
Submanifolds of  Kaehlerian Manifold 
with a Metric Compound Structure of  Rank 2 (*). 

SEIICHI YA~WIAGUCItI - HIROAKI N:E1VIOT0 - ~AE-]~OK ~U1N 

S u m m a r y .  - The metric compound structure of rank r is an abstructed structure of an induced 
structure on a real submanifold in an almost Hermitian manifold. I n  this paper we deal 
with a submanifold with metric cow/pound structure of rank 2 in a Kaehlerian manifold and 

�9 we classify it under some suitable conditions. Namely it is a standard sphere or neither 
Einstein nor eon]ormaUy flat. 

0 .  - I n t r o d u c t i o n .  

I n  [3] and  [8], Y. TASHIRO and  I.  -B. KIWi have  in t roduced  the  not ion of metr ic  
compound  s t ruc ture  of r a n k  r which is na tu ra l ly  induced on the  submani lo ld  of 
an a lmos t  t t e r m i t i a n  manifold.  

I n  [8], t hey  have  inves t iga ted  the  case of r a n k  1. Also the  case of r a n k  2 has 

been studied by  I . - B .  KII~ [3]. Al though I . - B .  K I ~  [3] has applied his energies 
to the  s t udy  of such submanifolds ,  there  is p len ty  of room for improvemen t .  For  
instance,  since the  domina to r  of (6.8) in [3] m a y  t ake  ~, vMue zero, we mus t  be 

careful  how we t r ea t  it. Also, Theorem 6.4, 6.9 and  their  corollaries in [3] will be 
improved .  

The purpose  of this pape r  is to sharpen  the  K i m ' s  results of Pa~ragraph 6 in [3], 
t h a t  is, we will p rove  the  following T h e o r e m .  

THEOrEm. -- Let  M be an  n-d imens ional  complete and  connected submani]old wi th  

an  induced metr ic  compound s tructure of rank  2 in  a Kaeh ler ian  mani fo ld  2~I. Suppose  

that ), does not vanish  identically,  ~ and  fl are umbi l ical  sections on M and  the s u m  of 

squared mean  curvature  v ~ does not vanish  on M and  

M ' =  {p e M :  1 - -  ~2V: 0 at  p} is connected.  

Then  we have the fol lowing: 

(1) M is isometric wi th  a sphere, 

(*) Entrata in Redazione il 5 dicembre 1984; versione riveduta il 23 settembre 1985. 
Indirizzo degli AA. : Department of Mathematics, Faculty of Science, Science University 

of Tokyo, Tokyo, Japan, 162. 
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o r  

(2) 
w 

each ,~-hypersur]aee is AS-homothetie to a Sasakian manifold M and neither M 

is Einstein nor eon/ormalty flat. 

Although the ma jo r i ty  of K i m ' s  results  in the  P a r a g r a p h  6 are only  to find the  
condit ions that M is to be a space of cons tan t  curva ture ,  by  according to our  above 
Theorem,  we can de te rmine  the  submanifo ld  M as follows: M is i sometr ic  wi th  a 

sphere or nei ther  M is Eins te in  nor  conformal ly  flat and  each 2-hypersurface  is 

AS-homothe t i e  to a Sasakian  manifold  M.  
We devote  the  first two sections for the  p repa ra t ion  to a descript ion of oar  

Theorem.  I n  w 1, we will recall  the  f u n d a m e n t a l  proper t ies  of submanifolds .  I n  

w 2, we will give a br ief  s u m m a r y  of the  not ion of the  met r ic  compound  s t ruc tu re  

of r a n k  2 which is ma in ly  developed b y  I . - B .  K I ~  and  Y. TASmRO [3], [8]. The  

las t  two sections will be devoted  to the  proof  of our  Theorem.  
Throughou t  this paper ,  we assume t h a t  manifolds  and  quanti t ies  a re  differen- 

t iable of class C% Unless otherwise is s ta ted,  indices run over  the following ranges 

z , ~ , t t , ~ , . . . = l , 2 , 3 ~  . . . . . . . . . . . . . . . . . . .  , m ,  

h, i, j, k, . . . .  1, 2, 3, ...~ n, 

p , q , r ,  s, . . . .  n + l , n + 2 , . . . , m  

(~, b, e, d~ ... - -  2, 3, .. . ,  n ,  

respect ively.  

