
O n  a C h a r a c t e r i s t i c  C a u c h y  P r o b l e m  (*). 

GTOVA~T BASSA~E~L~ 

S u n t o .  - Si studia un problema di Cauchy earatteristieo (per un operatore di cui quelto di Klein- 
Gordon, in coordinate cono luce, ~ un modello). Si  stabiliscono teoremi di esistenza ed unicit& 
Si prova che la veloeit~ di propagazione ~ in]inita. 

O. - I n t r o d u c t i o n .  

For  several problems in quan tum field theories it is useful to consider a reference 
frame which is, in a certain sense, moving with the speed of the light. Strict ly speak- 

ing this is impossible: there is not  transmission of signals between this system and 
the laboratory  system, because of course the limit of a Lorentz  t ransformation for 
v--~ c does not  exist. Nevertheless let us assume, for simplicity, e----1 and con- 
sider a reference frame moving in the x direction with speed v _~ 1 ---- e; by  means 
of Lorentz  t ransformation,  ~ and x axes are ro ta ted  anticloekwise of almost ~/4, 

while the transverse coordinates ~/, ~ are unchanged. This induces us to define, from 
the ordinary Minkowski coordinates ( l - ,x ,Z/ ,~)  a new reference frame ( t , s , x  ~) 

(~ = 1, 2), called (( infinite momentum frame ~b by  

(o.1) 

t = 2-~(~ § ..) 

s = 2 - ~ ( / -  ,~) 

X 2 =  ~ . 

The formulat ion of quan tum field theories in infinite momentum frame is profitable 
towards the following subjects: current  algebra, quan tum field theory  and laser 

beam (see [9], [5] and [7] respectively.) Such a reformulation involves a s tudy of 
the most  impor tan t  equations (Klein-Gordon, Dirac, etc.) and in this connection 
the Cauehy problems with data  on the t-----0 hyperplane natural ly  arise. Indeed 
R. A. IqEVILLE and F. ROHRLIC~ in [6] consider the Klein-Gordon equation and 

(*) Entrata in Redazione il 19 ottobre 1985; versione riveduta 1'8 maggio 1986. 
Indirizz0 dell'A.: Universit~ degli Studi di Trento, Dipartimento di Matematica, 38050 

Povo (Trento), Italy. 
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the  characterist ic Cauchy problem 

0 .2 )  
{ (2~(:-- A.o + m s) u = o 

u(o, s, x ~) = g(s, x~) . 

We think tha t  is not  devoid of interest  to a t t end  to a rigorous s tudy of (0.2). 
In  this paper  we will concerned with a more general operator  

1 1 

with coefficients a~,  b~., c e C~([0, T] •  •  ~) for a suitable T > 0; moreover  we 
assume tha t  the coefficients are constant  for I](s, x)]l >> 1 and the mat r ix  [a~k] is 
selfadjoint definite. We shall show an existence and uniqueness theorem for the 
characterist ic Cauchy problem 

(0.3) 
P u = ]  in [0, T ] • 2 1 5  ~ 

u ( O , s , x ) = g ( s , x )  ( s , x )  z R x R " .  

Since P is characterist ic on the set t ~ 0, x ~ 0, the usual Cauchy problem makes 

no more sense; thus we have only one Cauchy datum. As we shall see in the fol- 
lowing this is not  ye t  enough, since it  is well known, see e.g. [4] tha t  some addi-  
t ional  growth conditions must  be imposed on u in order to get a (~ well-posed pro- 
blem ~ f rom an (( ill-posed ~ one. 

Le t  D be a neighborhood of (0, so, x) in R+• + c~), A L r ~ A c  [i] has con- 
sidered the  following Goursat  problem 

{ ( a ~ + b ) u = ] ( t , s )  ( t , s ) e D  

u(t, So) - u(O, s) = 0 

where a - -  a(t, s) ~ CI(D), b := b(t, s) is bounded in D, and ] e  Z~(D), proving energy 

estimates for u and the  existence of a solution in L2(JD). ~ o w  (0.3) is obviously 
related to  some sort of pseudodifferential  Goursat  pb. where the line s = so goes 
to -- c~. The last circumstance as well as Alinhae's results suggests t ha t  some 
(( speed of propagat ion ~> along the s-axis should be infinite (see Th. 411 below) and 
reaffirm the need of some growth condition on data  at  s = -- ~ .  

We would also like ment ion the paper  [8] by  U ~ L ~ A ~ :  it is concerned with the 
propagat ion of singularities for an hyperbolic operator  with double involutive char- 
aeteristics, admit t ing  a C~-factorisation and Levi  conditions on lower order terms. 
The paramet r ix  (or ra ther  its construction) though points out the close link between 
this problem and the  classical Gours~t pb. ; no growth condition has to be imposed 
however: since Levi  conditions are satisfied. 
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Let  us now describe the plan of the paper. We suppose t h a t  the matr ix  [a~] 

is negative definite. In  w 1 we introduce an auxiliary operator  Q -- P -  f i t -  a ~ - r  
(~, fl ~ R ,  0 > ~ > fi), for which we establish an energy estimate. Then, in w 2, b y  
means of this est imate and a functional analysis argument  we show an existence 

and uniqueness theorem for the problem Qv-~ h, v(O, s, x ) =  k(s, x). In  w 3, we 
define suitable Sobolev space H~ with weight (see Definition 3.1) and, thanks to the 
relation Q(exp [at + fis]u) = exp [~t + fls]Pu we show the following Theorem (see 
Th. 3.2): Let  ,8< 0. Let  ]eL~([O, T]; H ~ ( R x R ' ) )  and g e H ~ ( R x R ~ ) .  There exists 
a unique u e C~ T]; H~+~(R'• such tha t  (0.3) holds. 

