
Continui ty  o f  W e a k  Solut ions  
to Certain Singular  Parabol ic  Equat ions  (*)(**). 

E~IX~v'~]~ DI BENEgv, T:rO (iV[adison, Wisconsin) 

S u n t o .  - Ze equazioni paraboliche singolari (1.1) q~ella introduzione, si loresentano come modelli 
di una classe generale di Jenomeni di di]]usione con cambio di ]use. Ze soluzioni deboli sono 
trovate in se~so globale some classi di equivalenza in certi spazi di Sobolev. In  ~uesto lavoro 
si dimostra ehe le sohtzioni deboli ammettono delle rappresentanti vontiqzue nell'interno del 
dominio di deJinizione. S i  danno anehe delle eondizioni di continuitg ]ino alla #ontiera. 

1 .  - I n t r o d u c t i o n .  

In  this paper we s tudy  the continui ty of weak solutions of parabolic <~ equations >>, 
with principal par t  in divergence form, of the type  

(1.1) ~fi (u)  --  d ive(x ,  t, u, V.u) + b(x,  t, u, V~u) ~ 0 

iu the sense of distributions ,over a domain Q in R z~+l. 
Here fl(.) represents a maximal  monotone graph in R •  such tha t  0ef t (0) ,  

is a map from R 2•+2 into R ~ and b maps R ~N+~ into 1t 1. 
Beside their  intrinsic interest, inclusions such as (1.1) arise as a model to a 

var ie ty  of diffusion problems. In  particular they  comprehend in a unifying scheme, 
free-boundary problems of different nature. We mention specifically problems of fast  
chemical reaction [5, 8, 9], diffusion in porous media [1, 3, 4, 13, 20, 27], diffusion in 
porous media of part ial ly saturated gas [14, 25], problems of diffusion involving 
change of phase of Stefan type  [1, 6, 13, 16, 18, 20, 28]. 

Here we deal with the case in which fl(.) has a jump at the origin. More precisely 
we assume fl(.) is g iven  by 

#l(r)  r > o 

(1.2) ~(r) = [ - ~ ,  o] r = o 

r - ~ r < o 

(*) Entrata in Redazione il 5 novembre 1980; versione rivista il 28 agosto 1981. 
(**) Sponsored by the United States Army under Contract No. DAAG29-80-C-0041. This 

material is based upon work supported by the National Science Foundation under Grant 
No. 3ICS78-09525 A01. 
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where ~ > 0 is a given constant  and fl~(-), i = 1, 2, are monotone  increasing func- 
t ions in the i r  respective domain of definition, a.e. differentiable and 

(~.3) 0<  ~o<fl~(r)<~, i = : b 2  

for two positive constants  O~o, ~1, r i d 0 ) = f l d 0 ) =  O. 
We introduce some nota t ion and make precise the meaning of solution of (1.1). 
Le t  D be a bounded domain in R N of boundary  ~/2 and for 0 < T <  co let, 

~%=_9x(0, T], 9(t)-~gx{t}, & =  U ~s~x{t}, F=&uD(o) .  
O < t ~ < ~ '  

For  q, r~>l we denote by  L~,,,(~) the  Banach  space of those measurable func- 

t ions mapping  Dr--> R, with norm defined b y  

T 

IIG,~,.~ = f l[ull;,,~(t) et 
0 

where 

i]~[[~,.(t) = f  [u(% t)1 oa.. 
~J 

when q = r = 2, L~,~(D~) coincides with the t t i lbe r t  space L2(D~) whose inner pro- 

d~ct (. ,  ")2,e~ generates the  norm [[. [[~,~ --= I[ "[[2,~,-~. 
Le t  W~'~ denote  the Hi lber t  space with inner product  

% ~x~ i ~ 1 , ~  

w~,~(D ~ denotes the Hi lber t  space with inner product  while ,,.o t T~ 

) 
o 1,1 

Here  ~u/~x~, ~u/~t denote generalized derivatives. Wi th  W 2 (~gT) we denote the 
space of those elements in W~'I(Q~) whose t race  on 3/2 • (0, T] is zero. 

Le t  Wo'~ denote  the  Banach  space of functions such tha t  the  map t -+ u( . ,  t) 

is continuous with respect to  ll'[12,~, and the  norm is given by  

where 

U 2 2 1,(~) supil~(, 
O<~t<~T 

) 
F r o m  (1.2) it  follows that r-->fi(r) is a relat ion in RX R,  whose inverse fl-l(.)  

is a flmction. 
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D~FI~ITIO~. - By a weak solution of (1.1) in/2~ we mean a function u e WI'I(~r~T) 

defined by u ~fl- l (w),  where w is ~ function defined in /2~ such tha t  w c/?(u), the 
inclusion being intended in the sense of the graphs, and w and u satisfy 

t 

f ff( (1.4) w(x, z) ~(x, ~) dx]',. + -- w(x, z) ~ ~(x,  z) + 
.Q t~ 9 

+ ~(x, v, u, V~u)"V~9 + b(x, v, u, V~u)~ldxd~ = 0 

for all 9 ~ F~.~'~(Q~), and all intervals [to, t] c (0, T]. 
1,0 If  u ~ V  2 (/2T) is solution of a boundary value problem associated with (1.1), 

then  it satisfies (1.4)~ the boundary conditions being specified separately. We remark 
tha t  if in (1A) we w~nt to allow to = 0, then along with u(x, 0) ---- uo(x), the 
selection wo(x)cfl(Uo(X)) must  be given. A common device consists in prescribing 
Uo(X) V: 0 a.e. in /2 so tha t  fl(uo(x)) is unambiguously a.e. defined in [2. 

We are not concerned here with the existence of weak solutions of (1.1), for 
which we refer to [1, 5, 6, 16~ 18, 20]. Ore" results are local in nature  and follow 
only from ident i ty  (1.4), so tha t  we need not associate (1.1) with ~ part icular  
boundary  value problem. 

Our goal is to prove tha t  a weak solution of (1.1) is continuous in tP~. For  this 
we introduce the auxil iary function 

v(x, t) = flo(U(X, t)) - I 
fll(u(x, t ) ) ,  on [u > 0] 

0 ,  on [u = O] 

~(u(x,  t ) ) ,  on [u < 0] ,  

and set 

w(x, t) = v(x, t ) -  v(x, t ) z [v<O] ,  

where v(x, t)>~0 is given by 

t) = I ~'' (x, t) e [v < o] 

t - w(x,  t ) ,  (x, t) e [v = 0 ] ,  

and g(Z) denotes the characteristic function of the set 2:. 
By virtue of (1.3), if u e W~'~(/2T) then also v ~ W~'I(~2T), and it  will be enough 

to show the continui ty of v in /2T. 
Setting 

a(X 1 t 1 ~), V~V) = a(X, t, flol(V), Vxflol(V)) 

b(x, t, v, V~v) = b(x,  t, flol(v), V~flo~(V)), 



13~ EY~A%~-ELE DI B:~EI)ET~rO: Continuity  oJ weak solutions, etc. 

ident i ty  (1.4) can be rewri t ten  as 
t 

:. f;{ (1.5) j(~(x,~)--~(x,~)X[v<O])~(x,~)dx + -(~(x,~)-~(x,~:)z[~<o]). 
D to 

. ~ } ~--~ --1-d(x, T, v, V~v) 'V~ + b(x, r, v, V~v)~ d x d r  = 0 

~ . ~ o  ~ and all intervals  [t0, t ] c  (0, T]. 

The above can be viewed as the  weak formulat ion of 

(1.6) ~--t fi(v) - -  divg(x,  t, v, V ,  v) + b(x, t, v, V~ v) ~ 0 in ~'(sPe) 

where fl(-) is the  maximal  monotone  graph 

(1.7) /~(r) = 

r ,  r > 0  

[--v,  0 ] ,  r = 0 

r - - v ,  r < O .  

In  what  follows we will assume fi(.) is given as in (1.7). 
Throughout  the  paper  we will make  the following assumptions on the coefficients 

= (a~, a~, . . . ,  a~) and b. 

[&] 

[&] 

a~, b are measurable over SP~.• i -=  1, 2, ..., 2g.  

X 

:Z ~,(x, t, ~, 71 p, > Co(IV 1)I~ i ~ - ~o(X, t) 
= 1  

i~,(~, t, v, ~)l<~o(I~l) !~i + w(x, t) ,  i = l ,  2 , . . . ,  ~u 

[b(x, t, v, ~)l<~(Ev ]) 1~ ]~ + ~(x,  t), 

where Co('): R + - + R  + is continuous,  decreasing, and s t r ic t ly  posit ive 

#~( .): R + -+ R + are continuo~ls and increasing,  i = 0~ 1~ 

and the qJ~, i -=  O, 1, 2 are non-negat ive and satisfy 

Here  #2 is a given constant  and ~, r are posit ive numbers  l inked by  
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~ e  2 ( 1 ~ ) 7 o o  , ~e  ,oo  , 0 < ~ < 1 ,  for N > 2 ,  

~ e ( 1 ,  oo) ,  Ce i - - z ~ ' l - - - 2 z  ' 0 < ~ < � 8 9  for N = I .  

We can now state o~r main result. 

T J ~ o ~ g  1. - Let  [A~]-[A2] hold. Then every essentially bounded weak solu- 
t ion u of (1.1) is continuous in sP~. 

I f  (1.1) is associated with an initial bonndary value problem of Diriehlet or 
Neumann type  ~hen under suitable assumptions on the boundary  conditions the 
continuity of u can be extended to the closure of D~. For the precise s ta tement  of 
these results we refer to Section 5~ Theorem 5.1~ 5.2 and 5.3. 

REmArKS. - (i) By  the locM nature of our arguments,  in Theorem 1, the func- 
t ion u need not be defined in a cylindrical domain, since we can always reduce r 
this  case by  selecting in (1.4) ~est fnnctions snpported in eylindricM domMns. Hence 
for the p~rpose of proving Theorem 1 one need only to assume tha t  u is locally 

1,1 essentially bounded in Q and tha t  u ~W2,~oo(Q). 

(if) I t  is of interest to know whether Theorem 1 holds under the assumptions 
tha t  u is essentially bounded in s and g e V~'~ A step in this  direction can 
be found in Section 6. 

(iii) Assumptions [A~]-[A~] are the same as those imposed in[18] to s tudy 
the H61der continui ty of weak solutions of (1.1) with fl(r) = r. In  this connection 
in [22~ 23] it  is observed tha t  the order of summabil i ty  i~, r are optimal. 

I f  r-->fl(r) is a monotone a.e. differentiable function satisfying (1.3), then  the 
local H61der cont inui ty  of the solution follows from the restflts of [18~. See also [8, 9] 
for the corresponding free-boundary problems. 

We briefly comment on the regulari ty results at our knowledge available when 
fl(.) is given as in (1.7). 

