
Wiener Est imates  for a Class of  Systems 
of  Parabolic Variational Inequalities (*) (**). 

M. BIROLI - T. KARLSS0N 

Summary. - Wiener estimates at a point /or parabolic diagonal systems o/parabolic variational 
inequalities with obstacle are proved by a Green ]unctio~ method. 

O. - Introduction. 

In  the  present  papier we s tudy the pointwise regular i ty  of local bounded weak 
solutions of non linear diagonal sys tems of parabolic variat ional  inequalities which 
are relat ive to the convex set 

K = (u ~ (L~(0, T;  H~(R)) N, u E K for q.e. (x, t) e E} 

where K c R ~ is a closed convex set and E c E c Q = Y2 • (0, T) is a Borel  set. 
The cont inui ty  of u a t  an arbi t rar ly  given point  Zo = (xo, to)~ E is obtained by  

estimating the quant i ty  

Q(~o,r) 

(where G ~~ is the  Green funct ion of the linear par t  of the parabolic operator  with 
singularity at z0) and this also gives an estimate of the modulus of cont inui ty  of u 
a t  zo in terms of the so called (~ Wiener integrM ~>. 

We recall t ha t  the analogous elliptic problem was solved in [8]. 

In  the parabolic case the cont inui ty  of weak solutions of scalar obstacle problems 
has been studied by  M. BI~OLI and U. Mosco in [3]. Here  we use a refinement of 
the methods in [2, 3] ~nd a suitable Poincar6's inequal i ty  to solve our problem. 

(*) Ent ra in  in Redazione il 6 marzo 1986. 
(**) This paper was written while the first Author was visiting the Department of 

Mathematics of LinkSping University. 
Indirizzo degli AA. : M. BI~OLI: Dipartimento di Matematica del Politeenico di Milano, 

I taly;  T. KARLSSOX: Department of Mathematics, LinkSping University, Sweden. 
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Final ly  we observe tha t  the capaci ty used in the present  paper, which is the  same 
as the one used in [3], is weaker than  the capaci ty used by  W. P. Z~E.~ER [11], and 
M. BIROLi, U. Mosco [2], s tudying a qual i ta t ive Wiener criterion and Wiener esti- 
mates  a t  the  boundary  for weak solutions of parabolic equations. 

The present  capaci ty  is also weaker than the  one used b y  t~. GAI~IEPY and W. P. 
ZIEMEI~ [7], tO give a quali tat ive Wiener criterion for weak solutions of parabolic 
equations, bu t  seems to be the adapted  notion for problems of variat ional  inequalities. 

1. - Nota t ions  and pre l iminar ies .  

By ~ we denote  a bounded  open set in R '~, n > 3 ,  and b y  B(x, r), x e R% we denote  
the  open ball 

B(x, r) = {y e R"; Ix -- Yl < r} 

For  a given /~ > 0 we pu t  

q = Q • ( 0 , / ' )  

For  every z = (x, t) e R "+~ and r > 0 we define 

Q(z, r) = B(x,  r ) x ( t - -  r~, t + r") 

Q-(z, r) = B(x,  r ) x ( t -  r", t) 

Qo (z, r) = B(x ,  r) • (t --  r5 t -- @r ~) 

where 0 e (0, 1). 

Le t  C be a compact  subset of @. We define the capaci ty  of C relative to Q, b y  

setting. 

{f' } capa ( C ) =  inf D~12dxdt;  9e C g ( Q ) , ~ > I  on a neighbonrhood of C . 
Q 

We have so defined a Choquet  capaci ty [4], and we observe tha t  every  Borel  set is 

capacitable [4.5]. 
We recall t h a t  if B c B c Q is a Borel  set then  

T 

f eapo (B) = N -  capo (B t) dt 
0 

where Bt denotes the section of B at  the instant  t and the N-cap~ is the Newtonian 
elliptic capaci ty relat ive to /2, [3]. By  HI:~(~), l < p  < + c~, we denote as usual 
the  Sobolev space of all functions w e s with distr ibutional derivatives D~,w e 
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L~(/2), normed by  

Iiwll..= (~1 l l .+  
i = 1  

and by  H~o'~(~2) the closure of C~(/2) in H~,v(D). 
We define also H ~ ( D ) =  H~:(9) ,  H~o(/J)= H~'~(~2). 
By  L~(0, T;  HI(tg))(L~(0, T; H~(tg))) we denote the space of all functions w(x, t) 

such that  w(- ,  t) e H~(t~)(Ho~(~9)) a.e. in (0, T) and t -+ w(.,  t) is square-integrable 
in (0, T) with values in H~(tg)(Hio(tg)). 

