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S u m m a r y .  - Zet k and l be integers such that 2 <~ k <~ 1. .Let Sk and S~ be two subsets of positive 
integers with S~ D_ Qk and S~ ~_ Q~, where Q~ denotes the set of k-#ee integers. Purther suppose 
that the characteristic f~netions of Sk and S~ are multiplieative. .Let T(n) denote the number 
of representations of n in  the form n -~ a -~ b, where a e S~ and b e S~. I n  this paper we 
establish an asymptotiv formula ]or T(n), when n is sufficiently large; and deduce several 
known asymptotic formulae as particular cases. 

I .  - I n t r o d u c t i o n .  

Le t  k and  l be  two integers such Chat 2 < k <  l. Le t  S~0 and S~ be two subsets of 
positive integers with S~ ~_ QT~ and S~ ~- Q~, where QT~ denotes the set of k-free integers; 
that is, integers which are not divisible by the k-th power of any prime. :Let q~ denote 
the characteristic function of the set Qk. :Let fk and ]~ denote the characteristic func- 

tions of the sets $7~ and S~; that is, ]k(n) ~ i or 0 according as n ~ ~qk or n r ~k: We 

assume throughout that f~0 and ]~ ~re multiplieative. Define 

(1.1) gk(n) = ~ ~(d)/~(m/d) , 
dim 

and  

(1.2) ~' ,(~) = ~, I~(<~)t',(~Id) , 
dim 

where # denotes the  well-known MSbius function. Then b y  the converse of ~ S b i u s  

Invers ion  formula,  we have  

(1.3) /~(m) = ~ g~(d), 
dim 

and  

(1.4) If(m) = ~:  gi(d) �9 
dim 

f 
Let  T ( n ) ~  T(Sk; S~ n) denote the  number  os representat ions of n in the  fo rm 

r 

n = a ~ b, where a ~ Sk and  b ~ S~. Then b y  (1.3) and  (1.4) we have  

(1.5) ~(~) = ~:/~(a)/~(b) = Z g~(dl)gi(d2). 
n = a + b  n = d l ~ l  "~- d 2 ~  

(*) Entrain in Redazione il 7 maggio 1979. 

I - .Annal~ di Matemat ica  
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In  this paper,  we prove the following: 

THEO~E~ 1. - l~or sufficiently large n, we have 

+ t go § 
+ O(n(~+~-~-)/(~-*) +") , 

for every  e > 0, where the 0-constant depends only on k, l and e, 

] j --j --t (1.7) S(n) = 1 + ,(p )p g~(pt)p • 
t 

and 

(1.8) 
b) -~ I (m, b),  if (m, b)l(n , b), 

en(m, 
l 0 ,  otherwise. 

I ! 
Tm~O~E~ 2. - ~e t  S~ ~ Q~ and T(Qz,; S~, n) ~-- Tk(S~; n). Then for sufficiently 

large n, we have 

n ~ g~(m) m ~-1 
(1.9) T~(S'~; n) = r ~=, Jk(m) -k F,~,~(q~) , 

(m,n) eQT: 

co 

where ~'(k) is the  l~iemann zeta funct ion defined b y  ~(k)-~ ~ n -~, 

(1.10) J~(m) : m ~ E  (1 --  p-~) ,  

~he Jo rdan  tot ient  function~ and for every  e ~ O, 

(1.11) Ek,~(n ) = O(n (~+~)/~(~+*)+~) or O(n ~/~) , 

according as l < k  ~ or 1 ~ k~ where the O-estimates depend only on k, I and e. 

Tn-EO~E~ 3 . -  When  1 < k 2, the error te rm ~k,z(n) in formula (1.9) has the 
be t te r  O-estimate given by  

(1.12) Fk,~(n ) = O(n(~ +~)/Z(k+ *)(log n)(kll(k+~)--l)(Z--1)/~) , 

where the O-constant depends only on k, 1 and s. 
In  section 2, we prepare  the necessary background for proving Theorems 1, 2 

and 3 and in section 4, we give several applications of Theorems 1, 2, 3 and refer 
to the  results t ha t  exist in the l i terature which are part icular  cases of these Theorems. 
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2 .  - P r e l i m i n a r i e s .  

In this section, we prove some lemmas which are needed in our present discus- 
sion. Throughout  the following r denotes a fixed integer ~>2. 

L E ~ . r  2.1 (cf. [15], Lemma 2.6). - Let  h, be the multiplicative funct ion defined b y  

(2.1) h,(P ~) = I O, if l < a < r - - 1  

[ 1 ,  if ~ r .  

oo 

Then ~ h,(m)m-' converges for any  s > 1/r. 
m = l  

LE~M~ 2.2. - We have 

(2.2) a,(m) = ~ a:(a), 
dr,J = m 

$ 

where h, is a multiplicativo function such tha t  the series 

(2.3) ~h~(m)m -~ is convergent for s > ( r + l )  - i  . 
m ~ l  

PROOF. - This is implicit in the proof of lemma 2.8 of [15]. 

