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On a Hypergeometric Function of Four Variables 
with a New Aspect of SL-Symmetry (*). 

HAROLD EXTON 

Summary. - The integration of the system of partial differential equations associated with the 
quadruple hypergeometric function K16, first introduced by the author (Exton (1976), page 
78), is undertaken. The interest in this function has been stimulated by the investigation of 
certain SL-symmetry groups by Hrabowski (1984), (1985). 

1 .  - I n t r o d u c t i o n .  

In a recent investigation of certain multiple hypergeometric functions of the sec- 
ond order with SL-symmetry from the point of view of parabolic subgroups of a sire- 
ple Lie algebra, Hrabowski (1984), (1985) has been led to consider, using different no- 
tation, the function 

(1.1) K16 (al, a2, a~, a4 ; b; x, y, z, t) = 

= ~ ( a l , l + m ) ( a 2 , 1 + n ) ( a 3 , m + p ) ( a 4 , n + p )  x z ym z ~ t p 

Z , m , n , p : 0  ( b , l + m + n + p )  l! m! n ! p ! '  

where 

(1.2) (a, n) = a(a + 1)(a + 2)... (a + n) = F(a + n)/I '(a),  (a, 0) = 1. 

This function was originally introduced by Exton (1976) page 78, as part of a sys- 
tematic study of a certain class of quadruple hypergeometric functions of the second 
order. Karlsson (1976) determined its region of convergence, namely that where the 
absolute value of the four variables x, y, z and t should each be less than unity. 

In order to highlight certain aspects of the symmetry involved, we modify the no- 

(*) Entrato in Redazione il 27 febbraio 1989. 
Indirizzo dell'A.: ,,Nyuggel,, Lunabister, Dunrossness, Shetland ZE2 9JH, United Kin- 

gdom. 
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tation slightly and write, instead of the function K16 , the following function: 

(1.3) K*(a~,ae,a~,aa;b;Xl,X~,X~,Xt) = 

(a~ , m~ + m2)(a2 , m~ + m3)(a~ , m~ + m~)(a~ , m~ + ml) x~ ~ x2 ~ x~ ~ x~" 
m,,~,m~,=~=O (b, ml + m2 + m~ + m4) m~ ! m~ ! m~ ! m 4 ! ' 

This function K* satisfies the partial differential system 

xt(1 " a 2 F + x 2 ( 1 - x l )  a2F + x 4 ( 1 - x t )  ~2F +xs 5eF 
- x, ~ ~-7 ~ ~---~ a~, ~----; ~x~ ~x~ 

~eF +[b-(a~+a4+ l) ~F aF ~F ala4F=O, -~x, ~x----~ x~]~-a,~ ~x~-~'~ ~4- 

(1.4) 

, aeF ) a2F a2F a2F 
X 2 (1  - -  X 2 ) ~ -F X 1 (1 - -  X 2 + X3 (1 -- X2) - -  + X4 

ax2 "ax2 axl ax2 ax~ ~x2 ~x4 

_ _  a F  ~ F  a2F +[b-(a2+al+ l)x2]~x2 -alxs-~xs -a2xl  ~ l  a2alF=O, 
- -X 1 X 3 ~X 1 ~X 3 

. a  2F a 2 F  + x t ( l _ x ~ )  a2F +x l  a 2F 
x~(1-x~)-~x ~ +x2(1-x~) ax~ax2 ax3ax-----~4 ax~ax--1 

a2~F + [b - (a3 + a2 + 1) ~F ~F ~F - ~ '  a ~ a ~ ,  x ~ ] ~  - ~ ,  ~ - ~ ~ - a ~ '  = 0 

and 

x4(1-x4) 82F a~F + x l ( 1 - x 4 )  8~F +x2 82F 
ax~ + x3 (1 - x4) ax4 ax3 ax4 ax------~ ax3 ax~ 

aF aF 
a2-----~F + [b - (a4 + a~ + 1) x4] ~xF4 - a3 xl ~Xl - a4 % ~x~ - a4 as r = 0. - - X  1 X 3 a X  1 ~X 3 

As was pointed out by Hrabowski (1984), the general integral of this system depends 
linearly upon six arbitrary constants and that the Laplace equation of four dimen- 
sions is embedded in (1.4). 

The purpose of this study is to obtain a sufficient number of independent solutions 
of the system (1.4) to furnish, its general integral with respect to all of its 
singularities. 

2. - T h e  s i n g u l a r i t i e s  o f  t h e  s y s t e m  (1 .4) .  

In order to discuss the nature of the singular points of (1.4), we note that the func- 
tion K* (al, a2, as, a4 ; b; xl, x2, x~, x4) may be written firstly as a double series of Ap- 



HAROLD EXTON: On a hypergeometric function of four variables, etc. 317 

pell functions F1, namely, 

(al, ml + m2)(a4, ml)(a2, m2) x~ 1 x ~  
(2. 1) 

m l , m 2  = 0 (b, ml +m2) m l  ! ~t't2! 