1 .  - S u b m a n i f o l d s .  

Le t  2~ be a R iemann ian  manifold  of dimension m with  R iemann ian  metr ic  

= ( ~ )  and  M be a submani fo ld  of dimension n ( >  2) of /1I represented  locally 

by  the  equat ion  

y ~ =  y'(x~) , 

where {x ~} are locM coordinates  of M and  {y~} local coordinates of M.  

If we put 

t hen  Be = (B/ )  (j = 1, 2, ..., n) are  l inear ly independent  local vec tor  fields t angen t  

to  M. The l~iemannian metr ic  tensor  g = (gji) of M is given b y  

(1.1) gji = gt'j, Bj~Bi  z" 
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We can locally choose m -  n mutua l ly  or thogonal  uni t  normal  vector  fields 
C~ = (C~ ~) to M. Then  the  vectors B, and C~ span the t angen t  space T , ( ~ )  of 2II 
a t  every  point  x e M and the ma t r ix  (B~', C~) is regular.  We have 

(~.~) 

On a submanifold M of a Riemannian manifold ~ ,  the  van der Waerden-Bor-  
tolot t i  eovar iant  differentiation Vj is defined by  

(1.3) V j B ~ :  ~ j B ~ - - B ~ { j h i }  ~ F ~ B ~ u B ~ ,  

where j i and F~z ~ are the Christoffel's symbols of M and 2~ respectively.  Since 

VjB~ ~ is normal  to M for fixed i and j, we have the equation of Gauss 

(1.4) V~Bi: ' :  = h l i ~ C ~  ~: , 

where hj~ is the second fundamenta l  tensor.  
Throughout  this paper,  the summat ion convent ion is applied to the repeated 

indices on their  own ranges. The equation of W eingarten is given b y  

(1.5) Vj Cq ~ ~ -  - -  h / q B t  ~ --~ l~C~ ~ , 

where we have pu t  

(1.6) V j C q z - =  ~ i C q ~ - j  - I "u~n .B j~Cq~ , h j iq  ~-- gi~ hjhq , 

and ljq, is the so-called th i rd  fundamenta l  tensor.  

A normal  vector  field N : (N ~) = / z  C~ is called a normal  section on M. The 
tensor  hj~/r~ is said to be the second fundamenta l  tensor  belonging to the normal  
section h r. The mean curva ture  vector  of M in 21I is given b y  

H : H~C~ ~ , H~ = (1/n)gJihj~. 

I f  the  relat ion 

h~i ~ 2f  ~ = qg~i  

is satisfied with a funct ion ~ on M for a normal  section N, then  N is said to be an 
umbilical section on M or M is umbilical  with respect  to N. I f  N is a uni t  normal  
section, then  the funct ion ~ = H,~.Y. /n is called the mean curvature  belonging 
to hr. Moreover, if ~ vanishes identically, then  N is said to be a geodesic section 
on M. 
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2. - Smbmanifolds  w i t h  a m e t r i c  c o m p o u n d  s tructure  o f  rank  2 in  a Kaeh ler ian  

mani fo ld .  