LEiVrMA 2.3 (cf. [15], L e m m a  2.8). - For  x>~l, 

h,(m) = O(x 1/') , 

where the O-constant depends only on r. 

LE~__A_ 2.4. - Let  m be a fixed positive integer. Then 

~. ~ , ( m n )  = o ( ( x m ) l / , )  , 
n ~ x  

where the 0-constant  depends only on r. 

P~ooF. - We have 

~, ~,(m,~) = ~ n,(t) < ~, ~r(t) = O( (xm)" ' ) ,  
m l t  

by  Lemma 2.3. 

Hence Lemma 2.4 follows. 
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LEIVI:gA 2.5. - F o r  each fixed m, 

h~(mn) 
~, - O(x-~+~/~.mVq , 

n>a~ n 

where  the  O-cons tan t  depends  on ly  on  r. 

P~ooF .  - :Follows f r o m  L c m m a  2.4 and  par t ia l  summat ion .  

LEI~Mi 2.6. - :For each fixed m, 

f h~(mn) n -~ : O(m ~) , for  eve ry  s > 0, 

where  the  O-cons tan t  depends  on ly  on e. 

PlCooF. - W e  h a v e  

h ~ ( m n ) n - l =  m ~ h~(t)t-i<, m ~ hdt)t  -1 . 
n <~ x t <~ x m  t <~ ~m 

o o  

Since the  series ~ h~(t)t -~, converges  b y  L e m m a  2.1, i t  follows t h a t  the  series 
co t = l  

~ hdmn) n -~ also converges .  

We  h a v e  

1+1 

1 + . . .  1 

~  

h~(p~+ l ) § ...~ < 
P J 

< $(2) '2  ~(m) _-- O(m~), 

where  ~o(m) is the  n u m b e r  of dis t inct  p r ime  fac tors  of m. 

Hence  l e m m a  2.6 follows. 

! 

L n m ~ a  2.7. - I f  gk, g~ a nd  h~ are  the  mul t ip l ica t ive  func t ions  defined in (1.1), 

(1.2) and (2.1), then 

(2.4) Ig~(m)]< 1,~(m) 

and  
! 

(2.5) [&(m)] < h~(m), 

for  all m. 
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P~ooF. - The proof of (2.4) is given in Lemma 2.14 of [15]. (2.5) similarly follows. 

LElV~A 2.8 (cf. [9], Lemma 2.1, p. 132). - I f  a, b, n are positive integers and R(a, 
b, n) denotes the numbers  of solutions in positive integers x, y of the Diophant ine 

equat ion 

ax -~ by = n ,  

then 
n(a, b) 

0 ,  otherwise, 

where 0~ = O~(a, b, n) is a number  absolutely less th~n 1. 
For  positive integers a and H,  let Q~(x; a, H) denote the number  of positive inte- 

gers n < x  with n ~- a (meal H). As usual, H is cMled K-full  ifp~lH for any  prime pIH. 

LElVI~• 2.9. - I f  (a, IT_) ~ Qk and H is k-full, then 

(2.6) 

where 

(2.7) 

Q~(x; a, H)  - 
xltk-1 

~(~) J~(~) 
-~ E~0(x; a, H) , 

~]~(X,; a, H) = O(~(H)(xlfl:I-~ -llk~ ~ ~1/'7r , 

the  0-est imates being uniform in x, a and H ;  Jk(H) being given by  (1.10). 

I~E~AtCK 2.1. - K. P]CAC~L~R (cf. [14], p. 175) proved (2.6) under  the assumption 
(a, H) = 1, ra ther  than  the assumption (a, H) ~ QT~ and H is k-full. However,  the  
proof in ei ther case is Mmost identicM (cf. [14], w 3). Infaet ,  C. P0~EnE~CE and 
D. SV~Y~AnAYA~A [13] recent ly  made small improvements  in the 0-est imates of 
(2.7) even under  less str ingent conditions on a and H.  

LEId~VIA 2.10 (cf. [13], corollary). - We have 

(2.8) 
( O((x,~W(H))I/k§ 

E~(x; a, H) = O(x~l~tl-~/(~+8/~)) , 

if x < H k 

if x > H k ,  

where the implied constants  in the 0- terms are uniform in x, a and H. 

t~EHAI~K 2.2. -- I t  is clear tha t  Q~(x; a, H) ~- O, if (a, H) ~Q1~. Further ,  if Q*(x; 
a, H) denotes the number  of positive integers strictly less than  x with n ~ a (rood H), 
then QT~(x; a, H) and Q*(x; a, H) differ by  a tmost  1 so tha t  

Q~o(x; a, I t )  = Q~(x; a, t t )  § 0(1).  
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3. - Main results. 

