
On the Existence of  Complete Kiihler Metrics 
of  Negative Riemannian Curvature Bounded Away 

from Zero on Eilipsoidal Domains in C ~ (*). 

~.NTONELLA I~TANNICINI 

Summary. - The puxpose of this paper is to prove that every ellipsoidal domain in  C" admits 
a complete K~hler metric whose Riemannian sectional curvature is bounded from above by 
a negative constant (Theorem 1). We construct a K~hler metric, in  a natural way, as poten- 
tial of a suitable ]unction defining the boundary (w 2). Directly we compute the curvature 
tensor and we find upper and lower bounds for the holomorphic sectional curvature (w 4, w 5). 
I n  order to prove the boundness of l~iem, annian sectional curvature we use finally a clas- 
sical pinching argument (w 6). We also obtain that for certain ellipsoidat domains the curva- 
ture tensor is very strongly negative in  the sense of [15] (w 3). ~inally  we prove that the metric 
constructed on ellipsoidal domains in C ~ is the Bergman q~etrie i] and only i f  the domain is biholo- 
movphie to the ball {Theorem 2). I n  [8], [9] R . / L  Greene and S. G. Krantz  gave large fami- 
lies of examples of complete K~hler manifolds with Biemannian sectional curvature bounded 
from above by a negative constant; they are sufficiently small deformations of the ball in  C% 
with the Bergman metric. Before the only known example of complete simply.connected 
Kahler ma~vi]old with Riemannian sectional curvature upper bounded by a negative constant, 
not bihotomorphie to the ball, was the surface constructed by G. D. .Mostow and Y.  T. S iu  
in [14], to the best of the author's knowledge, is not known at present i f  this example is biholo- 
morphic to a domain in  C ~. 

1. - Ellipsoidal domains in C ~. 

L e t  C a be  t h e  n - d i m e a s i o n a l  c o m p l e x  space,  we cons ider  coord ina tes  {zl, . . . ,  z~} 

where  z~ -= x~ ~- ~c/~l l  y~,  x~,  y ~ e  R ,  ~ : 1, . . . ,  n. 

W e  def ine:  

~,fl=l 

E is said to be an Ellipsoidal Domain in C" if the quadratic form in (1.1) is positive 
definite and d is a positive real number. 

(*) Entra ta  in Redazione 1'8 novembre 1985. 
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PI~Ol'OSlTIO~I 1. - After a complex linear trans]ormation o/ C ~ an ell@soidaI do- 
main E has the ]orm: 

(1.2) . E =  {z~ C": ~ [A~(z~ § ~) § z~5~] < 1 }  
a = l  

wherv A~, ~----1~ ...,n, are rear numbers and O<~A~< �89 

I~ooP.  - In complex coordinates (1.1) becomes: 

o%6=1 

where 

1 
B~ = ~ (a~ + b~ + V=-~ c~) .  

We define the  hermi t ian  form 

~(z ,w)= ~ ( B ~ §  
o~ , f l =  l 

h is positive definite and  so, af ter  a complex linear t ransformat ion,  E can be wri t ten 
in the following form: 

= Iz~ C': i zc,~ + Q(z, z )+ Q(z, z )~ 1 / ,  _E 
I, c~=1 J 

where Q(., .) is a quadrat ic  form. We m~y suppose Q(z, z) § Q(z, zi is maximized 
at  the point z = (1, 0, ..., 0) of the  un i t a ry  sphere. So nfter a un i t a ry  lincax trans- 
format ion  we have:  

( " } 

where Q' is a qlladratic form. We cun repcst  the same argument  on Q'. By  induc- 
t ion a t  least  we obtain:  

[z~z~ + ~(z~ + ~)] < 1 . 

The positive definiteness in (1.1) implies 0 < A ~ <  �89 Q.E.D. 