Moreover we shall prove tha t  if ] e  N C~([0,/~]; H y ~ R x R ~ ) )  then 
k=O 

~n 

u e  n . 
k=O 

The next  sections are devoted to the s tudy of the range of influence for problem (0.3): 
by  means of a Cauchy problem for ~_P (see w 5)--as  in Holmgren t h eo rem - -an d  an 
other  energy estimate (w 6) we can prove (w 7) tha t  the speed of propagat ion is in- 
finite in the s direction (see Th. 4.1). This result allows us to improve Theorem 3.2: 
actually we conclude tha t  (see Th. 8.1) if the data  ~re C ~ functions with a suitable 
behaviour  for s ~ - -  ~ ,  then there is a unique u solution of (0.3) such tha t  ~ is C ~ 
and exp [fls]u(t, s, x) is bounded for s - -~- -  c~. 

NOTATZO~S. -- We shall write ~J, ~5k2 instead of ~j ,  %~2 ~," V and V~ mean 

(~ ,  ~ ,  ~ ,  ..., ~,~) and (~ ,  ...~ ~ )  respectively. 
I f  b = (b~, ..., b~) ~nd v =- (c~, ..., c~) ~ C ~, then b.e =- ~ b~cj and (b, c) = ~ bj~j: 

I f  H is an t t i lber t  space, then ( , ) H  denotes its inner product.  
Let  n > 0, r e R ;  H ~ ( R •  ~) is the Sobolev space {u = u(t, s, x )~  8 ' ( R •  

(1 + lap-~ [~[2),/~(~ ~ ) e Z 2 ( R x R ~ ) }  with norm 

We often shall write H'(s, x), or H ' ,  instead of H ' ( R  • 
Finally B~(y; ~) denotes the open ball in R ~ of center y e R ~ and radius ~. 

1.  - A n  e n e r g y  e s t i m a t e .  

In  this note  we will be concerned with an operator P of the form 

j k = l  j = l  
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with, for T ~ O, 

(~.~) 

(i) a~: ,b~o~C~([O~T]•215  ~) and are constunt outside of ~ compact 
subset of [0, T]•215 

(ii) the matr ix  A - ~  [a~] is negative defiinite, t h e n - - b y  (i)--there exist 

7, ~ ~ 0 such tha t  

for every (t, s, x) e [0, T ] • 2 1 5  

We point out thut ,  if A is positive definito, then using the change of variables 

s' = -  s, we have (1.2.ii). 
We sh~ll often use the operator 

(~.3) O = . ~ -  ~ a ~ -  ~ § ~/~ 

where ~., fi are constants such tha t  0 > a > ft. 
Our ~im is to s tudy the following characteristic Cauchy problem 

(~.~) 
Q v = h  in [ O , T ] • 2 1 5  n 

v(O~s,x) = k(s,x) (s,x) e R x R  ~. 

For  this purpose we shall prove, in this section, energy estimates for Q and Q*. 
To begin with, we calculate 2Re<(~t§ and 

~ co([o, T]; ~ ( s ,  x)) ~ el(j0, T]; ~1(8, ~)): 

2 Re [(~, + ~s)v(t).Qv(t)] = 

(A) = ~v(t).~i~(t) + ~ ( t ) .~ .~ ( t )  § 

- ~ [ ~ v ( t ) l ~ -  2~L~v(t)l ~ -  (~ + ~)2 Re [~v(t). ~ ( t ) ]  + 

- 2 ~ -  t ~ 2  (C) § ~ v ( t ) ' ~  ajk(t) 3~,v( ) § 3t~(t). ~a~(t) vj~v(t) § 

~ ' b~(t) ojv(t)] § § -d(t))~(t) + ~ ~ e [ ( o ~ -  ~ ) ~ ( t ) . ~ -  ~ ~ " ~ v ( t ) . ( ~  § 

~,t~(t)'(~fl § c(t))v(t) 4- 

(,E) § ~v(t).(o:,8 § "g(t))~(t) § ~s~(t).(~fl § c(t))v(t). 

In  order to integrate on R~ • remark tha t :  (A) Let  ~.  be a sequence of test  
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hypotheses on v it follows B----~tI~v(t)] ~, hence ffBdsdx= dd~.v(t)]]~o. (C) Ap- 
proximating by  test  functions we can integrate by p~rts; therefore 

- ~ j ~  ~ ( t )  ~ ( t ) .  ~ ( t )  ~s ~x ' 
- -  -- ~ ~ta~(t). ~ v ( t ) . ~ ( t ) d s d x  - -  

(D) Formally we make the same calculation~ but  we remark tha t  ~ [ a ~ ( t )  ~ v(t). 
�9 ~ ( t ) ] d s d x - ~  0 as in (A). (.E) Again as in (A): c~fl~tv(t)[~dsdx = O. 

Hence 

(~.5) + ( [ (~§  ~,)A(t)]V~v(t), V~v(t)}~+ 

§ 2 Re ( ( ~ §  ~)v(t), [-- ~V~A(t) § b(t)].V~v(t) + v(t)v(t)}z~-~- 

d- ~ I~ where b (b~, ..., b.) . 

Let  

~(t )  = ~flllv(t)Jl~(~,~) -t- iI @(t)IlE2(s,~)- <A(t)V,v(t), V~v(t)}L.Cs,~ ) . 

~ rom (1.5) it  follows tha t  

~'(t) : 2 Re ~(~t + ~)v(t), Qv(t) + [tV~A(t)- b(t)].V~v(t)- c(t)v(t)}L~ + 

(1.6) + (P-  ~)[]~,~(t)ll~+ ( ~ -  fl)ll~(t)[]~ + 

+ (~ + f l ) ] l (~+ ~)v(t)]!~-- ( [ ( ~ +  ~)A(t)]V~v(t), V~v(t))~. 

