - .  as)< 
0 0 0 t 

T 
<. ~--~o-~(~v~,~(l) + (op)-~)-~o I1,)1" a 0 �9 

0 

It r e m a i n s  to  c o n s i d e r  t h e  t e r m  c o n c e r n i n g  vo.. W e  h a v e  

T t T t 

N~,~(v.~) = @ f  lv~(~)-v~(s)to (t- S) - 1 - O l )  as<2~f@s(,)(l(,)-1(s))L'(t- s)-l-o~ as + 
0 0 0 0 

T t 

+ 2of@(s(t)- s(s)) l(s)lo(t - s ) - l - o ,  a s = J :  + J : .  
0 0 

Now 

a n d  

.q 

J'~ <2~ f a t  f ( t - -  s)- l-~ asl f Ag(a) /(s) 
o o s 

T t 

a j<<. z~2@tfl/cs)l~(t-s)-~-O~(log(t/s))~ as-= 
0 0 

T T 

= M[2VfIl(s)[V asf(log(t/s))v(t--s) -1-~ at = 
0 s 

T +co 

= My2~fs-~o]f(s)l.asf(logtF (t--1)-l-~~ 
0 1 

w h e r e  we  h a v e  se t  t = s t .  

S u m m a r i z i n g  we  f ind  t h a t  t h e  r e s u l t  fo l lows w i t h  

b 7 (2V-l M ~ ~  -t- YlVo @ 2V-1M~V2t~-lO-v(0-~) @ (1 -- O) -~') @ 

,)4~--2 M'~ .2.. ) -l--  " 0 '  2a~'-2M~l O-~\llv 
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~nd 

b s = (2~-ZM~O-~(O -~ + (1 - -  0 ) - - 9 ) ( 0 ~ 0 )  - 1  - ~  ~ 3 ~ 9 - - 2 / ~ 0 - - ~ 9 ( 0 p ) - - 1  -}- 

+ca 

-f- 2~'-zM~f(logt)~'(t-- 1)-~-o~ dt) 1/v " 
l 

I n  wha t  follows we shall set 

$~ = W~ if 0 < UP, 
T 

= f , - l j1( , ) l .d ,<  § 
0 

~0 ,~(~)  {] e w~ ](o) = o, if o > Vp}. 

We are now able to p rove  the  following result .  

! 

T m ~ o ~ K  2r - Le t  ] a ~~ Then u~ e W~ and  we have  

(i) Ilu~[lwo,~<(b7 + cbs)[]]]]wo.,, if O~ 1/p, 
T 

(ii) IIu~llw1/.,.~bTJ[~IIw~l.,. ~- bs(ft -l l](t) I ~dt) 11~ . 
o 

where b7 and  bs are given b y  L e m m a  2 and  c ~ c' if 0 < l /p ,  c = e" if 0 > l/p,  and 

Crz c', are given b y  (9) and  (10). 

P~ooF. - Le t  f~W~ with 0 < l ip  and  let in +WI'~(E) be  such t h a t  In- ->]  
! 

in W~ Moreover  set u~,n -= S ,  ]~. By (9) and  L e m m a  2 we find t h a t  {Ul,+~ } 

is Cauchy in W~ F u r t h e r m o r e  f rom (7) we have  t h a t  {u~,~} is Cauchy in 
f f l f W~ since {%,~} is. Hence  we have  theft % c W~ and  t h a t  ul, n --> u 1 in 

! 
W~ Therefore  assert ion (i) is ~ consequence of L e m m a  2. Final ly  u~,. = 

= AUl, ~ ~- ]~, so t h a t  using ~he closedness of A grid the  fac t  t h a t / ~  --> ] in W~ 
/ 

we find that  u~ = Au  I ~ ], which in tu rn  implies t h a t  

(26) 

t 

= s , f , s ( t -  1(t))as § s(t)l(t). 
0 

! 

Therefore  we have  p roved  t h a t  if ]+W~ with O < l / p  t hen  ul+W~ 
and satisfies (i) and  (26). Now let  ]~W1/~'~(E) be such t h a t  

T 

0 

6 - A n n a l l  ell M a l e m a l i c a  
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f 
Using (7) and  the  preceding resul ts  we find t h a t  u i belongs to W~ with 

0 < l i p  and  satisfies (26). Therefore  b y  ~ cMculation similar  to t h a t  of L e m m a  2 
f 

we find t h a t  u~ ~W~/~'~(E) and  safisfies (if). Moreover  we h a v e  

T T t T 

+ M ft-il/(t)i, at ft-~lu,(t)[~dt<2~o--~ft-,dtlnf~(t--s)(/(s,)--/(t))d8 dt 2,-~ 
0 0 0 0 

Now 

T t T t 

O 0 0 0 

f 
Therefore  we have  p roved  t h a t  if / ~  ~ / ~ " ( E )  then  % s g/~/~'~(E) and  saris- 

ties (if). F ina l ly  let  ]sWO'~(E) with 0 >  1/p and  let  / ( 0 ) :  0. By  (10) and  a cM- 

culat ion similar  to  the  one used above  we find t h a t  u '  1 s W~ and  satisfies (i). 

Since u~ (0 )=  0 the  proof  is complete .  

b) Mixed regularity. 

T t ~ E o ~  25. - Le t  f ~ l?V~ Then  A u  i ~ W~ and we have  u' 1 = A u  i d- / 
and  

(i) :lgul]lwo,~<(i + b~ + cd)]t/i[,-~, if o~: 1/p, 
T 

( l i )  !IA~liIWi/.,,~(l ~-bT)ll/lIwll~,~ ~i b s ( f t - l l / ( t ) l P d t )  112~ 
o 

where b~, ba and  e are  defined as in Theorem 24. 

/ 
P~ooP.  - F r o m  the prooi  of Theorem 24 we have  ul ~ Au~ d - / .  Therefore  the  

result  follows f rom Theorem 24. 

! 
T ~ 0 R E ~  26. - Le t  / ~ H/~ Then u 1 ~ L~(D~('O, p)). Nioreover the re  exis t  

b9 and  bl0 such t h a t  

(i) ilu~!i~,~ <(b 9 ~- cb~o)ll/llwo,~ , if 0 ~ 1/p, 

T 

0 

~ e z where  c c' if 0 < 1/9, c o" if 0 > 1/p and  c', are given b y  (9) and  (10). 
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PBOOF. -- F r o m  the  proof  of L e m m ~  2 we have  

r 9 9 - -1  ~ ~0 I - - ~  M~9 ~ . 