As in [16] we denote an ellipsoidal domain,  wri t ten  in the s tandard  form (1.2), 
by  E =/if(A1, ..., A.)  and  ~ is said to be non trivial if there exists ~e{1 ,  ..., n} 
such tha t  A~ ~ 0. 
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We conclude by  the  fundamen ta l  S. ~v[. Webster ' s  classification t h eo rem  [16] : 

Tm~ol~E~i A. - Eet /i7 = E(A~, ..., A.)  and ~ ' =  ~E(A~, ..., A~,) be ellipsoida~ do- 
mains in C ~, n> 2. Then E in b(holomorphically equivalent to E' i] and only i] 
A~ = A'~ a]tera reordering. I] either E is non trivial then every automorphism o] E 
is a complex linear trans[ormation. 

2 .  - K ~ i h l e r  m e t r i c  a n d  c u r v a t m ' e  t e n s o r .  

Let  E = E(A~, . . . ,  A~) be aa  ellipsoid~l domain  in C", we denote  

9 ( z , ~ ) = 1 - -  ~ ( z~5~+A~(z~+~))  and  g = - - l o g ~ .  

We consider g~-~(z, ~) = ~*g(z, ~)/(~z~ ~5#), t hen  we define 

(~.~) 4s= = ~ g~-~4z~ | ~ . 
~,fl= l 

Easi ly  we e~n prove t ha t  gs ~ is ~ complete K~hler  metr ic  on /~ [3]. 
I a  complex  coordinates we have:  

( ~.~ ) g~-~ = 

+ + 1 - -  
a = l  ~  

where 

~=#---- 0 ~ r ft .  

We are i a te res ted  in the  c n r w t a r e  tensor  of ~he K~hler  metr ic  (2.1): 

R~#~--~z~35~ ~.~1 g~' ~z~ ~ , l<~, f l ,  y ,O<n 

w h e r e  g~# = (g~)-l .  

By  a direet~ long, c~lculation we obta in  the  following expression: 

(2.3) R~-~ = g~gA -~ g~g~ Jr 

_~ 4A~A~6~(~=q;~ 1 g ~o-1. --n-~- 1), 1 < ~ , f i ,  7 , ~ < n .  
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We have the following: 

L ~ A  1. - ~ g~.l /~c--  (n-- 1) > O. 

PBoo~. - Denote 

a=l  ~,fl=l 

Then gO~ = ~ (r  + r  1~oI~)). Observe ~ = ~ ,  therefore 

o=~ ~ o=~ - v - - l d v l  = ~ + l d v l  = " 
Q.E.D. 

First  we have: 

Hgrad glt' ~-- dg(grad g) = dg 4 Re ,2 g~' g]-~=- = q~ 

Second, we observe that  ~ - - - - -g~gv~-~-g~g~  is the tensor of constant negative 
holomorphie sectional curvature - - 4  (see w 4 for definition). 

Therefore: 

(2.4) R ~  ---- _ . ~  m ~ (4 - -  ]lgr~d (-- log ~)II*). 

3. - Strong negativity of the curvature of certain ellipsoidal domains. 

First  we recall some fundamental  definitions. Y~et M be a complex manifold 

with K~hler metric 

If  X = 2 l~e ~ ~(~/$z~) and Y = 2 Re ~ ~(~/~z~) are tangent  vectors then the 

(l~iemannian) sectional curvature of the real 2-plane spanned by X and 1 r is given by:  

K(X,  ~) = - -2 .  
g~gv~{(~ ~ - - ~  ~_~)(~ ~ - -  ~ )  + ( ~ - - ~ ) ( ~ P ~ - - ~  ~)) 

In particular the sectional curvature is non positive if and only if: 

~ R ~ ( 8  ~ r - ~ )  (~ r~-  ~ )  > o 
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for ~11 complex m~mbers ~ ,  ~ ,  and is negative if the equality holds if and only if 
(~  ~ - -  ~ )  = 0 for all ~, ft. In [15] Y. T. S~v introduced the following, stronger 
definitions : 

DEFINITION A. - The curvature tensor R ~  is said to be strongly negative (strongly 
seminegative) if 

for all complex numbers A% B% C ~, D% when (A~]~-- C~/)z) ~- 0 for at least one 
pair of indices (g, fl). 