I n  this section we give the  proofs of Theorems 1, 2 and  3 s ta ted  in the  introduc- 

tion. 

P~oo~  oF T~rEOREYf 1. - We give the  proof of this theorem b y  combining the  

methods  due to CA~L~TZ [2] and  PAGE [12]. Let  1 < t i ------ t i ( n  ) ~ n, i ~-- 1 ,  2 ,  be two 

functions of n. B y  (1.5), we have  

T(n) = ~, g~(dz) g'~(d2) + ~, g~(dl) gi(d~) + ~, g~(d~) g'~(d2). 
~ = d~ ~, + d ~  ~ = d~ ~, + d ~  d, > t~ 
dl ~< tl, d~ > t, dl ~< t,, d~ ~< t ~ ~t = dl(~ i + d~ ~ 

Let 

! 
(3.1) T'(n) = ~ g~(d~) gt(d2) , 

dl <~ tl,d~ <<. t~ 

so $hat by  (2.4:) and  (2.5), we have  

(3.2) IT(n)--  T'(n)] < ~ h~(d~)hz(d~) -~- ~ hk(d,)ht(d~) = T2 d- T~, say. 

dz > t~ d, > t~ 

By L e m m a  2.5 (m : 1, r : l) we have  

d2>t~ da>t~ d2>t2 

= .  O ( n  l + e  ~ ] t t (d2 )d2  "1) --= O ( n  1+8 t21+l /~)  , 
d~>t~ 

where in the above,  we used t ha t  w(n) = O(n ~) for every  e > 0, ~(n) being the  number  

of divisors of n. 
Similarly T 1 = O(nl+~t~-l+llk). Hence we have  

(3.3) T(n) = T~(n) -~- O(nl+~t~ l+ll~) -3 L O(nl+Stll+l]7r 

F r o m  (3.1), we have  

T'(n) < 
r ~ g~(dl) g~(d2) = 5 Y*(m), 

rain q~=d,~l +dzd~ m]n 
dl <<.tl,dz~t, 

(dl,d~)=m 

Say. 
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Now, by lemma 2.8, 

(3A) / '*(m) = ' d  ---- r ~, g~(d~) g,(~) ~ g~(a~m) g,(a~m) = 
n = d ~  + d ~  him = a l ~  + a~(~ 
d~ ~ t~ ,d~ ~ t~ (a~,aD = 1 
( d~ ,d~) = m a~ ~ t~/m,a~ ~ t~/m 

a~ <~ h lm 
a~ <<. t~lm 

(a,,aD = 1 

= nm -~ ~, g~(a~m)g~(a~m)/a~as-l- 
a~ ~ t~/m a~ ~ tx/m 
a~ <~ t~lm a ~ t ~ l m  

(a~,as) = 1 

1~is 11~ By le~una 2.3 7 the O-term in (3.4) is O(t~ t 2 ) ,  S O  t h a t  

r z/ls ill (3.5) T*(m) -~- nm -1 ~ g~(alm) gz(a2m)/a1%-[- O ( t l  t2  ) = 
a, <~hlm 
a~<t21m 

(a~,aD = i 

= g,(a2m)a2 4- h~(%m) toO( t ,  t 2 ) :  
a, <~ t, lm a= = 1 a~>t2lm 

(a=,a,) = 1 

_ _  rim-1 ~_, gis(alm)Az(al; m)a l  1 jr_ 0 t~l+~a~ ~ h~(a~m)/a~ ~- ~/is ~ 
a~ <.t:/m a~ <~t:/m 

by IJemma 2.5, where 

(3.6) 

Now, by I~emma 2.6, 

r 
/ ! _ A~(a~; m) = ~, g~(a~m)a~ 1. 

(a2,a~)=l  

r 

(3.7) ~, h k ( a l m ) a ~ l <  ~, his(aim)a[  1 = O(m~) �9 
a: ~ ti/.m a ~ = l  

Further, we hgve 

r 1 _ 
:1, 8 = ~ gk(alm)A;(al; m)a;1 = ~gk(alm)A~(al;  re)a1 1 _~ 

al ~ t , /m a1=1  

§ o(o : hk(a 1 m) A~(%; m) a71) . 

c~ 

Sinc e  by ~emma 2.6 7 A~(al; m ) <  ~ h~(a2m)a~ 1 O(m~), it follows from I~emms 2.5 
(r ~ k) t h ~  a~=l 