B y  Lr176 T;  L~(Y2)) we denote the  space of all functions w(x, t) on Q such tha t  
w(.,  t) e L~(~9) for a.e. t e (0, T) and ]]w(., t)l[~(~ ) is (essentially) bounded on (0, T). 

Finally, given a space X, we denote X ~ = X x. . .  • X N:times.  For  some given 
functions etir ~ L~(Q), i, ~ = 1, ..., n, satisfying the conditions 

(1.1) la.(x, t) l<A 

0.21 ~ a , (x ,  t)~,~>~[~]~ 
i , j = l  

for a.e. (x, t) ~ Q 

where A >  2 > 0, we consider the (formal) operator 

P = D , - -  ~ D~,(aij(x,t)D~,). 
i , j  = 1 

Given z = (x, t) we denote by  G~= G(z, w) the Green function for the  operator P 
in a large cylinder Qo = Do • ( -  To, To) with homogeneous C~uchy-Dirichlet bound- 
ary conditions [1]. In  [1] the following estimate on G*(w), w : (y, s), has been proved 

~ i t _  ~l.:~exp - r~-~:OT } <eo(w)<~ [t_~l.: e~p I t -  ~l ! 

for arbi t rary y e / 2  and s < t, G"(w) = 0 for s > t and y~, Y'l, Y~, Y~ are suitable positive 
constants which depend only on n, 2, A. 

By  GO, ~ > 0, we denote the  regularized Green function which is the (unique) 
~olution in Z~(-- To, To; H~(D)) of the  problem 

Oo Qo 0(~,o.) 

for every 9 E  Co(Qo), with the << initial ~> condition GO(x , T o ) :  0 for a.e. x e $2o, 
where ~ v dx dt denotes the average of v on Q. B y  Nash-Moser theorem G 0 is HOlder 

Q 

continuous in Qo and as ~ - > 0  + we have G~(w)-+G"(w)for every w # z a n d  uni- 
forn~y on every compact set of Qo- (~); moreover 6; + 6~ weakay in ~I(Q,_  (~0}) 
a n d i n Z l (  - To, To; W~'I(Qo)). 
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2 .  - R e s u l t s .  

We state now the  problem we are in teres ted in. 
Le t  H(x,  t, u , p ) :  Q•215 N be ~ funct ion such tha t  H is measurable 

in (x, t) and continuous in (u, T) for a.e. (x, t) E Q. We suppose t h a t  the  funct ion H 
satisfies the following condition 

(2.1) ill(x, t, u, p ) ] <  a(M)I p t ~ + b(M) 

for (x, t) e Q, lu[ < M and p e R N~. 
We fix now u Borel  se~ E c J~ c Q and a closed convex K c R ~ and we define 

We look a~ ~ funct ion u in 3~ satisfying 

T 

0 (2 i , j = l  

+ �89 H(. , . ,  u, u)}d dt>O 
Vv n 

V~ e L2(0, T;  H~(9))  ~ H ' (0 ,  T;  L~(9)) (3 L~(Q),  ~ > 0 ,  

~ ( ' ,  o)  = 0 .  

We say tha t  u is a bounded local weak solution of our variat ional  inequali ty.  
Le~ 0 e (o, ~) be given and r > 0; we denote  E~ = E(r) = F, c3 Qo (Zo, r) and 

~o(r) = c~po(~0,2~)(E (~ Q/(Zo, r)) (capQ(,0,2,)0(%, r)) -~. 

