
L~-Lower Semicontinuity of Functionals of Quadratic Type (*)(*% 

~ICOL•  FUSC0 - GIOC05TDA 1Vf0SCA/CIELL0 (Napoli) (***) 

S u m m a r y .  - A representation ]ormula ]or the L2-1ower semicontinuous envelope o] a quadratic 
integral o] Calculus o] Variations is given. Some particular cases are explieited in  the details. 

Let  us consider the  funct ional  of the  Calculus of Variations 

.~'(Q, u) = f ~_,~,~ a~j(x) D~uD~u dx 
1"2 

u e H~,~(/2) 

where a,= a~Lc~ ~a~jz~zj>~O. I t  is well known tha t  F is weakly seqnen- 
,i,J 

t iMly lower semicontinaous (1.s.c.) in HI,2(.Q). The si tuat ion is completely different 
if we consider topologies such as L~(~), p ~> 1. There are classical conditions (see [11], 

e.g.) 
I ~a.(x)z, zj>O, Vx, z~t~ 

t ha t  ensure ~ to be L ' - l . s . c ,  bu t  it  is possible to give counterexamples (see [1], [8]) 
showing tha t  this is not  the case at  M1. In  par t icular  it  has been proved ([8]) t ha t  a, 
necessary and sufficient condition for the  fnnct ional  

f~(x) 1~(x)I s dx 
.Q 

to be L2-1.s.c. on H1,2(~) is t ha t  Vx a.e. 

~-~o+ - ~  dt . 
2g--S 

In  this paper  we ex tend  the preceding results giving a formula for the  L~-l.s.c. 

envelope of ~(~Q, u). 

(*) Entr~ta in Redazione il 13 maggio 1981. 
(**) This paper has been supported by G.N.A.F.A. (Gruppo NazionMe per l'Analisi 
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From previous results (see [1]) i t  was known tha t  this envelope is still an integral,  
namely  quadrat ic ,  functional.  We show th a t  its coefficients b~r are such t h a t  

Vz ~ / ~  and Vx a.e. 

b~;(x) & z, = lira sup Inf  ~ 1 _ ~  ~ Z a~(x) Di~.~,g dX: 
~,~ laI-+o [mis Q ,J ~.~ 

O 

q~ ~ z . x  -[- H1,2(Q)} 

where Q is any  cube in R ~ containing x. This formula was proved in [4] in the  

par t icular  ease of coercive functionals in which 2~ is L~-l.s.e. and so bi~ = ai~.. By  
th i s  formula we obtain (when n : 1) a result  proved in [8] and also a general  suf- 

ficient condit ion for 2~ to be 1.s.c. 
The technics we use here are related to the m ax im u m  principle for uni formly 

elliptic operators in divergence form and to  the  dual i ty,  bu t  we often employ the  

arbitrariness of the open set f2 in which is defined the  funct ional  F .  
In  the  par t icular  case tha t  a ,  = a~a~(x) and adx) are products  of a measurable 

funct ion of x~ and of a funct ion of the  other  variables or in the  case a~ = a~j(x~) we 
give an explicit  calculation of the  coefficients b ,  of the  1.s.c. envelope of /~  and hence 

necessary and sufficient conditions for _/' to  be Z~-l.s.c. 
All the  previous results concern the  semicontinui ty of the  funct ional  /~(Y2, u) 

on the  space HI,~(t)). Bu t  it is known tha t  the  min imum points of/~(T2, u) do not  
always belong to H~,~(f2) and tha t  the  best  space where to  find them is T ( / 2 ) =  

~,~ 2V(Y2~ u ) <  ~ co}. So it  is useful to obtain semicont inui ty  results 
- -  {u e//~oo(~): 
for ~V(f2~ u) in T(/2). At  the  end of section w 2 we prove a sufficient condit ion for L~ 

to be 1.s.c. t ha t  is valid up to the  space T(~) .  
Of coors% a similar problem arises in considering the  _F-convergence of a se- 

quence of functionMs such as 

whi th  respect to the L~-topology. 
I t  is known tha t  there  exist measurable functions a~j(x), i , j  = 1, ..., n, such 

tha t  Vu ~ tt1,~(t9) 

In  the  section w 4 we prove tha t ,  wi th  reasonable assumptions on the  coefficients 

the  relat ion ( . )  is still valid up to the  space T(tP). This result  is shown using @iJ 
some technics in t roduced by  F. O. L Iv  in [7] and some results on maximM func- 

tions in weighted Sobolev spaces proved in [2]. 
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1. - Definit ions,  notat ions  and prel iminary results.  

Let be Ap~ the family of all bounded open sets of ~ ,  ~ A p ~  and x = 
= (xl, ..., x~) ~/~.  