Thus we are led to the following 

1.1. DEFInitIOn. - We choose ~s energy the function 

(1.7) E(t) : gfl[lv(t)l[~(~,~)- ~ []38v(t)][~(~,~)~- yl]V~v(t) ~ 

1.2. LE~_~.  - Let  Q be the operator (1.3). There exists C > 0 such tha t  for 
every t e [0, T], for every v e C~ Y]; H~(s; x)) n C~([0, T]; H~(s, x)): 

t 

0 
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Pgoo~.  - We can choose s > O  such tha t  g + f l + s - * < 0 .  F r o m  (1.6) and 
(1.25) it  folIows tha t  there exist constants Ca > 0 (j = 1, ..., 4)~ depending only on 
the coefficients of Q~ such tha t :  

$'(t) < s -!1[ (a~ + aA v(t)]ji~ + 

-~ sHQv(t ) -~[tV~A(t)- b(t)]. V~v(t)- c(t)v(t)Ii~-4- 

+ (3~  + ~)llV~v(t)llE~ + 3~[t~(t)1[~-4- (~-  ~)[lao~(t)llE~< 

< C~[ NQv(t) ll~ + ~v(t)]. 

By integrat ion over [0, t] we get:  

~(t) <.<~(o1 + r [ llQv(t')]l~, -4- ~(t')-I dt'. 
0 

Since E(t)<fi,($)<CbE(t), ( t e [ 0 ,  T]),  for a suitable C~>O, the  lemma is 
proved. Q.E.D. 

~ o w  we are able to obtain an energy est imate for Q, which will be used in w 2 
in order to prove a uniqueness theorem. 

1.3. Tm~.og~ .  - Le t  Q be the operator  (1.3). ~'or every r 6 R  there  exists 
C~> 0 such tha t  for every t e [0, T] and for every  v ~ Co(J0, T];  Hv+~(s, x)) (3 
n C'~([o, ~]; .w+~(s, x)): 

(1.8)~ 

< c,.[.~lI~(o)l[~+ II~(o)[]~.+ ~,[IV;,(O)ll.., [IQvl[~..(Eo,T~;~)J 

~ o o s .  - Le t  v s C~ H ~+~) r C1([0,/~]; H*+I). Denote  by  A~ the p.d.o. 

with symbol (1 -4- la[ ~ d- I$]~) "12. Define 

~ ( t )  = ~ l [v ( t ) [ ]~+  Ila,~(t)il~,+ rilv~v(t)[]~. 

F r om Lemm~ 1.2 it follows: 

0 

i n  order to est imate iIQA~v(t')Itz~, write: QA~v(t) = A~Qv(t) + (SA~- A~S)v(t), where 
S -~ ~ a ~ d -  ~ b~ j  d- c. Thus SA~-- A,.S is a p.d.o, of order r -d- 2 -- 1 and its 
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symbol, for every t e [0, T], does not depend on (s, x) outside of a compact subset 
of R •  then (see IV.11.1 (m) in [2])S(t)A,-- A~S(t): H~+~(s,x) -->H~ 
continuous; i.e. K(t) = sup I][S(t)A~-- A~S(t)]uH,o< ~ .  By the Banaeh-Steinhaus 

~r H = 1 

theorem: K ~ sqpK(t)  < c~. Hence 

I~QA~v(t) I]L~ < []Qv(t)I]~ -{- K][v(t)[]zT+~ ~< HQv(t)]]~ + K~E~(t) ~" . 

Now: 
t 

0 

and the theorem follows from Lemma VI.4.4 in [2]. Q.E.D. 

We need an energy estimate for Q* = ~ - ~  fl~t + o:~-~ ~ ~ ( ~ . )  - ~ ~ (~.) -~ 
~fi + ~ too. Such an estimate will be used in w 2 in order to prove an existence 

theorem. 

1.4. TI~EO~E~. - Le t  Q* be as above. For  every r e R,  there exists K,  > 0 such 
tha t  for every t e [ 0 ,  T] and for every we C~ T]; H*+~(s,x)) n C~([0, T]; 
H'-~(s ,  x ) )  : 

P~ooF. - Let  v ~ C~ T]~- H2(s, x)) (~ C1([0, T]; H~(s, x)). By obvious modi- 
fication in (1.6) we get: 

~'(t)  = 2Re <(~, + ~)v(t), Q*v(t) -~ [ -  tV,.~(t) -~ b(t)].V,v(t) -t- 

+ [-- ~_, ~aj~(t) -[- ~_, 3jbj(t)- "d(t)]v(t)}z, + (o:-- fl)IlStv(t)l]~, + 

- <[(~-4- ~)~(t)]V~v(t), V ~ ( t ) > ~ .  

Arguing as in Lemma 1.2: 

- -  3eC31[v(t)l[~.~- (o~ - -  fl)I] ~ v ( t ) l l ~ , > - -  r + / ~ ( ~ ) ]  �9 

By integration over [t, 2'] we get 
T 

t 
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As in the proof of Theorem 1.3 it follows tha t  there exists K~ > 0 such tha t  for 
every v e C~ r ] ;  H~+~(s, x)) n C~([0, T]; H~+~(s, x)) 

T 

t 

To finish our argument  it is enough to put  Y(t) = E , (T - - t )  and ~( t ) - -  
= [[Q*v(T--t)[l~ ~ so we can apply Lemma VI.4.4 in [2]. Q.E.D. 

2. - Existence and uniqueness of  solution. 

By an argument  of functional analysis and Theorems 1.3 and 1.4 we shall prove 
a theorem of existence and uniqueness for the Cauchy problem (1.4). 

We begin with 

2.1. ~I~0POSITI0:N. - -  Let  Q be the operator (1.3) and let r e R. I f  h e L~([0, T]; 
H~(s, x)) and k e H~(s, x), then there exists v e C~ T]; H~-~(s, x)) such tha t  (1A) 
holds. 