For  N ~ 1 and b ~ 0 ,  t'ASA?~O, PgImcva~Io and KA~L~ showed in [15] that ;  
under  suitable assumptions on ~(x, t, u, V~u), a generalized solution of (1.1) is locally 
IApsehitz-coatinuous in ~)r. H61der estimates were obtained by  CA~?qo~, HENI~Y~ 
Ko~5ov [10]. 

Recently C ~ E L L I  and EvAns [2] have shown tha t  the weak solution of 

~ f i ( u ) - - A u ~ O  in ~2~ 

ul~,  = 0 

u(x, o) = Uo(X) , x e ~ 2  



136 E~L~IA:NIYELE DI BENEDETTO: Continuity o] weak solutions~ etc. 

is continuous. Their  me thod  of proof relies s t rongly on the  propert ies of the  Laplacian 
operator  and the  ubsenee of lower order terms. 

Our approach is complete ly  different from the one in [2], and it  is a natural  
cont inuat ion of ideas presented in [12]. The me thod  consists of a suitable modifi- 
cation of the  parabolic version of the  De Giorgi estimates,  as uppearing in LADIZ- 
ZENSK~_J• 0LONNIKOV- UI~AL'TZEVA [18]. 

The main  idea of the  proof can be described somehow em'istically as follows. 
The funct ion (x, t ) - .  u(x, t) can be modified in a set of measure zero to yield a 
continuous representa t ive  out  of the  equivalence class u ~WI'~(f2T) if for every  
(xo, to)E ~T there  exists a fami ly  of nested ~n4 shrinking cylinders Q~(xo,to) around 
(xo, to), such t ha t  the  essential  oscillation (o. of u in Q.(xo, to), tends to zero as n -* c~ 
in a way  determined by  the  operator  in (1.1) and the  data.  

The s ta tement  t ha t  a cer ta in  quant i ty ,  or function,  depends upon the  data  
will mean  t ha t  i t  can be determined in terms of N, Co('), #0("),/t~(.), ~ ,  i = 0, i ,  2, 
~, ~, ~ ,  the  jump v of fl(.) and the  essential bound of u over tP~. 

The paper  is organized as follows. Section 2 contains some prel iminary mater ia l  
and the  derivat ion of a sys tem of integral  inequali t ies which will be the  main  tool 
in the  proof of the  theorem.  Sections 3 and 4 are devoted  to the  proof of Theorem 1. 
The cont inui ty  up to  the  boundary  is discussed in Section 5. 

F inal ly  in Section 6 we show th a t  if u ~ V~'~ is a weak solution of (1.1) which 
can be obta ined as the weak V~'~ of certain approximations of (1.1) (in a sense 
to be made precise) t hen  in fact  the  convergence takes place in the  topology of the 
uniform convergence over compacts of tP~. 

Since the  argmnents  are technical ly  heavy  and the  symbolism is quite compli- 
cated, an effort has been made  to render  the  paper  as self-contained as possible. 

In  view of this we have reproduced certain calculations a l ready known from the  

l i terature.  
I would like to t hank  ~ .  CRA~I)~LL for several helpful discussions on the subject.  

2. - Preliminary material and integral inequalities. 

This section is devoted  to the  derivat ion of a system of integral  inequalities 

which will be the  main  tool in the proof of Theorem 1. 

Le t  v ~ L~,~(~) and k ~ R. Set 

(v - k)§ = m a x  {(v - ~) ;  0} ; (v - k ) -  = m a x  { -  <v - k ) ;  0 } .  

I t  is obvious tha t  ( v - - k )  -+ e Lq,~(/2T) and it  is known tha t  if v eW~'I(.Q~)so 

does (v - -  k) ~, (see [/9]).  
Wi th  B(R) we denote  a ball  of r ad ius /~  in R "v and if x -+ v(x) is defined in f2, 

and B(R)c  .(2 we set 

J+~ ~ ( x e B ( R ) l v ( x ) >  k} , A[,n-~{xeB(t~)lv(x)< k} 
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Also let ~ denote the measure of the surface of the unit  sphere so tha t  
meas B(R) = ~hvR ~. 

From now on (x, t) ---> v(x~ t) will denote a weak solution of (1.6), and M is a 
positive real number such tha t  

ess sup IvI < M .  
De 

We will th ink of (x, t) --+ v(x, t) as an arbitrarily selected and fixed representative 
out of the equivalence class v, so tha t  the map (x, t) ---> v(x, t)e It is well defined 
V(x, t) e .%. 

First  we observe tha t  since v e IF~'t(~2~), (1.5) can b6 rewrit ten as 

(2.1) --fv(x,~)Z[v<O]~odxd-ffv(x,~)Z[v<O]-gi~dxdv4- 
t to D 

; 10_ . } 4- |'l-~v~o 4- a(x, ~, v, V~v)'V~ + b(x, ~, v, V~v)~o dxcZv -= 0 

to D 

Yq0 eil%'l(Qf), and any interval  [to, t] c (0, T]. 
Next we construct particular test  functions in (2.1). 
I~et al, ~2 e (0, 1) and consider the concentric balls B(R) and B(R--aIR),  and 

the cylinders Q(R, 4) --B(R)• to 4- 4] and Q(I~--g~R, 2--a~X) ~B(R--(r~R)• 
• 4- a22, to 4- 4], 2 > 0. 

Define cutoff functions in Q(i~, 2) as follows 

(a) ~ e Co[Q(R, ~)] such tha t  ~(x, t)[eB(R) = 0 Vt e [to, to 4- A], ~(x, to) = 0 Vx e B(R) 
and ~(x,t) -~ 1, (x,t)eQ(R--alR, ).--a22.), (~[~t)~>~O, [V~[~<(a~R)-~; (~/3t)~ <(a~).)-~. 

(b) ~e Co(B(R)) such tha t  ~(x) = 1 ,  xeB(R--(rtR), IV~[~<(a~/~)-t. 

:For any  cylin4er Q(/~, ~t) c D~, we choose 

where k e R satisfies 

(2.2) ess sup (v --  k)~=-..< 

for some (~ > 0 to be selected, and (x, t) --> ~(x, t) is as in (a). 
For  simplicity of notat ion we set 

t 

--f~'(X,T) Z[v<O][=t= (v--k)• fv(x,T))~[v<O]~[• (v--k)• 
0 t~ t2 

= - -  qP~-(k, to, t ,  ~ ) ,  t ~ (to, to 4-  4) 
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and t ransform and est imate the  remaining par ts  of (2.1) as follows 

t t 

ff 1 = • ~t v(v - -  k ) •  ~ dx dr  = .~ ~ [ (v  - -  k)a]2 ~ dx dT = 

to ~ t o ~c2 t 

to 9 

To es t imate  the  last two terms in (2.1) we take  in account the  assumptions 

JAIl-JAil. We have 

t 

to D t 

i ~ 1  
to D 

t 

to 9 
t t 

~o C2 to 
t 

~o ~2 to 

t 

J2=ffb(x,r,v, Vxv)[• 
to s g t 

>~--f f #l(Iv]),V(v-- k)• (v -- k)~=:2dxdr--f f%(v--k)•162 
to .(2 to .f 2 

Frol~A the  Cauchy inequal i ty  2ab<ea ~ -~-e-lb~ we have 

~o D t t 

~o L~ to D 

and. 
t 

to Y2 t t 

to t2 to D 
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Ir~ estimating the integrals in J2 we recall (2.2), so tha t  combining the estimates 
for J~ and J2 we obtain 

t 

t o D t 

t to D 

to .(2 

:Next we est imate the last  integral above in terms of the  measure of the  set 
[ ( v -  k)• > 0], by  employing the assumption [AJ.  We set 

A ~ ( ~ )  ~ {x e B ( m  I(v - k)-~(x, ~) > o} .  

Then by  the HSlder ineqnal i ty 
t 

to ~ t 

f ] G- 1)/~ < m a x  [1, ~]Iifo @ % -[- ~II~s,.. [measAf, R(z)]((~-l)/r I �9 

t0 

Sett ing 

(2.3) 
q-- {--i ' r-- ~--I ' ~-----~-' 

J * < m a x [ 1 ,  6][[%--1- q)2 + qJ~II~.L~. [measAE~('~)]~/q&r �9 

tQ 

Since 1/~ -F iV/2~ : 1 -- zl we have 

(2.~1 z 
r 

iV N 
2q 4 ' 

and the admissible range of r and q is 

(2.5) 
q e (2,  oo), 

q ~ (2, co) ,  

r e [2, co) for iv > 3 

r ~ ( 2 ,  c~) for N : 2  

r e [ 4 ,  c~) for N : I .  

In  the est imate of J1-~  J2 we choose 

Co(M) 
(2.6)  ~ - 

4 ' 
�9 [ Co(M) } 



140 [E~fl~A,NIJELE DI BENED:ETTO: Continuity o/ weak solutions, etc. 

so tha t  collecting all the  previous estimates we obtain the  inequalities 

(2.7) 

{ f  :h r/q , ] ( 2 / r ) ( 1 + ~ )  
@ y  [measA~,~(~)] d~ l ~ - y  sup ~• t ) ,  

l e[go ,to + t ] 
t~ 

where y is a constant  depending only upon the data.  These inequalities are val id 
for every  cylinder Q(R, 2) c ~Qr and every  k ~ R satisfying (2.2) with the  choice (2.6) 

of the  pa ramete r  0. 
Le t  O~R + and consider the  cylinders Q(R, OR~)--B(R)• tod-OR ~] and 

Q(tr --  ~ R ,  0t~ ~) -~ B(R - -  ~ R )  • [to, to -~- ORal. 

Lv, M ~  2.1. - Le t  $(x) be a cutoff funct ion in Q(t~, OR 2) chosen as in (b). 

there  exists a constant  C(M, O, ~) such tha t  

f f ]v~v]~$~(x)dxdt< C(M, O, ~) 
Q(R,OI~D 

Then 

PaOOF. - In  (2.1) select the  tes t  funct ion ~ = e;'V$2(x), )~ > 0. S tandard  esti- 

mates and a suitable choice of the  pa ramete r  i yield the  lenmla. 

LEPTA 2.2. - Le t  k ~ R  +, # ~ e s s s n p ( v - - k )  + and 0 < ~ < # .  Set 
o(lr 

, o} 
then  there  exists a constant  C-= C(O) such tha t  for all t e [to, to d-01~] 

(2.s) 
B(i~-a~i~) JJ(n) 

I~]~)IA~K. -- For  simplici ty of nota t ion we will use the same symbol ~p for V(x, t) 
and ~(v(x,t)). In  what  follows y '  will mean  (3/~v)~. 