We consider functionals of the type: 

F(~, u) -- f ~ a.(x)/),u/)~u 
dx 

Y2 

where Q ~ A p , ,  u ~ H1,2(~) and [a,~] is a symmetric n •  matrix of bounded measu- 
rable functions on R ~ such that  

(1.1) 0<  ~ a,~(x)z, zj<~A]z] ~ 
i,5 

Vx a.e. and Vz ~ 2~. 
Let us introduce the lower semicontinuous envelope (1.s.e.) of /~(~2, u) with 

respect to the strong Z2(~2) topology: 

-~(Q, u) = sv-(L~(Q)) F(Q,  u) , u ~ HI,2(f2) . 

It 's easy to verfy that:  

F(Q, u ) =  Inf { l iminf~(~,  uh): uh~ H~,~(/2), uh ->u  in L~(~Q)}. 

By this formula we deduce that  

1~2 �9 Vu~H~'~(D) 3{Uh}hcH (9). U~-~U in L~(~(2) and 
(1.2) _~(~2, u) ---- 1im/~(~9, uh). 

I t  is known (see [1], [9]) that if # is a quadratic functional also _~ is a quadratic 
functional. So there exist some bounded measurable functions b~(x) such that  

(1.3) _~(D, u) = f ~  b,r Vu e H~,~(Q). 

In particular it can be proved that  

PI~Ol'OSI~IO~ 1.1. - I] a~ = a~(x~), then also the /unetions b,~ veri/ying (1.3) de- 
pend only on x~. 
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P~OOF. - I f  9 is a bounded open set, let us consider u(x) = z .x, with z E / ~  and 
y----(0,~2, ...,x~). F rom (1.2) we have tha t  3{u~}~cH~,2(~): u~--~u in Z2(D) and 

f ~bij(x)zizjdx=lim f ~ j ~,~ 

Then, taking u~(x)= u ( x -  y), and u~(x)= u h ( x -  y) 

f ~ b~(x) z~zj dx = lira f ~ a~j(x~)D~u~(x) D~u~(x) dx .  
i , j  h ~,J 

Since a ~ =  a,(x,) ,  the integrals at  the right side are equal and so 

y+Y2 

does not  depend on y. This gives the proof, provided tha t  z and Y2 are arbitrary. 
Le t  us recall now some results about the dual i ty  tha t  we shall use in the following. 
I f  X and X* are two locally convex topological vector spaces (1.c.t.v.s.) in dual i ty  

and <., .} is the dual i ty  between them, for any  ]: X ->/?,  we indicate with ]* the 

Young-Fenchel t ransform of 1, i.e. 

i*(v*) = sup {<v, r  - / ( v ) }  v* e x * .  
vEX 

In  the case of integral funetionals the expression of the Young-Fenchel t ransform 
m a y  be obtained using the following 

P~oPosITIo~ 1.2 (see [5J). - I f  ](x, z) : ~ • R ~ --~ -R is a Carathdodory function and 
i f  G(u)--:f f(x,  u(x)) dx, u e L*(.Q), is finite on some uoeZ~(.(2), then G*(u*)---=ff*(x, 

D 

u*(x)) dx where f*(x, .) ks the Young-~enehel trans]orm o/ f(x, .). 

Given Y and Y*, other two 1.c.t.v.s. in dual i ty  and F:  X -+ Y linear and con- 
tinuous, we indicate with /~* the adjoint  mapping of /~. I f  M:  X ~ ] - - ~ ,  + c~]. 
N:  Y - +  ] - -co ,  + c~] are convex and lower semicontinuous, we can consider the 

problem: 

(9) In f  [2U(v) + 2r 
v6X  

and its dual  problem (see [4]) 

(r Sup [-- M*(F*p*) -- 2r 
g)*EY* 

where M* and N* are the Young-Fenchel t ransform of M and h r respectively. 
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Le t  us consider also Vp e Y the  problem:  

(r Inf [M(v) + 2r -- p)] 
vEX 

and Vp e :Y let  us define :K(p) = In~ r Then (see [5]) 

T~OICE~ 1.3. - I /  :K(0)< -{-c~ and ~(p) is convex and it is also continuous 
at O~ then In f  r = Sup if* and the problem Sup if* is solvable. 

Let  ~s consider now the partictt lar case tha t  

~n4 

X = ~ , ' ( ~ ) ,  ~ = L~(~2), ru = Du, N(Fu) = �89 u) 

o ii u e z . x + t t ~ o , ~ ( 9 )  

M(u) = + c~ otherwise .  

Because of cont inui ty  ~nd convexi ty  of 

N(p)= ~ f ~ a,~(x)p,(x)p~(x)ax 

2 on 1~ (Q), by  Theorem 1.3, In f  ff ---- Snp fi'*. 

I t  is easy to prove t ha t  (see ~5]) 

{ t' p, dx 
M*(F*p*) = 

+oo 

if d ivp* = 0 

otherwise. 

So, by  Proposi t ion 1.2~ we have:  

,~eH.~,'(~)2 F ( D , ~  + Z'X) = Sup z.p* a~p~p~ dx 

d i v  ~3" = 0 12 

where [a~*] is the  inverse ma t r ix  of [a~j]. 