PgooF. - Let  E = {~e  V~([0, T]; H+| x)); ~(T) = 0}. We are going to de- 
fine an antilinear functional t: Q * E - ~  C and we shall show tha t  we can continue 
it to a continuous functional on L~([0, T]; H-~(s,x)). Let  

(], g) = (~, $) ~(a, ~) da  d~ for ] e H'~(s, x),  g e H-"(s, x); 

defin% for ? ~ ~7, 

(2.1) 

T 

~(Q*~) = f  (n(t), w(t) ) at + (< - < w ( o )  - fl~(o)). 
0 

From ~(T) = 0, it  follows tha t  ~ ( T )  = 0 and V ~ ( T )  = 0. Thus, by (1.9)_,., 1 is 
well defined. By  (1.9)_~ we obtain also: 

T 

0 

+ >[Ik!l.~[l! '~" aw(o)[~.-~+ ~il~o(o)]l~-,] ~ ' * " <CIIQ q~ ItL~(Eo,T~; H-~) 

for a suitable C > 0, for every ~ c E. By  an application of the I tahn-Banach theorem, 
there exists w ~ L2([0, 2']; H-~(s, x)) such tha t  (w~ Q g)}L~(Eo,fj;~-T)-- l(Q*cf), (of EE). 

Let  v(t)= A_2~w(t), then v e L2([0, T]; H ~) and 

T 

f(v(t), Q * ~ ( t ) ) a t -  I(Q*~) (~ e ~ ) .  
0 



G I o v A ~  ]~SSA~E~I:  On a ettaracterist~o Cauchy problem 35i 

Let {~j} be a C ~ parti t ion of uni ty  of R x R-. We write 

(v(t), Q*T(t)) = ~(v(t) ,  Q*~jT(t)); 
J 

thus by an integration by parts with respect to s and x~, we get 

(2.2) 
T 

z(q*T) = f { -  (Ea,-  fl]~,(t), a~T(t)) + 
0 

--~ ([-- ~ - ] -  ~ aj~(t) ~ ~- ~ b (t) O~ -4- ~fl + e(t)]v(t), T(t))}dt. 

If, in particular, T is a test  function On (0, T) • R • R ~, with an integration by parts, 
with respect to t, we have 

T 

~(Q*T) =f(Qv(t), T(t))at . 
0 

Now, from (2.1), it  follows 

T T 

0 0 

for every test  function T of (0, T ) x R x R  ~. Hence 

Q v = h  in f f) '((O,T)•215 

Then 

~, (~- f ly )  = ~ v -  Z ~ ~ -  Z b~ ~ v -  (~fl + c)v + 1~ e ~([0 ,  ~]; E,-~); 

and, due to the Sobolev theorem 

(2.3) 

In  general, if T E ]i7, from an integration by parts with respect to t in (2.2) it  follows 

T 

Z(Q*T) =f(Qv(t), T(t)) at + (e~v(0) - fly(0), T(0)); 
0 

i.e. ( k , -  ~ T ( 0 ) -  fiT(0)) ---- ( ~ v ( 0 ) -  fly(0), T(0)); it  is enough to say tha t  k --~ v(0). 
To finish our argument  we must  show vECO([O,T];H*-~). Let  t, t' ~ [O, T]; 

since 

<~v(t)--~v(t ' ) ,  v(t)--v(t')}~ . . . .  i f fa ( l -~  la]2-~ [~12)~-2]v(t)--v(t')l~dad~ 
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is pure imaginary, then 

[I ~ , ( t )  - & ( t )  - G~(~') - ~v(t')] i]~ . . . .  ]1 ~ v ( t )  - ~ v ( t ' ) G - ~  + ~ l l v ( t )  - ~(t ' ) l l~ . . . .  

From (2.3) it follows lim I [v( t ) -v( t ' )  ~ i~w_~-- 0. Q.E.D. U-->t 

Now we show the uniqueness: 

2.2. P~o]?osITIoz~. - With  the same hypotheses of Proposition 2.1 the solution v 
is unique in C~ T]; H~-2(s, x)). 

P~ooF. - Let  w e  C~ T]; H ~-2) such tha t  Q w - - 0  and w ( 0 ) =  0. Then 

~ G w -  fl~) = ~ a ~ w -  ~: ~ G w -  ~: b ~ w -  (~fl + e)~o e C~ r];  ~ - ~ ) .  

Hence by the above argument:  

~ d w e  C~ T]; H~-~); 

i.e. weC~([O,T];H~-~) .  Thus we can apply (1.8)~-6 to see w = 0 .  Q.E.D. 

2.3. I~EZvLa~K. - I f  the data  are smooth, i.e. h~C~([O,T] ;H+~(s , x ) )  and 
k e H+~(s, x), then there exists an unique v e C~ H+C~ x)) such tha t  Qv -~ h 
and v(0) = 1~. Moreover, since G ( G -  fl)v e C~ H+~), it  follows v e C~([0, T]; 
H+~). Thus with a step by  a step argument  v~  C~([0,/~]; H+| 

Using this remark we shall improve Propositions 2.1 and 2.2: 

2.4 Tm~0RE~. - Let  Q be the operator (L3). I f  h c LP([0, T]; H ") and k e H ~'+~, 
then there exists a unique v ~  C~ T]; H r+~) such tha t  (1.4-) holds. Moreover v 
satisfied (1.8)~: 

PROOF. - Let  (h,) be a sequence in Co([0 , T ] • 2 1 5  converging to h in 
L~([0, T]; H ~) and let (k,) be a sequence of test  functions in R • R" converging to/~ 
in H"+l(s, x). By previous Remark  2.3, for every n ~ N there exists a mlique 
v . c  C~([0~ T]; H +~) such tha t  Qv. ~ h,~ and v~(0) --~ k. .  To see tha t  the sequences 
%, Gv,~, O~v~ (j = 1, . . . ,n )  are Cauchy sequence in C~ H ~) it  is enough to 
apply (1.8)~. to v~--vm; thus there exists v such tha t  v. converges to v in 
C~ T]; H~+I). Then v(0) = k. Moreover 

is a Cauchy sequence in LP([0, T]; H"-I); hence Qv -~ h. 
Since v~-~ v, we see tha t  v satisfied (1.8)r: Q.E.D. 