F u r t h e r m o r e  f rom (25) we ge~ 

T +co t 

< d. i(t) d,, + 

0 0 0 
T +co 

§ 2P-l f dt f ,AS(s § t) /(t)]~ s-l +~-~o ds 
0 0 

---- Jt +Js. 

Now J4 c~n be es t imated  by  the  same procedure  used for (25) and  so we obtain  

T 

J,<2*~-~M~'(O-* + ( 1 - 0 ) - ~ ) ( 2 V ~ # ( / ) +  (Op)-lft-~~ ~ at). 
0 

Fur the rmore ,  concerning J s ,  we have  

T +oo T +co 

J 5  < 2 v - 1 M : f , / ( t ) ] ~  dr f (8  ~- t ) - "  8 -1+~-~0 48 = 2 " - 1 M : f t  -~0 [/(t)Iv dr f (8  ~- 1)  - ~  8 - I  

o o o o 

where we h~ve set  s = st. Therefore  the  result  follows f rom (9) ~nd (10) wi th  

b 9 = ( 2 P - l ( i l T g ~  -J- .~1900) ~- 24~-2_7~129(0 - ~  -~- (1 - -  0 ) - i ~  1//~ 

and  

0 

T ~ O R E ~  27. - Le t  / ~  W~ Then 

(i) ul ew~,~'(2)~(~, p)), o < ~, 5 < 1, ~ + ~ = 1 + 0, 

(ii) u'1eW~,~(D~(O--~,p)), ~<0, 

(iii) if 0 < lip then ule C(D~(O + I-- lip, p)), 

(iv) if 0 : lip t hen  ule C(D~(�89 p)), 

(v) if 0 > lip then  u'~ e C(D~(O-- lip, p)). 
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Moreover there exist bn and  b~ such that 

(vii) ilu~!l~ ..... , _ < ( b ~ +  (~'+~")b~)IlllI~o.~, O < l / p ,  

(viii) iiu'~ll~o_~,~.~<(b. + (c '+  ~")b~)]l][[~o.~, O> l /p ,  
T 

(iX) IlUlltw,,~, j II[W1/ . . . . .  IIU'IIIC~.IIs,v<b11!]JlIW'/p,~ + b~2 t-  1 l](t)ivd t 1/~ 
o 

PROOF. - Assertions (i)-(ix) follow from Theorems 24-26 and properties (9)-(14) 
and (16) with 

bn ~- o(2b7 + 1 + bg) , b~ = c(2bs + 1 + b~o) 

where c is given by (11)-(14) ancl (16), depending on the context.  

t ~ 1 ~  5. - Theorems 24 and 25 were previously proved in [6] by  different 
m~thods. 

8. - Solutions of the abstract Cauchy problem. 

We are now able to s tudy  the properties of the solutions of the following abstract  
parabolic init ial  value problem 

u'(t) = Au(t) -[- ](t), 

(27)  u ( o )  = x .  

The following theorem describes the properties of the solutions of (27) when 
f ~ L~(0, T; E) and x ~ D~(O, p) and 0 increases. 

TI~O~E~ 28. - Le t  ]~Lv(O, T; E). Then we have 

(i) if x ~= ~ then  (27) admits  a unique mild solution u and we have 

e c(o, T; E,) ~ ~'(o, ~; D.~(O, p)) n W~ T; •) r~ W~ T; D~(O -- ~, p)), 

for s < O < l /p , 

(if) if x ~ D~(O, p) with 0 < 1 -- l ip then  

u e  C(0, T; D~(O, p)) N L~(O, T;  DA(O + lip, p)) 6~ W~ T; E) (~ 

(~W~,~(O,T;D~(O+I/p- -e ,p ) ) ,  for e < O + l / p ,  
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(iii) if x ~ D~(1 -- lip, p) then 

u e c(o, ~; D~(O--1/p, 1)))(~ L~(O, T; D~(O, 1)))(~ W~ T; ~)(~ 

~ W6'~(O,I';D~(O--e,1))), f o r e < 0 < 1 .  

moreover u depens continuously upon the data  ] and x with respect to the norms 
given by (i)-(iii). 

P~ooF. - The result follows from properties (1), (4), (6) and from Theorems 2, 3, 
4, 7, 8, 9, 12, 13, 14, 17, 18 and 19. 

The following theorem describes the properties of the solutions of (27) when 
] ~ L~(O, T; D~(O, 1))), x ~ D.~(O', 1)) and 0' increases. 

T~EO~E~ 29. - Let  JeEr(O, T~ D,(0,1))) for some 0 < 1 .  Then 

(i) if x s E  then  (27) admits  a unique classical sohr~ion u s C(E)n L~(0~T; 
D~) n W ;  (0, T; B) and we have 

u eZ ' (0 ,  T; Da(0% 1))) n W~ T; E) N W~,~(0, T; D~(O'-- e, 1))) 

for e < 0 ' < 1 / i  ) , 

(ii) if x~Da(O',1)) with 0 ' < 1 - - l i p  then the cl~ssicM solution satisfies 

ue c(o, T; D~(0', 1))) n Z~(0, r ;  D~(0'+ :L/1), 1))) r~ W~ Z; ~) r~ 

(~ w~,~(o, T; D~(O'+ 1/1)-- e, o)) ,  for ~ < 0 ' +  1/1), 

(iii) if x ~ D~(1 -- 1/1), p) then  (27) admits a unique strict solution u and we 
have 

u ~ C(0, T; n~(1 -- 1/1), p)) n L~'(O. T; D~) (~ W~'~(O, T; E) (h 

N W~'~(O, T; D~(1 -- e, 1))), for e < 1 ,  

(iv) if x~ D~(O + 1 -  1/1), 1)) and 0 < 1/1 ) then the strict solution satisfies 