PtC00F. - In  (2.1) we select q~ ~-- (V~)'~2(x), where $(w) is chosen as in (b). I t  is 
~ 1,1 (y~.),, apparent  t ha t  ~ ~W~ (~2T), and tha t  ---- 2(1 @ ~)(~')~. Since ( ~ ) '  vanishes at  

those points (x, t) e ~2T where (v - -  k)+<~], and ~ > 0, the  terms involving ~(x, t). 
.Z[v<0]  in (2.1) do not  give any  contr ibut ion.  The t e rm  involving (~/~t)v gives 

t 

$o s 
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We estimate the remaining terms as ~ollows 
t 

f 
to 

f~(x, ~, v, V~v)(2(1 + ~)(~')~V~v r + (~)'V~(x)} axav> 
~2 t t 

to ~ to S~ 

to ~ to L~ 
t 

to .O 
t 

to .o 
t 

to I2 

For the lower order terms we have 
t 

to ~ t t 

to ~ to D 

Since ~p~'lV~v]2 = ~ [ v ~ l ~ l V ~ v l  we h~ve 
t 

to Q t t 

to ~ to 

Collecting the previous estimates gives 

to 
t 

to -Q 
t 

ta Q 

We select e =  Co(M) and observe that  since ~ < t t ,  ~ '<1 /~  and ~<ln#/~ .  
5~oreover we recall that  IVy[ < (G1R) -1 and Lemma 2.1 in estimating the last term 
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in the inequal i ty  above. This yields the  existence of a constant  ~(M, v, O) such tha t  
to § OR ~ 

-0 to ~(P~) 

- ;  ilvo + r + 

This proves the !emma. 

I ~ E ) { A ~ S . -  ( i ) I f  k<O and f i > e s s s n p ( v - - # ) - ,  then  an analogous lemma 
holds for Qo 

[ ] ~(~, t) = in+ # _ (v -~ #)- + ~ ; o < v < # 

The proof is the same except  for minor  changes. 

(ii) The proof shows tha t  C(O) increases with 0. 
with 0 < 0 < 1  and C(O)replaced by  C-----C(1). 

We will use Lemma 2.2 

We repor t  a lemraa due to DE GIO~GZ [11] which will be used as we proceed. 

LEb~.[~ 2.3 (DE GIO~GI). - Le t  v e W~(B(R)) and let  #, 1 be rent numbers such 

that ~>k. Then 

( 2 . 9 )  (l - -  k) meas Az,n < D  
~ + 1  

, _ , _ . _ _  ,C~(~,~\A~,R~ IW] dx, 
m e a s  

where D is a constant  depending only upon the dimension N. 
Inequa l i ty  (2.9) holds for 4omains other  t han  balls. We refer to [18, 19] for 

details noticing for later  use tha t  it  is val id for convex domains. 
Final ly  if Q is a cylindrical domain in R x+l,  ~,0(Q) denotes the subspace of 1,0 v~ (q) 

of funct ions whose t race is zero on the lateral  boundary  of Q, equipped with the 

same norm as V~'~ 
The proof of the  following embedding lemma can be found in [18], page 74-77. 

o 1,0 L ~ : ~  2.4. - I f  v ~V  2 (Q) t h en  ~ ~ L~,~(Q) where q, r sat isfy (2.4)-(2.5). ~Iore- 
over there  exists a constant  fl depending only upon the dimension h r such t h a t  

(2.1o) tl~ IL.,~ < ~  tv i~,~ 

If q=r=2 then 
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I f  v e V~'~ then  (2.10) is still valid. Moreover if p = r = 2 and if Q -  Q • (0, T) 

(2.12) Ilvll~,~ < C[meas[Ivl # O] n Q]II(y+2) Iv I~:,0(~) 

where C = 2fl + (T ~'m meas 1~-:):1Cv+2). 

3. - The  m a i n  proposi t ion.  

Throughout this section we let (%, to) ~ Q~, to > 0 and for R > 0, QR will denote 
the cylinder 

Q~-= {l x - x o l <  R}X[ to - -R  ~,t0]. 

Let  Ro < �89 be so small tha t  Q~oc QT, and set 

#+ ~ ess sup v; # -  = ess inf v.  
Q~o Q2Ro 

For k E R and 0 < / ~ < 2 R o  we define 

Q+~(~) ~ ((x, t) e Q~lv(x, t) > k} , Q~(k) -~ ((x, t) e Q.Iv(x,  t) < k} . 

Final ly  we let s denote the smMlest positive integer such tha t  

(3.1) 2M .~, < ~,  s > 2 ,  

where ~ is the number introduced in (2.6). 
The goal of this section is to prove the following result 

PlcoPosI~IO~- 3.1. - Let  o2 be any positive number such tha t  

2M>~ o2 > ess osc v ~ #+  - -  #-. 
QIiR o 

Then there exist numbers so ~ N, A, a > 1, h > 1, ~. < 1 such tha t  

ess oscv~<o2 (1 1 o~ 
QR* \ 2so, A/~ ] 

where /~,----~,(2Ro) ~, provided tha t  

CO 
2,~ >/(2Ro) ~"12" 

The numbers So, A, a, h, ~, depend uniquely upon the data  and not npon Ro nor o2. 



144 ElVKM~I~UELE DI  BENEDETT0: Continuity o] weak solutions, etc. 

then ei ther  

(i) 

o r  

(ii) 

Wi thou t  loss of genera l i ty  we m a y  assume t h a t  

(3.2) !/x- l < #% 

I f  the  reverse ineqnal i ty  holds the  a rguments  are similar. Also we will assume 

t h a t  

60 
(3.3) ess ose~ = ~+ - - # -  > 27_1, 

Q2Ro 

and t r ea t  la ter  the  case /X+--#-409/2  '-1. 

Notice t h a t  (3.2)-(3.3) imp ly  t h a t  

~+/x- (3.4) # + - - ~ >  09 ~ 0 .  

Observe moreover  t h a t  we m a y  assume 

o 
(F) H ~ e s s s u p  v - -  # - +  09 - > 2 ~ + ~ .  

OR o 

Indeed  if (F) is v iola ted 

. = 0 9  0 9  

- -  ess m f v  < - - / X - - - ~ ;  + 2~41 

and adding ess sup v on the  left  hand  side and/x+ on the  r ight  hand  side we obta in  
Q/z a 

Qno \ l 

and Proposi t ion 3.1 becomes tr ivial .  
Proposi t ion 3.1 will be a consequence of a series of l emmas  which we s ta te  and  

prove  independent ly .  

LEM~A 3.1. -- There exists  a n u m b e r  co depeuding only upon  the  da ta  and  inde- 

penden t  of o~ and  1~ o such t h a t  if 

measQ~~ # -  -4- ~ ~,~o~, " " -.~Ro , 

H = ess sup ~ - (\~- + e."+/ o 

( measQ~r #-+~--~H =0. 
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Here z~ is the number appearing in the assumptions [A~]-[A~]. 

P]~oo~ os  L v . ~ A  3.1. - Consider inequalities (2.7) for the function (x, t) --> (v--k)-, 
/ z -~<k<#-~co/2  ~ ia the cylinders Qa, 0<R~<Ro.  ~otiee tha t  in view of (3.1) 

09 
ess sup (v - -  k)- < ~ < 

so tha t  the use of (2.7) for #-~</r o)/2' is justified. 
We estimate (I)-(k, to--R~,to) in (2.7) by  distinguishing the cases of k < 0  and 

k ~ 0 .  
If  k < 0 then  ~-(k, to -- R ~, to) -~ O. 
I f  k > 0 we have 

- f  dx ~~ q~-(k, to-- Its, to) = v(x, ~) Z[v < O] v- ~ (x, T) 
2- -  to--lt 

~9 to 

--k f v(x'T)Z[v~O]~2(x'T)dx]''*-~'-j- f f ~(x'T)Z[v~Oj(v-k)-" 

" ~2(x, T)dxdT-~ f f~tv-:2(x, T)dxd~ 
to t~ ~Q to 

<2~ f f(v--ls)-~:(x,~)dxd~--~, f fv-(x,~:)~t~ (x,~)dxd~. 

I f  (x, t)-->~(x,t) is selected as in (a), ~ ) 0  so tha t  v-~,>~0 and 

2v 
~-(k, to-R~, to)< ---~ f f (v - k l- ax d~ . 

0R 

Inequalities (2.7) now read 

(3.5) - - 2  2 - -  2 

to 

~ - ~ 2 { f [ m e a s A k , R ( T ) ] r l q d T } ( 2 l O ( l + ~ ' ) ~ - 2 ? J ~ 2 ( o ' 2 R 2 ) - l f f ( v - - k ) - d X d ~ .  

Inequalities (3.5) hold for all # - < k < # - +  co/2 ~, all al, or2 ~ (0, 1) and all cylin- 
ders QR, 0 < R < R o .  

Set 

Ro Ro Ro 3.Ro 
/~" = -~-/- 2 ~+~' / ~  = T § 2~+, '  

and consider the cylinders Q~:. and 

~'~, ~ { I x -  ~ol < .~J x {t o - ~ + ~ ,  to}. 

1 0  - Annali di Matematiea 
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Obviously 

Construct smooth cutoff functions x - >  ~n(X) aS follows 

(i) ~ . ( x ) ~ l ,  [x--xol<R.+~; 
' 1 ~  (ii) ~,,(x) = O, i x - -  xo] > ~[ ,~ @ R+,+I] =/~+~; 

(iii) IV~+.(x) I~2"+4/R o, 

For simplicity of notation set 

0) 
k, = F -}- ~ �9 

Our purpose is to apply (3.5) to the pair of cylinders QR, and ~), for the decreasing 
levels 

1 
n = 1~ 2~ ... , 

which as easily verified satisfy # - < k . < k l .  Define y . =  ff[(~-~.)-],d~a~ a~a 
QRn 

to 

Zn={f[me~s~4~,,R,(T)]rlqdT} 2̀ ~ �9 

ta--R~ 

A S  7t, ---~ ~.)  

y. -> y= = / [ ( ~  - ( k l -  i-H))-], gx d~ 
Qtto[2 

to 

Zn "-> Z~  ~ [ m e g ,  s - t ie Ak,-�89 ~,nole(~)] dv . 

Therefore the lemma will be proved if we can show tha t  y~ = z~-----0. 

CLAI~. - The numbers 

Y" Z~ z~ 
Y" - -  H ~ Ro ~+~ ~ = R---~ 

satisfy the recursion inequalities 

[U ~'.+~ < - ~ -  + - .  - .  ] 

[ ~ ]  g . + l  < - F -  [ " +  z~§ ] 
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where ~ = 2~/~7o.  t tere  fl is the  constant appearing in the embedding Lemma 2.4, 
and 7 o = m u x { ~  ( 1 - { - ? ) ( 2 M +  (~)}. W e  remark  ~hat ~ depends only ~pon the 
d~t~ and the  dimension N. 