Let  ! ~  be a Kaeh le r i an  man i fo ld  of d imens ion  m with  s t ruc tu r e  tensors  (~, J ) ,  

where  ~ is ~11e g e r m i t i a n  me t r i c  t enso r  a n d  J the  c o m p l e x  s t ruc tu r e  one. ~re  con- 

sider a real  subm~mifold M of d imens ion  n in 2~. F o r  X e T M  a n d  N e T •  

we p u t  

J X  = / X  @ T X  , J N  = -- t N  + f •  , 

where  I X  (resp. - -  tN) deno tes  the  t a n g e n t i a l  c o m p o n e n t  of J X  (resp. J N )  and  T X  

(resp. ]• t he  n o r m M  c o m p o n e n t  of J X  (resp. J N ) .  T h e n  { (resp. /• is an  endo- 

m o r p h i s m  on T M  (resp. T •  T is a T •  h o m o m o r p h i s r n  on T M  and  t 

is a T M - v M u e d  h o m o m o r p h i s m  on T •  ~ o r e o v e r  t he  re la t ion  be tween  /~ a n d  t 

is g iven  b y  

~(~,x, N) = g(x ,  t~v). 

I f  r a n k  (T) ----- r (0 --< r _< Min (n, m --  n)) a l m o s t  e v e r y w h e r e  on M, t h e n  we say  

t h a t  M is a subman i fo ]d  wi th  c o m p o l m d  met r i c  s t r u c t u r e  of r a n k  r. The  ph rase  

(, a l m o s t  e v e r y w h e r e  on M ~ means  (( on  t he  whole  m a n i f o l d  M except  a bo rde r  sub- 

set  of M ~. I f  r = 0 on M, M is n o t h i n g  b a t  an  i n v a r i a n t  s u b m a n i f o l d  a n d  hence  M 

is also a Kaeh l e r i an  mani fo ld .  I f  r = 1 on M, M is to  be an  a l m o s t  c o n t a c t  l~ie- 

m a n n i a n  man i fo ld  (see, [8]). 

RE~A~K. -- E v e n  if r = d i m  M, M is n o t  neces sa ry  a t o t a l l y  rea l  submani fo ld .  

Thus  such subm~mifolds wi th  me t r i c  c o m p o u n d  s t r u c t u r e  of r a n k  r are  v e r y  wide 

class in M1 reM subman i fo lds  of a Kaeh l e r i an  ma, nifold.  
i n  t he  following~ we a s s u m e  t h a t  r = 2 a l m o s t  e v e r y w h e r e  on M.  T h e n  we can  

choose  m u t u M l y  or t  hogonM n o r m a l  vec to r  fields ~ a n d  fl such  t h a t  

(2.!) 
J X  = / x  + ~ ( x )  ~ + v ( x ) ~  , 

J N  -= - ~ (N)  U - -  f l (N)  V @ ]• N , 

where  c~ a n 4  fl span  image  of T, g = to:, V = ~t3, u (X)  = ~(X, g) ,  v(X)  = ~,(X, V), 
~(N) = (~(oc, N) aad f i ( N ) =  ~(f,  N).  I n  t e r m s  of local  coord ina tes ,  t h e y  a re  ex- 

p res sed  as 

(2.~) 

a n d  

(2.3) 
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where we h~ve set 

Then,  the tensor field ] /  und vector  fields u ~, V,  ~ and fl~ satisfy the following 
equations 

(2A) 

(2.5) 

(2.6) 

] / / ?  = - -  ~ ?  + u~u ~ + v j v  ~ , 

where we pu t  ~ = / ,~q f l~ .  Therefore,  the submunifold M h~s the so-called (], g, 
u, v, ~)-structure. 

Denote  by  z and  Q the  mean curva ture  belonging to  ~ and fl~ respectively, 
namely  

Then,  we pu t  

(2 .7 )  v~ = ,~  + ~)~, l~. = f l ~VJ a ~ ,  

where V # ~  = ~.av + ~qljq~. We also define a vector  field ~ on M by  

(2.8) ~' ---- zu h + Ov ~ , 

and denote by  ~ the  associated ].-form of ~. Suppose tha t  bo th  ~ und fl are umbilical 
sections on M and one of t hem is not  a geodesic section. 

Consequently,  f rom (2.4)-(2.6) and  (2.8), we eun get the following relations 

(2.9) 

(2.1o) 

(2.11) 

f / / ?  = --~/ '  + v-~(),)? + ~j~"), 

where we pu t  ~ = V~2. 