3/Ioreover we shall show tha t  there is a relation between the regularity el the data  
and the regulari ty of the solution. 
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2.5. COrOLLArY. - With the same hyptheses of Theorem 2.4, for every m e N: 

(A~) I~ ~ e f~ H~([O, T]; W-~(~, x)) then 
k=O 

e ~ ~([o ,  ~]; w-~+~(~, x)) ~ ~+~([o ,  ~1; H . . . . .  ~(~, ~ ) ) ;  
k=O 

(B~) If h e  [~ C~([0, T]; H~-~(s ,x))  then 
k = o  

k = o  

P~ooF. - We shall write Hk(q), C~(q) instead of Hk([0, T]; Hq), C~([0, T]; H ~) 
respectively. 

First we prove (Ao): let h e H ~  by Theorem 2.4, v e C ~  then 
~ ( ~ - -  fl)v e H~ 1), and, by the same argument used before in the proof of 2.1, 

m + l  

we get ~ v e H ~  i.e. v e H ~ ( r - - 1 ) .  Let (A~) holds. Let b e t H ' ( r - - k ) .  

From Qv : h we obtain k=o 

where Q~+~ is a differential operator of order m in t and order 2 in (s, x). Since, by (Am), 
v e Cm(r ~ 1 - -  m) ,  then 

~ t  v e C~  l --  m) n H ~  l - -  m) . 

Finally, by (Ao) , ~ + l v  e C~ --  m) n H i ( r - -  2 - -  m).  This proves (Am+l). A similar 
argument proves (B~). Q.E.D. 

3. - Conclus ions  about  the  operator P .  

Consider the operator P in (1.1). We shall show that the characteristic Cauchy 
problem (0.3) is well posed if the data ] and g belong to suitable spaces defined as 
follows: 

3.1. Dv.PINITIo~q. - r, fi e R .  Define 

H~(R • R ~) = {~ e ~'(R • Rn); exp [~s] ~(8, x) e H~(8, x)}, 

~nd ll~][-; = [lexp [#sigH... 
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2[ 3.2. Tm~0~EM. - Let  P be the operator  (1.1). Let  f l <  O, ] ~ L  ([0, T]; H~(s, x)) 
r+l and g ~ H~ (s, x). Then there  exists a unique u e C~ 2']; H}+~(s, x)) such tha t  

P u = ]  in [ O , T ] • 2 1 5  ~ 

u(O,s,x)  = g ( s , x )  (s,x) e R •  

Moreover if ] e  ~ Hk([0, T]; H}-k(s, x)), then  
k=O 
r 

U e f'~ Ok([0, ~] ;  ~}+l--k(8, X)) [~ ~m+l( [0 ,  f ] ;  J~rfl--X--m(8, X)); 
k=0 

if ]~ 0 c~([o, r]; n}-~(s, x)), then 
k=O 

u e jQ c~([o,  ~];  ~§ ~ (s, x)) n c~+~([o, T]; ~-i-~(~, x)). 
k=0 

P~ooF. - Since fl < 0, we can choose ~ such tha t  0 > ct > ft. Le t  h = exp [~t + fls] ] 
and .~ = oxp[fis]g; by  Theorem 2.4 there  exists a unique v e  C~ T]; H ~+1) such 

that Qv = h and v(0) ---- k. 
To finish it is enough to pu t  u = exp [ - - o : t -  fis]v, and remark  tha t  

Q(exp [at + fis]u) -~ exp [ztt + f ls]Pu. Q.E.D. 

4.  - R a n g e  o f  in f luence:  the  s t a t e m e n t .  

We will s tudy the range of influence of the operator  P (1.1), with reference to 

the Cauchy problem (0.3). 
Let (to, so, Xo) ~ [0, T] • 2 1 5  ~ and consider the cone 

(4.1) C = { ( t , s , x )  e R • 2 1 5  - ]!x-- Xo[12> 0 and O < t < t o }  

with (5 is as in (1.2.ii). 
Now we state  t ha t  the speed of propagat ion is infinite; in fact  we shall prove in 

section 7 the following 

4.1. THEOREM. -- Le t  P be the operator  (1.1). I f  u = u(t, s, x) satisfies the  fol- 

lowing conditions 

(i) u ~  C~(C); 

(ii) there  exists f i <  0 such tha t  exp [fis]u(t, s, x) is bounded in C; 
(4.2) 

(iii) f JPu = 0 in C 

! u(O, s, x) =- 0 for every  (s, x) such tha t  (0, s, x) ~ (3 

then u(t, s, x) = 0 in C. 
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5. - A n  aux i l iary  Cauchy problem.  

5.1. DE:~I~ITIO:~. - Let  (t~, s~, xx) ~ C, and ~ = 4o~(to - t~)(so-- s l ) - -  [Ix1-- xol]~> O. 
Define 

$~ = {(t, ~, x); ~ ( t o -  t ) ( s o -  ~) - l l x -  xol l~>~l  and t < to}. 

In  this section we prove the existence of ~ solution of the equation: ~Pw = 0 in ff~, 
when the Cauchy data  are assigned on the hyperboloid ~$~. To this end we define 
coordinates (p, q, x) by  means of 

(5.1) 

p = t + s  

q ~ - - t - - s  

x j =  xj (i = 1 , . . . ,  n) . 