P~oo~ o~ ~mz C ~ . -  +We use the  method of [18], page 106. Set 

aad observe tha t  

to 

to--l~n+ ~ 

P~< (k~-  k~+~)-~ = ~--ff} y~. 

By virtue of Lemma 2.4 applied over the cylinder ~)~ we have 

(3.6) ++§ <~f [ (+-  +++~)-]+ ++(x) ++ ++ <~+P+](+++)i(+- +.+~)- ++i+~,'(+o) �9 

Estimate o/ ](v ~ 

, ff _ ~ _ j , , +  , , .  

For j(2) we have 

4~+4 ? i" 4~+~ 
+ .  ~ - [ (v  - k . ) - ] +  + x  ++ < L ~  y . .  

QR n 

I a  order to estimate J(~) we use ineqllulities (3.5) for the  pair of cylinders ~). 
and Q , .  L~otice tha t  in this connection 

(O'l.~n) -2 = R;222("+4) ; ((~2.~) 

so tha t  from (3.5) we deduce 

f f  v 2 ~+~ /" 1" Z(+ nl) < 2 m(n+4) [(~) - -  ~n+l)-]2dxdT --~ ~'zln +~ -[- --R~. ] } (v - -  kn+l)-dxaT<~ 
Qn. OR++ 

to 

f + ?z. ~+~ -[- | [meas A;.+,,~.(T)] dr .  
2o 

Since 
to 

f [meas A~+.R~(~)] g~: < (k~ ~ k~+t) -2 y~ 
(2~+1) ~ 
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and since H<2M ~- 8, sett ing Yo ---- max(W, (1 ~- y)(2M -~ 8)} above yields 

no R + 

Combining the estimates for j(ll and J~) we have 

2 2s yo(2~+1) a ~ 1 + ~  
(3.7) !(v-- k~+~)-~]vl,,(~.)< / ~ H  (Y~ -~ -~0~. ~. 

Estimate o] ~+~. ~u carry (3.7) ia (3.6) and employ the est imate of P~ to 
obtMu 

and dividing by ~-+2  

I~ow if H'Z> R~'~ tr 1 ~nd [I] is proved. 
To prove [II]  observe t ha t  

f l 
. /2/~ 

z~+~(k~ - -  ]~+~)~ = (/r - -  k~+~) ~- [reeds A~,§176 ~/~ d~ < 

<l](v-I~,)-~Uq,~,6,< by  the  embedding Iemma 2.4<fl~](v - k~)-~,lvl,'(~,). 

The last  te rm is es t imated in (3.7) so tha t  [II]  follow ~t once. 

P~oo~ o~ L ~ X  3.1. CO~CLU~)ED. - By  Lemma 5.7 of [18] page 96~ there exists 
number 2 :> 0 s~ch tha t  if 

then  the rec~rsioa iaeq~alities [I]-[II] imply tha t  :Y~, Z~ -> 0 as n -+ co. From [18] 
sett ing 

d ~ m i n  N ~ - 2 ; l @ e  

the number 2, is given by 

[ [  H\(N+2)z~ [ .H \(z +~,)/,, 1 
2 = rain l~-~)  2-~(iv+~)12~; ~-~)  2-5'~d~ �9 
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Now since x : 2ndN, z~ e (0,1) and / / /~ < 1, above gives 

d - -  
[ 1 \(i+~,)l~ 

- - 1  +-----x ; ~'> A~ ---- 1[2'-;~) min {2-s(lv+~)/~, 2-'"~'}'o~(i+') ' ' .  

Where (P) has been used. Set: 

1 ~(i+.)/~ 

and notice thmt eo depends only upon the data  and not upon Ro nor to. 
The lemma follows if Y~<x~cor 2~'J(~'+~v), i.e. if 

H~ R~+, < / / 2  ~o~+~ v --  (#+ + ~ gx & < 

(~0 {:0(2~1"[-271/2gi ~ r - ~  "1-2 ------ '~'0 ~ 

From now on, for simplicity of notat ion we set 

b - -  2 ~  ' Oo = com b 

and remark tha t  b depends only upon the data  and not upon r nor /~o. 

I ~ . ~ K .  - By selecting in inequalities (2.7) the constant  y large enough, we 
see tha t  in [I]-[II] the constant  C can be made as large as we please so t ha t  without  
loss of generali ty we might  assume tha t  

e o ~ ~  < � 8 9  

Suppose now tha t  the assumption of Len~na 3.1 fails; then since 

#+--~> ~ + # -  

m e a s G .  [ ~ + -  ~ <  ~ R o  ~+~ - 0o~R~o +~ = (1 - 0o) ~ R ~  +~ 

LE~_~i 3.2. - Suppose tha t  k e R + and that 

measQ$o(k) < (1 - -  0o)" ~ + 2  ~N "Lr0 �9 

Then for every a e (0, 0o), there exists 

T e [to - / ~ ,  t o -  ~_e~l, 
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such that 

A + / _ ~  _ 1 - -  Oo 

PI~OOF OF L:EMMA 3.2. - I f  not ,  for all  �9 e [ t o -  R~, to--~R~] 

and 

We will choose 

1 ~ 0 0 
meas  A+,.o@) > i ~ - ~  z~vR~ 

measQ+~ > / meas  A#~o(~) d~ > (1 - -  0o) ;42V . ~  +~ . 
~2 

to--/ t  o ' 

Oo do ~ o  
c z ~  - -  

2 2 

and  use the  previous  lenmla for the  levels k = #+--~/2 ~, Vp > s .  

L]~nw_~ 3.3. - Le t  :r = 0 0 / 2 =  eom~/2 and  consider the  cyl inder  

Q~. -~ {[~ - ~ I < ~o} x [to - ~ ,  to] .  

There esists Po ~ N dependent  upon ~ (and hence r such t h a t  if 

t hen  

2vo 

+ <[ _iOoyl 

for all  t ~ [~o - -  ~R~, to]. 

PI~OOF OF LE~.~-  3.3. - Consider L e m m a  2.2 applied to the  funct ion (x, t) -~ 

-> (v - -  (if+ - -  o)/2'))+(x, t), ir~ the  cyl inder  

for ~----w/2 ~, p > s  + 2 .  Here  to - -  R~o <'V < to - -  ~tt~ is the  n u m b e r  c la imed in Lem- 

m a  3.2. Iqotice t h a t  

e s s sup  v - -  i f+- -  < ~ ,  
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therefore for all t e [7, to] Le~axna 2.2 gives 

(3.8) 
- ( i f - -  ~/2~))+ + 

f 1,~+~ [. o,/> ] < (x, T) dx + 
) [ ~ , / 2 ,  - (v - (if+ - ~1~,))+ -+- ~o12, =(-%) 

Let  p. > p to be selected, then if ~o/2~o> Ro ~/~, ~he last  te rm is m~jorized by  

(~ 

We est imate the remailling terms in (3.8) as follows 

+ 4 B(R.) < [In 2"-q 2 me~s A~+_~Iz,,R ~ (~) < by lemm~ 3.2 < [ln 2v-'] 2 \ ~ ]  z=R~. 

For the  left hand side we have 

B(Ro--et/~o) 
co]2~ > f ln'[~,/z._(v_(~+_~/z.))+§ 

B( Ro~ ~.Ro) n [v>/z+-- co]2v] 

These estimates in (3.8) give the inequulity 

(3.9) 

~ o w  

~ !  I,~_-~) " ~  -r o.~ (l~2,-,-~),",',Ro " =  
p - - s  \ 2 / 1 - - 0 o \  ~ 4C p - - s  

- -  I ~ R ~ .  

§ meas A+§ ~,(t) < meas A~ . . . .  /2~,:~o_.lR,(t) + 

+ laeas [B(Ro)~B(t~ o -- a 1Ro) ] ~< meas A+§ ~m) no_~lRo(t) + N a  1 Z~v R~,  
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therefore by  v i r tue  of (3.9) 

~ ( p - - s  ~ ( 1 - -  0o~ 4C 19--8 
meas A2+-~ [ \P  - - s - - l ]  \ ~ ] - 5  a,~ ln2  i p - - s _ l ) 2  

This inequal i ty  holds for all al ~ (0, 1), all p > s-}-2 and all t a [~, to]. 
Select ~-----(3/8) (0~/~), and P0 so large tha t  

4C p~ - -  s 300 ~ 
~ In 2 (po - -  s - -  1)~ < --S-' 

to obtain 

{ po - -  s ~,  < (1 - o~)(1 § Oo) 
and \ p o - -  8 - -  1] 

This proves the lemma. 

I ~ : .  - I t  is easily seen t h a t  a suitable choice of Po is 

(3.10) Po s @ 3 @ [  C ~ ]  
9 

where [aj denotes the largest integer contained in a, and 

2 s N ~ C 
ln2  

Notice t ha t  C1 depends only upon the  data  and not  upon ~o nor Ro. 

-1- + l~+ar  - Since for q~Po, A,+-~/~q,Ro(t)c A~,_~I2~~ we have  tha t  

- l ~ !  ] ' ' 

and for all t ~ [t o - -  ~R~, to]. 
The  subsequent  arguments  will be carried over the  cylinder Q~.  For  k > 0 

we also denote 

Q g k )  -= {(x, t) ~ Q~. Iv(x, t) > k}.  

L:EN:YI& 3.4. - For  every  0~ > 0~ there  exists qo ~ N~ qo > Po such tha t  if 

> R~ "~-~ then  m ~ s Q ~  ( # + -  o,~ ~ ~+= 
(.9 
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P~ooF oF Lv, M~s 3.4. - ]hemma 3.3 and the remarks following it imply tha t  

+ Vq >Po meas {B (Ro) \ . ~ .+_~ . .  ~,(t)} > ~ _ e f  , 

f o r  a l l  t e [ t  o - -  ~/~2 o, to]. 
Apply ineql~ality (2.9) to the fnnctioa x - +  v(x, t) ir~ the ball B(Ro)• for 

the levels 

(D CO 

# 2~+~, --  ~ ,  qo > q > ~o, 

where qo has to be chosen. I f  we do this for all t ~ [t o - - a l ~ , t o ]  we obtain 

) M+~ r + 

2 ~  meas {A.+_~/2~%:~o(t)} < / ) m e a s  [B(Ro)~A++_~/2~,~o(t)] 

f lV~vl ~z< ~DRo .~0o~ f IV,v] dx.  

Integrate  both the sides of this inequali ty over [to--aR~, to] , square and use 
tt61der's inequali ty on the right side, to obtain 

(3.11) ' 

to to 

t o - -  c~B~ 

In  order to est imate the V~'~ of ( v -  ( # + -  o~/2~))+ we use inequa- 
lities (2.7) applied to the pair of cylinders Q,., Q~,. Notice tha t  in this connection 
ess sup (v --  (#+--co/2q))+<(9/2q < (5 and tha t  

Q2 o 

(alRo) --~ = 4Ro~; ~/a~ R~-loJ =- ~Ro4 -3. 