TI-IEOl~E~ 1. - Let u be a bounded local weak solution o~ (2.2) satis]ying 

(2.3) 2 a (M)M < 2 

where M == Sup lui. 
Let zo ~ E be ]ixed; there exists a constant 00 (dependent  

b = b(M)) such that for 0~(0 ,0o)  we have 

on 2, A, M, a = a(M), 
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where 

Q(~,,~) 

and C is an absolute constant, fi, C~, C2 are constants dependent on 4, A,  M,  a, b, O. 

From Th. 1 corollaries 1.2 follow easily: 

COROLI,ARY 1. - Let the conditions in Theoem 1 hold and suppose 

1 

f do(q) de - -  -+ @ c~ as r -* O 

f 

]or a ]ixed 0 e (0, 0o). 

Then u is continuous at zo 

COROL]~A~Y 2. - .Let the conditions in Theorem 1 hold and suppose 

1 

l iminf ~o(~ = Co > 0 
~'---+ 0 

]or a ]ixed 0 ~ (0, 0o). 
Then u is HStder continuous at zo. 

In  Sec. 3 we prove a Caccioppoli-De Giorgi inequali ty for bounded local weak 
solutions satisfying (2.3); this inequali ty is a prel iminary to the proof of Th. 1. 

In  Sec. r we prove a Poincar4 inequali ty for bounded local weak solutions relat ive 
to the capacity in t roduced in See. 0 and involving only the spatial derivatives. 

In  See. 5, using the  Poincar~ inequali ty and the integrat ion lemma of [6], we 
finish the  proof of Th. 1. 

In  See. 6 we give the easy proofs of Corollaries 1, 2. 
We remark  t ha t  the  method  used to prove Th. 1 is a ref inement of the  method  

used in [3] to  s tudy the cont inui ty  of local solutions of parabolic obstacle problems 
and tha t  the  elliptic case of our problem has been studied in [8]. 

3. - Estimates of  Caccioppoli-De Giorgi type. 

In  this section we consider arbi t rary  bounded local solutions of our problem 
satisfying (2.2). 

We prove  the  following 

L E n A  1. - Let be a constant vector in K with Id t<M.  Then Jor 5eQ(zo,  R/4)~ 
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R < Ro, q.e. the ]ollowing estimate holds 

7 

f f iDoul  d dt + tu-- 
T-aoR ~ ~(~,~/8) -/ 

T-5on ~ B(~,~/~)- ~(~,nl~) t-~o~ ~ 

T-50R ~ ~(5,~/4) 

where ~ > o is suitable, 9 ~ (0, 1/16) and the constant C depends only on (n, 2, A ,  a, b, M) .  

Let  ~ = ~l(x) and ~ = ~(t) be  such t h a t  

n-----1 xeB(~,R/8) 

= 1 t ~ t - -  30R ~ 

= 0 t < i - -  50R ~ 

e r  i B , ~ l < r  -~ . 

q 

B y  choosing v = d and  O = ~2~G~ with  ~o< OR s in the  var ia t ional  inequali ty,  

we have  

(3.1) f f l u - - d [  2 ~ 2 d x d t <  

t --50R ~ B(~,R/4) ~--50/~ ~ B(~Rr4)  

t-50.l~ ~ B(~,.~/4) t-502~ ~ B(~.,B/4) 

where by  C we denote constants  which depend only on n, 2, A ,  a~ b, M (actual ly  
in (3.1) C does not  depend on b). 
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Passing to the  l imi t  ~s ~ -~ 0 and  tak ing  into account  the  es t imates  on G~ see [1]~ 

we have  for q.e. 

f f f + 
o(~, n) ~/- 50~* 2(,2, ~ l a ) - ~ ( ~ ,  R/s) 

t--- 80/~ ~ t 

T- 5o~ ~ 2(5 ,  l~f~) u'-n 2~(~,~1~) 

Let  us consider the  last  t e rm  on the  r ight  hand  side of (3.2); we obtain  easi ly 

(3.3) f f [u-- dpIT~lD~711D~G;[dxdt< 
u-t~ ~ ~(5,~/~) T 

<aR -'i~ f f 17~v[u - d](ID~GTp(GT) -~ dxdt + 
t'--/t ~ ~(x,/~/4)-~(x, ~/8) 

T25o/I ~ B(~,/~/~)-;ll(~,~/~i8) tT-5o~ ~ ~(~,ig/4)-B(~,~s) 

where a > 0 is to be  choosen. 

