
On t h e  G e n u s  o f  a H y p e r p l a n e  S e c t i o n  

o f  a G e o m e t r i c a l l y  R u l e d  S u r f a c e  (*). 

ALDO BIANCOFIORE - ELVIRA IJAUEA ]~IV0t~NI 

S u m m a r y .  - In  this paper we estimate the minimal genq~s o] hyperplane sections o] a geome- 
trically ruled sur]ace. 

I n t r o d u c t i o n .  

L e t  D be  a divisor  on a geomet r i ca l ly  ru led  surface ~ :  X - .  C. I f  Co is a min-  

imal  sect ion a n d  ] is fiber on X we can wri te  D ~ aCo -~ b]. F o r  a fixed n u m b e r  a 

we h a v e  s tud ied  two  re la ted  p rob lems :  

I)  W h a t  is t he  minima:[ b (call i t  ba) such t h a t  D -~ aCo ~ b] is v e r y  ample?  

I I )  W h a t  is the  min ima l  genus  2. of a v e r y  ample  divisor  D ?  

P e r  g = g(C) -= 0 (see [Ha,  Corollary,  V.2.18]) we h a v e  b, : ae + 1 and  2, = 

: ( 1 / 2 ) a ( a - - 1 ) e ,  where  e : -  Co'Co is an  i nva r i an t  of X.  

I n  this  pape r  we ob ta in  some answers  for  g>~l. I n  pa r t i cu la r  if g ~ 1 our  answer  

(w 6) is sharp  i.e. 

b . ~ - [  a e - ~ 3  if e~>O and  a n y  a or  e - - - - - - 1  and  a < 3  

t 1 - -  (a/2) -~ s(a) if e = - -  1 a n d  a ~ 4  

where 

and 

e(a) = /  1 if a even 

t (1/2) if a odd  

(1/2)a(a-- 1)e-~ 3a--  2 

2a = (• -- 1)~(a) *-~ a 

if e>~O and  a n y  a or  e : - - I  and  a~<3 

if e : -  1 and  a~>4 .  

(*) Entra ta  in Redazione il 12 giugno 1985. 
Indirizzo degli AA. : Istituto di Matematica, Via Roma, 33 - 67100 L'Aquila. 
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For  g>2 we found (w 5) tha t  if e > 0  

ae -{- l d b~ <~ ae + 2g - / 1  

(a(a- 1)/2)e + ag< (a(a- 1)/2)e + (3a-  s)g 

and if e ~ 0 

(1/2)ae + e(ae)<b~<<. (1/2)ae + 2g + s(ae) 

ag + (e(ae)-- 1 ) ( a - -  1 ) < Z ~ < ( 3 a - -  2)g + (e(ae)-- 1) (a - -  1 ) .  

For  the  ease g = 2 we can improve the  above bounds (see w 7). In  par t icular  
for e > 0 ,  b~ = ae -~ 5 and ~ = (1/2)a(a -- 1)e + 6a -- 4. 

Our results are ve ry  useful in the s tudy of smooth, connected, projective,  ruled 
surfaces with the  genus of a hyperplane  section less t han  or equal to seven. See 

ILia], [Li~], [Bi-Li]. 
We  would like to express our gra t i tude  to Andrew J.  SOY~EESE for the  numerolls 

conservations t ha t  we had  at  the  Universi ty  of Notre  Dame,  f rom which this work 

benefited. 

O. - Background  mater ia l .  

The notat ion,  th roughout  this paper,  is essentially tha t  used in [Hs]. 

(0.1) Le t  X be an analyt ic  space. We let 0x denote  its s t ructure  sheaf and 
let  h~.~ dim Hi(X, Ox). If  X is a complex manifold, we let !Kx !.denote its 

canonical bundle.  

(0.2) Le t  X be a smooth connected project ive surface. Le t  D be an effective 
Cartier divisor on X. We denote  by  L(D), the  holomorphic line bundle associated 
to D. I f  L is a holomorphic line bundle on X, ILl denotes the linear system of 

Cartier divisors associated to L. Of course if ILl is non-empty  then  L(D) = L for 
D e ILl. Let  E be a second holomorphie line bundle on X,  then L . E  denotes the 
evaluat ion of the cup product ,  CI(L)ACI(E) on X,  where CI(L) and C~(E) are the 
Chern classes of L and E respectively.  If  D e ILl and C ~ [El, it  is convenient  to 
let  D . C = D . E = L . C = L . E .  We often let  g = g ( L ) =  ( 1 / 2 ) ( L . L + K x . L + 2 ) ,  
which is called the adjunction formula. I f  there  is a smooth D ~ ILl, then  

g ---- g(L) = hl,O(D). 