Let  (P0, qo, Xo) be the coordinates, in the frame (5.1), of the point (to, so, xo). We 
introduce also coordinates @, ~, ~) by  means of 

(5.2) 

where 

- - - - p o - - p - - O  

~t = q ,  qo 

~j = x ~ -  xos (j = l ,  ..., n) 

I t  is straightforward to check tha t  (t, s, x) ~ @, ~, ~) is a C ~ one-to-one transforma- 
tion of R • 2 1 5  onto itself. )[oreover if 7~ corresponds to ffl by  means of above 
change of coordinates, then ~ ~ {73>0}. 

b ~ 5.2. L]~v~A. - Let  ~ >  8. There exist a~, ~, c '6  C~(( - co, T ] • 2 1 5  such 
tha t  they  extend the coefficients ajk, b~, c~  C~([0, T ] • 2 1 5  ~) of the operator P 
(1.1) and 

! 

0 > A ' ( t ,  s, x) = [aj~(t, s, x)]>- -  ~ I ~  

for every (t, s, x) ~ (--  ~ ,  T] x R x R %  

5.3. L ~ A .  Let  ~ l > ~ . L e t R  ~ L +  i b j k  ~ i - = ~jk + cj ~- + r be an operator 
jk=l j=l 

with coefficients b~k, ej, r belonging to C~(,~I), and let B = [bjk] be selfadjoint definite 
such tha t  0 > B>~-- ~1I~ in $1. Denote by /~ the operator tha t  corresponds to /~ 
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in the (/3~ q,- x;-' coordinates (5.2). Then 

(5.3) ~ = ~(p, q, 2) ~ § ~ l (p ,  ~, ~; ~ ,  ~ - ,  . . . ,  ~;~) ~; + ~ ( p ,  ~, ~; ~ ,  ~ , ,  . . . ,  ~;o) 

where: /~  (] = 1, 2) is a linear differential operator of order ], with coefficients 
belonging to C~( (R+u  { 0 } ) x R •  ~fi is a smooth function such tha t  v ~ > 0  if 
]]xl] < [~d61--b)-~]~;  /~ is strictly hyperbolic in the direction dis , on the domain 

(R+ ~ {o } )xR •  [a~1(a,- a)-q9 �9 

Pl~ooF. - Let  f~ and r: be the principal symbols of the operators /~ and R respect- 
ively~ then they  are connected by 

~(t, s, x) \U] 

Therefore, it  follows 

= zzCP(~, ~t, 2) + x[2~tO-IZ --  &~O-~(<Br 2} -~ <B2, r + <B~, r -- Z ~ 

where 

6 ~ o ~ - ~ . ~ +  (B~,~> & ~ +  (6 -~) ] I~H ~ 
(5.4) ~(:~, ~, ~) = ~ o~ > ~ o3 

Hence ~ > 0, for ilx]i ~ < ~1 (~1-  6) -1. 
Since g ~ -  <BG ~> > 0 we can see tha t  /~ is strictly hyperbolic in the direction 

d~ on the domain {~ > 0}. Q.E.D. 

5.4=. DEFII~ITION. - -  Let s~ < so. Define 

5.5. ~Y~A~K. - Le t  

t~ = to 
46(So - -  s~) 

% ( 0  = r(t) = [4~ ( t~ - - t ) (So - -S~) -  . d  ~ 

~ + II~-- ~oll ~ 8~(t, x) = 8(t, x) = ~o - -  
4d(to - -  t) 
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Then (t, s, x) e ~9~ if only if 

t e [0, t~,] 

~ B @ o ;  ~(t)) 

s ~ [s~, s(t, x)]; 

therefore 8~9~ -~ A,, U B~, U C~, with 

~ =  }(t, ~ ,  x); t e [o, t 8 ,  �9 e B @ o ;  r(t))} 

B~ = {(0, s, ~); x e B @ 0 ;  ,(0)), ~ e [s~, s(0, x)]} 

e~  = {(t, ~(t, x), ~); t ~ [o, t~j, x e B~(xo; r(t))}.  

Finally we can prove the following 

5.6. TEEORE~. -- Let  _P be the operator (1.1) and 9 e  Co(85~). For  every 
s~ < so there exists w ~ C~(tg~) such tha t  

(5.5) 

*/~w = 0 in tg~ 

w ~ 0 in C~ 

~ w  ~ 9 in  C~, 

where n is the unit normal vector , directed outside tg~: 

P ~ o o F .  - Le t  s 2 <  so: S ince  r2(t)<[4(~to(So - s2) - -  a ]i and s2(t, x ) < S o ,  D~, is 
bounded. Let  ~,~ be the domain which corresponds to ~9,. in the (~, ~, ~) coordinates; 
then t~,  is bounded,  hence there exists (~1, 81 > ~] such that  

B = B~+.(0; �89 (~)-~]t) ~ ~ .  

F rom Lemma 5.2 it follows that  there exists an extension P ' ,  of P ,  to (-- 0% T] • 
x R x R  ~ $1, such that  O > A ' > - - ( ~ 1 I ~  By  Lemma 5.3 the operator qh, is of 
the form (5.3), strictly hyperbolic in the direction d~, on 2B. Keeping into account 
Lemma VI.4.12 in [2] there exists an operator L with coefficients belonging to 
C ~_ ((R + w { 0 } ) x R •  constant out of 2B, of the same form as ~P' and such that  
L : ~P' in B, strictly hyperbolic in the direction d~, on (R+t3 { 6 } ) X R X R ' .  

Let ~ - - -  9]IV~[1-1, U >  1 [ ~ 1 ( ( ~ _  ~)-~]~. There exists ~ e  C| U ] x R x R  ~) 
such that  

i w =  0 in [0, U ] x R x R  ~ 

@(0, ~,2) ---- 0 in R x R  ~* 

8;~(o,6~)=~(6~) inRxR~. 
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P u t  w(t, s , x ) =  ~ ( ~ , ~ , 2 ) .  Since 75~= {p~>0} and Q c ~ ,  thus 

and,  in C~, 

Vw - -  *~(~3, ~, ~) ~ = ( ~ )  V73 holds ; 
~(t, s, x) 

= _ v p I l V p l l - ,  

therefore 3,w = - -  Vw'V~3iJV73i] - ~ =  --  ~]lV/3i] = F. To finish i t  is enough to r e m a r k  

t h a t  L = q3, _~ q3 in ~ c B c [O, V] • R x R' .  Q.E.D.  