2. - L o w e r  s e m i c o n t i n u i t y  properties .  

Let  a~j(x), i , j  =-1, ..., n, be measllrable functions on R ~ ver i fying (1.1). 
any  Q e A p ,  and z-= (zl, . . . , z ~ ) ~ R  ~, we define: 

L_t_ 1 ( /z(z, ~)  In f  
[mis ~ J ~,j 

J 

For 
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and for any  s > 0 

/~(z, Q) = In f  ~ _ ~ 1  ~ (a~dx) + ~G~)(D~u + &)( i )#  + z~)dx: u ~ H~'2(Y2)}. 
[mis Q J  ,,~ J 

I t  is easy to show tha t  for any  z e R  ~ and for any  tQ c A p .  

(2.1) l im #~(z, O) = / t ( z ,  ~Q). 
~.--,-.0 + 

In  the following we'll indicate with Q any  cube in R ~ and with IQt its measure. 

T t~o lcEx  2.1. - I f  ~(Q,  u) and _P(Q, u) are defined as in w 1 and b,j(x) are meas- 
urable functions in l~ ~ verifying (1.3), then ]or any x a.e. and for any z ~l~": 

(2.2) .~. b,j(x)zizj = lira sup#(z, Q) 
~,~ ]Q]--,o 

where Q is a cube containing x. 

P~ooF. - Le t  Xo be a Lebesgue point  for the b,j's; if  Q is a cube such tha t  xoe Q, 
let  us choose a sequence {u~}~ of functions in z . x  + Hi'e(Q) such tha t  

_F(Q, z.x)  = l imF(Q,  u~) (1). 

Then 

Q)< 
0 

and therefore,  le t t ing [QI-+ 0 

lira sup #(z, Q) < .~ b,j(xo) zi zi .  
[01-+o w 

Let  us prove now the  reverse inequali ty.  
We fix a cube Qo with the  faces parallel  to the  coordinate axes; for any  k ~ N 

let -Pk be a par t i t ion  of Q0 whose elements are the cubes congruent  to Qo, contained 
in Qo, and whose dimensions are in the  ra te  1/2 ~ with the corrispondent  ones of Qo 
Le t  us indicate with Q~ an element  of Pe and with Zh,~(x) the  character is t ic  func- 

t ion of Q~ and define for any  z e R ~ 

2nk  

G(x) = lira sup ~ #(z, Q~) Z~.~(x) . 
k h = l  

(1) It  can be shown (see [1]) that the functions % in (1.2) can be chosen in u+H~'2(Y2). 



7~TICOLA FUSCO - GIOCONDA 3]:OSCA~IELLO : L~-lower semioontinuity, etc. 311 

We also indicate with Eo the set of the Lebesgue points of the b~/s and with E 
the subset of _R ~ whose elements are Lebesgue points for any  s~(x) where z has 
rat ional  coordinates. I f  XoE Qo n E0 (~ E and Q is a cube with  center in Xo con- 
rained in Qo, we indicate Vk by Q~, ..., Q~ all the cubes of P~ tha t  are contained in 
the fixed cube Q. F rom the relation (2.1) it  is clear t ha t  Vk it is possible to  find 
(e~)k, sk~O, such tha t  for any  l<~h<nk 

1 

Then, for any  k and for any  l < h < n ~  we denote u~ the function such tha t  
u~ ~- u~(x, h), Yh, where u~(x, h) is the solution in Q~ of the Diriehlet problem 

Min ~ (a~j + e~ dij)DiuDju dx: u E z ' x  + Ho (Q~) �9 

Qi 

From the maximum principle for linear elliptic operators in divergence form 

(see [6]) we get 

sup Iuk --  z .x  I ~<oscz.x< iz[ diamQ~ 

~p 

and so, fixing v ~ 2V, u~--> z . x  in A, = U Q~ in the strong LC~ topology, and 
Then h u~:z'x on 8A. 1 

F ( A ~ ' z ' x ) < l i m i n f ( ~ a ~ j D ~ u ~ D j u k d x < l i m s u p { f ~  .I  ~,~ k 
A,  Av 

where the last summation is extended to all h such tha t  Q~c A~. 
Taking the l imit  as v -~ q- ~o, we have 

P(Q, z .x) < f so(x) dx; 
Q 

dividing both sides by IQI and taking the l imit  as ]QI-+0, since xoeQon E o n  E, 
we get 

~, b.(xo) z~z~ < s~(Xo) . 
i , j  

Finally,  observing tha t  s~(xo)<~lim sup/~(z, Q), we get (2.2) for any  x a.e. in Qo 
tQj-~o 

and for any  z with rat ional  coordinates. 
The general case, z e R ~, follows obviously by the continui ty of lira sup #(z, Q) 

as function of z. I~1-~o 
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I ~ M ~ .  - The previous result was proved by E. Dr. GIOtCGI-S. SPAGNOLO (see [4]) 
in the particular case ~ a,(x)z~zr ]z[% making use of Meyers regularity for the 

i , i  

solutions of uniformly elliptic equations. In this case ai~ = b,.  