(0.3) Let  L be a line bundle  on a project ive var ie ty .  We say L is spanned if 
F ( L )  is generated by  its global sections. By  [Ha, lemma 7.8] this is eq u iw len t  to  
saying tha t  _F(L) is base-point-free. We say L is very ample if L is spanned and 
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the  m a p  ~: X - ~ P ~  as soc i a t e4 to  F(L) is an embedding.  We  say t h a t  L is ample 
if some power  of L is very  ample.  

(0.4) Let  D be an effective divisor on a smooth  connected,  project ive  surface X,  
D is k-connected if D . D  > 0 and  for every decomposi t ion D = D1 -~ D~ into effec- 

t ive  divisors D1. D~ ~> k. 

(0.5) (Ruled surfaces). Let  C be a smooth  curve of genus g ~n4 ~ : X - - >  C a 

(geomeSrically) ruled surface. A section of X is a map  a:  C -> X such t h a t  ~oa  = ido. 

The image of a is a divisor Co which we will also call a section. Let  Co _c X be a 

section, and  let  ] be  a fiber, t hen  Pic X ~ Z@ ~* Pic C, where Z is genera ted b y  Co. 

Also ~ u m X , - " Z @ Z  is genera ted  b y  CO, ] with Co']= 1 and ] . ] =  O. For  any  

ruled surface there  exist  a r ank  2 vector  bundle  on C, p : E -~ C such t h a t  P(E) ~_ X 
and viceversa.  We  have  P(E) ~ P(E') if and only if there is a line bundle  L such 

that E ' =  E Q L .  ~ o r e o v e r  it  is a lways possible to write X = P(E) with H~ E):/: 0 
and H~ E @ L ) =  0, for every line bundle  with deg L ~ 0. Such an E is s~id 

to be  normulize4. I t  is not  necessarily unique bu t  deg E is uniquely  de termined 

and  is an invar ian t  of X.  Let  e be She divisor on C corresponding to A2E. Set 

e = -  4 e g e  = - - d e g A ~ E .  We fix ~ section Co of X with s  0~(~)(1). We  

have  Co ~ = d e g e = - e  and  C o ' I = ] .  I f  ti is any  divisor on C, then  we denote 

the divisor ~* ~ b y  hi. Thus any  elemen$ of Pic X can be wr i t ten  ace + b] with 
a e Z ~nd b e Pic C. Any  element  of ~ u m  X can be wri t ten  ace + b] with a, b ~ Z. 

I f  D~ = a~Co-Jr b~], h = 1, 2 we get  

(0.6) 

Moreover  since 

DI" D2 = al b2 -~ as bl - -  al as e 

D~ = 2 a l b l - -  a~e.  

(0.7) K x ~ - -  2 C o +  (2g--  2 - -  e)] 

we get  

K~ = 8 ( 1 - -  g ) .  

If D=--aCo~ b] and  set t ing h~(D)= dim Hi(X,L(D)) ,  i>~O then  b y  the  Rie- 
m a n n - R o c h  Theorem we have  

(o.8) h~ -- hi(D) = (a q- 1)(b -- (ae/2) -- g + 1) .  

Le t  D -- ace -Jr b] be a divisor on X. Then D is ample  if and only if 

(0.9) 
a e  if e ~ O  

a ~ 0 and  b ~ (1/2)ae if e ~ 0 .  
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1. - Vanishing theorems. 

Let  ~: X -+ C be a ruled surface. Le t  X ~ P(E), where E is a normal ized r ank  2 

vec tor  bundle.  Set L(e) = A~E. I f  deg e = - -  e then  we write (numerically) L(e) = 

--= L ( - -  e). We have 

E = E*(~A~E = E*(~L(e) 

where E* is dual  to  E. Le t  S~E be the  a - symmet r i c  p roduc t  of E. Then we have  

(1.1) tt~(X, aCo + bt) ~ tt~(C, S~174 , / > 0  

(1.2) S~E ~ S~E*(~ (A2E)| = S~E*QZ(ae) . 