The following Theorem & and B proved  by  K im  (Theorem 6.2 and 6.3 in [3]) 
p lay  impor t an t  roles in this paper:  

T t l E O R E ~  A .  - Let M be a submanifold o /d imension n ( >  2) with an induced metric 

compound structure o] rank 2 in a Kaehlerian mani/old. Assume that )~ does not vanish 

almost everywhere on M,  a and fl are umbilieal sections on M and one of them is not a 
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geodesic section. Then we have the equations 

(2.12) 

(2.13) 

(2.1,U 

(2.15) V~v ~ ~- 2v~-~  , 

where ~p = Ale ~, A = u~(~ + z/~)/(1 - -  ~ )  and ~ = V ~ .  

TItEOI~E~[ B. - Under the same assumptions o] Theorem A, each )~-hypersur]ace is 
AS-homothetie to a Sasakian mani/old M.  

3 .  - F u n d a m e n t a l  L e m m a s .  

At first, we p repa re  some equations.  ~re res t r ic t  our  calculat ions on M '  in this 
section. Different iat ing (2.15) covar ian t ]y  and  mak ing  use of (2.]5) again,  we have  

V~Vjv 2 : 2v2(2~p22i),~ - 4- ~ ) , j  + ~pVi)~j) 

where ~ =  V~W. I f  we t ake  a skew-symmet r i c  p a r t  of the  above  equat ion,  then  
we ob ta in  

2 v 2 ( ~ ) . j  - -  ~ )  = 0 , 

which means  t h a t  ~ and  ~ are p ropor t iona l  to each other,  t ha t  is, 

(3.1) ~ = a),i ,  

where a is a p ropor t iona l  fac tor  and  we have  used ~ #  0 on M. 

Opera t ing  V~ to (2.14), (2.13) and  (2.12) respec t ive ly  and  tak ing  uecount  of 
(2.!0)-(2.15) and  (3.1)~ we find the  following equat ions  

(3.2) V~oV~ = b2~ Uj~ + v2(1 + ~P)(~7r ~gk~) + v~2(~]~ - )~fkJ + 2)~J~) 

(3.3) VkVj).~ = b)~k(~)o~ + W~7,~)- )~v~y~(g~ + g ~ )  

(3.4) V~V~f, = (y~U~-~- v~l~)g,, - ( ~ U ,  + v~f~)g~,  

where we have  pu t  b = a + 2~/~ ~ and. Ur = .;tCr/~-- 24 ~-. 
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Therefore, by virtue of the Ricci's identity and the above equations, it follows 

that  

(3.5) 

(3.6) 

(3.7) 

~ s L  = - (@~ ~ + v ~ ( 2 w / ~  + ~ / ~ -  w/~ )  + v~(1 + ,~,)()~g~,-- ~ g ~ ) ) ,  

Taking the cyclic sum o~ (3.7) with respect to the indices l, k and j and making 
use of the first Bianchi's identir we get 

:Let us show the following. 

LEM:~X 3.1. - Under the same assumptions o/ Theorem A, we obtain 

(3.9) ~?(l § .~f) = o on M ' .  

PI~OOF. -- Operating Vt to (3.5) and regarding to (2.12)-(2.15), we get 

§ b2~(V~ ~j~  § ~ V ~  ~ V~ ~ - -  ~Vz~) § cv~)n(~g~-- ~g~) 

where we have put bt--~ Vtb and c = 3!p + 22to~+ a2. Taking the cyclic sum of 
the above equation with respect to the indices l, k and j and taking account of 
(2.12)-(2.14), (3.5), (3.6), (3.8) and the second Bianchi's identity, we can find that  

3.10) 2~(b~U~o+ bkU~j+ bjU~z) § 2v2~(1 + 2y~)(g~ Ur g7r Ut j+ g~U~) = O . 