The first t e r m  can be es t imated  b y  the  l e m m a  2 below and we obtain  

T 

(3.4) f f n~ l~-  ePID~O~I(~) -~ exat< 
T- /~  2 B(~.,/~/4)--~(~.,/~/s) 

T T 

T-50~ ~ ~(~,~l~)-sJ(~,n]~) T-~t~ 

Jr- R -~1~+~) f 

f I.D~ui~v~V ~ ~at+ 

f l u -  apaxat + R-~+~] 
T -  5o-~ 2 ~(x,.R/8)-.B(x,/~I16) 

f rom (3.2) (3.3) ~nd (3.4) choosing a ~ 0 suitable we have  

T 

f (3.5) f ID~ul~ ~GTdxdt -~lu-- dl~(5)~< 

-~--50n ~ .,9(~,~/8)--.B(~,n/1B) 
T -  8 OR ~ 

-~- G-I-~n/~(GT)'"~ - G "  -n) ~Xdt  + .~-~0 -1 f f l " - -  d[ ~ G ~ x ~ '  + _~2] 

T-5o~ ~ ~(~,~/4) 

which is the  result  of l e m m a  1. 
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Let  now co be such t h a t  

co = c5~] 

where c5 ~ Co ((B(Z , R)) 

~5 = o in B(V., R/16) and for x r B(~, (5/16)R) 

= ~ in  ~(~, n/~) - B ( ~ ,  ~ / S )  

0<e5~<1.  

We now complete  ~he proof of the  l e m m a  1 b y  proving:  

L E ~  2. - Let u be a bounded weak solution of our problem satisfying (2.2). Then 
the following estimate holds 

Y 7 

~--~ ~(~,i~) -~-~ 
u 

2~(~, 5~/16)- ~(~, ~/16) 
u 

B(x, R) T-- .~ (B x, (5/16)R)--J~(~, 2~/16) 

F r o m  the definition of the  regularize4 Green funct ion we have  

t-- X 

f i , j = l  J ' 
t--R 2 

(~G~--G~+~, ~ > 0 ) .  

Then  since u is a local solution of our var ia t ional  inequal i ty  we obtain,  a f te r  some 

computa t ions .  

u  

~  1 _  
t - - R  ~ B(z,R) 

~-'-g 

~ COT e § f 2aijDx ~Dxjco [u--dl2(G~) - ] d x d t -  

t-l~ ~ s 
Y-z 

--~,j=~_j~ f f 2ai'(~G~q)~"D~,coD~ ( u - d ) c o ( u - d ) ~ 2 d x d t +  
t - / P  B(~,~) 

Y-x 

t - I ~  ~ B(x, l~)  
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F r o m  (3.6) by  ~he same methods  as in Appendix  of [2] and tak ing  into account  
~hc est imates  on G-; given in [1] we obtain  the  result. 

F r o m  the result  o~ lclmn~ 1 t~king the  supremum for 5 e Q (%, OiR) and using 

again ~he es t imates  on G ~ we have  b y  a sui tab!e choice of a: 

LEM~IA 3. -- Let the conditions of lemma 1 hold, there exists a constants Oo > 0 such 
that for 0 ~ (0, 0o) we have 

to 

~ ~ B(xo,O .l~) 
~< C cxp (--  CO -~) O-3~/~R -(~+~) f 

We  have  

lu - -  dl~dxdt + 

to-- 201~ ~ 

- ~  CO-(n/2+I)R-(n+2) f f lu--dl 2dxdt ~- C ( O ) ~  2 . 

to-~OR ~ ~(~o,(8/s)~) 

(3.7) Sup lu--dl~>~(osco(~,o0t~)u)~. 
Q(Zo,0�89 

We now choose d such t ha t  

(3.8) Sup l u - -  dl~<C(oscQ(~o,~)u)~. 
O(Zo,/0 

F r o m  (3.7) (3.8) ~nd the  l emma  3 we obtain.  