CO~OLZA~Y 2.2. - I1 a,~(x) are such that Vz ~ 1~ ~ 

with 1/m(x) ~ Z~oo(~ ) and M(x) ~ L~or then ]~(Q, u) is L2-l.s.e. on HI,2(Q). 

P~ooF. - Let us suppose first M(x)<A; we choose xo~2  such that  for this 
point is verified the relation (2.2). Then, having fixed z ~/~% by the same argument 
used in w I we deduce that  VQ:xo~Q 

1 1 ) ~s(~, Q) : Sup - -  rl~.p, _1- Z a~*~pb; ~ .  
dive* =0 O 

Because of the local summability of 1Ira(x), the ai*js are summable in a nhood 
of Xo. From the convexity of ~ a~(Xo)Z~zj as functional of z, there exists (see [5]) 

poeR such that  �89 ~ a~(xo)zizj = z'po-- �89 ~ %(Xo)Po,~Po, j. 
i ,i  i j  

Therefore we have: 

- r{ * * * * * * z 'p -- ~ aijpipj d x > z ' p o - - ~ ]  -~ aij(x)s 
divp* =0 Q Q 

Then if xo is also ~ Lebesgue point of bs's and % s, taking the limit as IQ1 --> o 
we obtain 

~. b,(xo)Z~z~> y. a,AXo)Z,z~ 

and so, since the inverse inequality is obvious, /~ = / ~ .  
If  M(x)~LI(D), let us fix A > 0  and D a =  {xe~2: M ( x ) > A }  and 

{ ai~(x) if x ~ QA 
a~(x) = min{Adi~, m(x)} ---- mA(x) if x e DA. 

Then 

o<~A(x) I~I~< Z a~(~)~,~'<Alz[ ~ 
i j  
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and l imA(x)~ L~or S0, if U~-> U in L~(9) with u ~ H~,~(Y2): 

l i T  inf F ( 9 ,  u ~ ) > ] i m i n f ~  ~ a~(x)Diu~D,u~dx> f ~ ag(x)D~u .D~udx. 
k k J i,5 i,5 

D ~J 

Then the result  follows, taking the  l imit  as A - >  + co and observing tha t  

I 5 aA(x) D~u D~u I increases as A increases to + co. F ina l ly  the case M(x) ~ L~oo(9 ) 
k i , i  

) 

is t ransled by  a s tandard  a rgument  from the  case M(x)a L~(9). 

RE~I~t~. - F r o m  the previous result  i t 's  clear t h a t  if the  coefficients a~j are 
continuous and m(x)> O, then  F is L~-l.s.e. on H~,~(~9). This is also a par t icular  
case of semicont inui ty  theorem proved by  J.  SEI~I~I~, quoted in [10]. 

If  1~re(x) eL~oo(9 ) and 9 is a open subset of R" let  us denote wi th  W(m; 9)  the  
space of all functions u(x) 1,1 Hloc(9) such that 

0 D 

equipped with the  norm IlutI~;~' - -  [u];,;a.* 
Then (see [12]) 

Tt~OlCE~ 2.3. - I] 1/m(x) ~ L~(~Q), the~ C~(~) N W(m; .(2) is dense in W(m; 9) 
with respect to the norm H "lI~;~. 

By this result  and by  Corollary 2.2 follows easily: 

THEOI~E~[ 2.4. - I f  a~(x) are such that Vz ~ R ~ 

o < re(x)Ix i S < ziz  < M(x)Ix 
i , j  

with ]/m(x) a Z~oc(9 ) and M(x)/m(x) ~ Llo~(tg), then Y (9 ,  u) is Z2-l.s.c. on W(m; 9).  

3 .  - S o m e  e x a m p l e s .  

In  this section we give some applications of the formula (2.2) in par t icular  cases. 
.Let us begin with the  one-dimensional case. 

PROPOSITION 3.1 (see also [8]). - In  the same hypothesis o/ Theorem 2.1, ~ / n  = 1~ 
we have /or any x a.e. in R ' :  

b(x)---- l im (~(x))  -1 
e -~0  + 
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where  
z + x  

~(x)=~ a~dt(')" 

P ~ o o P .  - I f  n = 1, f r om t h e  f o r m u l a  (2.2) we h a v e  for  a n y  x a.e.  : 

(3.1) b(x) = l i r a  s u p # ( 1 ,  I )  

w h e r e  I is a n y  open  i n t e r v a l  c o n t a i n i n g  x. 

A d i r e c t  c a l c u l a t i o n  shows t h a t  for  a n y  e > 0 

I 

a n d  so t h e  r e s u l t  fo l lows a t  once  f r o m  (2.1) a n d  (3.1). 