(3.8) 
c~ 

, -1 O(t- l+l /kml+~) ~T a = ~_, g~(a 1 m) A~(a 1 ; m) a 1 + 1 
a~=l  
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Collecting (3.5)-(3.8), we have  

T*(m) -~ nm- :  g~(alm)A~(ai; m)a'~ ~ + 

+ O(t~i+Wr _~ O(t~l+i/~nm ~) jr_ O(tlX/~t21/l) , 

so t h a t  

T'(n) -=- ~, T*(m) =- n ~ m -~ g~(ai m) A~(a I ;m) ai  ~ + 
,~In rain a~ = 1 

0 n t  -1+~l~ m e "@ O ( t 1 1 + l / k ~  m l §  ( 2 mien ) + O(t lJk t l / 'T (n) )  �9 
rain 

I t  is clear tha t  ~ m~+~<~n~+~. 

s > 0. Hence  we have  

T(n) : 0(nl+2~), and  ~ m~<..n~(n) = 0(n2~), fo r  e v e r y  
mJe 

O( 1/k § ~e/ T!(n) = n ~, H ( m ) m - i  + O(n~+2r 1+~/~) -~- 0(n1+2%2i+1/~)  -~- -- , t  1 ~2 '~ ~ , 
rnJn 

o 0  ! 

where H ( m ) =  ~gk(alm)A~(al;  m)a~ 1. :Now b y  (3.3), it follows t h a t  
a~=l 

e41]k~1[l~ T(n) = n ~ H ( m ) m  -1  -~- O ( n l + 2 e t l  1+1/~) -~ O ( n l + 2 8 t 2  1+1/~) -~ O(,t~ ~ 1 %  ) .  
mJn 

Taking  t i ~ -  n 7 ~ ( l - i ) / ( k l - 1 )  and t~ --~ n t(k-i)/(k~-l), we see t h a t  each of the  above  O-terms 
reduce to 0(n(k+Z-2)/(k~-~)+2~). NOW, it can be shown using the Euler-  Infini te P roduc t  

theorem t h a t  

~, H(m) m -1 = 

(a~,a~)l~ 

g (al) g' (a2)(al, a )(al a2) = 

where S(n) is given by. (1.7). 
Hence  Theorem 1 follows. 

/~E~A~K 3.1. -- We can fur ther  simplify the main  t e r m  in (1.6) so t ha t  T(n) is 

also given b y  

, ~ p-J g~(p~)p-J g~(pt)p -t (3.9) •(n) = n g~(p ) + g~(pt)p -t X 
~= t =  J= , 

,( J -5  • g~ p )p § ~ ,g jp , )p-~  g~(pOp-js~((pj, pc -t- O(n (~+~-~)/(~z-1)+~) 
i t=l i=O 



D. SV~YA~AYA~A - V. SITA :RA~AL~H: Generalization of a problem, ete. 9 

PlC00F OF THEOt~ElVs 2. -- B y  (1.3), l~emark 2.2 and L e m m a  2.3, we have  

(3.10) ~(S'~; ~) :~ ]'~(a)q~(b) ~ g~( )q~(b) 
n=a+b n=d~Tb 

d<n d<n "d<n 

- -  ~ g l (  )Qk("~; n ,  d) -]- O(~b 11~) 
d<n 

Let  1 ' <  t = t(n) < n. Then b y  l~en~rk  2.2, 

( 3 .~ )  :X e',(a)Q~(+; . ,  a) = :X el(a)q~((a, n))q,o(n; ~, a) = 
d<r d<~ 

r d _ = ~g'~(d)q~((g,n))Q~o(n; n ,d)  + ~ g~( )qk((g,n))Q~:(n; n ,d)  T , -F  T5 
d~t t<d<n 

say. 

Since Qk(n; n, d )<2nd  -~, it follows f rom L e m m a  2.5 (r = l, m = 1) t h a t  

(3.12) IT5 [< 2n ~ h,(d) d -~ = O(nt -~+~/~) . 
d>t 

F r o m  (2.5) and  (2.1) (r ~ l) it follows tha t  g~(p ) -~ 0 for any  pr ime p and  l < g <  

l -  :1. Hence  we can assume tha t  d in the  sum T4 is /-full and  hence A-full since 
l>~k. Hence b y  L e m m a  2.9, we have  

(3.13) T4 = ~ g , (  )q,o((d,n)) + o(nl~k~(~)c~-l~') + O(k~(~>d,~) = 
a<t ~(k) JTo(d) 

gf~(d) qk((d , ~/b)) O~k--1 0(~111 ~ ~ h,(d)k~(d)d -lIke) -~ 
- ~ ~ J~(d) + 

+ o(  5, = + + r , , ,  say. 
Xd<<t / 

co 

The series ~ g'~(d)q~((d, n))dk-1/J~(d) converges absolute ly  by  (2.5), the  fact  t h a t  
d = l  

d~/J~(d) is bounded  for all d and  L e m m a  2.1. Fu r the r  b y  (2.5) and  T,emma 2.5 (m = 1, 
r = l), 