1) ~ ~ v(o, T; O~(O + ~ - 1/1), p)) r~ w~,~(o, T; D,~(~, 1))), 

for O<c~, f i < l ,  a + f l = l + O ,  

2) AueL~'(O, T; D~(O, 1))) ~ W~ O, T; E) n W~"(O, T; D.dO-- e, 1))), 

for e < 0,  

3) u ' eL~(0 ,  T; DA(O,p)), 
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(v) if x~Dx,(�89 p) and 1/p<O<l then the  strict solution satisfies 

~) ue c(o, ~; D~(~, p))mW~.~(o, T; D.(~,p)), 

for 0 < ~ ,  f i < l ,  oc-t-D=l-4-1/p, 

for e < lip , 

(vi) if x ~ D~(O q- 1 -- l/p, p) and 1/1) < 0 < 1 then  the strict solution sat- 
isfies 

!) u e  C(0, T; D~(O @ 1-- 1/p, p)) (h W~'~(0, T; D~(fi, p)), 

for ~+fl=l+O, 0 < ~ . ,  f l < l ,  

2) A u e  C(0, T; D~(O-- lip, p)) (h L~(0, T; 94(0, p)) n W~ T; E) (~ 

~W~'~(O,T;D~(O--s,p)), for e<O, 

a) ~r r; D~(0,p)), 

3Ioreover u depends continuously upon the data  f and x with respect to the 
norms given by (i)-vi). 

PgooF. - To prove (i) i t  suffices to show tha t  the function u = uo ~ - u l  is a 
classical solution of (27) and then  use Theorems 2,7, 12, 20, 21 and 23. Now we 
have (see Remark  1 of sect. 4) t h a t  uo~ C(0, T; E ) N  L~_(0, T; D~)(hwl,vm T; E) 
and t h a t  u'o(t ) = Auo(t) for t > 0. 5Ioreover from Theorem 21 it  follows tha t  
u'l = Aul ~ - / .  Therefore u'(t) ---- Au(O 4-/(t) a.e. on ]0, T[ and u(0) ---- x. Asser- 
t ion (if) follows from (i), l rom (4) and from Theorems 3, 8, 13, 20, 21 and 23. Asser- 
t ion (iii) follows from Theorems 4, 9, 14, 20, 21 and 23. Assertion (iv) follows from 
(4) and from Theorems 5, 15, 20, 21, 22 and 23. Assertion (v) follows from (6) and 
from Theorems 6, 16, 20, 21, 22 and 23. Final ly assertion (vi) Pc]lows from (4), 
from Theorems 3, 8 and 13 with  x replaced by  Ax and from Theorems 20, 21, 22 
and 23. 

Final ly  the following theorem describes the properties of the solutions of (27) 
when /eW~ T; E), xeD.dO',p) and O' increases. 

T~EORE~ 30. - Le t  /~W~ T; E) for some 0 < 1. Then 

(i) if x ~ E  then  (27) admits  a unique classical solution u e C(0, T; E)(~ 
2) 1.P (h L+(O, T; D~) ~W+ (0, T;  E) and we have 

~ e L~(0, T ;  D(O', p)) ~ W~ T; E)~W~,~(O, T; D ~(O'-- ~, p)) 

for e < O~ < i/p , 
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(ii) if x eDA(O', p) with 0 ' <  1 - - l i p  then the classical solution satisfies 

qJJ~ C(O, T'~ DA(O/, p)) ('~ L~(O, T; DA(O'+ :[/p, p)) ('~ W~ T; ~_~) ('~ 

c~ W~,~(D~(O'+ 1/p-- ~, p)), for ~ < 0' + 1/p, 

(iii) if x ~ D~(1 -- lip, p) then (27) admits  a unique strict  solution u and we 
have 

u e  C(0, T; D ~ ( 1 - - l / p ,  p)) (3 L~(O, T; D~) ~ W~'~(O, T; E) 

(3 W',~(0, iv; Da(1 -- e, p ) ) ,  for e < 1 ,  

(iv) if x~Da(O + 1 - - l / p ,  p) and O<l/p then the strict  solution satisfies 

1) u e C(0 , / ' ;  DA(O + 1 -- l/p, p)) ~ W'~'~(0, T; D~(fl, p ) ) ,  

for 0 < ~ ,  / 3 < 1 ,  g ~ - / 3 : l + O ,  

2) ~' e Z~(0, T; D ~(O, p)) (3 We'D(O, T; E) (3 W~'~(0, T; D.~(O-- e, p)) , 

for e < 0 ,  

3) Au~W~ T; E) ,  

T 

(v) if xeDa,(�89 p) and 1/p<<.0<1 then if ft  -~ If(t)l'dt< + ~ the strict  solu- 
Lions satisfies o 

1) u e  C(0, T; D~( �89 n W~,V(0, T; D~(fl, p ) ) ,  

for O < g ,  f l < l ,  g - ~ f l = l - ~ O ,  

2) u' e~!o,  T; D~(1/p, p)) c~ W'~ T; E) c~ W"~(0, ~;  D~(~/p-- ~, ~))  , 

for e < l/p , 

3) Au e WII~"~(O, T; E) ,  

(vi) if x ~ D~ and lip < 0 < 1 then if Ax --}-/(0) ~ Da(O -- l/p, p) the  strict  
solution satisfies 

1) u e C(0, T; D~) n W~,~(0, T; D~(fl, p ) ) ,  

for 0 < ~ ,  f l < l ,  ~ + f l = l + O ,  

2) u'e c(o, T; D,(O-- ~jp, p)) c~ ~(0,  ~; 9~(0, p)) c~ 

W~ T; E) ~ W~'v(O, T; Da(O -- e, p)) , for e < 0 ,  

3) Au~W~ T; E).  
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Moreover  u depends cont inuously upon the  data  / and x with respect  to the  
norms given by  (i)-(vi). 

P~ooF. - Assert ion (i) follows by  a computa t ion  similar to the  one used in 
Theorem 29 (i) and f rom Theorems 2, 7, 12, 24, 25 and 27. Assert ion (if) follows 
f rom (4) and f rom Theorems 3, 8, !3,  24~ 25 and 27. AsserSion (iii) follows f rom (4) 
and f rom Theorems 4, 9, 14, 24, 25 and 27. Assertion (iv) follows f rom (4) and 
f rom Theorems 5, 15, 24, 25, 26 and 27. Assert ion (v) follows f rom (6) and f rom 
Theorems 6, 16, 24, 25, 26 and 27. To prove  (vi) let  us first no te  t h a t  by  (iv) there  
exists u unique str ict  solution u of (27). Moreover u can be wr i t t en  as 

t 

u(t) = s(t) x + (s  , /)(t) = s( t )x  + f s ( t -  s ) ( / r  as + 
0 

t 
[. 