F r o m  t h i s  P r o p o s i t i o n  fol lows a lso  

PI~OPOSITION 3.2. - Le t  be 

D 

wi th  a~(x) ' " ~ = ... = a~(xi)ai(x~) (2;i (xl ,  , x i_ l ,  xi+l ,  . . . ,  x , ) ) .  

F(~,  u) = b,(x)Ilhu],ax 
i 

T h e n  

where for any  xi  a.e. in  1~ b~(x) ' r, = b~(xi)ai(xi) and  

X~+s 

\ ~ o +  2e a ~  dt . 

P ~ o o ~ .  - W e  can  s u p p o s e  s = f i ] ~ , f l k [  a n d  u = z . x .  
k=l 

B y  t h e  p r e v i o u s  P r o p o s i t i o n  a n d  b y  (1.2) we can  s a y  t h a t  Vi t h e r e  ex i s t s  a 

s equence  (u~(x~)) c o n v e r g i n g  to  z~xi in  Z 2 ( ] ~ ,  fl~[) such  t h a t  

b,(x~) z~ dx,  = l i  at(x,) iu~(x,) r dx  . 

(2) If  the lira ~ ( x ) =  § co, b(x) is intended to be egual to 0. 
8-->0 
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B u t  the  sequence 

i=1 

converges to z . x  in L*(D). So 

 )<lim  < = f  ,=1 

To obta in  the  reverse inequa l i ty  i t ' s  enough to observe t h a t  if  uh -~ z .x  in Z2(T2) 

l imin fLm(~ ,uh)>  a~(x,)dx,.li inf a'~(X,)]D~uht~dx > 

f > a~ (x~) d& b~(x~) z~dxi . 

i C k  

l ~ n ~ .  - I n  the  previous  cases cont inu i ty  assumpt ions  on a(x) ~nd a~(x~) 
respec t ive ly  are sufficient to ensure the  1.s.c. of F (O,  u) if a(x) and a~(x,) are also 

grea ter  thun  0, a.e. 
~ o w  we in tend to give an  explicit  calculat ion of the  coefficients b~ in the  c~se 

t h a t  a,~. depend only  on one variable.  To this aim, if I is an open in te rva l  o f /~  and  

a,~(x~) are meusurablc  funct ions of R ver i fy ing  (1.1), for a n y  z e R  ~ we define: 

i , j=2 

[m]s 1.] t ~=~ 

' ] } + ~ (ai~-~ eO~j)z~zj dx~: u ~z~xl + H~'~(I) �9 

i,J=2 

u e z ,  x ,  § H2'(Z)}, 

These quant i t ies  are closed re la ted  to the  ones defined in section w 2. 

Aguin, we have  t h a t  for a n y  in te rva l  I and  for a n y  z e R ~ 

(3.2) lira y~(z, I )  ---- ?(z, I ) .  
g->O + 

I n  the  following, every  t ime  we fix a point  xl ~ R,  we shall denote  by  Q = I ]  I i  a 

cube in / ~  such t h a t  x~e 11. ~=1 

TttEOI~EM 3.3. - I f  a~j(xl) are measurable functions o] 1~ veri]ying (1.1), ]or a~y 
z E R  ~ and ]or any xl a.e. in R we have: 

.~ b~(xl) ziz~ = lira sup#(z,  Q) = l im supy(z, 11) 
,,~ IoI-~0 Izd-*o 
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and b,  = bi~(xl) a.e. in It, where 

b,~(x) = [ a,j(x~) i] (lim~_~o§ q~(xl))-~----an(x1) 

ai,(xl) ---dtr otherwise 

where: 

l al~(xl) a.(x~) i] ali(xl) # o 
~.(xl) = all(x~) 

o ir a~l(X~)= o .  

From the definition of 6,~.(xl) it  is clear tha t  in the points x~ such tha t  1~an is 
summable in some nhood of the point, the quadratic form ~ b,~z, zj coincides with 

i i5 air Otherwise i t  reduces to the form (air 

Before giving the proof of this result let us prove the following: 

LEzvr~ 3.4. - In the same hypothesis o] the previous Theorem, ]or any cube Q = 

_7- f I I i  and Jor any z e t~. we have: 
i = 1  

(3.3) #(z, Q)>y(z, I1). 