DEFINITION B .  - The curvature tensor /~7~ is said to be very strongly negative 

(very strongly seminegative) if ~ R ~  ~ ~ 7  > 0 (> 0) for all complex numbers ~ 

when ~ va 0 for aS least one pair of indices (g, fl). 
Obviously if R~v~ is very strongly negative it is also strongly negative and 

either conditions imply the negativity of sectional curvature. 
Easily we c~n prove the tensor of constant negative holomorphie sectional curva- 

t u r e , / ~ v ~ ,  on the ball is very strongly negative. As a consequence we obtain the 
following: 

PBOP0SlTION 2. -- Suppose E~ is an ellipsoidaI domain in C ~ o] the ]orm 

E~ = ]~(0, ..., O, A,,  O, ..., O) . 

The curvature tensor o] the metric (2.1) on E~ is very strongly negative. 

PBOOF. 

~'~ = ~ R ~ - ~  ~'~ + ~ 1~~ (--logv)IIp> 
n 

x; _g - - ~ ~- > o 
ot,p,7,~ = 1 

The first inequality follows from Lemma 1 while the second from strongly nega- 
t ivity of /~) ,~ .  ILk particular equality holds if and only if ~ = 0 for all ~, ft. 

Q.E.D. 

By direct computation on (2.3) or using more general results [13], we can observe 
the curvature tensor of the metric (2.1) on E = E(A1, ..., Am) approaches, near 
the boundary, the tensor of constant holomorphic sectional curvature -- 4. So the 
sectional curvature is bounded from above by a negative constant near the boundary. 
Using this fact, the continuity of the curvature and Proposition 2 we have: 
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COrOLlArY 1. - The l~iemannian seetiona~ curvature o/the metric (2.1) on E~ is 
bounded ]rom above by a negative constant. 

We will see this s ta tement  holds for all ellipBoidul domuins (w 6), this is actual ly 
the purpose of this paper,  bu t  we don ' t  know if Proposition 2 holds for more general 
ellipsoidal domains t h a n  E~. 

4. - Upper bound of  the holomorphie sectional curvature. 

Let  M be a complex munifold with K~hler metric d s ~ :  ~ g~h dz~(~ d2[~. Let  

X - - - 2  l~e ~, ~(b/~z~) be a t angen t  vector, and J the complex structure tensor 

on M, we huve J X - ~  2 I~e ~ V'~ll~(~/~z~). 
o~ 

The holomorphic sectional curvature of the 1-dimensional complex space spanned 
by X is given by:  

I I ( X )  = ~ ( X ,  J X )  = - -  2 .  ~'~'~'~ 

Suppose J~ ~ E(A~, ..., A,)  is an  ellipsoidal domain in C" with K~hler metric (2.1) 

an4 X = 2 ~ e  ~ ~(O[Oz~) is a t angen t  vector,  then  we have:  
( 7 = 1  

(4.1) 
(g~g~ + g~g~) ~ ~ U ~ ~ 

~b 

,0,7,0 = 1 

+ (-- 2). g 

- -4  - - 2 .  

4 - -  [tgrad (-- log ~)II ~ 

4 --  f[grad (-- log ~)I[ 2 

Lemma 1 and  (4.1) implies the following: 

P~OI'0SITTO~ 3. -- Suppose E----E(A1, ..., A~) is an ellipsoidal domain in C", 
then the ho~omorphic sectional curvature of the metric (2.1) is bounded ]rom above by 
the negative constant --4.  
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5. - Lower bound of  the ho lomorphic  sect ional  curvature. 

We are going to find a lower bound  for ~he holomorphie sectional curva ture  of 
the  K~hler  metr ic  (2.1) oa ellipsoida] domuins. II1 order  to do theft we need the  
following classical resul t  about  the decreasing p roper ty  o~ holomorphic sectional 
curvat.ure on submanifolds [11]: 

L E ~  A.  - Let M'  be a complex subme~ni]old of the Hermitian mani]old M. .Let 
(7 the Hermitian metric o] M and (7' the induced metric o] M' .  I]  X is a tangent vector 

to M'  then Jta,(X ) <Ha(X) ,  where Ha. , H~ are holomorphie sectional curvature on M '  
and M respectively. 