+ J  s(s)/(o) ~zs 
0 

= uo § v~ + v~. 

Now Theorems 24, 25, 26 and 27 imply  t h a t  v~ satisfies propert ies  1)-3) of asser- 
t ion (vi). Moreover we have  u~(t) @ v'~(t) = S(t)(A.x @/(0))  and Auo(t) t -  A%(t) -~ 
-~ S(t)(Ax ~ / ( 0 ) )  -- J(o) so Shut the  funct ion uo ~- v~ satisfies 1)-3) of assert ion (vi) 
by  v i r tue  of (4) and Theorens 3, 8 and 13. The proof is complete.  

9.  - E x a m p l e s .  

We shall use our abs t rac t  results to s tudy  the  regular i ty  of solutions of l inear 
parabolic equations.  

Le t  S9 be an open bounded  set in R '~ with regular  boundary  ~D and consider 
a second order  uni formly  elliptic differential  operator  in D. 

i ,J  ~=I 

% x,~) and aj,~, a~ are regular  functions defined in t~ (see [2] for the  w h e r e  X ~ k i~ . .~ 

precise assumptions on f2 and the  funct ions a~.j, etc.).  
Now let  1 < q < co and consider the  realizat ion of A(m, D) in L~(D) 

DAo = W~'~(t2) n W~o'~(9), 

A~u = A(x,  D)u . 

I t  is known (see [2]) t h a t  A~ generates an analyt ic  semigroup. Therefore  we 
can use the  results of sect. 8 with E = Lq(9) and A = Aq to s tudy  the  following 
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ini t ia l -boundary value problem 

(28.1) 

(28.2) 

(28.3) 

u,(t, x) = A(x, 9)u( t ,  x) -4- l(t, x) , 

u(t ,x) = 0 ,  a.e. on ]O, T[ •  , 

u(O, x) = Uo(X) , a.e. on O.  

a.e. on ]0, Y [ x O ,  

With  the  given definitions of E and A it is obvious in which sense problem (27) 
is the  abs t rac t  version of (28.1)-(28.3). 

In  ~ subsequent  paper  we will sistematically use all the  results of Theorems 28-30 
to obtain existence, uniqueness and regular i ty  for the  solutions of (28.1)-(28.3). 
t~ere we will l imit  ourselves to point  out  those results which seem to be less familiar 
and more interesting.  One of these can obtained if we suppose f regular only with 
respect  to t and  use Theorem 30 (i). 

T~v.oR~.~ 31. Le t  t-+](t, .) belong to W~ T; Zq(D)) for some l < p <  co 
and 0 < lip. Then for each uo e Lq(f2) there  exists a unique u(t, x) such t h a t  
t ~ u(t, .) belongs to 

1 / )  c(0, T; L~(X))) r~ L~(0, r ;  W~,~(O) r~ W'o,~ n W?: (0, r ;  L~(O)), 

satisfying (28.1), (28.3). ~Ioreover the  funct ion t -~u( t ,  .) belongs to 

L~(O, T; DA,(O', p)) r3 W~ T; Lq(~2)) (3 W"~(O, T, D.~(O'-- e, p)) , for s < 0 ' <  l i p .  

I f  we use Theorem 30 (iv) we obtain the  following result. 

Tm~o~E~ 32. Le t  t-+J(t, .) belong to W~ T; Lq(K2)) for some l < p <  co 
and 0 < l ip and let  uo ~ D~(O @ 1-- 1/p~ p). Then the  solution of (28.1)-(28.3) is 
such t ha t  t---> u(t, .) belongs to 

c(o, T; 9~o(o + 1 - l ip ,  p)) • w~,~(o, T; 9Ao(~, p)) , 

for 0 < ~ ,  f l < l  and ~ - [ - f l = l - [ - O .  

Moreover the  funct ion t-+ u(t, .) belongs to 

~ ( 0 ,  r ;  D~jo,  p)) n w~ T; L~ c~ W~,'(O, T; ~ o ( 0 - -  ~, p ) ) ,  for ~ < 0 

and the  funct ion t -~Aqu(t, .) belongs to W~ T;  Lq(SP))j 
I t e re  DA~(Oj p) is the  in termedia te  space between W2"q(f2)(3 Wlo'q(zP) and Zq(Q) 

defined in sect. 1. 

In  order  to describe in a simpler way the  spaces Da~(O, p) let  now assume p = q 
(the case p :/: q would need to use of Besov spaces with three  parameters) .  I f  p = q 
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these spaces have been completely character ized (also when A(x, D) is a higher 
order  elliptic operator  with general  boundary  conditions, according to [2]) by  G ~ -  
sv~R]) in [9] in this way  

1)) = 

B~~ i~ 2 0 < l / p ,  

lu(x)].dx< if 20 = l i p ,  
D 

u ~ B~~ u(~) = 0 for a.e. �9 ~ ~ ) ,  if 20 > lip 

where B2~ denotes a Besov space and  d(x, ~D) is the  distance from x to  ~D. 
t t ence  B2~ = W~~ (Sobolev space) if p = 2 or 0 ~= �89 whereas if p ~= 2 we 
have  

(for fu r the r  references see [1], [9]). 

F~trthermore let  us note  t h a t  if p > q we can still obtain simple regular i ty  prop- 
erties for the  solutions of (28.1)-(18.3) b y  using the  character izat ion of DA~(O, q) 
and the  inclusion D~(O, q)c D~(O, p) which follows f rom the  definition given in 
sect. 1. 

_RES~K 6. - Some of the results of Theorems 31 and 32 are contained in those 
of LADYZ:ENSKAJA~ SOLONN1KOV and U~AL'CEVA [12] if p = q and in those of 
VoN ],VAt~L [15] if p > 1. 