Since E is normal ized we have  

(1.3) H~ E(~L(b)) ~ H~ Co-~ b]) -= 0 

for any  b < 0 .  As before we set h~(D)=dimH~(X,L(D)) .  Let  D ~ a C o ~ - b ]  be 

a divisor on X.  Then b y  the  Koda i ra  Vanishing Theorem we have  h i ( D ) ~  0 if 

D -  Kx is ample .  Therefore  using (0.'7) and  (0.9) we get h~(D) ~ 0 if 

( a ~ l ) e ~ - 2 g - - 2  if e>~O 

(1.4) a ~ - - I  and b >  (1/2)ae-~2g--2  if e < 0 .  

B y  Serre dual i ty,  (1.1) and  (1.2) we get 

H~ aCo ~- b]) ~_ H ~ ( X ,  aCo ~ (ae - -  b ~- 2g - -  2) ]) 
(1.5) 

~(x, aCo + b/) ~_ H~ aCo + (ae -- b + 2g -- 2) i). 

T~EORE~ 1 . 1 . -  Le t  D~--aCo~-b] be a divisor on X, wi th  a~>l. We  have  

hi(D) ~ 0 if 

a e ~ 2 g - - 2  if a = l  and  any  e or a>~2 and e>~0 

(1.6) b> (1/2)ae~-2g--2  if a>~2 and e < 0  

and h~(D) > 0 if 

(1.7) b < (1/2)ae + g-- 1. 

P~ooP.  - (1.7) follows f rom (0.8). Gonsider now (1.6). The case e < 0 was a l ready 
done in (1.4). We  prove  the  case e>~0 b y  induction.  By  (1.3) and  (1.5) we get  

h ~ ( D ) ~  0 if a ~ - ! ,  b > e - [ - 2 g - - 2  and  any  e. 
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Suppose (1.6) t rue  for a - - 1 .  We have  the  short  exact  sequence 

0 -> L(D -- Co) -~ L(D) --> L(- -  ae -[- b) -+ 0 

since L(D)]c0 ~ L(- -  ae + b). Then 

H~(X, L(D -- Co)) --> H~(X, L(D)) --> H~( C, L( - -  ae -~ b)) ---> O . 

We have  b > a e + 2 g - - 2 > ~ ( a - - 1 ) e + 2 g - - 2  since e~>0. Thus b y  induct ion 

H ' ( X ,  Z ( D - -  Co)) : O. Moreover  - -  ae + b > 2g--  2 implies H~(C, L( - -  ae + b)) -~ O. 
Hence  h~(D) = O. [] 

1.2. - Le t  D - - a C o +  b] be a divisor on X, with a>~l. Then TttEOREM 

h~ = 0 if 

(1.s) 
0 

b < (1/2)ae 

and h~ > 0 if 

(1.8) 

if a = l  and  any  e or a~>2 and e~>0 

if a>~2 and e < 0  

b > (1/2)ae + g- -  1. 

P~ooF. - (1.9) follows f rom (0.8). Consider now (1.8). The ease a = 1 is jus t  (1.3). 
By  (1.5) and  (1.6) we get (1.8) in the  ease a>2.  [] 

2. - Very ample line bundles on ruled surfaces. 

Let  D ~ - a g o - ~ b ]  be  a divisor on a ruled surface n : X - - > C ,  with a~>l. We  
set ] , - - - -n- l (x)  for x ~ C. 

LElVr~A 2.1. - I f  h ~ ( D - - ] ~ ) =  0 then  L(D) I I -~  Ov.(a). 

P~OOF. - Since h l ( D -  f~) : 0 we have  

(2.1) 0 -->H~ L(D -- ]~)) ---> Ho(X, L(D)) ~> H0(X, L(D))]i~ ---> O. 

I f D ' l t  ~ ~ 0 for some D ' e  IL(D)] we would have  L ( D ) [ j , ~  Ovl(a). But  D ' I I~_  0 for 

every  D ' ~  IL(D)[ implies fl ---- 0, hence hO(D-  ]~) -~ hO(D). On the other  hand  f rom 
(0.8) we get  hO(D) = hO(D-  Ix) + (a + 1) + hi(D) which implies hO(D) > hO(D-  ]~) 
since a~>l and  h i (D)> 0 .  Therefore s  Ov~(a). [] 

PROPOSITION 2.2. - I f  h l ( D -  ]~)-~ 0 then  L(D) is spanned.  
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P~ooF. - Since h ~ ( D -  f,)-----0 for every  x, b y  lemnla  2.1 we have  

0 - + L ( D - -  /~) -->L(D) ->Opt(a) -->0 

since Ova(a) is ve ry  ample  for a>~l  we get t h a t  L(D) is spanned.  [] 

Pl~ol)osI~IO~ 2.3. - I f  h~(D --  ]~) = 0 and  h~(D -- 2]~) = O then  L(D) is ve ry  ample.  