LE~wA 4. - Let the conditions o/ lemma 1 hold and let d be such that (3.8) holds. 
Then ]or Oo as in lemma 3 and 0 e (0, Oo) we have 

to 

f ( ID~ ul~ G ~o dx dt + (os%(~. ,o~) u) 2 < C exp ( -  CO -~) 0-3~.14 (osca(~0 ,~) u) ~ -t- 

to-01~ ~ B(xo,O 1~) to--201~ 

+ CO-(n/2+l)t~-!n+~) f f lu--dl~dxdt + C(O)R~. 
t~-6o~ ~ ~(~o,(8/s)~) 

4. - A Poincar6 inequality. 

Let  zo be  such t h a t  cup ( E ( R ) ) r  0 and ~ e R ~ be defined b y  the  minimizat ion 
problem 

to--O~ ~ 

to--60I$ 2 B(zo,l~/2) 

REHAlZI~. - Since cap (E(R) V= 0 there  is a constant  vector  c e K 

Icl < M such t h a t  lu - -  e I < co ----- os%(~o,~) u .  



206 M:. BIROLI - T. KAtCLSSO:N: Wiener estimates~ etc. 

Due to the definition of g. 

inf ] u - -  ~ l<o)  
Q(~o,a)  

and this implies 

Sup lu-~I<3~. 

We denote  in the  following by  E t ( ! ~  ) the  section of E(R) at  the instant  t. 
F rom the  var ia t ional  inequal i ty  we obtain 

(4.2) �89 ][(u(s)- ~(t)):l[~(~)+ Af /[P~ul~d.x&]< �89 ]l(u(t)- ~(t))~l[~:(~)- 
s t ~2 1 

t D  t Y2 

Here  ~(t) =fu(x, t)d#(x) where/~ is a unit  measure on Et(R ) such tha t  
.~t(tt) 

f c f lD~u?(x,t)ax. (4.2) [~(x, t) -~(tl?~x < _~_ cap (Ed~)) 
~(x0 , / t )  .B (~o,/~) 

The existence of such a measure # has been proved in [9] (see also [8]). 
The funct ion $ is such tha t  

eC:(B(xo, R)) 0 < ~ < 1  

----- 1 in B(xo, RI2). 

F r o m  (4.2) we have  for t e [to-- R 2, to-- 60R~]. 

(4.4) sup Ilu(s)- ~(~) 2 Nz~(,(~o,~/2)) < 
se( t, to-- 01~ ~) to-- Ott ~ 

t B(~o,/O 

Now we apply  the elliptic Poincar6 inequal i ty  (4.3) to the  first t e rm on the  right 
side of (4.4) and we obtain 

(~.5) Sup ][u(8) ~(t) 
st(to-- 60R 2, to-  OR 2) 

to-- OI~ ~ 
R ~ 

<C[~_cap(E~(R) ) f lD~ul~(cx, t)dx + f f ,D~u,2dx&] -j- R~+~]. 
.B(Xo~R) to-R' B(~o,~)  
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In (4.5) and in the following of the section we denote 

- cap (E~(~)) - ~ v -  ca~ , (~o ,~) (E~(~)) ,  cap (E(~) )  = cap~(~o,~)(E(~)) .  

We observe tha t  ~(t) e K, [~(t)[ ~< M~ then 

t o - -  O ~  ~" tO-- 0t~ ~ 

to--60R ~ B(xo,l:t/2) to--60/~ ~ B(Xo,R[2) 

From (4.5) and (4.6) we have 

(4.7) 

Q - O / P  

cap f t)dx + 
go--60R 2 B(Xo,.R[2) -B(Xo,/~) 

to - l~  ~ B(zo,l~) 

We integrate for t ~ (to- R ~, to-- 60R2); then  

(4.8) 

to-- 0.~ ~ 

< Lcap(E(R)!, J ID~"12exdv + 
- . ~ ( Z o , I ~ )  

We have so proved the following 

R ~+~ + COo~R"+~]. 

P~oPosITIO~ 1. - Let cap (E(R)) V= 0 and ~ de/ined as in (4.1). 
Then we have 

to-- O.R ~ to-- OE ~ 

to--601~ ~ B(Xo,t~/2) to- -~  ~ B(Xo,lt)  

5. - Proof  o f  T h e o r e m  1. 