P~OOF. - Let  us fix z e / ~  and Q by the same argument  used in w 1 we get, for 
any  e > O: 

Q) dx 

d i v e * = 0  0 

where the matr ix  [(a,j -}- s~;~)*] is the inverse matr ix  of [ a ,  + s6~r Similary it can 
be shown tha t  

y.(z, I 1 ) =  Sup 1 

div ~x* = 0 Iz 

( ) ( + i ~ ~=2 an -]- 8 z~" p~ -[- 2 an -[-- e/ J G j = 2  

Actual ly  the supremum at the right side is taken up to all constants Pv For 
any  constant  ~ let us choose 

a~p~_ ~ (a~ § ~ . , )  a~ + ~] ~ ""'  P * ( ~ )  = P~' a~ + ~ - 
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Since a~ depend only on x~, div ~* = 0. So, by mean of easy (although te- 

dious) calculation, we get: 

-- (% + eG~) p, >~ dx = 

Q 
1 _ ,  1 >~2 

2 a l ~ + e  
+ ~ z, + 

\ ~ = 2  l ~ - l - e  / 

1 ~ (  
-J7 "~,Gj~= 2 "  "= (aiy J7 ~ i j )  al  lal/7~l{ ~ Zi 2:J d~l  ~  ~] 

Then, taking the supremum up to all constants ~ we get 

~,(z, Q) > y,(z,/1) 

and so, using (2.1) and (3.2), (3.3) is proved. 

P~ooP oF T t m o l ~  3.3. - From Theorem 2.1 and from the previous Lemma it 
follows : 

(2.4) .~. b,j(x~)z~zj = lim sup#(z, Q) >l im sup y(z, I~). 

But~ as it can be easily checked by direct calculation, 

~=2 f dt/(all + e) 

Ix It Ix 

In the points x~ such that  1~an is summable in some nhood of the point we 
have a.e. 

Otherwise, 

lira lim ys(z, I1) --= ~ a~j(wl)z~zj . 
]I~l-+O ~ 0  + ,,~ 

lim - -  - + o o  
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for any nhood I~ of x~ snd so 

lira sup ?(z, I~) = ~ (a,~(x~) -- ~,~.(x~)) z~. zj + 
[AI~o ~,~=~ 

+ lira sap TT-~lim '~- 

I i  

So in bosh cases: 

ziz~ > ~ (a~- -~r  z~ z~. 
i , ~ = 2  

~t 

~,~=i 4,~=I 

To prove the  reverse inequal i ty  it  is enough, since _~<i~, to confine ourselves 
at  the  points x~ such t ha t  

Sgl--~ 

I f  x~ is one of such points we can suppose t h a t  1/a~ is not  summable in any  
nhood of xl. 

So, if we fix I~= (a, b)9 x~, 1/an~ L~(I~). 
Then let  us consider ~ sequence of par t i t ions  P~ of I~, such tha t  Pk---- {x0.k = 

= a < x~,~< ... < x~,~ = b} and Vk, P~ refines _P~_~ ~nd the  sizes of the  intervMs 
in Bk tend  to 0 as k - + J r c o .  For  any  k we can choose e , > 0  such tha t :  

- -  - - > k  

Xli--l,~: ~ h - l , k  

for any  l<h<nk .  Le t  us consider the  funct ions:  

~(~) = 
h = l  

dt 
an(t) -{- e~ 

g~h& 

an(t) + e~ 
*Th--I,R, 

+ 

f z~ dt 
an(t) -~- s~ 

~h,k 

dt 

~ h - l &  

f ia l~( t )z  ~ 

~h~l,k 
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where ~ is a fixed positive number  and Z~,~ is the charaetheristic function of the 
interval  [x~_~,~, x~,~]. I t  is easy to prove that u~ ~ zxxx in L'(Ix) and so the functions 

v~(x) = ~(x~) + ~ z,x, 

converge to z.x in L2(Q). 
Final ly  we get, by  some calculation, by  (3.5) 

i,~ i=2  i,~=2 
O 

2 ,  ZlZi 1 7 - - ~ - -  
Q 

- - 2  z ~ z j f  a~a~r dx a~jz~zjdx] 
o o 

where c(~) is a constant  depending only on ~7, IQ], z, A. 
And then,  taking the l imit  as k -+ + 0% ~ -+ 0 we get:  

Q Q 

and so Theorem 3.1 is completely proved. 

C01~OLL~u 3.3. - In the same hypothesis o] Theorem 3.1 i] l/an ~ L~oc(l~) or if 
an(x~) is continuous the junctional F(~, u) is L~-l.s.e. 

4. - /'-convergence of  quadratic functionals. 

In  this section we want  to s tudy  the / '-convergence of quadratic functionals 
wi th  respect to the L~-topology, giving an integral representation theorem for the 
/"-limit lip to the space W(m, ~). 

Let  us begin with the definition of / '-convergence. 

DEFI~ITIO~ 4.1. - I f  (X, "~) is a first countable topological space and (~(u))~ 
is a sequence of functionals such tha t  ~ ~ X - ~  F~(~)~ R ~ ) { +  co} we shall say 
tha t  /~(u)-~ F(T-)"ihm~(u ) iff 

i) Vu ~ X and V(~th)hC X such tha t  Uh-L> U, F(u)<lin~hinfFh(U~) ; 

ii) Vu e X, 3(Uh)hC X such tha t  u h - ~  u and F(~) -~ l'hma F~(u~). 
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:For the basic properties and applications to the Calculus of Variation of such 
convergence see [3] and the bibliography listed in [1]. 