Final ly  let  us show how we can s tudy  problem (28.1)-(28.3) choosing I such ~hat 
](t, .)~ L~(D). The realization of A(x, D) in L~(D) is defined as follows 

D~ = (u~ W~'~(D): A(x, D)u~L~(D)}, 

Al u = A(x, D)u , 

where A(x, D)u is unders tood in tile sense of distr ibutions.  I t  has been proved by  
A)~A~- [3] t h a t  if A(x, D) is in divergence form then  A~ generates an analyt ic  semi- 
group. Therefore  using Theorem 30 (i) we get the  following result.  

TgEo~Est 33. - Le t  t--> ](t, .) belongs to W~ T; LI(,Q)) for some l~<p < c~ 
and 0 < 1/p. Then for each uo~L~(D) there  exists a unique u(t, :e) such t h a t  

--~ u(t, .) belongs to C(0, T;  L~(D))(h L%(0, T;  D ~ ) ~  W2~(0, T;  L~(D)) satisfying 
(28.1), (28..3). ~[oreover t -~  u(t, .) belongs to 

L (o, T;DA.(O',p)) n T;D.,(O'-- for 1/p. 

Finally,  using Theorem 30 (ii), we obtain the  following 
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TRE01~E~ 34. - Le t  t--> ](t, .) belong to W~ T; L~(D)) for some l < p <  cx~ 
and 0 < 1/p and let  Up ~ DA~(O + 1 -- 1/p, p). Then the  solution u of (28.1), (28.3) 
is such t ha t  t - +  ~ (G ' )  belongs to  

for 0 < ~ ,  f i < l ,  ~ + f i = l - t - O .  

Moreover the  funct ion  t - +  ut(t , ") belongs to  

L~(O, T i D A I ( O , p ) ) ( 3 W ~  for e < O  

and the  funct ion t -+ Alu(t ,  ") belongs to W~ T; L~(D)). 
Analogous results can be obtained for the  solutions of (28.1)-(28.3) if J is assumed 

to be regular with respect  to x by  using Theorem 29. Also we could replace A(x,  D) 
by  an uni formly  elliptic operator  of order 2m and/or  the boundary  condit ion (28.2) 
by  a system of m linear differential operators satisfying the assumptions of [2]. 

Appendix. 

We want  to summarize here the  results concerning the in termedia te  spaces tha t  
are used in this paper .  

a) The spaces D~(O,p). 

Let  A: DA c E--> E generate a bounded analyt ic  semigroup S(t) in a Banaeh  
space E with norm t" I. Hence there  exist  M, Mo, MI > 0 and ~ c ]z/2, Jr[ such tha t  
if z e C, z =/: O, larg z t < ~, we have tha t  z is in the  resolvent  set of A and moreover  

(1) [z(z-- A)-Ix] < Mrx] , 

(2) Is(t)x] t >0, 

(3) ltAS(t)x] < Mllxl , t > 0 .  

For  fixed 0 < 0 < 1  and l~<p < c~ we shall denote  by  D~(O,p) the  following 
in termedia te  space b e t w e e n  DA and E (for more details see [4]) 

Dx(O, p) -~ {x e E: ]Xlo,v< -t- oo} 

where 

,-1- c,3 

0 
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endowed wi th  the  no rm 

I f  0 < 0 < 1 we shall  Mso set 

D,~(O + 1, p) ---- {x e D~ : A x e  D,~(O, p)} 

wi th  n o r m  

~ I o , ~ )  " 

Final ly  w e  denote  b y  Da~(�89 p) the  following in te rmedia te  space betweell  D~' 

and  E 

p) = { x e E :  + oo} 

where  

+ o o  

0 

endowed wi th  the  n o r m  

- -  x]". W ~' 

We now collect some i m p o r t a n t  proper t ies  of D~(O, p) and  D~(�89 p). To this  
end we recall  the  following inequal i ty  (see [r p. 199). 

L]~ '~A 1 ( E a r d y - Y o u n d  inequal i ty) .  - Le t  ~ > 0 and  1 < p  < oo. I f  ] is a no11 

negat ive  measurab le  f lmct ion on ]0, 4- oo[, t h e n  

+zo t +oo 

(4) f ( t - ~ f f ( s ) s - l d s ) ' t - l d t < z - ~ f ( s - ~ f ( s ) ) ~ s - l d s ,  
o o o 
+ o o  + o o  + o o  

0 t 0 

The following imbedding  resul ts  hold. 

LEMhIA 2. -- Fo r  each l < p  < oo we have  

(i) DA~+D~(O,p) ~->D~(O',p) ~->E, 0 ' < 0 < 1 ,  

(ii) D.~... ~--> D~(�89 p) ~-> D.~(O, p), 0<1 .  
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PROOF. - Le t  x e / ) ~ ;  using (2) and  (3) we have  

1 + o o  

[xl~,~ = f l~(t)  A x l  ~ t - ~ +~-~~ ~zt -F f lA~(t)x]~ t - ~ +~-~~ dt < 
o 1 

< M~lAxl~ft-1 +~-~o dt -~ M~ ]xl~ft -1-~~ dr. 
0 1 

Therefore  we have  t h a t  D~ cD~(O, p) and t h a t  Ix[D~<0,~)<const IxlD~. To prove  
t h a t  D~ is dense in D.4(O, p) let  x ~ DA(O, p) and let  x,~ ~ n ( n -  A)-~x. Then  we 
have  t h a t  x .  e D~ and  that :  x~ - + x  in E f rom (1) and  f rom the  fac t  t h a t  D~ is 

dense in E.  Hence  using (1) and  the  dominated  convergence theo rem it  is easy  to 

see t h a t  x,, --> x in DA(O, p). Therefore  we have  p roved  t h a t  DA ~-+ DA(O, p). Since 

DA ~ + E  and  since the  imbedding  D.~(O, p)~-+DA(O', p) is obvious,  the  proof  of 

asser t ion (i) is complete.  Concerning (ii) let  us note  t h a t  the  imbedding  D~, ~-> DA," 
.(1, p) can be p roved  b y  a computa t ion  similar to the  one used above.  To p rove  

that Da~( 1, p)~-->D~(O, 19) le t  us note  t h a t  for  0 < t < T we have  

so t h a t  f rom (3) 

T 

A S ( ~ ) x  - A~(~)x ---fA=s(s) x ds 
t 

-{-oo 

AS(t)x = - - f  A ~S(s)x ds . 
t 

Therefore  if xeDA=(�89 p) we have  

+ c ~  + c o  + c o  
10 

X ~ ~ 

o 0 $ 

+co +oo +co 

=- f (sl-~ f [A2S(G)x] d(~)~s-l ds<(1--O)-~f ]A2S(s)xi's 2~-~~ 
o s o 

ds 

where we used (5). Therefore  using (3) we obta in  

1 + o o  

0 1 

<( Izt~ ,+ , ,  + M~=~(pO) -~ Ixl~)(1 - 0 ) -"  

f rom which i t  follows t h a t  D~( 1, p)c  D~(O, p). Since D~, is dense in D~ the  con- 
clusion follows. 
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LE~IvL~ 3. - For each 0< i and l<p < oo we have 

(i) IS(t)Ixlg,,(o,~)<MotX]m(o,~), t > 0 ,  

(ii) IS(t) x]gA..(o,~)< Molx[9;(�89 , t> O. 