Let  E -~ ]~(A~, ..., A , )  be an ellipsoidal domaill  in C ~, let  X ~ 2 l~e ~ ~(3/~z~) 
0 t ~ l  

be a t~ngent  vec tor  to E ~t some point  p e E.  We ca~ consider the  1-dimensional  
complex submani fo l4 /E '  o f /E  defined by  in tersect ion in C ~ o f / E  wi th  the  complex 
plane,  ~ spanned by  X, t rans la te  ut the  point  p. Then  we compute  the  Gaussian 
curva ture  of E '  by  respecr to the  induced metr ic .  

Suppose ~o ----- (u~, ..., u~), ~hen: 

(5.1) ~ = { z e C ' :  zk--- uk + ~ t ,  l < / c < n ,  t e C }  . 

Assume $~r  O, we have :  

(5.2) E ' -~  E n z~ = {z C ~ 

where  

(5.3) ] 

ocr 

For  all t angen t  vectors and all points B'  is a 1-dimei~sional ellipsoidal domain 
l inearly embedded  in E so the  metr ic  induced on E '  by  the  Ki~hler metr ic  (2.1) is 
given by :  

~ log ~p(z, 5) 
(5.4) ds2 --= ~z ~ dz | d~. 
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We recall if S is u Riemann  surface wi th  Kghler  metr ic  ds ~ = h dz@ d2, then  the 
Gaussian curva tu re  K is given by :  

- - 2  ~ l o g h  
K - -  

h 8z 95 " 

In  par t icu lar  if S = {z e C: 0(% z) > 0} by  direct  computa t ion  we obtain:  

(5 .5)  
29 S 

~ = - ~ + ( l a d ~ z ? -  o(~'d~z ~))"" 

LEM~A 2. - The Gaussian curvature o] the metric (5.4) on .E' is bounded from below 

by the negative constant --  6. 

P~OOF. - F r o m  (5.3) and (5.5) we obta in :  

(5 .6)  / ;  = - -  r § 3 .  

Therefore  is enough to prove:  

~: l~ : ,p l~z : l  ~. ~wlez ~ 
(lawl~zl = - w(a"~laz ~ ) ) =  

or equivalent ly:  

vfl~2vl~z212. >z/~z ~ 
(I~/~zl ~ -  ~(~"v/~ ~)  )3 > - 1 

2 
-4(~,"/le'l ')  2; A<,(~~,): Z led: 

cr cr 
~ > -- I . 

(l~vl~zl ~ + (v,/l~'l') ~ 1  I~r 

B y  using Cauchy-Schwarz inequal i ty  and  the fact  A ~ <  �89 l < = < n ,  we have:  

(5.7) 

Then:  

n, 2 

(5.8) > > - - 1  

which is the s ta tement .  Q.E.D. 
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I ~ E I ~ K .  - In  (5.7), aud therefore  in (5.8), we have stroug inequal i ty ,  depending 

on geometr ic  cons tan t  of ~ .  

We can choose ~ rain (a~: A~<�89 so t h a t  
i = 1 ' . . . ~  

/ 
~ = 1  

Observe the  second addend in (5.9) is posit ive in E '  and  it  approaches zero near  
the  boundary  of E ' ,  therefore  the  G~ussian curva ture  is s t r ic t ly  grea ter  t h a n - -  6. 
Thel~ f rom L~mma A, L e m m a  2 and  l~em~rk ~'e obta in  the  following: 

PROPOSITION 4. - The holomorphiv sectional curvature o/ the K~ihler metric (2.1) 

on E is greater than the negative constant -- 6. 

C01r 2. -- Let E ~ E(A~, ..., A , )  be an ellipsoidal domaig~ in C ~*, there 
exists a positive constant s such that the holomorphie sectional curvature o] the Kiihler 
metric (2.1) on E is bounded ]rom below by the negative constant -- 6 -~ e. 