5~oreover observe tha t  since #+> l#-f, we have 

(D 
~ + - - ~ >  0, 
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so tha t  r - -  coo,;2% to - -  4R~, t) = 0, t e [to - -  ~R~, to]. Inequali t ies (2.7) now give 

<Y 
+ 09 A- 2 

to 

I f  + @ ;~ [meas At,+_~o/2,,~o (~)]~/~ d~:j (2z~)(~ < 
+n) 

to--4R~ 

2~+6  / ~ \ 2  ~v O~(1 + ~) (2/q)(1 + ~')-- 1 ~r~iVn N 

where (2.4) has been used. B y  assumption 

(~ 
R ~ < ~  < ~  , 

so tha t  there exists a constant  C2 depending only upon the dimensio~ N and the 
data,  such tha t  

(7 \ 2V] I r~,,~ <C~ 

Carrying this in (3.11) and dividing by  (o/2~+~) ~, gives 

(3.12) 
L ~.vJ 

to 

to--~R~ 

We add incquMities (3.12) with respect to q, front Pc to q o -  i and obtMn 

(%--Po)  measQ.~, #q--~--~ <dC, L~. j 0o.~oo 
to 

qo-1 ~ , + F4D] ~ 1 
j [measA;%_~/~ ~,(~)\A~+_~I2~§ ~o(~)]dT<4C~/- - [  ~(u~Rf+2)  ~. 

~=~o ' ' L ~ J  ~ o  

Now recall tha t  ~ -~  0o/2 set 

and observe tha t  C3 depends only upon the data  and the dimension N. 
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Dividing the inequality above by qo ~/90, to prove the lemma we have 0nly to 
choose qo so large that  

1 _ _C~ <0~. 
q o ~  Po O~ 

We will select 

I ~ E ~ K .  -- The proof of Lemma 3.4 is an adaptation of a similar result of [18], 
namely Lemma 7.2, page 114. 

Consider now the pair of cylinders @~ and 

For ghem we have the following result 

L ] ~  3.5. - There exists a n~ml~er 01 > 0 depending upon e, ;V and the data, 
such that  if 

then either 

(i)  / ~  = e s s  s u p  (v _ ( i f + _  ~ / 2 , ~  <_-~w~2~o , or  

�89 (if) measQ~0m(#+-- ~/2 ~~ + = 0. 

P~ooF oF L~._~[~t 3.5. - The proof is very similar to the proof of Lennna 3.1. 
We reproduce the maill steps mainly to trace the dependence of qo on 00 (and hence 
on co). Let / ~ ,  / ~  be defined as before, and consider the cylinders 

Q~,, ~- {I~ - ~ o I <  ~.} x [ to-~e~,  to] 
R.} x [ t o -  c,.~,,+~, to], 

which satisfy the inclusions 

/~+1 ~ n  C Q ~ n "  

We nse inequalities (2.7) over ~)~ and Q~., for the functions (% t) --> (v- -k~)  + 
where 

1H~ I H 

kl  -f- __ ----# 2~," 
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Since k~->k~ > 0 in (2.7) we have  q)+(k.,  t o - - ~ / ~ ,  to) = 0. 
Note  t h a t  in this  case ((hR,) -2 = Ro~22(~+4) and  (a2 atR~) -1 : / ~ o ~ a t - ~ 2  n+~. 

have  to show t h a t  the  numbers  
We 

1 l f f  Y.  _ H~ R[+~ y~ _ H ~ . + ~  (v - -  k.)+~ dx d r ,  

to 

Z ~  - -  R f  - -  [meas A+.,R.(~)]'Iq & , 

to--acY~n 

t end  to zero us n --~ ~o. Proceeding exac t ly  as in L e m m ~  3.1 we see t h a t  :Y. and  Z .  
sat isfy the  recursion inequali t ies  

- -  . ~ .  ~; z . + I < - - [ Y . +  . 
at at 

The l e m m a  follows if 

i.e. if 

01 ~- 04 atb, where  G : 1__ (20)_( 1 +~)/~ rain {2-t(;+2)/2d ; 2-4/~d}. 
~N 

Here  0 and  d are as in L e m m a  3.1. 
F r o m  (3.13) and  the  r emarks  above it follows tha t  the  conclusion of Lemmla 3.5 

holds t r ue  if we choose 

C~ 

We recall  t h a t  Oo = vow b, at = 0o/2, therefore  t ak ing  in account  

select 

q o = s § 2 4 7  G + - - m - ,  �9 

(3.10) we migh t  

Set  

~nd 

A = 

a = b m a x { 6 ;  2b ~- 3} , 
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so tha t  

(3.14) qo --  s + 4 + ~ . 

We remark tha t  s, A,  a depend only upon the data  and not upon to nor the size 
of Ro. 

P~ooF oF ~n~ p~oposi~o~.  - Suppose tha t  

(D (D fO 
(3.15) ~ - > 2 ~  ~ >~ 2,+~+A/~ > (2Ro) 2w12. 

Obviously either 

o r  

2) r A_ (D/2 s) 1 T l e a $  

Case 1. By  Lemma 3.1 either 

1.a) ess sup ( v -  ( ~ - +  o~/2'))-<Ro ~'~z, or 
QR a 

1.b) meas Q~j2(,u- + o~/2' - -  �89 H)  -= O. 

I f  1.a) occurs then  

0)  
- - e s s i n f v  < - - # - - - ~ , +  Ro~J2<by (3.15) < - - # -  2 8+5+~/~" 

QR o 

Adding ess sup v on the left hand side and /~+ on the right hand side we obtain 
QR. 

e s s o s e v < e s s o s c v  2s+5+A/~oa <<. CO 1 
Q~o Q2-r 2s + ~ A/t~ " 

]f  1.b) occurs then 

o 1 (  o ) 
- -  e s s i n f v < - - # - ' - - ~  + ~ + ~ + # -  

ORo/2 

(D 

2,+1 

i.e. 
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Case 2. By  Lemmas 3.2-3.4, in view of (3.15), the assmnptions of Lemma 3.5 
are verified. I t  gives the following alternative. Ei ther  

2.a) ess sup v <y+ - -  ~/2 ~o §  <y+  - -  ~/2 ~o+~, 

o r  

2.b) e s s s u p v < r  + -  m/2 ~~ -}- co/2 "'+1 
O~./2 

Hence in either case 

= #+ _ o)i2,0 + 1. 

ess oscv <co (1 1 ) 
2s + 5~-x/o~ �9 

QRo/2 

Now to determine R ,  notice tha t  by  virtue of (3.15) 

:r -~ 2 .4  eoOgb(~o)~ > 2~b-Seo(2Ro)2+(iw~/'~). 

Setting ~, ~ (2~-5Co)�89 1, and h ---- 1 ~- Nzb/4,  we have 

V ~ - ~  >~,(2R0) '~ =--R, ,  

so t ha t  Q~~ o Q~. ~ { ]X-Xo[<  R,} x [ t  o - R ,  2, to]. I t  follows tha t  

where so = s-{-5. Fiua]ly if (3.3) is false then  (3.16) follows at  once. 
sitiou is proved. 

The propo- 

4. - P r o o f  o f  T h e o r e m  1. 

We will prove the theorem by exploiting the results of the previous section. 
Proposition 3.1 is valid for any  number  ~o satisfying 

ess ose v < a) <.2M . 
Q2Ro 

We stress the fact tha t  the constants } . ,  a, b, A,  h in Proposition 3.1 do not  
depend upon /~o nor co. Le t  (xo,to) eY2T be fixed and select e ~ : 2 M > e s s o s c v .  
Le t  0 < Ro < �89 be so small tha t  Q~Ro c Q~ and ~ 

2 M  
(4.1) (2Re) N~:~ < 28o+~/(2z)o. 
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Define two  sequences of pos i t ive  real  n u m b e r  (R.} a n d  {M~} as follows 

/~1 = 2Ro; ~,+1 = ~(R,) ~ n = 2, 3, ... 

where  ~ = m i n  {~, ; 4-s"1~}, a nd  

M1 ~ 2M~ 
(1 1) 

2so + AIM~ 

L v , ~ x  4.1. - {M~}'~ 0 7 {R,} '~ 0 and  for all n e N 

ess osc v ~ ] fn  �9 
QR n 

PROOF OF L]~I~A 4.1. - I f  M~ > M~+~ > ... > 3/o > 07 t h e n  for  all n E N 

( 1 )  
M . + ~ < . M . e ;  s =  1 2~.+-/~i < 1 .  

Therefore  M,,<.-.Mos~'7 n = 17 2 7 ... which  implies t h a t  M."~  0 as n -+ co. A cont ra-  
dict ion.  The  s t a t e m e n t  abon:~ {R,} is t r iv ia l .  

I n  v iew of 4.17 P ropos i t ion  3.1 implies t h a t  

Moreover  

ess oscv  ~< M s .  
Q n  2 

M1 I h 
R~ ~ = # ~  ( ~ ' ~ ) ~  < 4 - ~  ~2,, + ~ : ]  " 

Fo r  s impl ic i ty  of n o t a t i o n  set  

a(x) = 2 ~~ x > 0 o 

Then,  us ing  t he  defini t ion of M~, 

Recal l ing  the  definit ions of b 7 s i t  is immed ia t e  to  see t h a t  2(2M1/a(M1))~bl4< 1. 
~ o w  for all  n ~ N it  is easy  to  check  t h a t  a(M~+,)/a(M~)~4 ~. t t e n c e  

~IS < Ms 
2So + A/ M~ �9 
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We have  shown tha t  the two inequalities 

ess ose v < M~; R.~./2 < M~ 
QR 2 so + AIMa~ 

imply  the same two inequalities for R2 and M~. The same argument  shows tha t  if 

M~ 
ess o s c v < M ~ i  /~./2< 2 s.+AIM~---~ , 

QRu 

then  the  same inequalities are valid for n @ 1. The lcmma is proved. 

As a consequence of Lemma  4.1 we have tha t  V(xo, to)~/2z,  ess lira v(x,  t) 
(z,t)~(zo,to) 

exists. We define the  funct ion (x, t) ---> ~(x, t) b y  set t ing 

g(Xo, to) = ess l imv(x, t ) .  
(~,O--->(zo,tD 

L]~M~ 4.2. - The funct ion (x, t) -+ ~(x, t) is a continuous representat ive out  of 
the  equivalence class v. ~ o r e o v e r  if K is a compact  contained in f2z there  exists 
a nondecressing continuous funct ion o)x(.): R + - > R  +, c % ( 0 ) :  0 depending upon 
the data  and d i s t (K ;  _P) such t h a t  

[O(x~ ~ tl) - -  O(x2, tz)] < o~( lx~ - -  x21 @ lt~ - -  t~ 1�89 V(x~, t ,)  e K ,  i = 1, 2 .  