PR0O~L - We have 

q-~o 

(} 

and (i) follows. Assert ion (ii) can be proved  in a similar way.  

b) The spaces W~ 

For  each 0 < 0 < 1  and l < p < ~  we denote  
ia te rmedia te  space between WI'~(E) and L~(E) 

by  W~ the  following 

where  

W~ = {u  e Z ~ ( E ) :  -Y0,~(u) < + oo} 

T T 

0 0 

endowed wi th  the norm 

' = -G,~ (u ) /  �9 

The space W~ p)) is defined analogously and its norm will be noted  by  

where 

T T 

0 0 

The space W ~ are extensively studied by  m a n y  authors  (see e.g. ADAms [1] 
and the  reference therein) .  For  the  reader 's  convenience we give here  direct  proofs 
( that  is proofs t h a t  use oaly the  preceding definitions) of some known results con- 
eerning these sp~ces. Also we prove some propert ies  of these spaces which seem 
to be new and which are used in the  preceding sections (see Lemm~s 9, 10 and 14). 

In  wha t  follows we shall set u( t )= 0 for t • [0~ I']. 
We begin with the  following inclusion result.  
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Lv, ive~i 4. - F o r  each  0<0'<I and l<p< co we have 

W~ ~ W~ ~ L~(E)  . 

PROOF. - L e t  u e WI'~(E) ;  we h a v e  

T t t 

N~3,~(u) = at ' (~) da 
0 0 

T t t--s 

0 0 0 
T T t - - s  

0 s 0 

T h e r e f o r e  u s i n g  (4) we  h a v e  

( t - -  8) -1"-0~ as = 

TT--st 

(t-- s)-l-o~ at = 2 f as f l f u, (~ + s) d~ ~' t - l - o v  at < 

0 0 0 

T +oo t 

0 0 0 

T T---S 

~,,(~) < 2o-~fa~fl~'(t + ~)1 ~ t-~ § at<2o-~ z~-~~ p o )  - 1  Ilu'll" �9 
0 0 

T h e r e f o r e  we  h a v e  p r o v e d  t h a t  W~'~(E)cW~ Since  t h e  o t h e r  inc lus ions  

a r e  obv ious  t h e  r e s u l t  fol lows.  

L ] ~ [ A  5. - F o r  each  0<0'<1 a n d  l < p <  oo we h a v e  

W~ ~ W~ r L~(E)  . 

P R O O F .  - L e t  us  f i r s t  p r o v e  t h a t  WI'~(E) is d e n s e  in  W~ To t h i s  e n d  l e t  

us  d e n o r e  b y  ~(t) t h e  f u n c t i o n  def ined  b y  ~(t) ---- e x p  [1/(t ~ - -  1)] i f  - -  1 < t < 1 a n d  

~ ( t ) - - - - - 0  e l sewhere .  M o r e o v e r  l e t  u eW~ a n d  se t  for  h > 0 a n d  O<t<T 

w h e r e  

T 1 

0 - -1  

1 

K = s)  ds  . 

- -1  

I t  is e a s y  to  see t h a t  ~h e WI,~(E). M o r e o v e r  we h a v e  

T 1 T 1 

Hu--u,,fJ~= K ~ f  ; f JJ (8) (u( t - -hs ) - -u( t ) )  ds ;~at< c o n t f a t f  tu(t--hs)--~l,(t)[ * 
0 -- 0 --I 

ds 
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and  

T T ! 

l" N~v(u--u~) ~- K ~ dt q:(a)(u(t--ha)--u(t) + u(s)--u(s--ha))  da It--s]-~-~ ds< 
0 0 - -  

T T 1 

< c o n s t f d t f  . r lu ( t - -ha) - -u(s - -ha)  + u(t)--u(s)I,  da l t - - s l - l -ogds< 
0 0 - - 1  

1 T T 

- -1  0 0 

so t h a r  ut~--> u iu W~ since the  shif t  opera~or is cont inuous in L ~. Therefore  
we have  p roved  t h a t  Wi'~(E) is dense in W~ so t h a t  f rom L e m m a  4 we have  

t h a t  W~'~(E)~->WO'~(E), for 0 < 1. Since t he  remain ing  imbeddings  ure obvious,  

the  conclusion follows. 

L E n A  6. - L e t  0 > l / p .  Then  

W~ ~- r 

FROOP. - Let u e WI,~(E). W e  shall  use the  following representat io l l  fo rmula  

(see [8], ~. ~4o) 
T T 

o o o 

Therefore  

T 

�9 ll il § l dt) 
0 

]~encc, se t t ing  v(t)= u(t o + t), for fixed 0 < t o <  T and each O<t<T- - to ,  w e g e t  

]u(to) L = iv(o)] .  