P~OOF. -- We know the  curva tu re  tensor  (2.3) appl'oaches, near  the  b o u n d a r y  
of E ,  the  tensor  of constant  negat ive holomorphie  sectional curva ture  -- 4, there-  
fore we can choose an open ne ighbourhood U of the  bounda ry  such t h a t  in U the  
holomorphic sectional curva ture  is bounded  f rom below by  the  negat ive cons tant  
--  5. Le t  p be a po in t  belonging to  E \ U  and  le t  X be a t a n g e n t  vec tor  a t  the  

point  p ;  the re  exists a posi t ive cons tan t  e' such t h a t  H ( X ) ( p ) > -  6 + e'. B y  
va ry ing  X in the  uni t  ball  of T~E ( tangent  space to  E s~t the  point  p) and  p in 
the  compact  set E ~ U ,  by  using again the  con t inu i ty  of the  curva ture ,  we are able 

to  ob ta in  e. Q.E.D. 

6. - Negat iv i ty  o f  the  R i e m a n n i a n  sect ional  curvature.  

We need  the  following classical resul t  [2]: 

L E p t A  B. - .Let M be a complex mad]old with Kiihler metric G, let X and Y be 
orthogonal tangent vectors, and :Re G(X, J,  Y)  ~ cos 0 >~ 0. Then, 

(6.1) K ( X ,  Y) = ~ [3(1 + cos O)2H(X + J Y )  + 3 ( 1 -  cos O)2H(X-- J X )  + 

- + Y ) -  H ( X -  Y ) -  H ( X ) -  H(Y)] 

when K (resp. H) is the Riemannian sectional curvature (resp. holomorphic) of G and J 

is the complex structure tensor o] M. 
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P~Ol, OSlmlO~ 5. - Zet M be a complex manifold with Kghler metric G such that the 
holomorphic sectional curvature of G is bounded from above and from below by nega- 
tive constants: - - A < H < - - B .  Then the _Riemannian sectional curvature of G, K,  
is bounded from below by a negative constant. Moreover if A /B  < ~--  ~ holds, for some 
positive constant ~, then K is bounded from above by a negative constant. 

I ~ o o F .  - Le t  ~ be  a real  2-plane t a n g e n t  to M a t  some po in t  p.  Le t  X and  Y 
be t angen t  vectors  spann ing  z,  we cau suppose X and  Y are o r t hono rma l  and  

cos (X, JK)  = cos 0 > 0 .  I t  follows di rec t ly  f rom (6.1) 

(6.2) 3 A + l  1 (3 A) 

This is exac t ly  the  s t a t e m e n t .  Q.E.D. 

Le t  E = E(A1, ..., A~) be an  ellipsoidal domain  in C ~ wi th  K~hle r  met r ic  (2.1), 
t hen  E satisfies Proposi t ion  3, Corollary 2 a n d  there fore  Proposi t ion  5, so we have :  

T n ~ o ~ E ~  1. - Every etlipsoidal domain C ~ admits a complete K~hler metric whose 
~iemannian sectional curvature is bounded from above and from below by two negative 
constants depending on the boundary geometry only. 

7. - Relations with the Bergman metric. 

I n  this  p a r a g r a p h  we are in te res ted  in the  re la t ions be tween  the  met r ic  (2.1) 
cons t ruc ted  in w 2 and  the  B e r g m a n  met r ic  of ellipsoidal domains .  The  p rob lem 
arises in a n a t u r a l  way  f rom the  following r emarks .  

Le t  .E =-E(A1, ..., A. )  be an  ellipsoidal domain  in C ~, define the  met r ic :  

d$ ~ = (n + 1) ds 2 ,  

where  ds ~ is the  K/~hler met r ic  (2.1) on E.  

REMARK 1. -- Suppose A~ = 0 for l < a < n ,  t h e n  E ----- E(O, . . . ,  0) is the  uni t  
bal l  in C ~, B ", and  d~ 2 is the  B e r g m a n  me t r i c  of B ' :  

=~ 
~,fl=l ~ = 1  

I~EMA~: 2. - For  eve ry  ellipsoidal domain  in C", E = E(A1, ..., A,) ,  the  cur- 
v~ture t ensor  of the metr ic  d~ 2 approaches  near  the b o u n d a r y  the  cu rva tu re  tensor  
of the  B e r g m a n  met r i c  of E [13]. 
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RE~C)~K 3. - F r o m  S. N[. Webster ' s  classification theorem (Theorem A, w 1) it  

follows e~sily tha t  every  au tomorphism of E ---- E (A ~  ..., A, )  (n~>2) is an i somet ry  
of the  met r i c  d~ ~. 