' d ) =  g~(d) q/(  , n)) d~-~/J~(d) = O( ~ h,(d)d - I  O(t-~+~/~) , 
d>t ~d>t 

so that 

(3.14) 
co 

TI1 = q:b(~(k))-i  ~ gfz(d) qlr d, ~vb})dk-l/J]c(d) ~-  O(~t-l+l/1) . 
d= l  

B y  L e m m a s  2.1 and  2.3, and  the fact  t ha t  k ~(~) = O(d ~) for every  e > 0 and  par t ia l  
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s u m m a t i o n ,  we h a v e  

(3.15) 

Also, b y  L e m m a  2.3, 

[ O(n ilk) , if l >  k 2 

Tn ~- O(nlllct 11~-1/~'+~) , if 1 < k ~ . 

(3.16) T~, = O(t "~+~ y. ~,(a)) = O(t"+'~+') . 
d ~ t  

Collect ing now the  results  (3.10)-(3.16) we obta in ,  

oo ! 
�9 (&; n) = n(r -~ Z g~(a)q~((a, n))a>~/4,(a) + F~,,(n), 

d=l 

where  

O(.nl /k)  , 

.~k,g(n) = 0 ( n  1/[) -J- 0 ( n t  -1+1/~) --[- O ( t  1]~§ -~- O ( n l / k t l l Z _ l ] k , + e  ) , 

Tak ing  t = n ~/(7:+~) we ob ta in  T h e o r e m  2. 

if 1 > k 2 

if 1 < k e . 

~I~00F OF TItE01%E~ 3. - F r o m  (3.11), we have  

(3.17) r~ = Z g',(d)q~((d, .))Q~(n; n, a) = 
d<t  

= n(r -1 Zgi(d) d k-1 qk((d, n))/Jk(d) @ Z g't(d)qk((d, n))E,,(n; n, d) q- 
d<. t d<n I1~ 

+ E g;(a)q~((e, n))~(n;  n, d) = 
n l l ~ d 4 t  

I 
= Tn q- T12 § T[~ 

whereEk(x ;  a, H)  is the  er ror  t e r m  in the  fo rmula  (2.6). 
B y  (2.5), L e m m a  2.10, L e m m a s  2.1 a n d  2.3, a n d  par t ia l  summat ion ,  

(3.18) 
\ d<nll~ 

=. O(n(k+OIz(k+D) . 

[ O(nl/k) ., 

l O(n 1/k+l/k~-l/k(k+s/2)) , 

if l > k q - 2  

if 1 < k 4 7  2. 

Again  b y  (2.5) a nd  l e m m a  2.10, we h a v e  

(:  ) TI~ = 0 h~(d)(nk~(e)) 11(1~ +1) 
d<t  
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Now by  (2.2) and (2.3), 

m<~ t 

~ ( ~ )  (k~(O)) 1/(k+ 1) (l~(d)) 11(k+1) 

<~ t d d  (tl~) ~1~ 

= O(t'i'/'(log~Yb)(b'l(~+')-l'~h:(~)~-l/'(k~(t))'/(k+l' ) 
= O ( t ~ ( l o g n ) ( ~ ' ~ + ' - ~ ) )  

where we use a formula of Ramant i jan  (see WILso~ [19], eq. (2.39)). Hence we have  

! 
(3.19) T ~  = O(nU(~ + ~) t~/~(log n)(~'(~*~'-~)) . 

Collecting now the  results (3.10)-(3.12), (3.14) ~nd (3.16)-(3.18), we obtain 

Fk, ,(n ) = O(nt -1+11~) @ 0(n  (~+z)lz(k+l)) -]- O(nV(~ + ~)t~l*(log n)(~'~+')-~)) . 

T~king t = ~k/(k+l)(logTt)--(k*/(~+~ We obt~ill Theorem 3. 

4 .  - A p p l i c a t i o n s .  