From the lemma 4 and the Poincar0 inequality we obtain choosing d = ~ (this 
is possible by  the :Remark of Sec. 4) 

to 

(5.:i) f f [Dzu[2Gzodxdt + (os%(=oO~) u)2<~ 
t o ' O R  2 B(Xo, O~'~) C(exp (-- CO -~) 0-~/~) (osco(~~ u) ~ + 

to-- O~ ~ 

t o - /~  ~ ~ ( x o , ~ )  
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B y  ~he e s t i m a t e s  on the  Green  func t ion  [1], we o b t a i n  

(5..9) f f iD~ui2Gz~ + (~176 
to-01~ ~ B(zo,0�89 to-OI~ ~ 

< CK~(O)(es%(~~ u)~ + CK~(O) (~o(R) 

where  

f !D~u]~GLdxdt + C(O)R ~ 
t o - ~  2 B(xo,~)  

KI(O) = exp ( - -  CO-I)O -3~/~ 

KdO) = exp  ( - -  r 

L E n A  5. 
0 e (o, 01) i/ 

(5.3) 

There exists 0, > 0, depending only on n, 2, A, a, b, M, such that ]or 

V~(O~ R ) >  2C(O)R ~ , 

then we have 
~_ + K~(o) ~o(~) v~(R ) 

V~(O~B) < i 

where V(R) is defined as in See. 0 and K3(O) = CO exp  ( - -C0-1) .  

L e t  

r  = (os%(o~ 

T(r) -~f  [D~u] ~ G ~" dx dt. 
O(Zo,r) 

L e t  (5.3) hold.  F r o m  (5.2) we  do tMn 

(1 + C~K2(O) Oo(R))(q~(O~R) + [P(O~R)) < (1 + C2K~(O)K2(O) Oo(R)) r + T(R) . 

Then 

W e  obse rve  t h a t  

1 
1+ r r + CI~(O)~o(R) 

! + C1K~(O) ~o(~) 1 + 

1 + Cax i 
0 ~ < x < l  

1 +  c ~ - - 7  < ~ +  c/2~ 

T(n ) .  

for  0 < C < 1 a n d  0 < a < �89 t h e n  if we choose  01 such t h a t  0 < C1K2(01) < 1 a n d  

0 < (C~/C1)K1(01) < { we h a v e  t h e  resul t .  F r o m  l e m m a  5 we  h a v e  

1 
v~(O~R) < 1 + l;~(O)~o(n) v~(R) + 2C(O)R~ 
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then for 0 ~ (O, 0~), 02 > O 
define 

we have  

(5.~) W(r) < 

suitable, there  exists a constant  C3(0) such that ,  if we 

W(r) = P ( r )  + Cs(O)r ~ , 

1 
1 +  K3(O)Oo(R) W(R) ( r<O~R) .  

Fo rm (5.4) and the  integrat ion lemma given in [6, 10] (where the cont inui ty  of the  

solution of an elliptic variat ional  inequali ty with wiener obstacles is studied) we 
obtain 

2~ 

where 

K,(O) ~,(0) -- .~,(0) 
f l - -  ]lgOI ' ~ + ~ ( 0 )  

F r om (5.5) we obtain easily. 
/ t  

( then ~-->O as 0 - + 0 ) .  

/ r d,~ \ 
V(r)<Cexp(-/3J~o(e)=~)(v(t~) + c,R) + Csr 

where Ca and C5 depends on 0. 
The result of Th. 1 is so proved.  

6.  - C oro l l ar i e s  ! a n d  2. 

The result of corollary 1 follows from the estimate in Th. I for R = Re, Re suitable 
and fixed, and r - +  0. 

We now give a proof of corollary 2; for r < R, R suitable, we have 
1 

2_1c0 <[lg rl (0o(~) _de < ]k 
J 

then  

f ~o(e) dR 
Q 

< 2-~eo I l g r J -  Ilg R01. 

For  R = Re suitable and fixed, we obtain (from the  estimate of Th. 1) 

(6.1) V(r) < Cr e-~c~ RoZ(V(Ro) + C1Ro) + C2r . 

From (6.1) the tt61der cont inui ty  of u at Xo can be easily deduced. 
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