However  we are a.ble to prove  the  following: 

THEOlCE~ 2. - The complete KS~hler metric d~ ~- constructed on every ellipsoidal 
domain in C ~ (n>~ 2) is the Bergman metric i] and only i] the domain is biholomorphic 
to the ball. 

In  order  to prove  the  t heo rem we need some general  results abo~t  Bergm~n 
kernel  of s t r ic t ly  pse~doconvex domafns in C "  and  aboa t  C~uchy-problem for 

88-operator.  

a) Suppose D c c  C" is ~ s t r ic t ly  pseudoconvex domain in C ~ wi th  smooth 
bounda ry  (bD) ~nd ~ is ~ s t r ic t ly  p lur isnbharmonic  funct ion  defining bD. I t  is well 
known thu t  the re  exist  C ~ ]auct ions  on C% ~,  G, such tha t  on D • D (D -= D U bD) 
the  Be rgman  kernel  of /)~ K~, has the  form:  

K A z ,  z) = K (z) = § log (z) [6] [7] [12] 

While a lmost  noth ing  is known about  funct ion G, /F is complete ly  de te rmined  
on bD by :  

I,. - ((dot s 

where  dot  s is the  de t e rminan t  of the  IJevi form of bD at  the  point  z e bD. 
Suppose D is un ellipsoidal domain  in C.: D = E = E ( A ~  ...~ A~), t hen  we 

can easily compute  2~(z)Jb~ and we obta in:  

(7.1) F(Z)Ib~= {2 § 2 1 ( 4 A ~ - - l ) Z ~ } b  ~. 

b) Le t  D = { ~ >  0} be a domain  in C ~ (n >2 )  with C k (k>3)  smooth b o u n d a ry  
bD = {~ ----- 0}. The charac ter iza t ion  of funct ions ] e Ck(bD) which are the  restric- 
t ions of p lur iharmonic  funct ions on D has been  studied b y  m a n y  authors  [1], [4], [5] ; 
in part ict l lar  will be  useful  the  following character izat ion:  

IiE~_A C [1]. - Suppose the Levi ]orm o] bD is non vanishing and suppose bD is 
connected. I f  ] ~ C~(bD) ] may be extended to a pluriharmonic ]unction in D if and 
only i] there exists a ]unction q5 ~ CI(bD) such that: 

where g" = 1/(21/~-11)(f - 8), d : �89 + 8). 
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:Now we are r eady  to p rove  T h e o r e m  2: 

P~ooF (Theorem 2). - Le t  E = E(AI, ..., A.)  be an  ellipsoidal domain  in C ~ 
(n>2) .  Suppose d~ ~ is the  Be rgm~n  met r i c  on E,  t h a t  is: 

~ = ~ (~ logg,(~)/~z~ ~)az, |  d~. 
~,fl= l 

Thus  we have :  

- -  (n § 1) ~logq0(z)  = a~ l o g K z ( z ) ,  

where  

2~ecessarily: 

~(z) = ~ - i (~o(~ + e~) § z,e~). 

(7.2) ~log(q~+'(z)'KE(z)) = 0 on E .  

Condit ion (7.2) means  t h a t  

(7.3) l(z) ----- log (9~+~(z).Kz(z)) 

is a p lu r iha rmonic  funct ion on E. F r o m  (7.1) we known the  b o u n d a r y  value of ], 
t h a t  is 

a = l  

So dg 2 is the  B e r g m a n  met r ic  of/i7 if and  only if the  following Cauchy-prob lem for 

a~-opera tor  

(7.5) /(z) = log 2 § ( 4 X ~ - - l l z ~  2, on bE.  
a = l  

has a solution. 