Throughout  the following rl and r~ denote integers with 2 ~ rl < r2 and k~ and k2 
denote integers with k~ > rl and k2 > r~. A positive integer m is called Semi-k-free [18] 
if in the canonical factorizat ion of m, no exponent  is equal to k. A positive integer m 
is called uni tar i ly  k-free [3] if no exponent  in the canonical factorization of m is 
a multiple of/~ and m is called a k-skew integer of rank  t, where t is any  positive integer, 
if in the canonical factorizat ion of m, no exponent  is equal to j k ,  for l < j < t .  For  
convenience,  we shall call these integers (k-skew integers of rank  t) as tmitari ly k- - t -  
integers. Clearly the uni tar i ly  k -  1-integers are the  semi-k-free integers and the 
uni tar i ly  k - -~- in tegers  are the uni tar i ly  /~-free integers. Le t  r be an integer with 
2 ~ r  </~. A positive integer m is Balled a (k, r)-free integer if no exponent  in the 
canonical  factorizat ion of m belong s to the interval  [r, k -- 1]. This definition includes 
as special cases the r-free integers (/~ = oo) and the Semi-r-free integers (k = r + 1). 
A positive integer m is called a (/~, r)-integer if m can be represented as m = m~m~ 
where m~ is a positive integer and m~ is an r-free integer. These integers include as 
a special case the r-free integers (/~ = c~). The concept of a (k, r)-integer has been 
in t roduced independent ly  (without using this name) by  E. C0~Err [5] and M. V. 
SVBBA ~ A 0 -  V. C. H A ~ I S  [16]. ~e t  S~ denote the set of all integers m in whose 
canonical faetorizat ion each exponent  is just  1 or t. We also include the integer 1 
in the set S~. These integers have been introduced by  E. COEE~ (el. [4], p. 78). 
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L e t  Q~,t, Q@,,) and  Q~,, r e spec t ive ly  deno te  t he  set of all un i t a r i ly  k -- t, (k, r)-free 
g* 

and  (k, r)- integers.  L e t  q~,t, q@,o and  q~,, deno te  the  charac ter i s t ic  func t ions  of t he  
$ 

sets Q~,t, Q(~,,) and Q~,,: Fi rs t  we have  

ColozmA~Y 4.1. - Le t  T(h,~)(~,~)(n ) deno te  t he  n u m b e r  of o rdered  pairs (a, b) e 
e Q~,,~l xQ~,,~, wi th  n = a -F b. T h e n  for  sufficiently large n, we have  

(~.i) 
$(/~) ( 

-t- O(n (~+~-~)~(~-~)+") , 

for  eve ry  s > 0, where  the  0 - c o n s t a n t  is i n d e p e n d e n t  o f / ~ ,  k~ and  n:  

(4.2) I1 + -- " - - / ~ ~  _ ~_~0 ~ oo p-"~' ~'~ P~ P"~')) ~"(( r'+~ ~"~'))l A ( n )  T l  
~I~[ i ~ - , . - -  - ~ J - -  ~ \/~=1 ~ = 0  k pm/r 

~=o m=0 L ~ 0mzc* ~ 0~2+ mz~" 

l _ _ p - ~  p-/h__ p-ri~-i 
X i +i p-,L'. 1--p-k----------7] �9 

X 

I ) looF .  - I t  has  been  shown by  1~. V. Subba  t~ao and  V. C. Harr i s  (ef. [16], Theo- 
r e m  3) t h a t  

q~,~.(m) = ~_, X1:,,(d), 
aim 

where ~tk, ~ is t he  mul t ip l i ca t ive  func t ion  defined b y  

(4.3) ~ , , (p ' )  = 

1, if ~ ~ 0 (modk)  

- -  1, ~ ~ r ( m o d  k) 

0, otherwise.  

Now we t ake  S~1 Q~1,~1, S' : : : ~ = Q~,,,,, k rl and  1 r 2 in Theorem 1. Not ing  t h a t  
in this case g~ = g,, = stkl,,,, and  g~ = g~, = ~k~,,,, we ob ta in  corol lary  4.1 f rom (4.3) 

and  T h e o r e m  1. 

I~EHA~K 4.1. - I t  has  been  es tabl ished b y  E.  :BI~IiNITZEIr (cf. [1], Satz  2) t h a t  

(4.4) ~(1~) ( 1__~-~ #-h__~-r~\ 
+ 
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where 

(~.5) m n ) =  ~+~_~ ,_ , .  ~-~,~S__oL ~---; ~ J 

/~=0 

We remark  here that the  main t e rm in (4.4) with B(n) given by  (4.5) is incorrect.  
We get the correct result  only if we replace each bracket  ( , )  by  s~((, )) in the defi- 
ni t ion of B ( n )  given in (4.5) and then it is clear t ha t  the main terms in (4.1) and (4.4) 
coincide. Fur ther ,  the error t e rm we obtain from (4.1) is be t te r  than  the one obtained 
by  E. BRI~ITZER (cf. [1], Satz 2). I~ m ay  be ment ioned here tha t  ~ .  V. S~]3A I~Ao 
and u  K. FE~G [17] established an asymptot ic  formula for T(e,,~,)(k~,~)(n ) in the parti-  
cular case when (k~, r~) = s~ > 1 for i ---- 1, 2 with a 0-est imate  for the  error t e rm 
weaker than  tha t  of E.  BRI~ITz~,~ [1]. 