6. - A S t o k e s . e n e r g y  inequal i ty .  

To prove  Theorem 4.1 we need an es t imate  of a solution of (5.5). 

6.1. D n ~ o ~ .  - Le t  P be  the  opera tor  (1.1) and  ~, f l e  R such t h a t  0 > ~ > 8. 

I f  w is a solution of t_Pw = O in an open subset  of [0, T] • 2 1 5  ~, define 

v(t, s, ~) = exp [-- ztt -- fls]w(t, s, x) , (6.1) 

and 

6.2. L r ~ .  - There exists a constant  K > 0 (depending only on P,  a, fl) such 
tha t ,  for every  C | solution w of ~Pw = 0 in a neighbourhood of (t, s, x) in [O, T] • 

x R x_R~'~ 

(6.2) 3tJ~(t, s, x) § 8.F(t, s, x) + V~. G(t, s, x)>~-- KE(t ,  s, x ) .  

P~ooF. - Le t  Q be the operator  (1.3). Then by  (6.1) tQv = exp [ -  a t -  fis] ~Pw = O, 
thus 0 = 2 Re [(~t -~ ~)~ ' tQv] .  Since 

where l~--  ~ ~k(a~ § a~j)--  bj, (] : 1, ...~ n); and r = ~ ~ a ~ - -  Z 0~bj§  e, b y  a 

s t ra ight forward  calculation we have  

§ 2~[3~v] 2 § V~2 Re  [ ~ . A V ,  v] - -  ~,<AV~v, V~v> § <(~tA)V~v, V~v> --  

--  2 l~c [~-(~V~A)V~v]  § V~2 Re [ ~ . A V ~ v ]  - -  ~<AV~v, V~v> § <(~A)V~v, V~v> --  

- -  2 Re [ ~ .  (~V~A)V~v] § 2 Re  [(~,, § ~)~" (l.V~v § rv)] § ~fl~[v] 2 § ~fl~Iv[ 2 , 

where ~ = (li, ...~ ~,). 
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I t  follows: 

+ 2 l~e ( ( ~ +  ~)~-[(~V~A- 1).V~v - re]} - <[(~+ ~)A]V~v, V~v>. 

Since O > ~ >/3,  there exists e > O such tha t  e -~ § :r §  < O, therefore 

v($,  yv, ~)>-(e-~  + ~ + ~)1(~ + ~)vl ~ -  (~- /3) i~.v] ' -  

- el(~V~A- 8)V~v- rv[~- ]1(~§ ~)AH [IV~v]I~> - KE 

for a suitable K >>, because A and 1 are constant for [] (s, x)i[ >>. 
Now we can prove the required inequality: 

Q.E.D. 

6.3. Tm~ot~v,~. - Let  99 e Co(Sift). There exists a constant M > O (depending 
only on P, ~,/3 and 99) such tha t  for every s~ < so, for every solution w e  C~(Y2~.) 
of (5.5): 

f f z"(t, s, x) dtdx< M . 
.As ~ 

�9 t '. P ~ o o F . -  Let  s ~ < s o  Put  ~ ( t ) = { ( t ' , S , x ) e g ~ ; t ' > ~ t } ,  tz [O,  ~].~ I t  follows 
tha t  ~12~.(t) = A~.(t) W B~(t)  W Q~(t) with 

A,:(t)  = {(t', s~, x); t ' e  [t, t,~], x ~ B , ( xo ;  r(t '))}, 

B.,(t)  = {(t, s, x); x e B . ( xo ;  r(t)), s e [s~, s(t, x)]}, 

C,~(t) = (( t ' ,  s(t ' ,  x)x); t' e [t, t,.], x e B , ( x . ,  r(t '))}. 

Applying Stokes theorem to (6.2): 

.B%(t) As,(t) 08,(0 

But;  for (1.2.ii), E < $ ,  thus 

(6.3) f f E ds dx <<. f f ( ~ , ~ , G ) . ~, as -- f f ~' dt' a~ § K f f fEat'  as a~ . 

:~ow we are going to calculate (~, /~,  G).n in C~. From w ~-- O, ~nw = 99 in C~, 
it  follows Vw = 99n; therefor% in C~:, v = 0 and Vv exp [-- ~ t - -  ~3sin. Hence 

iS, F,  G) = Iexp [ -  ~t-/3s]99[~(In~l 2 -  <An~, n~>, In~]~- <An~, n~>, (n~+ n~)2Ano) 
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in Q ,  where n = (n~, n~, n~). Since n = - -  V/~t]V~[I -~, hence 

By  compar ison with  (5.4) we see t ha t  (/~, ~ ,  G) .~  = h ~ C~(~ff~)~ with h > 0 ,  supp h = 

= supp ~. Therefore there  exists a constant  K~ = K~(P, a, fl~ ?) > 0 such t ha t  

(6.~) 
Cs~ supp h 

: t% 
P u t  y(t) =J fE,(t, s, x) ds gx and g(t) : ; ( ~ ( t ,  s~, x) dx, for t e [0, t~ ]. Then ~y(t') dr'= 

~ , (  t) t ,  s ,,( xo ; "t( O ) t 

= IffBat',  ao  and f Therefore, from (6.a) and it fol- 

lows y ( t ) < K ~ - - j g ( t ' ) d t ' + K j y ( t ' ) d t ' .  Arguing as in V I A . 4 [ 2 ]  we get y ( t )<  
t ts a t 

< exp [K(t~. -- t)] K~ - - f e x p  [K(t' -- t)]g(t') dt'. Since E,  ~ > 0, hence y, g > 0; therefore  
t 

t% 

f f ~ dt dx =jg(r162 fexp[Kr162162 § y(O)<exp[Kt~]K~<exp[Kto]K~.  Q.E.D.  
A% 0 O 

7. - P r o o f  o f  T h e o r e m  4.1 .  