"Fl (as,a2 + me,a4 + ml; b + ml + m2;xs,x4).  

Secondly, we have the double series of Appell functions Fs:  

(al , ml )(a2, m~)(an , ml )(as, ms) x~ 1 x ~  
(2.2) 

m,,~=o (b, ml +ms)  ml ! ms! 

�9 Fs (al + ml,  as + ms, a2 + ms, a4 + ml ; b + ml: + ~  x~, x4 ). 

It is evident from the known properties of the Appell functions, that  the singular 
manifolds of the system of partial differential equations under consideration 
include 

(2.3) xi = 0, 1, ~, for i = 1 to 4 

together with 

(2.4) Xl=X~, x~=xs ,  x s=x4 ,  x 4 = x l ,  

(2.5) 1/Xl + 1/Xs = 1, 1/X2 + 1/X4 = 1, 

and 

(2.6) (1 - xl)(1 - xz) = (1 - x2)(1 - x4). 

A contact with a singular manifold (2.5) or (2.6) will be referred to as being of the first 
or second type respectively. 

The singular points of the system (1.4) arise from the intersection and/or  contact 
of two or more of the associated singular manifolds. We now consider the singularities 
in progressive degrees of complexity. 

The simplest type of singularity arises from the intersection of four singular mani- 
folds only, and consist of the points (1, ~, 1, ~), (0, ~, 0, ~), (0, 1, 0, 1), (1, 0, 1, ~), 
(0, ~, 1, ~) and those points obtainable from these by the cyclic permutation of the 
subscripts, which process will be tacitly assumed below to be applied as appropri- 
ate. 

The singularity (0, 0, 1, ~) occurs at the intersection of five singular manifolds, 
while the singularity (0, 1, 0, ~) is formed from the intersection of four singular mani- 
folds and a contact of the first type. The intersection of six singular manifolds gives 
rise to the singularities of the type (0,0, 0, ~), (0, ~, ~, ~) and (0, 0, 0, 1). 

In the case of a contact of the second type with the intersection of five singular 
manifolds, we obtain (1, 1, 0, ~) and (0, 1, ~, ~). Next in order of complexity, we have 
those singularities which result from the intersection of six singular manifolds with a 
contact of the first type, namely (1, 1, 1, ~) and (1, ~,  ~, ~). The intersection of six sin- 
gular manifolds and a contact of the second type generates the singularities 
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(0, O, 1, 1), (1, 1, 1, O) and (0, O, ~, co). One type of singularity arises from the intersec- 
tion of six singular manifolds together with a double contact of the first type and a 
contact of the second type. This is (1, 1, 0% oo). 

Finally, the most complicated class of singularities consists of (0, O, O, 0), (1, 1, 1, 1) 
and (0% 0% ~, oQ, formed from the intersection of eight singular manifolds and a con- 
tact of the second type. In accordance with the general nature of the results expected, 
complete fundamental systems of solutions in which every member is convergent in 
the whole neighbourhood of any given singularity is only possible when that singular- 
ity is formed from the intersection of no more than four singular manifolds without 
any contacts. For the system under consideration, this applies only for the singular 
points (1, ~, 1, ~), (0, ~, 0, ~), (0, 1, 0, 1), (1, 0, 1, ~) and (0, ~, 1, ~). 

3. - E l e m e n t a r y  s y m m e t r i e s  and an Eu ler  t r a n s f o r m a t i o n .  

By inspection of the series representation of the function K*, we see that  the sys- 
tem (1.4) remains unchanged by the cyclic permutation of the subscripts. For 
example 

(3.1) K*(al,a2,a3,a~;b;xl,x2,x~,xn)=K*(a4,al,a2,a3;b;x4,x~,x2,x3), etc. 

Similarly, it is evident that 

(3.2) K*(al,a2,a~,a4;b;Xl,X2,X~,X4) =K*(a4,%,oc,a~;b;Xl,X4,X3,X2). 

We now deduce a transformation of Euler type applicable to the function K*. 
Within its region of convergence, we recall from (2.1) that the function K* may be ex- 
panded as a double series of the Appell functions F1 and the inner Appell function 
may be re-written in the form 

(3.3) ( l_xs)_~Fl(as,b_a2_a4,a4+ml;b+ml+m2; x8 x 4 -  xs) 
x3 1 ' 1 - x3 ' 

so that  the right-hand member of (2.1) becomes 

(3.4) (1 - x3) -~ 
7t~i , ~ t 2  , r/~3 , m 4  ~ O 

(al, ml + m2)(a~, m 3 + m 4 )(a4, ml + m 4 )(a2, m2 )(b - a 2 - a4, m3 ) 
(b, ml + m2 + m3 + m4 ) ml ! m2 ! ms ! m4 ! 

x~ ~ '~(x4-x~ '~= 

-- (1 - x3)-~ Kls (a4, a3, al, a2, b - a 2  - a 4 ;  b ;  x 4  - x 8  ~ , X l ,  ~2, 
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where the quadruple hypergeometric function K18 is listed in Exton (1976), page 79. 
This last expression may be expanded in a second way as a double series of functions 
F~, namely 

ao 

(3.5) ( 1 -  x 3 )-a3 Z (a3 '  m3 + m4 ) (b  - a2  - an, m3)(a4,  m4 ) 
m~,m =0 (b, m~ + m4)m 3 ! m4 ! 