COROLLARY 4.2. -- Le t  T~e,,,,)(k0,,~)(n ) denote the number  of representat ions of n 
as the sum of a (k~, rJ - f ree  and (k~ rJ- f ree  integers. Then we have 

(4.6) T{h,~D(,h,~..D(n ) = n" r  ]"I (1 - -P  - ' ' ~ -  P-"~P-h-l-P-k~) -Jr- O(n('-"+~'~-2)/(w"-:l)+'~), 

for every  e > 0, where the 0-constant  is independent  of k~, ks and n;  C(n) being 
given by  

(~.7) C'(n) = ] - I  (1 - p - ' , -  p-'o + p-~, + p-~,)-~ x 
g)r l  I/b 

x (1 - p-'~ + p - ~ -  < ( p ,  p))p-~'~o+,,) + <(p% p~Ob-(~,+~,)). 

PROOF. - Firs t  we note  tha t  for each prime p, 

(4.8) !(k ,)(.v,~) = q(~,,)(p,~)_ q(~,,)(p~,-1) = 

- -1 ,  if a =  r 

1, if a---- k 

0, otherwise 

Now, we take  k = rl ,  1 = r~, Sk : Q(kl,,l) and S~ : Q(k,,,~). Taking k = rl and 1 = r~ 
! ! 

in (1.1) and (1.2), f rom (4.8) it  is clear t ha t  g~ = g,, = ](~,,,,) and & = g~, = ](~,~,). 
Now, corollary 4.2 can be deduced f rom (3.9) with the aid of (4.8). 

~El~A/~K 4.2. -- Formula  (4.6) has been established by  G. E.  t~AEDY [10]  with 
error t e rm 0(n  1-~) where 

: :M:in { 1  - -  : : [ / r , - -  ~ ( r : - -  Z ) ,  1 - -  ] l r , - -  11~ + 4 ,  and 0 < ~ < l ira.  
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I t  is clear  t h a t  1 -  ~>l/r~-~ 1/r~-- 1/r~r~ with  equa l i ty  if a n d  on ly  if s = 1/r~r~. 
Thus  the  bes t  0 - e s t ima te  of the  error  t e r m  t h a t  can  be ob ta ined  f r o m  G. E.  H a r d y ' s  
resul t  is O(n 1 ~ + ~ - ~  ), which  is c lear ly weaker  t h a n  the  one ob ta ined  b y  us in (4.6). 

I~etting ~ ,  ks -~ ~ in Corollaries 4.1 or 4.2, we ob ta in  the  i m p o r t a n t  

CO~OLLAHY 4.3. -- Ze t  T~,,,,(n) denote  the  n u m b e r  of o rdered  pairs  (a, b) e Q,, xQ,, 
with  a ~ b ~ n. Then  for  sufficiently large n, 

(4.9) p -~ ,  ) l - I ( l + ( p ' , - p - ' , + l ) - ~ ) +  r,l,,,(n) = n . ] - I  ( 1 -  - "  - "  

§ O(n (~+~r~)~el~-~)+~) , 

or  eve ry  s ~ 0. 

I~E~_~K 4.3. -- F o r m u l a  (4.9) is due to  A. PAGE [12]. E.  COm~N and  1%. ~.  RO- 

BINSON (ef. [7]~ Corol lary  2, p.  291) es tabl ished the  a s y m p t o t i c  fo rmula  (4.9) w i thou t  

0 - t e rm.  I n  case r~ -~ r~  (4.9) reduces  to  a fo rmula  es tabl ished original ly b y  C. J .  A. 

EVELY~ a nd  E.  FT. L~FOOT [9]. 

COHOLL~-~u 4.4. - Le t  E,,,,,(n) deno te  the  error  t e r m  in the  fo rmula  (4.9). T h e n  

we h a v e  t h e  fol lowing be t t e r  0 -es t ima tes  t h a n  in (4.9): 

E~,,,,(n) : O(n("+")l"("+l)(logn) ('Y(~'+~-l)(~rl)l~') or O(n~lr') , 

~ccording as r~<r~ or  r~ > r~. 

! 
PHOOF. - T~king t ----- r~ and  S~ ~ Q,~ in Theorems  2 and  3, we ob ta in  Corol lary  4.4. 

I~E~Lh_~K 4.4. - -  The resul t  in corol lary  4.4 has been  recen t ly  es tabl ished b y  C. PO- 

:~/IERENCE a n d  D. StmYANAHAYANA [13]. Tak ing  r~ ~ r2 = 2 in corol lary  4.4, we 

ob ta in  t h a t  E2,2(n) -~ E(n) -~ 0(n2/S(log n) (2~/'-1)/2) which is an  i m p r o v e m e n t  over  the  

resul t  E(n)  ---- O(n ~l~ log 2 n), es tabl ished b y  E.  CO]~E~ [6]. 