I n  this section we show 

Tm~o~E~. - Le t  u be such t h a t  (4.2) holds. Then u ~ 0 in C. 

P~ooF. - Le t  (t~, sl, x~) e C, (t 1 > 0) and ~ e C~(~ff,) w i t h  ~ > 0 ,  ~ = 1 near  the  

poin t  (fi, s~, x~). Le t  ss < so and  w e C~(Q~) be a solution of (5.5). B y  a s traight-  
forward  calculat ion we get 0 = w P u -  u tPw = V .H,  where 

! t  = (w~u,  - u ~ w ,  wAV~,u -- uw ~V~A -- u(tV~w)A § uwb) 

with b = (bl, ..., bn). Therefore,  b y  Stockes theorem we get 

(7.1) 0 .... f f f ( w P u - -  u tPw)d tdsdx  =ffue  vdtdx--ffweo edsdx § 
~)% A% I3% C% 

Let  us calculate H .  n in Q .  F r o m  w = 0 in Cs~, it  follows Vw = v n  in C~; thus it  
becomes H . n =  ( 0 , - - u ~ n t , - - u ~ * n , A ) . n  - - -  uq~(n,ns§ <A%,n~>), and (by com- 
par ison with (5.4)) H . n  ~ -- u?~f for a suitable funct ion ~ > 0. B u t  ~ u  ---- 0 in B~,, 
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then, from (7.1), we obtain 

C% As 2 

By hypothesis (4.2.ii) there exist constants f l~<0  and C ~ > 0  such 
lexp [fi~ sJu(t, s, x)] <~ CI, (t, s, x) ~ C. Let  us choose fi ~ (fiz, 0), then 

(7.3) f f  lu~twldtdx<C~ exp [(fi-- fi~)s2](misA~)�89 f lexp [--fis]8twl2) ~ �9 
As 2 A~ 2 

tha t  

Let  us take ~6(f l ,  O); from (6.1) it follows tha texp[ - -~ t - - f l s ]~ tw= ~tv+:tv; 
hence, for every t > 0 ,  Iexp[-fls]~twI~<2(~2]vI2+ IS~vI2)<2_F(t, s, x). Applying 
Theorem 6.3 we get 

(7.4) (f f  [exp[--fis]8~w]2dtd~)~ <2~M~. 
As~ 

Final ly there exists a constant  C2 > 0 such tha t  misA~..<.<C~[s~I ~/~ for every 32<<. 
Hence from (7.2), (7.3) and (7.4) it  follows 

f f u ~ a s  < e x p  [ ( f l  - fll)s~][s21 ./2 ~_~_s C1C]M ~- O. 
Gs 2 

We conclude tha t  u----0 in supp 9 and, in particular, u(tl, sl, x~)-~ O. Q.E.D. 

8 .  - C o n c l u s i o n .  

By Theorem 4.1 we can improve Theorem 3.2. Namely we show 

8.1. Tm~OI~EM. - Let  9----9(s) e C~(R) satisfying the following conditions: 

(i) there exists /5 < 0 such tha t  9(s) ---- exp [fls] for s << 0; 

(ii) 9(s)----0 for s >>0. 

If ]eC~([O, T J x R x R  ~) and g e C ~ ( R x R  ~) are such tha t  9(s)/(t ,s,x) (for 
every t c [0, T]), and 9(s)g(s, x) belong to H+~ x R~), then there exists a unique 
solution q, of 

{ /~u=] in [0, T ] x R x R  ~ 

(0.3) u(O,s,x) =g(s ,x)  (s,x) e R x R  ~ 

such tha t  u ~ C=([0, T] x R x R  ") and 9(s)u(t, s, x) is bounded in [0, T] x R x R  ~. 
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Actual ly  it is of importa.nce the  behuviour  of ] ~nd g in the s < 0 half-spuce only. 

P~oos .  - Le~ ( ~ . =  {(s, x) e R •  (s - -  n) ~ -  I[xll~>l ~nd s < n - -  1}, h e N .  
Since the distance be tween ~O~ und ~ + ~  is greuter  th~n a posi t ive constant ,  

we c~n find Z~s C ~ ( R •  ~) such thut  Z~*---- 1 in On, Z~ =: 0 in (R•162 ~nd 

~ g -  is bounded  for every  ~ e N ~+~. 

Define 

/~(t, s, x) = Z~(s, x)](t,  s, x) ~nd g.(s, x) = Z~(s, x)g(s, x ) .  

Then ] ~ C~([0, Tj  ~ H~ ~ (R • R ") und g~ e H~ ~ (R • R ' ) ,  t h e r e f o r e - - b y  Theorem 3 . 2 - -  

there exists ~ unique u~e  C~([0, Y]; H ~ ( R •  such thut  

{ P u , = ] ,  in [ O , T ] • 2 1 5  ~ 

u,(0) = g, in R •  n. 

Let  C~ ~ be the cone defined b y  the  point  (T, So, 0) th rough  (4.1). I f  K is u eompuct  

subset  of [0, T] • R • R" surely there  exist  So ~ R ~nd no ~ N such thut  K c C~o c (2~, 
for  every n > n o .  Since (u~--  u~)(0) = 0 in t~/~\~ ~nd Pu~--  Pu~ ~ 0 in [0, T] • t ~ m ,  

b y  Theorem 4.1, we h~ve u . - -  u~ = 0 in r  
Therefore the  sequence u~ converges in C~([0, T ] • 2 1 5  ~) to ~ C ~ funct ion u 

which sutisfy (0.3). Moreover  f rom u~, e C([0, 2']; H ~ ~ 2 1 5  and u~---- u in C~, 

(for n>>) ,  i t  follows t h a t  9~(s)u(t, s, x) is bounded  in C~.. 

Uniqueness follows f rom Theorem 4.1. Q.E.D. 
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