Observe  t h a t  for  A1 . . . . .  Am = 0 ] lbE= 0, t h e n  (7.5) has,  in this case, the  

a = l  

In  the general case we can use Lemma C. Conditions (I), (IX) can be wr i t ten 
in terms of 8 and ~. Selecting the terms in ( I I )  of type (1, 2) we have: 

(19 ~,A8gAa~f= #~gAagAa~9, 

(119 ~A ~] = + ~A ~(r ~). 
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Firs t  suppose n = 2, so condit ion (I/) is automat ical ly  satisfied. In  par t icular  one 
obtains tha t  

~A 8~A 8~ 
and b y  direct computa t ion:  

(7.6) 2 2 

+ 2 ((4A~-- 1)]2A~5.. + z~[ ~ -{- ( 4 A ~ -  1)[2A~z~ + 5~[a)}. 

�9 (2 + ( ~ a ,  ~ - ~) z~ ~ + ( ~ t ~  - -  1) z~ ~)-~. 

Again a direct computat ion shows that  condit ion (II  I) is satisfied if and only 
if A~-----A~=0.  

So Theorem 2 is t rue  for n = 2. 
Now suppose n>3, Condition (I') is not  in general satisffied. Wri te  

O ~ A a ~ A ( a 3 ] -  ~a~)=  f o~rmd~,Adz~Adz~Ad~, 
~, / ,kf l=l  

and  consider the  condit ion:  

I I  ( ):~? o ~  = O. 

Suppose A ~ #  0 for some a e { 1 ,  ..., n}. We have  

i (4A~--l)dz.Ad~. 

y ~ l  7 = 1  

and condit ion (II).jj  becomes:  

(7.8) [2A,z, + ~,[~. 

This implies:  

r  = 

2 +  2 +  
~=1 ~=1  

t [ 

qi 1 = 0 .  

Fi rs t  for i #  j =/: k (I')zig and (I')~k~ at the  point  P~ : (0, ..., z~, ..., 0) give A~ = Ak, 
so A1 . . . . .  A.. 

Second for all i S  j # k (I')7,~ and (Y)~k~ give z ~  = zk~l: which is absurd.  
So compatibi l i ty  condit ion (I') is not  satisfied if n > 3  and A ~ #  0 for some 

:r  ..., n}, and the  proof  is complete.  Q.E.D. 
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RE~A~K. -- If n ~- 1, by  11sing the (( Uniformiz~tion Theorem for Riemann  sur- 

faces ~, we have tr ivial ly t h a t  the metr ic  d~-" on E = E ( A ) c  C is the Bergman  

metric of E if and o~4]y if A ---- 0. I n  fact  the Ganssian. cnrvutnre  of dg ~ is cons tant  

if and  only if A ---- 0. Therefore for n ---- 1 the Bergman  metr ic  ~nd dg ~ are uni- 

formly equivalent  on E ~ E(A).  In  fact,  follows immedia te ly  from Schwarz Lem- 

m~ [17], t ha t  two complete Ki~hler metrics, G~, G~, with l~iemannian sectional 

curvature  bounded  between tw O negative constants  are unfree-rely equivalent,  tha t  is 

there  exist two real posit ive numbers  m~ n~ such t h a t  mG~>G~>~nG~. 
Unfor tunute ly  almost  noth ing  is knower_ about  Bergmun metr ic  of ellipsoid~l 

domains in C - ( n > 2 ) ;  we th ink  it is in teres t ing to conclude by  the following: 

THEO~.M ]3 [10] - Zet M be a complete simply-connected Kiihler mani]old with 
K~ihler metric G. ~uppose the _Riemannian sectional curvature o I (~ is bounded ]rom 
above and lrom below by two negative constants. Then there exists on M the Bergman 
metrie~ fl~ is complete and fl> A'G holds ]or some positive constant A' .  Moreover the 
Bergman kernel ]orm KM satisfies c~ [2 >~ KM> C~ Q where [2 is the volume /orm o] G 
and c~, c~, are positive constants. 

CONXEOT~-aE [10] - Under  the hypothesis  of Theorem B the  Bergman  metr ic  

and  (7 are uni formly  equivalent .  
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