I~EM~K 4.5. - Tak ing  kl ~-- rt -]- I a n d  ks = r~ -F I in (4.6) we ob ta in  an  a symp-  
g*  - 8*  to t ic  f o rm u l a  for  T,~,~(n), where  T~,,~(n) is t he  n u m b e r  of represen ta t ions  of q~ 

as t he  sum  of a Semi-rl-free ~nd  a Semi-r~-free integer.  

$ 
COROLLAHu 4.5. -- L e t  T(~,,t~)(~,,,,)(n) denote  the  n u m b e r  of o rdered  pairs  (a, b) e 

( j*  X(~ * e ~k,,tl ~ , , t ,  wi th  n ~ a -]- b. T h e n  for  sufficiently large n we h a v e  

(4.10) �9 ~" ~ (1 (p- - l ) {  p'~t~--i pT:~t~__l "~ 

k 

p \p~,',(p~,-1) + p ~ l ) / ]  x:rz'(~) + o(~(~+~o-~)~(~,~,-~)+~), 
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for  every  e > 0, where the O-constant  is independent  of t~, t~ and  n;  H ' (n)  being 
given b y  

(~.11) H'(n)  = ~ 1 p ~ p ~ ' t ~ - ~ - - - l i  @p~,t , (p~,--1)]  

- "  If Z + "  P'))I]/ 

P~oo~.  - I t  can be shown t h a t  

I 

(~.12) * ~ * ~ * ~-~ ! /~,t(P ) = q~,~(P ) - -  q~,~(P ) = 

I 

- - 1 ,  if ~ = j k ,  l < ~ j < t  

1, if e = j k  @ 1, l < j < ~ t  

0, otherwise. 

Now we t ake  k k~ 1 ks, Sk * ! * --~ = -~ Qk~,h and S~ = Qk,,~,. Then it  is clear t h a t  g~,---- 
= ]~,t, and gk~ = ]k,,to. 

2r Corollary 4.5 can be deduced f rom (3.9) with the aid of (4.12). 

REN~tBK 4.6. -- Le t t ing  t~, t2 --> oo in (4.10) we obta in  an  a sympto t i c  formula  
for Tk~,~,(n)~ where Tk,,~(n ) denotes the  n u m b e r  of representat ions of n as the  sum 
of a uni tar i ly  k~iffee integer  and  a uni tar i ly  k24ree integer. 

COBOLLABY 4.6. -- Le t  T(~,t,)~(n ) denote the  n u m b e r  of ordered pairs (a~ b) 
Q~,t, • with n - - - - a - [ - b .  Then for sufficiently large n we have  

(4.13) 

where 

•  (p~, _ 1) (p~,_  1 ) 

E~,~,,n)(t') ( = O(n(~+~')/r'(~'+~)(log n) ('I/(~+~)-1)(~'-1)#') or O(n 1#') , 

according as r~<r~ or r~ > ~ ;  the  O-estimates being independent  of t2 and  n. 

! * 
P~oo~.  - Tak ing  k = rl, 1 = r~, S z = Qr,,t, in Theorems 2 and  3, and  using (4.12) 

(k = r~, t = 6) we obta in  Corollary 4.6. 

Le t  t > 3  and  S* denote the set in t roduced in the  beginning of section 4. Now, 
we have  

C0~0LLABY 4.7. -- Le t  T~(n) denote the number  of ordered pairs (a, b)~ S* xQ2 
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w i t h  n = a -I'- b. T h e n  for  suf f ic ient ly  lurge  n,  

(4.14) T~(n) = ~ H (1 - 29 -~ + p - , - p - ( ~ + , )  �9 
2~ 

�9 1 + p~ __ 1 ( ~ - ~ - -  p-(t+l) __p-2 )  + 0(~/~(]og n)(~'-,/~), 

w h e r e  t h e  O - e s t i m a t e  is i n d e p e n 4 e n t  of t und  n. 

P ~ o o F .  - S ince  Q: _c S*, t a k i n g  k = 1 ~-- 2 a n d  S~ = St in  T h e o r e m  3, we o b t u i n  

(4.14). 

Added in proo]. - We note tha t  Theorem 1 of this paper enables us to obtain an asymp- 
tot ic  formula for To(n), where To(n ) denotes the  number of representations of u in the form 
n = a + b, where a is a K~-void integer and b is a K~-void integer. For  the definition of 
K-void  integers we refer to G. J. RIb,mR (J. re]he angew. M~th., 262/263 (1973), pp. 189-193). 
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