These calculations are simple but lengthy, so we omit the calculations. By contrac- 
tion of this equation with 2 ~, it is clear that  

Since 2 , 2 ' ~  O, we have 

bz U~., § b~ Uzj § b~ Uk~ ~ 0 O n  M ! . 
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Hence,  i t  follows f rom (3.10) t h a t  

2~-~W(1 + ).v/)(gz~ g j~@ g~ Uz;@ gj, gk,) = 0 ,  

which implies  that 

2 ( n -  2)r + 2~o) = o .  

Therefore,  by  v i r tue  of the  assumpt ions  n > 2 and  v~r  O, we have  

This completes  the  proof.  

Now, we pu t  

~(~ + ~o) = o .  

and  

U ~ = { p ~ M ' : ! + ~ o = O  a t p } .  

Then U~ and  U.~ are closed subsets  of M' ,  M ' =  U~t) U~ and  U~(3 U 2 =  0. I f  M '  
is connected,  we can see t h a t  M ' =  U~ or M ' =  U~ ~ So we can get  the  following. 

LnN3~a 3.2. - Under the same assumptions o/ Theorem 3. and i/ M'  is connected, 

then we find 

M ' =  U~ or M ' =  U2. 

4 .  - T h e  e a s e  o f  3 I ' =  U1. 

I~et u8 p rove  the  following. 

LE~r~r~ 4.1. - Let M be a complete and connected submani/old with the same assump- 
tions of Theorem A. I] M ' :  UI, then M is isometric with a sphere o] radius 1/%/~. 

P~0OF. - ~Te can find f rom (2.15) t h a t  ~~ is cons tan t  on M because ~2 is con- 

t inuons on M and  M -  M '  has no inter ior  points .  Therefore,  i t  is clear f rom (2.13) 

t h a t  

V~V/2 = - -  v~),g~ on M ' .  

Since ~ is s m oo t h  on M, this  equat ion holds on M. This implies t h a t  M is i sometr ic  

wi th  a sphere  of radius 1/%/g (cf. [6], [7] or [19]). 
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5 .  - T h e  c a s e  o f  M ' =  U2.  

IJet us recall some resnlts on ~-hypersurfaces in [3]. Since points of M'  arc ordi- 
nary,  we can choose a suitable local coordinate system (x% x a) for the  function k 
in a neighborhood W, with respect  to the components  of metr ic  tensor  g o f  M'  
such tha t  

The first local coordinate x 1 is the arc length of k-curve R and (x ") is the local 
coordinate of each k-hypers~xface M. Then M'  is locally expressed as M ' : / ~ •  
In  te rms of such a coordinate sys tem (x% xa), we denote  by  prime the ordinary 
differentiation with respect to the arc length x 1 and it  follows ~rom (2.11) tha t  

Le t  the ( n -  1)-dimensionM manifold _M be a l~iemannian manifold endowed 
with the metr ic  tensor  ~ defined below. Then we have the  relations 

( 5 , 1 )  ~ba~a : ~b a n d  ~a~ a : ~ab~a~ b : l y 

where ~b~ is given by  

(5.2) gb~ : (1  - -  )~2)-- l~ba__ ( ( 1  - -  ; 2 ) - - 1 _ _  ( ) ' ) - - 2 ) ~ a ~ b  o 

i~[oreover, we can see tha t  ~ ,  ~ ,  ~ and ~ are independent  of x ~. ~ow,  we pu t  

where V is the  covar iant  differenti~.tion with respect  to g of M. Since ~ is a uni t  
Killing vector  field of M, we have 

In  the following, we assume theft M ' =  U2, tha t  is, i ~- b# = 0 on M'.  We 
restr ict  our calculations on M'  and note  tha t  2 va 0 on M'.  Taking account  of 
(2.15) and (2.11), we have 

(5.3) 

which yields tha t  

, p  = k"l(k'):-l- ~/(1 - k~), 

k " / ( k ' ) ~  = - -  i l k  - k / ( 1  - k ~ ) .  