PlCOOF. - We have  to p rove  t h a t  IL(D)[ separates  points  and  tangent  vectors.  

Case 1. - P and Q (or P and  t) not  in the  same fiber. Le t  ]e and  ]~ be the  fibers 

which P and  Q are on respect ively.  Since h ~ ( D -  ] p -  ]Q) = 0 and L ( D -  fe)[yq 
= Ov~(a) we have  

0 -> H~ L(D -- ]e -- ]o)) -+H~ X, Z(D -- ]p)) -+ H~ Ova(a)) -+ O. 

So we can find D ' ~ D - - ] ,  such t h a t  Q~D'[sQ i.e. Q ~ D ' .  Hence  Q ~ D ' §  
but  P e D ' §  I n  the  case (P and t) we do the  same considering P ~ Q .  Then 

we get _ P ~ D ~ §  fe bu t  2 P ~ D ' §  ]e so t is not  a t angen t  vec tor  to D ' §  ]p a t  P .  

Case 2. - P and Q (or P and  t) gre bo th  in the  same fiber ]~ for some x s C. F r o m  

(2.1) we can find D ' _  D such t h a t  P 6 D'I I  * bu t  Q ~ D'I~ ! (P  ~ D']s~ bu t  2 P  ~ D'Is~). 

Hence  P E D  ~ and Q ~ D '  (or P 6 D '  but  t is not  t angen t  to D '  a t  P) .  

COROLLAI%Y 2.4. - -  D is spanned if 

ae § 2g- -  1 

b > (1/2)ae § 2 g -  1 

and D is ve ry  umple if 

a e §  

b > (1~2)de § 2g 

if a----1 and any  e or a > 2  and e>O 

if a~>2 and e ~ O  

if a----1 and any  e or a~>2 and e~>O 

if a > 2  and  e ~ O .  

3. - On the  3 - c o n n e e t e d n e s s  of  a divisor on a ruled  surface.  

Let  D = _ a C o §  b] be a divisor on a ruled surface. I f  D = D I + D 2  we have  

D,  _---- xCo + y/---- (a - -  ~) Co + (b - -  ~) / a n d  1)~ ~_ (a - -  x) Co + (b - -  y) ? = ~Co + ~1. 
Assume 3) ~ : a ( 2 b - a e ) > o ,  i.e. a > O  and b ~ ( 1 / 2 ) a e .  I n  order to p rove  t h a t  D 

is 3-connected we have  to p rove  t h a t  for any  decomposi t ion D = D~ § D~ with  

D i ~  0 and  h ~  we get  t h a t  D~.D~>3. 
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L E ~ [ A  3.1. - Assume tha t  h~ - y])>~l, then  a) x~>0 

[ (1/2)xe if x~>2 and e < 0  
b) y~> / 0 if x----0, 1 and  e < 0  or e~>0 and any  x .  

P ~ 0 0 F . -  a) I f  x < 0  then  h~ I t  is enough to prove  it  for x - - - - - - - l :  

since h~ ~ Co) -~ 0 implies h~ = 0 for x < - -  2. We  have  

0 ~ L(Dx) ~ L(y]) ~ L(y])[Co ~-- L(y) ~ O. 

Since h~ -= h~ ) and H~ X,  L(y]) ) -+H~ L(y ) ) is surjective, we have  h~ = O. 

b) I f  x----0, then  h~ if y < 0 .  Therefore if x,~=~ 0 and h~ i t  

follows t h a t  y~>0. I f  x~>l then  b y  (1.8) we get pa r t  b). [] 

PRoPosI~IO~ 3.2. - Assume tha t  e < 0  and a~>3. Then D is 3-connected if 

0 if e : - - i  and a : 3  

b > (1/2)ae ~- 1 o therwise .  

P~ooF. - By lemma 3.1 x and s are non-negative. 

Case 1. - Assume x = 0 (or s = 0) f rom 

(3.1) DI'D2 = I y(a -- 2x) + x(-- (a-- x)e + b) 

t ~(a - 2~) + ~( -  ( a -  ~)e + b) 

we get D~.D2 = ya (or -= ~a). Since a > 2 and  y > 0 (~ > 0) we obta in  D~.D2 > 2. 