In  the last years have been proved m a n y  theorems insuring when, s tar t ing 
from a sequence of integral functionals, also the F-l imit  is an integral functional.  
In  part icular  from Theorem 3.2 in [1] it  can be proved the following 

THEOI~E:M: 4.2. - 1I h ([a~]) a as a sequence o / n •  matrices o/bounded measurable 
/unctions a~(x) on ~ such that 

(4.1) 

V~ ~ R", Vx a.e. in R ~, where 

aij(x)~i~j < M(x) l~l ~ 

1 
(42) re(x) e/~(R~) ; . , e L~oo(R ~) 

m(x) 
(4.3) M(~) e L~oo(~ ~) 

then there exist an increasing sequence (hk)~ o/ positive integers and a matrix (a~j) of 
bounded measurable ]unctions such that 

(4.~) re(x) I~l ~ < ~ a . ( x ) ~ d , <  M(x)I~l ~ 

V~ e R ~, Vx a.e. in R"; V~ ~ Ap~, f M(x) dx = 0 and Vu e C~(R ") 

(4.5) 
I2 12 

I f  we suppos% as in Theorem 2.4 

• ( x )  

re(x) 

we m a y  ask if it  is still possible to give (4.5) also, for functions u a W(m; ~), or for 
functions u e Wipe(m; R ~) {u ~ 1.~ Wloo(/~ ): Vt')~ Ap~, u e  W(m; ~2)}. 

So, let us define: 

[ f~a~(x )D~uDjudx  
F~(~?, u) = 

§  

if ~ e 6 1 ( R  ") , 

if u e W, oo(m; R") --  C'(R') .  

Then we can prove: 

Tm~o~aE~ 4.3. - I /  are veri/ied the hypothesis o/ Theorem 4.2, the (4.6) and the 
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following 

(4.7) 
d x  

Qc~. \ d  ] \ d m ( x ) ]  
Q Q 

where Q is any cube in R 5 then V~(2 ~ A p ,  such that f M(x) dx = o we have, together 
with (4.5), Vu a Wloo(m; R ~) ~ 

(4.8) f ~  a~(x)DcuD~udx=/~(-L"( f2)-)  lira Yh~(/2'k U). 

Before giving the proof of this theorem we need two prel iminary results. 

LElV/:~ 4.4 (see [2]). - I f  m(x) verifies (4.2) and (4.7), then for any f e 1%o ( ), 
such that f If(x)l~m(x) dx < ~- c~o, 

R= 

where 

f dx < cf I1(x)[=m(x) d x  

(Ml)(x) = SnP~ll(x)ldx and C =  C(n; re(x)) > 0.  
Q 

I f  ~t(x)e W~,~(/~'), let  us define 

(~* u)(x) = ( iu ) ( x )  § ~ (Mg~u)(x) ,  
I~fl=l 

and if /7 c ~ "  is a closed set 

f 
R(u; F) = Sup / sup  [D~ u(x) - D: u(y)]; 

]u(y) - -  u(x) ~ D~u(x)(y~ - -  x~)!} 

Ix -y l  

Then we have 

Lv,~__~A 4.5 (see [7]). - I f  u(x) e WI,~(R~), Ye > 0 there exist a closed set F c t ~  
and a function g(x) e C~(R '~) such that I~cl < e; u ~ g and D %  = D ~ g  on ~; /~(g;  R") < 
< Cl~(u; E) where C = C(n) > O. 

From the previous ]emma we can prove 

LE~WA 4.6. - I f  re(x) verifies (4.2) and (4.7) and if u(x) e W1,1(t~ ") ~ W(m;  t~"), 
then Vr > 0 there exist a closed set E c ~  ~ and a function g(x) e CZ(-~ ~) sueh that 
]Yet < ~; u = g and D~u = 1 )~g  on  E; lid-- ujJ~,~< ~. 

2 1  - Annali  dg Malematica 
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PI~OOP. - I f  8 > 0 ,  let  us denote Zo-~ { x e / ~ :  (M*u)(x)< 8}. 
page 650, 

where 

Then,  see [6], 

Vx, y e Z , ,  I(x, y) <e~(n) 8 

I(x, y)-~ ~ lD~u(x)--D~u(y)] + 
t -yl 

Then,  by  Lemm~ 4.5, there  exist  a closed set 17 c Z~ and a funct ion g(x) ~ Cx(R .) 
such tha t  u----g and D~u = D~g on F, [~]  < 2 ]Z~I ~nd 

f ro(x) dx < 2 f m(x) dx , 

Then: 

f ]Dg --  Du]2m(x) dx = f l )g - / ) u  [2m(x) dx 
Fr 

2w ~vc 

Z~ 2 ~ 

Z~ F c 

And by  Lemma 4.4, le t t ing 8 -+ + c% we get the  proof. 