In tegra t ing  the above equation,  we can get 

(5.4) k ' =  1I V i  - -  k2/k, 
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where  tc is nonze ro  cons t an t .  Also we can  ge t  f r o m  (5.~) t h a t  

( 5 . 5 )  z ' =  - ~/)~. 

B y  the  way,  d i f fe rent ia t ing  1 ~-)60 = 0 c o v a r i a n t l y  and  m a k i n g  use of (3.1), 

we get  

a = l i , ~  ~ , 

f r o m  which  

b = a + 2 ~ 0 2 =  3/Z~. 

Consequen t ly ,  t he  e q u a t i o n  (3.5) can  be  r ewr i t t en  as fol lows:  

T r a n s v e c t i n g  this  equa t ion  wi th  g~, we h a v e  

(5.6) R~,~ ~ =  - - ( 3 k ~ l ) ~ ) ~ .  

I~]~rA 5A. - Let M be a submaniiold with the same assumptions o] Theorem A. 

I] 1 @ ~v = 0 on M'~ then M is not an Einstein manE]old. 

P~ooF .  - I f  M is ,~n E ins t e in  manifold~ t h e n  the  equa t ion  (5.6) implie~ t h a t  

(5.7) S in  = - -  3k~/~ ~ , 

where  S is t he  sca lar  c u r v a t u r e  of M.  Since the  scalar  c u r v a t u r e  of E ins te in  mani -  

fold is cons t an t ,  t h e  e q u a t i o n  (5.7) tells us t h a t  ~ is cons t an t .  This con t rad ic t s  to  

our  a s sumpt ions .  This comple tes  the  proof .  

As M ' =  U:, we find t he  c o m p o n e n t s  of  the  R i c m a n n i a n  c u r v a t u r e  t ensor  Rkj~ ~ 

of M as fol lows:  

(5.s) 

R m l =  R m a :  Rllb~ = 0 , 

Rlcb~ k3( 1 - -  ~)~ 
- z~ (2~c]0  ~ + ~&o), 

3k~(1 - -  2~2) _ _ 

3k 2 _ -~ 

: a - -  a . . . .  a 
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m 

where - a R~o~] is t h e  R i c m a n n i a n  c u r w t u r e  t ensor  of M.  F r o m  these,  we get  t he  

c o m p o n e n t s  of the  Ricci  t enso r  of M as fol lows:  

(5.9) 

R ~  : - -  3 k ~ / 2 ~  ~ , 

RI~ : 0 , 

Rc~ = / ~ o ~ - -  (k~(n - -  3) - -  3k~/~ ~ + 2)~oo 

-~- ( ( k ~ - - 1 ) ( n -  3) -{- 3(k~l,~ ~ -  1) - - 3 k ~ ( 1 -  ~ ) / ~ ) ~ ] r  

where  / ~  is t he  l~icci t en se r  of M. 

L E ~ _ A  5.2. - Let M be a submani]old with the same assumptions o/ theorem A. 
I] M ' =  U~, then M is not con]ormally fiat. 

P~OOF. -- I f  M is c o n f o r m a l l y  flat, t h e n  we have  t he  equa t ion  

S 
(n - 1)(n - 2) 

( g ~ / ' - -  g ~ / ~ )  --~ 0 . 

P u t t i n g  h : 1, i : b, j = e a nd  ~ = d in the  a b o v e  equa t ion ,  we h a v e  f r o m  (5.9) 

t ~ d c ~ l  : 0 �9 

Consequen t ly ,  i t  follows f r o m  the  second equa t ion  of (5.8) t h a t  

), (#~]o~- ~o/~- ~j~o) = o, 

from which  we have  k ~ 0. This con t rad ic t s  to  

PROOF OF OVa THF~O~E~. - S u m m i n g  up the  L~mm~ 3.1, 3.2, 4.1, 5.1, 5.2 a n d  

The o re m  B, we can p rove  the  T h e o r e m  s ta ted  in w 0. 
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