Case 2. - Assume x = l  (or 2 - ~ 1 ) .  F r o m  a - - 2 x > 0  and y~>0 and (3.1) we 

have  D~.D~>~b-- (a--1)e.  I f  (a , e )=  ( 3 , - - 1 )  then  b > 0  so - -  ( a - - 1 ) e ~ b > 2 ~  

hence D I " D ~ > 2 .  I f  (a , e )#  ( 3 , - - 1 )  then  b > ( 1 / 2 ) a e - ~ l  so 

D~'D2>~b-- (a-- 1)e > 1 ~ -  (1/2)ae-- (a-- 1)e = 1-- (a-- 2)(e/2)~>2, 

then DI-D2 > 2. 

Case 3. - 2<~x<a-- 2 a n d a - -  2x~>0 (or 2 < 2 < a - -  2 a n d - -  ( a - -  2x) = a - -  2s 
we t r ea t  only the  pa r t  a- -2x>O.  The other pa r t  is similar. In  this case y>xe/2 
so Dl'D~>~(xe/2)(a-- 2x) + x(-- (a- -x )e  + b) = x ( b - -  (1/2)ae). I f  ( a , e ) =  (3 , - -1 )  
then  b > 0 and  we have  DI"D2 > 3. I f  (a, e) V= (3, --  1) then  Di.D2>~x(b -- (ae/2)) >~ 
~>2(b-- (ae/2)) > 2. So DI"D2 > 2. [] 
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4. - Very ampleness by Bombieri's method. 

We would like to find new conditions for L to be  ve ry  ample.  In  order to do 

this we shall use the  following theorem.  

Tm~OgEl~ 4.1. - Le t  L be a line bundle  over  a surface X.  We pu t  Lo = L @ / i x  t. 

I f  i) h~ ii) L o ' L o > 1 0 ;  iii) Lo is 3-connected, then  L is ve ry  ample.  

P~ooF.  - See [VdV].  

Theorem 4.1 has been p roved  using a me thod  of Bombieri .  See also [Be], [Bo]~ 

[Sol] and  [So2]. 
We  will app ly  Theorem 4.1 for L = L(D) where D = aCo @ b] is a divisor over  

a ruled surface X.  Then L0 = /? (Do)  where 

Do= D-- Kx-- a.Co + bo1= (a + 2)Co + (b-- 2g + 2 + e)]. 

We are in teres ted in the  case e <  0 and a~>2. By  (0.8) we have  

h~ -- hi(Do) = (no @ 1)(bo @ 1--  g - -  (aoe/2)) . 

Since h~(Do) ~> 0 we have  h~ > 7 if 

(4.1) b > 7/(a @ 3) + (ae/2) @ 3g- -  3 . 

By (0.6) we have  Lo'Lo = 2ao(bo -- (1/2)aoe) = 2(a -k 2)(b -- 2g -I- 2 -- (ae/2)). There-  

fore Lo.Lo ~> 10 when 

(4.2) b > 5/(a @ 2) ~- (ae/2) + 2g -- 2 .  

Moreover  b y  Proposi t ion 3.2 we have  Lo is 3-connected if 

(4.3) 

We set 

K1 = 7/(a ~- 3) -}- (ae/2) @ 3 g -  3 ,  

K3 = (ae/2) -~ 2 g -  1 + s(ae) , 

where 

~(n) = { 

b > (ae/2) + 2g- -  1 .  

K2 -= 5/(a @ 2) @ (ae/2) @ 2 g - -  2 ,  

K 4  = K s  -}- l , 

1 if n even 

1/2 if n o d d .  
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Using Theorem 4.1 we have D is very ample if b>~Ko : Max (K~, K2, K~}. We 
have K~>~K2. For g = l  we have K o = K 3 .  For g = 2  

I [ a = 2, 3, 5, 7, 9 and e = - - i  
Ki  if l K o =  a----2,3 and e = - - 2  

Ka otherwise.  

For g > 3  then  K0 = K~. Therefore by Theorem 4.1 and Corollary 2.4, in the case 
e < 0 and a>_.2, D is very ample when 

b~> Min (Ko, K,} = K 

and 

(4.4) K = K o = K 3  if g = l  

I K I : K ,  if { a = 2 , 3 , 5 , 7 , 9  and e = - - I  
(4.5) K :  a----2,3 and e = - - 2  if g = 2  

K3 otherwise.  