Now we can give the  

P~OOF O~ T~EO~E~ 4.3. - Le t  us suppose t h a t  V~ e Ap~ and Vu e C1(2 ") 

Q E~ 

By a general  compactness result  we can suppose t h a t  there  exist  

(4.9) iv(/2, u) =/~(Z~(Q)) lim/Va(~, u) 
h 

on W~oo(m; R '~) . 

Actually,  we have to prove t h a t  

(4.1o) u) = f a.(x).,u. uax 
12 

Vu e W~oo(m~ R ~) . 
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If  u e W~o~(m; R~), by  Lemma 4.5, there exist a sequence (w~)~c Cx(R ~) such 

that w ~  u in L~(D) and 

f ~ a~,(x) D,u D,u dx = lim ~ ~ a~,(x) D~ w~ D, w~ dx . 
T2 

and so 

( 4 . ~ )  

Since F-limits are 1.s.c. (see [3]) we have:  

F(f2, u)<lim_~(O,h w~)-----limb f ~  a,,(x)D,whD,wadx 

1~(/2, u) < f ~ a~(x) D~u Dju dx Vu e Wloo(m;/~"). 

Le t  us prove the reverse inequality.  Fixed u e W1or R"), by  (ii), let (u~)~c 
c C~(R ~) such t h a t  

(4n2) { u~ ~ u in L2(/2) and 

.F(/2, u) = lim2~(/2, u~). 
h 

We can suppose -~(/2, u ) <  -4-c% otherwise (4.10) follows from (4.12). Let  us 
fix s > 0; then  by Lemma 4.6 there exist a closed subset 21 cc /2  and a function 
W ~ ~ Cl(E n) such that 

] /2--~P~]<s;  w~-~u and .Dw~=Du on .E~, 

(4.13) ltu- w~ll~;~ < ~ .  

Let  us denote by  (~9~)a an decreasing sequence of open sets such tha t  

(4.14) { .F~ cc/2~ cc /2  

lira dist (Fe, ~/2~) = 0 
h 

and by  (~)hc  (7~(/2~) ~ sequence of functions such tha t  

(4.15) 
{ 0 < ~ a < l  on /2~; ~ h = l  

2 
Iz'~htx) J~ dist (F,,  3/2h) " 

and D ~ = O  on F~ 

Then let us define 

(4.16) 
- v ~ ( x ) = u  - ' ~ v ~ ( J - - - ~ D ( u ~  u §  ~) 
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and w~(x) e C~(R ") such that 

(4.~7) 

Then: 

f ~, a~r D~u D~u dx </~(~2, w ~) < lim inf.F~(D, 'w~) ---- lira i n f I ~  a~(x) D,wa D~wa dx 

and so, by (4.17) 

(4.:t8) f ~ a~( x) 9 ~u / )  ~u dx 4 lira inf ~ ~ a~( z) D~v~ 1) ~v~ dx . 
i,1 h d i,5 

(4.19) 

where  

If we fix ~, a e ]0, 1[, t h e n  Vh 

Obselving that 

f 
O--O~, 

C a = f ~ ai~(X) 9i(Tff~) Dd(Tff~) aX. 
F~ 

Dye(x) = 9 u ~ G  § D(u~--u + ~ 9 ( 1 -  ~ )  + 9r ~  u) 

we h~ve, from (4.15) 

a =f i,i 
~ V~ f ~, G(X) Di(~ ~ - -  U) D~(W ~ - -  U) ~Z < < a' ~Fh(f2 - -  9~, uD § 1 --  r ~.j 

t]-- On 

a* ~ s Sup M(x) < a ~ z G ( O -  0~, uD + 7 - -  z re(x) ; 

~ (Y~ T f 
Dh  - -  F, 
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+1-3~ f ~,~'a~(xl(w~--ul~D~f~DJ~dx< 
f 40.2 ~2 <<. (~2~ ~(x)  .~. a)~(x)Diu~D~u~dx + ~-~--~s -~ 

0~-- r .  

f 4ff ~ T ~ <<.(r~v ~(x)  ~. a~(x)D~u~n~u~dx + ~ _ ~  s -J- 

(Y~ T f -[- ~-~--~ (1- - r  .~a~(x)D~(w~--u).Dj(w - - u ) d x <  

<<.av ~. .ai~(x) DiunDr adx -~ l _ a  o re(x) + ~ )  " 

Final ly  

F rom (4.19) and f rom the  following inequalities we have 

+a~ .~Fh(F~;u~)+ssupM(m) (a  2~2 a 2v ~ 4a2~ s <  

i(x)( 
< zvF~CY2, uh) + s Sup ~ \~____~ + 1 -- a] + 1 -- "~ s.  

Let t ing  h - ~  ~-c~  and then  s--> 0 we have,  f rom (4.12) and (4.18) 

$2 

and so, le t t ing ~ ~ -> 1- we get 

f ~, a~j(x) D~u_Djudx <<..E(Y2, u) 

~nd so, by  (4.11), (4.10) is proved. 
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