Therefore  ~or each u ~WI'~(E) we have  

iu(t)l<constllq,~0,~, for 0<t<~r 

and the  resul t  follows since WI'~(E) is dense in W~ 
The following two l em m as  are concerned wi th  the  (( behav iour  )) near  t = 0 of 

funct ions  of W ~ 
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L:~w,~ 7. - Le t  u ~ W~ with 0 < l ip.  Then there  exists e' ver i fying 

T 

<c' iluil,-,~ 
o 

PROOF. - It suffices to prove that 

m14 

U ~ ft-" lu(t)l o d t < c o n s t  1] ]]~o,~, 
o 

moreover  f rom Lemma  5 it  suffices to prove the  assertion for u e WI,~(E). To this 
end let  ~0 be a continuously differentiable real funct ion satisfying the following prop- 
ert ies:  0 < ~ ( t ) < 1  for each t, ~(t) = 1 for O<t<<.T/~l and g)(t)= 0 for t > T / 2 .  More- 
over  let  v: [0, -t- ~ [ - + E  be defined as v ( t ) =  rp(t)u(t) for O < t < T  and v ( t ) =  0 else- 
where. We have  

T I 4  + co 

(7) f t -~~ tu(t)]" et< f t "~~ [v(t)l" et 
0 o 

moreover  i t  is easy to check tha t  

(8) 
+ o o  t 

f dt~ rv(t) - ~(~)ll~(t- s)-l-o~ ds < con~t llull~ . . . .  

0 0 

Therefore  f rom (7) and (8) it  suffices to show tha t  

+ r  + c o  t 

f t - .  Iv(t)j" et< constf etf ,v(t)- v(~)l~(t- s)-l-~ ds . 
0 0 0 

To this end we shall use the followi!!g representat ion formula (see [10] and [14]) 

v ( t )  = - -  g ( t )  § f~-lg(s) ds 
t 

where 
t 

(9) g(t) = t-l  f ( v(s) - v(t)) ds . 
0 

Now 

+ c o  + o o  

0 0 

dt 

t + c o  t 

0 0 0 

7 - . A n n a l i  d l  M a t e m a t i c a  
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~ o r e o v e r  using (5) we get  

+ c o  + o o  §  

f t - ,~  et 
0 t 0 

and  the  conclusion follows. 

LEs~a 8. - Let~ u s W~ with  0 > 1/p and let  u(0) = 0. Then there  exists  c" 
ver i fy ing  

T 

o 

P~ooF. - We  shall  use a computa t ion  similar  to t h a t  of L e m m a  7 and  shall p rove  
t h a t  

ft-'~ a t<cons t f@v( t ) -v (8) l ' ( t - s )  - 1 - ~  as 
O 0 0 

where  v is defined as in the  ]?roof of L e m m a  7. To this end we shall  use the  following 
iden t i ty  (see [10] and  [14]) 

t 

v(t) = - g ( t ) - f  s-la(s) ,~s 
0 

where g is g iven b y  (9). F r o m  the  proof  of L e m m a  7 we have  

f , -"  I,(t)i" as 
0 0 0 

moreover ,  using (r we get  

f t - '~176  
o 0 0 

and  the  resul t  follows. 

We  now p rove  a series of imbedding  results.  

La~N~A 9. - Fo r  each e < 0 < 1 we have  

w~ c~ Z%D~,(O, p)) ~ W~"(.D,,(O-- ~, p)) . 
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PI~OOF. - We have 

T t +oo 

N: o ~(~) = ~f~tf ( t -  s) -~-~ ~ f  lAs(~)(~(t) ~(s))l ~ ~ ~" ~(~ ) ~ =  
0 0 0 

T t t--s 

= ~fdtf(t s ) ' , d s f [ ~ s ( . ) ( . ( t )  ~(~)) l '~§176 + 
o 0 0 

T t +oo 

-IF 2 f ( ~ t f ( t - -  8) -1-s33 ~ s f  [ A S ( f f ) ( u ( t ) - -  u ( s ) ) l  ~0 "-159-:p(0-~:) do" = OTI -]- J 2 "  
0 0 t--s 

N o w  

T t t--s 

0 0 0 
T T t--s 

0 s 0 
T +oo s 

< Q ~ + l f ( ~ t f  8 - 1 - s ~  ds f [A~(~)u ( t ) ,1~  -1+~-9(O-e)  ~(T, 

0 0 0 

Therefore, using (4), we get 

J1 < 2 ~ + 1 ( s p ) -  l H~,~(u)  �9 

Moreover we have 

T t +oo 

J2  < 2M~ f ,~t f lu(t) - ~(s) l~(t--s) - 1 - e 9  ds f ~ -1-~<~ ~> d(; = 2 M ~ p -  l (O - 8) - 1 N ~ , ~ ( u )  

0 0 t--s 

and the result follows. 

LEI~MA 10. - For  each 0 < 0 < 1 we have 

W~ (~ WI'~(DA(O, p)) ~-> W~,~(D~(~, p)) 

for 0 < ~ ,  f l < l ,  o:+fl=1-4-0.  

PROOF. -- We h~ve 

T t t--s 

N:,,,~(u) = ~fatf ( t - s ) - I - ~ a s f  ,_4st~)(u(,)- u ( s ) ) t ~ - ' - - ~ ,  a~ + 
o o 0 

T t +oo 

0 0 t--s 
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l~urthermore 

T t t - - s  

0 0 0 

T 

: 3 / ~ 2 ( p -  pfl)-~j'dtflau(t) -- Au(s)t~(t-- s) -~-~(~+p-" as < const 57, , (Au) .  
0 0 

Concerning J~ we have 

T t + o o  t 

0 0 t - - s  s 

T T + c o  t--s 

--_2fd@t--8)-l-=~dtf(f,As(a)u'(T @ 8)] dT)~ (~-l+~-~fi dff ~-- 
0 s t - - s  0 

T T--s + c o  t 

0 0 t 0 

interchanging the order of integration we further obtain 

T T--s a ~, 

J~<2  a - l + ~ - ~ d  t -1-~' 'dt A,S(a)u'(z + s dz + 

0 0 0 0 

T + o o  T - - s  t +s)ia ) 
0 T--s 0 0 

therefore, ~lsing (4), we get 

O 0 0 

T +oo T--s 

+ 2=-~fa@ -1,~'-~ aoft-'----" IA~W)~'(t + ,)1 ~ at = J~ + J , .  
O T--s 0 

N o w  

T T s+a 

--2) (" - - l + i o - - g f l  

O 0 s 
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T a t 

---_ 2~-" f a-l  +~-'fl d(~ f dt ]A~(a)u' (t) [~ f (t-- s) + l-=~+~ ds + 
0 0 0 

T T t 

+ 2~-~f(;-l+~-~a(;f]AS(c~)u'(t)F,ttf(t-s)-l-~+~as= 
0 a t--a 

T a T 

0 0 a 

T T 

< 2 ~ - ~ ( p -  p~)-l  f a-~ + ~-~(~+~-l) daf lAs(a) u'(t)] ~ dt <<. 2~-~(p -- ~p)-~ H~,~(u') . 
0 0 

I Finully,  concerning J4, we have 

T T T 

0 T--a s 

+co T T 

T 0 s 

T T t 

O T--a T--a 

+co T t 

T 0 0 

T T 

0 T--a 

+co T 

T 0 

+ c ~  T 

<-<2~-'(p-- ap)-~f~-l+~-~(~+~-i)daf[As(~)u'(t)l~'dt---- 2~-'(p-- --1 ~ , ~p) Ho,~(u ) 
0 0 

a, nd the  result follows. 