For  g > 3  we have K = Kd. 

5. - The  g e nus  o f  a very  a m p l e  divisor on  a ruled surface.  

Let  D = aCo ~ b] be a very ample divisor on a ruled surface X. Let  b = deg Ii 
and ? = g(D). Then by the Adjuact ion formula we have 27 --2 = D. (D ~-Kx) 
where Kx = -- 2Co ~ (Kc-]- e)/. Therefore 

(D + Kz)D = 2(a-- 1)(b-- 1-- (1/2)ae) ~- 2ag -- 2 

and hence 

? = (a--  1)(b-- 1-- (1/2)ae) -~ ag. 

We set ~ = )~(C~ X) and b~ = b~(C,X) which are respectively the minimum 
genus and the minimum b of a very ample divisor D ~_ aCo-I-b] on a ruled sin'- 
face X over the c u r v e  C. We have 

(5.1) ~ = (a - i ) ( b ~ -  1 -  (1/2)ae) + a g .  

So finding ~ is equivalent to finding b~. The next step is finding an estimate 
for b~ (or As). We are interested in the case a > 2 .  Since if y/)  is very ample i t  is 
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ample. Hence 

b~> I 

and by corollary 2.4 we have 

Therefore if e~>0 

(5.2) 

and 

(5.3) 

if e G O  

(5.4) 

an4 

ae if e>~0 

(1/2)ae if e G 0  

{ a e ~  2 g q - 1  

b~<~ (1/2)ae -[- 2g ~ e(ae) 

if e>~0 

if e G O .  

ae ~ 1 ~ b~ ~ ae ~- 2g q- 1 

( a ( a -  1)/2) e -~ ag<~)~<~a(a- 1)/2 -{- ( 3 a -  2)g 

(1/2) ae ~- e(ae) <~ b~ <~ (1/2) ae -~ 2g q- e(ae) 

(5.5) a g +  ( e ( a e ) - - l ) ( a - - 1 ) ~ ( 3 a - -  2)g-~ (~(ae) - - l ) (a - -1) .  

(5.7) 

(5.8) 

If  e G 0  we have 

If  g ~ 0 then  e ~ 0  and b~ ~ ae-~ i hence 

(5.6) ~ = (1/2)a(a -- 1)e 

In  the case g = 1 or 2 we can improve the lower bound. By  the short exact 
sequence 

0 - ~ L ( n - -  Co) -->L(D) -~L(D)Ic~_L(ar -~ ~) -->0 

we get tha t  L(D) very ample implies L(ae-k 5) very ample. 
Iu  the case g = 1 or 2, L(ae -[- ~)) is very ample if and only if b ~ ae -t- 2g. If  

e > 0  we have a e - ~ 2 g ~ - l > a e ~ l  and 

ba-~ a e ~ 2 g ~ l ~  

~ ~-- (1/2)a(a-- 1)e -~ (3a--  2 )g .  

( i /2)ael  ~ a e ~ 2 g  if a ~ - - 4 g / e  

I ae q- 2g if a G -- 4g/e . 
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So 

(5.9) 
a e ~ 2 g ~ l  if a < - - d g / e  

b >  (1/2)ae Jr e(ae) if a > -- 4g/e . 

6 .  - T h e  c a s e  g ~ 1 .  

I f  e>~O we h a v e  (5.7) a nd  (5.8). I t  only  remains  to  s t u d y  the  case e ~ -  1. 

B y  (5.4), (5.9) a n d  (4.4) we h a v e  for  a>~2 

(6.1) 1 - -  (a/2) ~ e(a)>~bS>~ I --  a-J- 3 if a~<3 

t (a/2) ~ e(a) if a~>4 .  

W e  ~l ready k n o w  b ~ : 2 .  F r o m  (6.1) we have  b ~ : l  and  b a : 0 .  I f  a~>4 then  

b~ is e i ther  - -  (a/2) + e(a) or 1 - -  (a/2) ~- e(a). W e  set D~ -~ ace + (-- (a/2) + e(a)) i. 

T~EORE~ 6.1. -- D~ is no t  v e r y  ample .  

I n  order  t o  p rove  T h e o r e m  6.1 we need  the  following. 

LEM-~IA 6.2. -- Le t  X be a rflled surface over  C. Assume  e ~ - -  1. T h e n  there  
is / ~  C such t h a t  hO(2Co - P / )>~l .  