The s ta tement  is a direct  consequence of Lemma 4.1 and establishes the interior 
regular i ty  claimed by  Theorem 1. 

R ~ K .  - The cont inui ty  result  is a consequence of inequalities (2.7)-(2.8) and 
IJemma 2.2 solely. 

5. - Continuity up to the boundary.  

Let  u ~W~'I(~QT) be a weak solution of (1.1) subject  to  cer ta in  boundary  con- 
ditions. I n  this section we invest igate under  what  circumstances the cont imdty  of u 
can be extended to the  closure of /2~.  As remarked in the  introduct ion,  this is equi- 
valent  to prove the cont inui ty  of (x, t) -~ v(x,  t) o n  the  closure ~ .  

Our s tudy  is divided in three parts.  F i rs t  we show the  cont inui ty  of v at t ime 
t = 0. Then we invest igate  the regular i ty  on the  lateral  pa r t  S~ of the  parabolic 
boundary  of ~2z, for the  eases of var ia t ional  (Neumaau) boundary  conditions, and 
homogeneous Diriehlet  boundary  data.  

[A] Cont inu i t y  at t = O. 

Let  v ~ W~'lo(~PT) satisfy iden t i ty  (2.1) and iu addit ion 

v(x, o) = vo(x) = #;1(no(X)),  
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in the  sense of the  t races  over  ~ .  Le t  the  selection wo(x)cfl(Uo(X)) be given so 
t h a t  (2.1) is well defined for all t0>0. We assume t h a t  x ---> vo(x) is continuous in D, 

wi th  modulus  of cont inui ty  s -+ r over  a compac t  K c ~ .  

Tn~Ol~]~H 5.1. - Le t  K be a compact  of ~2. There exists a non-decreasing con- 

t inuous funct ion s -+ e%(s) : R + --~ R +, w~:(0) ~ 0 such t ha t  

[v(x. t~)-- v(x~, t~)l<o~([xl-- x~ I + [t~- t~l~ ) 

for all  (x~, ti)eK'• T], i := 1, 2, and every  compact  K'cK .  
The funct ion wK(') depends only upon the  da ta  and  the  modlllus of con t inu i ty  

of vo(x). 
Clearly we have  only to prove  the  cont inui ty  a t  t = 0. 

LE~f-~ 5.1. - Le t  x0 ~ f2 and  R > 0 be so small  t h a t  B(/~) c Q. F ix  0 < to < / ~ 2  

and  over  the  cylinder Qa consider the  cutoff funct ion x - +  ~(x) selected as in (b). 

There exists a constant  7 depending only upon the  da ta  such t h a t  the  funct ions 
(x, t) --> (v - -  k)-+(x, t) sat isfy the  inequalit ies 

(5.1) 

t 

{f F + 7 [meas A~R(~)] ~/q d~ ~ + yqS+(k, 0, t ) ,  for all t e [0, to], 

0 

provided tha t  k ~ R satisfies the  res t r ic t ion 

(5.2) ess sup (v - -  k ) ~ <  ~.  
Q ~ n Q T  

Here  (~ is the  same wambcr  introduced in (2.6) and  

f k)+~dX~o ~:~(k, o, t) = T ~(x, T)zEv<O](v-- • 
t 

0 

Inequal i t ies  (5.1) are derived in a way  similar  to inequali t ies (2.7), the  only dif- 
ference being the  domain  of integrat ion.  

Next  we simplify (5.1) by" imposing fur ther  restr ict ions on the  levels k. Set t ing 

kl(R) := sup vo(x), k2(R) = infvo(x),  
2(2) ~(:~) 

1 1  - Annal,f  di Malemat iea  
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for the  oscillation of x --> %@) in B(R) we h~ve 

osc v~(x) = k~(R) - -  k~(r) < o ~ ( R ) ,  
B(n) 

for a compact  K contained in  t9 and containing B(R). F ro m  now on we will keep 
fixed the compact  K, and all the subsequent arguments  will be carried over  balls 
B(R) c K. 

I f  in (5.1) we choose k~k~(R), then  (v - -k)+(x ,  0 ) =  0. Moreover if we look 
at  v as extended over all QR in a way  not  to exceed k~(R), t hen  (v - -  k) + is identical ly 
zero over tha t  por t ion of QR not contained in ~2~. Therefore if k>~ k~(R), the  domains 
of in tegrat ion in (5.1) can be replaced b y  B(R--(r~R)• on the  left  
hand  side and QR on the r ight  hand  side respectively.  These remarks show tha t  the 
funct ion (x, t) -> v(x, t) satisfies the  inequalities 

(5.1) + 
2 

i(v - k) + [~,0(~<R-o1~)• (~0- ~,~~ < r[ ( (~  R) -~  + (z~ R 2)-  ~] II (v - k) + 2,Qst -@ 
to 

+ y [meas Ak,~,@)]~/q d~ I + sup 7r to-- R~ t) 
te[4-~a,4] 

g--l~ I 

for all k>~kl(R) and satisfying (5.2). 
A similar argument  holds for (x, t)--> (v--k)-(x,  t) provided tha t  kKk2(R). 

yields inequalities to which we will refer to as (5.1)-. 
We denote with s the smallest na tura l  number  satisfying 

(5.3) 2 M  2--- 7 < ~,  s ~ 2 .  

I t  

Le t  ~o be any  positive number  and construct  the cylinder 

q~o~{Ix--xo]--Ro}• B(Ro) c K c  Q 

Here  Co is the number  claimed by  Lemma 3.1. 

LEM~IA 5.2. - Assm]le t ha t  

(i) 2M>~w~ osc v; 
Q~onDT 

Then 

o s e  

(ii) w/2s+3 > R  0~/2. . 

eJ 2 ,+1  )} v < m a x  ~ - - 2 ~ ;  ~5~(Ro . 
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P~OOF OF L v , ~  5.2. - I f  osc v < o)/2 ~ then  the  conclusion of the lemma is 

trivial.  Analogously if eo < 2~'~+~05~(R0), there  is nothing to prove. So assume tha t  

0) 0) 
(5.4) osc v > ~; > 2~ ~ > o~(R0).  

Then at least one of the following two inequalities holds. E i the r  

0) 
(5.5h k~(/r < #+ 2.+2, 

o r  

co 
(5.5)2 k2(Ro) > ~--~ 2,+~. 

Here 

#+ =: ess sup v; /z- ---- ess inf v .  

Indeed if both  (5.5)~ and (5.5)2 are violated then  

0) 0) 0) 0) 
o~K(Ro) t> k~(Ro) - -  Ir > #+ - -  # - - - - - / >  2.+1 2 ~ 2 . + ~  2,+~ 

contradict ing (5.4). 
Suppose tha t  (5.5)2 holds t rue  and observe tha t  

/ ~ } meas (x, t) ~ Q~~ t) < #-  ~- ~ < k2 < meas [Q~, n ~2~] < Co 0)~.,I(~ + 2~) zN R~ +"~. 

Consider inequalities (5.1)- for (v - -  k)- ;  k</~--~- 0)/2 *+2, and apply Lemma 3.1. 
I t  gives the  following alternative.  E i the r  

(i) H = ess sup ( v -  ( i f - +  0)/2,+~))- < ~0 ~/~, 

o r  

(ii) meas Q~o/2(#--~ 0)/2~+~- �89 ----- 0. 

I f  (i) occurs then  

0) __/~0 u/2. ess infv  > # - ~ -  
Q~ong~ 

I f  (ii) is valid then  

~o t 0) 0) 
e s s i n f v > # - ~  2 '+2 22~+2=#--~-2~+- ~ .  
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Hence in ei ther  case 

The l emma  is proved.  

o) 
o s c  v < o] - - -  

~a~>ol:n~ , 2 =+a " 

L1MlWi 5.3. - Le t  xo E i n t K  c 1~ and  Re be so small  t ha t  B(Ro) c K.  There  exists 
a pa i r  of sequences {R.}X~ 0, {M=}'x 0 such t h a t  

OSC V < M ~  n = 1 ,  2~ . . .  , 

The sequences {R~} and {M~} depend only upon the  da ta  and  the  modulus  of 

cont inui ty  c5~(.) of x - ~  re(x) in K.  

1)]too]~ oF LEI~{I~IA 5.3�9 - For  R~<Ro define 

M~ : m a x  {2M; 2 ~+~ cSK(RJ} > 2 M ,  

and  select l~  so small  t h a t  

~Nz/2 1.2, i]I '~ ~MI' ~ 
1 < q, j 

Then construct  induct ive ly  the  sequences {R~} and  {M=} as follows: 

{ =- } M~+~ = m a x  M~ --2.+~; 2"+~NK(R~) ; n = 1, 2~ . . . ,  

�9 [1  M=\~l~v= R= �9 m'~ ;YI 
I t  is immedia te  to ver i fy  t h a t  {M,~}"~ O and {1=}"~ O. B y  v i r tue  of Lemi/ la  2.5, 

the  conclusion of L e m m a  5.3 holds t rue  for n : 1. Suppose it  holds for n and  let  

us show t h a t  i t  holds for n -F 1. By  assumpt ion  ose v < M~ and  R~' /2< M J 2  '+~. 
Hence b y  L e m m a  5.2 Q~':n~ 

o S o  q) ~ / ] l r n +  ~ . 
QMn~an-Q~ 

To conciude the  proof  observe t h a t  

oM"+~ F~ ~r~ T M~ c QR=/2 N D r ~Rn+i 

Pi~ooF oP Tm~oicE~ 5.1. - I t  is ~n immedia te  conseq~lence of L e m m a  5.3. 
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[B] The case o] variational boundary data. 

Consider formally the problem 

(5.6) 

~ fi(v) - -  div ~(x, t, v, V~v) -[- b(x,  t, v, V~v) ~ 0 

-d(x, t, v, V~v)"-~sAx,  t) = g(x ,  t, v) on ~:. 

v(x, O) = Vo(X), Vo(X) :/: 0 a.e. in 9 ,  

where n z , =  (n,,, n~,, ... ,n.~) denotes the outer uni t  normal  to St .  We assume 
tha t  -5(x, t, v, p) and b(x, t, v, p) satisfy [A~]-[A2] and tha t  voe L~(/2). On the boun- 
dary  data  g(x, t, v) we assume tha t  

[G] g is eontimmus over S r •  and admits an extension if(x, t, v) over Dp such tha t  

"(x ~ " v) ~ , ~  ~ g  ,t,v), ~xg(X,t , < C <  c~, i ~ l , . . . , N ,  

for some positive eonstsmt C. 