LE~i~A I]. - Let 0 > I/p. Then 

W~ ,'~ L~( D A(O, p ) ) ~ C( D ~(O --  1/p,  p ) ) . 
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P~oolr - Le t  v be the  funct ion in t roduced in the  proof of L e m m a  7. Using (6) 
with T replaced by  (~ we have  

r ~  ~ f f ~ F ]u(o)lL!/,,~ v(o) o-~,'~,~,~ 2~-~ AS(a)a  -~ v(s) ds ~ -~o  da ~- 

0 0 

~ a t 

0 0 0 

Now we have from the definition of v 

(lo) 
0 0 

§  + o o  

< 2 . - l f e , f  lAs(,)v(,)l, , - ~ + . - ,  e , < ~ . - ~ e L ( , )  . 
0 0 

){oreover using (3) and (4) we ge~ 

+co  

Jt <2 ~-~ M~fa-~ 
0 

t 

( ~ f l  ) da (#~-o -2dt v(t)--v(s)[ds < 
0 0 

-t-c~ a 

f ( f~ ; 
0 0 

0 0 

+ c ~  o' 

0 0 

Therefore,  using (8) and (10), we obtain 

so that ,  by  a c o m p u t a t i o n  similar to  that  of L e m m a  6, we  get  

and tlle result  follows. 
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LEbI~IA 12. -- For each 0 < l i p  we h a v e  

WI'V(DA(O, p))  (3 W~ ~ C(Da(O ~- 1 -- l ip ,  p))  . 

PR00F. - Let  v be t h e  f u n c t i o n  i n t r o d u c e d  in  t h e  proof  of L e m m a  7. F r o m  (6) 

w i t h  T replaced  b y  a we  g e t  

-bCO O" 

f f j" I U ( 0 ) I ~ + l - - 1 / p , l ~  = Iv(0)l~+l_x/v,v~< 2 ~-~ A S ( a ) a  -~ v(s) ds 

0 0 

+ c o  a t d 8  ~ 

0 0 0 

a-~0 da = J5 + J~ �9 

N o w  w e  h a v e  

-~oo 

0 

f A~o~(~8~v~) ~8) ~ 
0 

+ 

+ c o  r 

0 0 

<<. 

+ r  ~. 

0 0 

-~co 

0 

ds. 

Therefore  from L e m m a  7 we ge t  

2~-~ ~ ~ $ ~ ( A u ) )  J5 ~< Mo2 (.Yo,v(Au) q- cons t  , . 

Fur thermore ,  concern ing  J o ~  w e  have  

�9 ; ( / r  fv i) J6<<.2 ~-1 a-~~ t -2d AS(a) r(~)d, ds ' 

0 0 0 s 

< 

+ c o  a ~ v 

f (f~ ~ i ,~ , , , , ,~ i~ )  ~ ~ 2  ~-1 o "-~~ d(~ -2  (~ v r ~ 8 

0 0 0 0 

+ c o  + c o  t 

0 0 0 
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where v'(t):  0 for t>a. Therefore using (4) we get 

0 0 

< 2"-~H~,Av'). 

Therefore, using the  definition of v, we get 

{ ,  F , 

so that  by  a computat ion similar to ~hat of Lemma 6 we have 

Iu(t)io+:-:/,.,<e~ II~'ll~,.), 0 < t < T  

and She result follows. 

LEY~-VL~ 13. - For each I < p < ~ we have  

w~,~(D.(llp, p)) n z~(D~(~ + ~/p, p)) ~-~ C(D~:(�89 p) ) ,  

W l ' ~ ( D a ( 1 / p ,  ~o)) N ~ I 1 / ~ " ( D , ~ )  ~ C ( D A : (  1 , p ) )  , 

T 

where ~'/~!~(D~) = {u e W '/~'~(D.): ft-'  iA~(t) t~ at < + ~}. 
0 

P~OOF. - Let  v be the function introduced in the proof of Lemma 7. From (6) 

with T replaced by  a we g e t  

b ( 0 ) 1 2 , 1 1 2 , "  = [V(0)[~,1/2,~ < ~ ' - !  
0 0 

+ c o  a t 

~-2~-1f aA2S(a)ft -2 dtf(v(t)--v(s))ds]~ 
0 0 0 

5 

N o w  if u ~Lr(D,~(1 ~ 1/p, p) we have~ from the definition of v, 

+co ~ +co +co 

0 0 0 0 
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T 

Moreover if u EWII~'~(D~) and ft  -1 ]Au(t)] ~ dt < + 0% then  
0 

-boo ff 

1 

0 0 0 

+ c o  a + c o  

9 0 O 

T 

0 

Moreover  if u' ~ L~(D~(1/p, p)) we have  

-boo o t t 

0 0 0 s 

+ c o  (~ t 

0 0 0 

< 

+ c o  + c o  

0 0 0 

where v' ( t )=  0 if t > a .  Therefore using (4) we  get  

J~<<.22~-lM~f a -1 da 
0 

O" 

0 

+ o n  

o 0 

Summar iz ing  we h a v e  from (8) and the  definition of v 

if u ~ Z~(D~(1 + 1/p, p)) (3 W1/~,~(D~(1/p, p)), whereas if u ~ IT(I/~,~,(D~) (3 W ~I~,~. 
�9 (V~(1/p, p)) we have 

T 

lu(O)'9,�89 const(l'Au]]wll~,~ +( f t-l lAu(t)'~ dt)l/v + ['U~['Lf/~,~) 
0 

and the  conclusion fol lows by  a computat ion  similar to  that  of L e m m a  6. 
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