PROOF. -- W e  p u t  D ~ 2Co - -  1. B y  (0.8) we h a v e  h~ -~ hi(D) and  h~ - -  

- -  hI(2C0) = 3. B y  (1.6) h*(2Co) = O, so h~ = 3. N o w  h~ = ho(S~E) so 

the re  is a sect ion a in S~E which  has  some zero, o therwise  S2E would  be t r iv ia l  

which  implies AaS~E -~ L(3e) is t r iv ia l  which  is a cont rad ic t ion .  T h e n  b y  (1.8) we 

h a v e  D[a]-~ (P), i.e. on ly  one point ,  and  hO(2Co - / ) ] ) / > 1 .  [] 

PROOF OF TttEOI~EM 6.1. - Suppose  Do v e r y  ample .  W e  set Do ~ 2 C 0 -  P ] .  

W e  h a v e  D~.Do-~ 2e(a), i.e. Do'Do : i if a is odd  and  Do'Do : 2 if a is even.  

I n  b o t h  cases DQ is a smoo th  ra t iona l  curve  (since Do is irr iducible) wi th  respec t  to  

the  e m b e d d i n g  p r o v i d e d  b y  IDol. B u t  Zl~o: Do--> C is a 2 ;1  m a p  over  an  elliptic 
curve,  which  is a cont rad ic t ion .  [] 

Tm~ORE:~ 6.3. - L e t  D :---ace ~ b/ be divisor  on a ru led  surface X over  an  

elliptic curve  C. Assume  t h a t  a~>l.  Then  D is v e r y  ample  if and  on ly  if 

(6.2) 
b > !  ae-F2 if e~>O and  a n y  a or e : - - i  and  a < 3  

t 1 - -  (a/2) if e ~ -  1 and  a>~4.  
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COROLLARY 6.4. - L e t  D b e  as  above .  T h e n  

(6.3) b~ : { 

(6.4) ;.0 = { 

a e §  if e~>0 a n d  a n y  a or  e - - - - - - 1  a n d  a < 3  

1 - -  (af2) § e(a) if e = - -  1 a n d  a > 4  

(1 /2 )a (a - -1 )e  § 3 a - - 2  if  e~>0 a n d  a n y  a or  e = - - I  a n d  a < 3  

( a - - 1 ) e ( a ) §  if e - ~ - - I  a n d  a > 4 .  

7. - The  case  g =  2. 

L e t  X be  a r u l e d  su r face  ove r  a c u r v e  C w i t h  g = g(C) = 2. L e t  D ~-- aCo § b] 

b e  a d iv i so r  ove r  X w i t h  a>~2. As  for  t he  case  g = l ,  if e~>0 we h a v e  

(7.1) b~ ~ ae § 5 ( a c t u a l l y  i t  ho lds  a lso  for  a - ~  1 a n d  e < 0 ) .  

W h e n  e < O  we h a v e  t w o  cases  e - - - - - - 1  a n d  e - ~ - - 2 .  A t  f i rs t  we cons ide r  t h e  

cases  e ~ -  1. F r o m  (5.4), (5.9) a n d  (4.5) we h a v e  

(~.2) 

/ -- a §  

l (a/2)+E(a) 

bo> I -- (a/2) + 4 §  
[ ( a /2 )§247  

if a < 7  

if a~>8 

if a ---- 2, 3, 5, 7, 9 

o the rwi se  

T h e r e f o r e  

(7.3) 

6 a -  4 -  (1/2)a(a-1) if a < 7  

~ >  ( a - -  1 ) ( s ( a ) - -  1) + 2a  if a > 8  

2.~< [ 6a- -4§  if a = 2 , 3 , 5 , 7 , 9  

t 5a - -  3 § ( a -  1)(e(a) - -  1) o t h e r w i s e .  

N o w  we cons ide r  t h e  case  e ---- - -  2. F r o m  (5.4), (5.9) a n d  (4.5) we  h a v e  

(7.4) 

[ --2a~5 if a < 3  

l a § l if a > 4  

b~< I - - a §  if a < 3  

[ a § 4 if  a > 4 .  
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Therefore 

(7.5) 

%~> / ( a - - 1 ) ( 4 - - a ) - ~ 2 a  if a < 3  

[ 2a if a~4 

~< I 6 a - - 4  if a < 3  

[ 5 a - -  3 if a > 4 .  
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