By  a weak solution of (5.6) we mean a function v e W I ' I ( ~ e ~ T )  satisfying 
t 

(5.7) - - f  v(X,T)Z[v<OJqJdx:t § f f ~,(x, 
t~ to 

t t 

ff{  } @ ~vq~@~d(x,%v,V~v)'V~o@b(x,T,v,V~v)qJ dxdv-~ (x,%v) q~dad~, 
to ~ to OF2 

V~ eW~'~(~gr) and any  interval  [to,t] c [0 ,  T], and v(x, O)= vo(x) in the sense of 
the traces over /2~ 

The aim of this section is to prove tha t  the cont inui ty  of v can be extended to 
Sr  and tha t  if vo is continuous in ~ ,  then  v is continuous in t~T. In  a precise way we 
want  to prove the  following theorem. 

Tm~o~E~ 5.2. - Assume tha t  ~f2 is a C ~ manifold in R N-~, suppose tha t  [G] 
holds, and let  v e W~'I(Dz) be a weak solution of (5.6) such tha t  

Ilvl[~,,,, < n <  ~ .  

For  every a > O there exists a continuous non-decreasing funct ion o),: R + --> R +, 
o)~(0) ~ 0 such tha t  

Iv(x1, t , ) -  v(x~, t~)l<%(Ixl- x~[ + It1- t~19, 

for all (x~, t~) e ~ X [ a ,  T], i =: 1, 2. 
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5~oreover if vo is continuous over M1 ~,  then there exists s -~ oo(s): R + -> R+~ 
o~o(0)----0 continuous and non decreasing such that  

!v(x~, t , ) -  v(x,, t~)I <o~0(Ix,- x,[ § I t , -  t~19 

for all (xo t~) e. Oe~ i = 1, 2. 
The fnnction %(.)  can be determined in dependence of the data and the posi- 

tive number ~, and ~0(.) can be determined only in terms of the data and the 
modulus of continuity of vo. 

The proof of the theorem is essentially the same as the proof of interior regularity 
and is based on the same arguments of Sections 3,4. The difference is that  instead 
of working on cylinders QR here we are dealing with cylindrical domain of the type 
~9 n B(R) x[to - - R  ~, 4]. 

We bound ourselves to describe the differences occurring in the proof. 
Fix x0 e 3t9 and consider the portion of the boundary ~/2 given by 

& -= aO n {I .  - -  *ol < R } ,  _~ > o ~xeet .  

Our arguments being local in nature, we may assume without loss of generality 
that  So lies on the hyperplane x~----0. 

[B]~ Inequalities analogous to (2.7). 

Let (xo, to) e S~,~ to >,0 and set 

c a  = O ~ x [ t 0 - n  ~, t0], n~ < to. 

Since ~t) around xo is a portion of the hyperplane x = 0 and /~</~  ~PR is the 
half bM1 {ix--xo! < It, x~ > 0} and CR is the half cylinder obtained by intersecting 
the lateral cylinder QR with ~ .  Moreover notice that  since /~  < to, CR does not 
intersect ,Q at t----O. 

Our next task is to derive inequalities analogous to (2.7) over the domains CR 
and 

This is done by selecting in (5.7) test functions ~ = •  (v--k)+-~ ~, where (x, t) 
--> ~(x, t) is chosen as in (a). 

All the terms on the left hand side of (5.7) are treated as in the derivation 
of (2.7) except for the different domain of integration. We remark in this con- 
nection that  ~(m, t) vanishes on the parabolic boundary of Q~ and not on the 
parabolic boundary of C~. 
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We est imate the te rm involving integration over 3~2 on the r ight  hand side 
of (5.7) by  transforming it in a volume integral as follows 

to-- .Ft  ~ ~ 

to 

ta - -  t~ g iLQR 

Ca 

We expand the integrand, use hypothesis [G] and perform routine calculations 
involving the Cauchy inequMity ab<e-~a2§  eb ~, e > O, to obtain the est imate 

CR Cn 

c a  

where s > 0 is arbi t rary and 71, 72 are constants depending upon the data  and s. 
These remarks prove tha~ there exists constants y and ~ such tha t  for M1 k e R 

satisfying 

(5.8) ess sup (v --  k) • < 5,  
C~ 

we have the inequalities 

(5.9) 
ta 

{f F § y [meas A~R(r) (~ D] ~/q dv § sup 
t e E t o - ~ % t o ]  

4 - .ft ~ 

~q3• to--R~, t) 

where ~5-+(k, to - - R  2, t) is defined as qi-+(k, t o -  R 2, $) except for the different domain 
of integration. Inequalities (5.9) hold for all k satisfying (5.8) and all al, a2 a (0, 1). 

Lemma 2.1 remains unehanged and Lenmla 2.2 now is stated as follows. 

LEm~A 5.4. - Le t  0, l e a r  +, # >  esssup (v - -k )  +, and ~ > 0  
0 < U</~.  Set ~,•176 

~f(x~ t) --= ~(v(x~ t) ) --= ln+ [# --  (v --# k) + § ~] 

such tha t  
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then  there  exists a constant  C depending only upon the data  such tha t  for all 

t e [ to - -  OR', to] 

12/~-qiR ~QR 

As remarked af ter  Lemma  2.2, also in the  present  s i tnat ion an analogous result 

holds for (v - -  k)-, k < 0. 

[B]2 Proceeding in the  proof we see tha t  Lem m a  3.1 holds in the  present  
s i tuat ion for the domain C, instead of the  cyl inder  QR. The only modification 
regards the proof of the  rec~rsion inequalit ies [I]-[II] .  For  those we used the 
embedding inequal i ty  (2.11) val id for functions of ~.o(t)  ) In  our case ( v -  k) • 2 ~ / ~  " 

�9 ~(x,  t) do not  vanish on the lateral  boundary  of CR, therefore  we must  use ine- 
qual i ty  (2.12), and observe tha t  for the domains C ~  one can 
consider the  constant  in (2.12) as independent  of ~.  

F inal ly  the  last  modification occurs in Lem m a  3.4 in the  use of De Giorgi's 
inequal i ty  (2.9). Now such an inequal i ty  holds also for convex domain, therefore 
(2.9) is val id with B(R) replaced by/2~.  The remainder  of the  proof stays ~nehanged.  
The first assertion of the theorem is proved. For  the second par t  we consider domain 

C~ with t o - / ~ "  < 0 and over ~hem carry  on the arguments  of Lemma 5.2-5.3 with 
the modifications indicated above. 

[C] The case o] homogeneous Dirivhlet boundary data. 

We let v a 1u be a weak solution of (1.6) which in addit ion satisfies 

v is~ = o ,  (x, t) ~ S ~ ,  

in the sense of the  traces over S~: In  this paragraph we invest igate  under  what  
assumptions on ~ the  interior cont inui ty  of v can be extended up to the lateral  
boundary  Sr  of /2r. On ~f2 assume the  following: 

(if) ~0'  > 0, R0 > 0 such t ha t  Yx0 e ~/2 and every  ball  B(R) centered at xo, R</~0,  

meas [~2 (5 B(R)] < (1 - -  0 ' )  m e a s B ( R ) .  

THEO~E~ 5.3. - Le t  v ~ W~'~(~.) be a weak solution of (1.6) such tha t  llvlI ,.  < 
4 M < c ~ ,  and v Is ~ = 0  in the sense of the  traces. There exist  0 < ~ < 1  and a 

constant  L such tha t  

'~v(x, t)idL(distE(x , t), ~.Q])~, t >  a > O. 

moreover  if v(% O)-~ Vo(X) in the  sense o! the  traces over ~2 and if v 0 ~ C(~)~ 
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Vo[ea 0, then  there  exists a continuous non-decreasing fnnct ion co( .): R+--> R + 

co(O) = 0 such tha t  

I~(xl, t~) - -  v (x~ ,  t~)I <co(Ix~ - x~l + It~ - t~]t) 

for all (x~, t~) ~ ~ ,  i ---- 1, 2 .  The n~rabers ~ and L depend uniquely  upon the  data,  
whereas co(.) can be determined in dependence of the d~ta and the  modulus of con- 
t inu i ty  of Vo in ~ .  

The  theorem is a consequence of the following inequalities valid on every 
domain CR : Q~ ~ D-T 

(5.10) 
+2 

to 

to--~ ~ 

for all k E R such that 

(5.11) ess sup (v - -  k)• < ~.  
OR t~/2~ 

Here  5 is the same number  introduced in (2.6) and 7 is the same constant  appear- 
ing in (2.7). The definition of r to--R% t) is obvious. 

Inequali t ies  (5.10) ~re derived from ident i ty  (2.1) ~pon the  choice of ~ = 
4-(v--k)-+$% where ~ is selected as in (a). 

Notice tha t  since v e yvl'~(gr) we have also ( v -  k) -+ e ~I}~'l(f)r)~nd therefore 
such a choice of ~ in (2.1) is justified. We will use a simplified version of (5.10) 
obtained by  imposing fur ther  restrictions on the levels k. 

I f  we select k > 0 and write (5.10) for (v - -  k) + we see tha t  r to - -  R 2, t) = 0 ; 
moreover by  looking at  v as extended to be zero on tha t  pa r t  of QR tha t  remains 
outside f)T, the  domains of integrat ion in (5.10) can be replaced by  Q~(g~, a~) and 
QR respectively. Hence for ( v -  k) +, k > 0 we are led to the inequalities 

(5.10) + + 2  
I ( v -  k) iv~,o(Q~(o,,.~))<7[(al_~) -~ + (a2R2)- l j i ] (v_  k)* 2 • 2,Q.~ l 

to 

to-- ~ '  

d~'} (2/r) (1 + ~) 

valid for all ~1, a2 E (0, 1), a n d  all k >  0 satisfying (5.11). 

The same argument  applied to (v - -  k)-, k < 0 leads to inequali t ies for (v - -  k)- 
k < 0 to which we will refer as (5.10)-, 
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Let  (xo, to) e S t ,  to > 0 be fixed and  let  Ro be so small  t h a t  (2Ro) ~ < to, so t ha t  Q~, 
o <  R<~2R~ are la teral  cylinders,  wi th  common (~ ver tex  ~ (xo, to). Set 

#+ ~--- ess sup v ~ # -  ~ ess inf v ~ 09 --- ess osc v 
Q2R~ ~ZQT Q~R~o ~ ~ '  Q2R,t~*QT 

and,  wi thout  loss of genera l i ty  suppose t h a t  # + >  [#-]. 

Moreover let  s ~ N be the  smallest  posi t ive  integer  such t h a t  

2 M  

and  abserve  t h a t  #+ - -  @2 ~ > 0. We will employ  (5.10) + for the  levels k =- #+ - -  co/2~, 
p >1 s, p ~ N, over  the  cyl inders  Q~, R < Ro. 

L E ~ L ~  5.5. - For  every  01 > 0, there  exists ~ posi t ive integer  p (depending on 01) 

such t h a t  e i ther  

co/2 </~o , or 

(ii) meas  {(x, t) e Q~. ]v(x, t) > #+ - -  @2 ~} < 01 ~z~/~ + 2. 

The n u m b e r  p depends upon  the  dat~ and  01 and  it  is independent  of o~ and  Ro. 

P~oo~' oF L E ) I ~  5.5. - The l e m m a  is p roved  in exac t ly  the same way  as L e m m a  3A. 

We r e m a r k  t h a t  the  es t ima te  

meas  {B(Ro)\Afl_=r~dt) } > O* ~N R~ 

for all  t ~ [ t o -  R] ,  to], which in L e m n ~  3.4 was derived f rom De Giorgi 's  inequal i ty ,  

in the  present  s i tuat ion is au toma t i c  since ~2  satisfies (9"). 

LEM~A 5.6. - There  exists  a nmnbe r  01 ~ 0 s~eh t h a t  if 

{ ~ meas  (x, t) ~Q~olv > # + - - ~  < O ~ / ? f f  § 

then  ei ther  

( i )  ~ = e s s  s u p  (v - ( ~ +  - 0 . / 2 . ) )  + < ~ o  ~'~ ' ,  o r  
Q/~o 

(ii) m e a s  {(x, t) e Q~~ !v(x, t) > # + -  o~i2. + ~B}  = o. 

The num ber  01 depends only upon the  da ta  and  not  upon o~ or Ro. 

P~OOF OF LE~L~IX 5.6. - The proof  is the  same as for L e m m a  3.1. I n  this  case 

i t  is in fac t  s impler  because the  t e r m  q~+(k, to--2~o 2, t ) =  0. I t  is this  last  fac t  

also t h a t  makes  01 independent  of w. 
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As a consequence of Len:umas 5.5-5.6 we observe the following result  

L~m~_~ 5.7. - Consider the decreasing sequence of nmnbers  {Re/2"} and the  
family of coaxial nested cylinders QR.I2~ with common (~ ver tex  )) (xo, to). 

There exists a positive integer q e N such tha t  ei ther  

o r  

o s c  o s e  

The first assertion of the theorem follows f rom Lemma 5.7. The fact  tha t  we 
�9 have an est imate  of I tSlder t ype  near  Sz is a consequence of Lenuna  5.7 above and 
Lemma  5.8 of [18], page 96-.97. 

The second par t  of the  t:heorem is proved b y  est imat ing the  oscillation of v in 
lateral  cylinders Q~ with to . - - /~  < 0, in the same way  as indicated in par t  [B]. 
We omit  the  details. 

6 .  - U n i f o r m  a p p r o x i m a t i o n s .  

A common device in the theory  of existence of weak solutions of (1.1) subject  
to some initial  da ta  and to variat ional  or Dirichlet  boundary  conditions, consists 
in solving a sequence of regularized versions of (].1) to obtain the  solution as a 

l imit  in a suitable sense of a sequence of solutions of regularized problems. I t  is of 
interest  in the applications to construct  the solution as a l imit in the  topology of 
the  uniform convergence on compacts of /2T. One such application can be found 
in [7]. I n  this section we indicate how this can be realized. 

1,0 Let  v e V~ (f2r) satisfy i den t i t y  (1.5) for all ~ e V~'~(tPT) such tha t  t -+ q~(x, t) 
has compact  support  in [0, T]. Suppose tha t  there  exists sequences (w~} and ~v~} - -  

= s u c h  t h a t  

(6.1) w~, v, e W~'I(~2T) 

v~ -+ v strongly in L,(9~) and weakly in V~'~ 

w. --> w weakly in L2(Y2~), w c fi(v) 

a~(x, t, v~, V~v~) , b(x, t, v . ,  V~v~) -+ 

a(x~ t, v~ V~v), b(x, t, v~ V~v) weakly in s 
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(6.2) w~ and v~ are equiessentially bounded and satisfy the ident i ty  

t 

f wn(x,v)~(x,*) o§ f f{-w~(x,*)~t~(x,v)+ 
s ~o D 

v~, V~v~) of} dx d ~ = 0  

for all ~ e vv~ [,~'T) and all intervals [to, t] c (0, T]. 
Since w~ c fl(v~) in the sense of the graph, (6.2) is the weak formulation of 

(6.3) ~fi(v.)  - -  divg(x, t, v. ,  V~v~) 1 Afi(v.) + b(x, t, v~, V~v.) ~ 0 in ~'(tQr). 

t~E3~A~K. -- Because of the regularizing term --  n-~Afl(v~), the functions (x, t) --> 
-+ w~(x, t) c fl(v~) and (x~ t) ---> v~(x, t) are H61der continuous over Dr with exponent 
depending ~pon the da ta  and n, (see [18]). 

l~egularizations like (6.3) are of the type of IIopf vanishing viscosity, and were 
used in [2]. 

Fur thermore  we assume tha t  the weak sohltion v, os (6.3) can be obtained as 
a weak Wl'!(Dr)-limit of weak solutions os 

(6.4) -~ f i , , ( v , ) - -d ivg(x , t ,  v: ~, - - ~  v~, = 

where {tim( ")} is a sequence of monotone e9ntinuously differentiable regularizations 
of the graph fi(.) such tha t  

o < .o</~;(s) Vs e R  

1 
~:(8)<1 ! s i > - -  

7Yb 

This second approximation is introduced only for technical reasons in order to 
just i fy the calculations below. 

Tm~,0RE3i 6.1. - Assume tha t  3 M <  co such tha t  

Then the sequence {%} is equieontinuous in s 
I f  Yn ~ N v~(x, O)= vo(x)~ C(D) in the  sense of the traces over D, then  {v~} 

is equieontinuous in DT k)D(0). 
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I f  Yn e N v~ Is~= 0 and v,(x, O) = Vo(X) ~ C(~) then  {v,~} is equicontinno~s on ~ .  
Final ly  assume tha t  

(i) %(x, O) = vo(x) ~ C(~) Yn ~ N; 

(ii) {~(x, t, %, V.v.) - - (1/n)V.v.}  .n~s~: g(x, t, v~) in the sense made precise 
in (5.7); 

(iii) 3Y2 is a C ~ manifold in R~-~; 

(iv) g satisfies assumptions [G] of Theorem 5.1. 

Then the sequence (v.,} is eqnicontinuous in ~ . .  

Pt~ooF OF T~EOI~E)~[ 6.1. -- In  Section 4 we remarked tha t  the modulus of con- 
t inu i ty  of v in ~9~ is determined nniqnely in dependence of M and the various con- 
stants appearing in (2.7)~ and Lemma 2.2. In  view of this, to prove the theorem 
will be enough to show tha t  t h e  fanctions ( v . -  k) -+ satisfy ineqnMities like (2.7) 
and Lemm~ 2.2~ with constants independent of n. 

Let  (Xo, to) ~ Y2r and R so small tha t  QR c Y2~. Let  ~ ,  ~ ~ (0, 1), construct the 
cylinder Q,(a~, a~) and smooth cutoff functions (x~ t) --> ~(% t) such tha t  

(i) ~(x, t) ~- 1 (x,t)~QR(a~,(r~), snpp ~ c Q,, 

(ii) l~t14(C/a2)~-2; I V ~ I < ( C / ~ ) R  -~, 

(iii) [/l~]~< (C/a~).17-2. 

I t  is easily checked tha t  Lemma 212 carries over to the present situation with 
constants independent of n. We star t  from (6.2) choose a cutoff function x -~ $(x) 
independent of t, and reproduce the same estimates in the proof of Lemma 2.2. 

Next observe tha t  by  selecting cf = ( v . -  k)+~ 2, k > 0 in (6.2) we obtain ine- 
qualities (2.7) for ( v ~ -  k) + with qS+(k, t o -  R ~, t ) =  0. The caleulutions show tha t  
the constants 7 and d are independent of n. The argument  remains valid for 
(v~--k)-~ k <  0. Hence we have to prove inequalities like (2.7) for (v~--k)+~ 
k < 0  and ( % - - k ) - ,  k > O .  

For this write (6.4) in the weak form for test  fnnctions ~ = 4 - ( v ~ - / ~ ) •  
The te rm 

to 

f f t, L vj:(v  - _ b(x, t, vo - 
to  - -  R t 

can be t reated in exactly the same way as in the derivation of (2.7). Then we let- 
m - ~  c~ (the lower the semicontinnity of V~v: in L2(~PT) is employed) and observe 
tha t  the constants involved are independent of n. 
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Next  we est imate the  two remaining te rms 
to 

to--R ~ S~ 

to 

dx d~ . 

For  I~ we have (we drop the snbscript m and n for simplicity of notat ion) 

O~ 

where 

I t  follows t ha t  

k)[ • (v - k)• ~ [ ~=(v - k)~] ~ ( x ,  ~) dx dT = 

OR 

$ 

A(s) =f f l ' (k  -~ ~) ~ d~. 
0 

Q~ 

dx d~: , 

The integral  /~ is es t imated as follows: 

OR QR 

F r o m  this, st~lldard c~leulatioi~s and l imiting processes it  follows tha t  there  exist 

constants  y, (~ independent  of n such tha t  

(6.5) 
~2 

to 

t . - - B  2 

provided tha t  ess sup (v - -  k) • < (~. 
QR 

Here  F •  .) can be majorized by  

eons t J" f {(~. - k)~ + z[(~.  - ~)• > o]} ~zx d~.  
(6.6) F ~ <  min [(~, a2] R 2 J J  

QR 

Moreover F~ vanishes if (6.5) are wr i t ten  for ( % -  k) +, k > 0, or ( v ~ - -k ) - ,  

k < 0 .  
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The  t e r m  ~p-+ is s l ight ly  different  f r o m  the  ~b+ in  (2.7). ' T h e  o n l y  p a r t  of the  

p roof  of T he o re m  1 where  (2,7) has  been  e m p l o y e d  wi th  r  0 is L e m m a  3.1. 

I n  such a l e m m a  we e s t ima ted  q)• as 

a~ R~JJ 
QR 

B y  fol lowing the  var ious  steps in the  proof  of L e m m a  3.1 it  is eas i ly  checked  

t h a t  the  ex t ra  t e r m  

1 f f  rain [a~  a~]R ~ X[(v~ - -  k)~ > O]dxdT 
Q~ 

in  (6.6) does no t  affect t he  result .  A few minor  changes  are  necessary  which  are  
left  to  the  reader .  

F o r  the  c o n t i n u i t y  up  to  the  b o u n d a r y  the  same a r g u m e n t s  of Sect ion 5 are  va l id  
in the  presen t  s i tuat ion.  The  proof  is complete .  
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