\ x ~ - l  ] \ l - x 3  ] Fl(al 'a4+m4'a2;b+m3+m4;xl 'x2)" 

This last Appell function is transformed in a similar fashion to the preceding, so that, 
after re-arranging the subscripts, we have the required expression which is  

(3.6) K*(al,a2,a3,a4;b;x~,x2,x3,x4) = (1 -x l ) -~(1-x2)-a~K *. 

�9 (b-al-a~,a2,a3,a4;b;  xl x2 X3--X2 X4--Xl) 
Xl - - I '  Xe--I '  1--X2' i----~ " 

This Euler transformation has been obtained previously with different notation. See 
Karlsson (1976), page 34. 

4. - A P o c h h a m m e r  integral  f ormula .  

Consider the integral 

(4.1) I= f ( -u)a~-l (u-1)~- lFl(q ,  a l ,a3;b;x lu+x2(1-u) ,xnu+x3( l_u) )du ,  
c 

where the contour of integration consists of a Poehhammer double loop slung around 
the points 0 and 1. Since the series representation of the Appell function of the inte- 
grand converges uniformly on the contour for sufficiently small values of the vari- 
ables Xl, x2, x3 and x4, we may write 

(4.2) I = 
m i  ~ ~b2 ~ m 3  ~ ~ 4  ~ 0 

(q, m 1 -~- m2 + m3 --~ m4 )(al ' m l  + m2 )(a3 ' m3 + m4 ) ( _ x l  )ml (_x2)vv2 (_x3)m 3 (_x4)m 4 

(b, ml + rn2 + m3 + m4 ) ml ! me ! m~ ! m4 ! 

�9 ](--U)a~+ml+m4-~(U- 1)~ +'~+'~- 1 du" 

C 

The inner integral may be evaluated as 

(4.3) (2rd)2/[F(1 - a4 - ml - m4)F(1 - a2 - m2 - m3)F(a2 + a4 + ml + m2 + m8 + m4)]. 
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See Whittaker and Watson (1952), page 256. Put  q = a2+a4,  when it is clear 
that  

(4.4) K * ( a t , a 2 , a s , a 4 ; b ; x l , x 2 , x a , x 4 )  = F ( 1 - a 2 ) F ( 1 - a 4 ) F ( a 2 + a 4 ) ( 2 ~ i )  -2. 

�9 f(_u)a4 - 1 (u - 1) a~ - 1 F1 (a2 + a4, al ,  a8 ; b; xl u + x2 (1 - u), x4 u + x8 (1 - u)) du .  
C 

If the Appell function in the integrand of (4.4) is replaced by any solution of the 
system of partial differential equations associated with the function Fl (a 2 +  

+ a4, al ,  a8; b; xl u + x2 (1 - u), x4 u + x3 (1 - u)), then the integral taken over any con- 
tour closed on the Riemann surface of the integrand will be a solution of the partial 
differential system under consideration, (1.4)�9 Compare Erd61yi (1939) and Exton 
(1976), page 174, for example�9 Since the integral (4.4) does not separate all four of the 
independent variables of (1.4), it would not be of direct use in deducing the complete 
solution of the system under dscussion. However, the system of partial differential 
equations associated with the function F1 has been extensively studied (Erd61yi 
(1950) and 01sson (1964), for example), so that  a considerable amount of information 
on the solutions of (1.4) is obtainable from (4.4). This, together with the properties of 
these solutions which will emerge below, enables complete sets of independent inte- 
grals of (1.4) relative to all of its singularities to be deduced. The fact that  certain of 
these sets of integrals are only valid for partial neighbourhoods of the associated sin- 
gular points results in the existence of boundaries between such regions which re- 
main intractable. 

5. S o l u t i o n  o f  (1.4)  o f  t h e  f o r m  K*.  

In what follows, we employ the list of solutions of the partial differential system 
associated with F 1 a s  given by Olsson (1964). This is preferred to le Vavasseur's list as 
given on page 62 of Appell et Kamp6 de F6riet  (1926) because the latter does not in- 
clude any of the solutions expressed as the Horn function G2. 

Take the solution (19) of Olsson's list of ten distinct Fi  solutions namely, 

(5.1)  F1 (a2 + a4,  a l ,  a~; 1 + a l  + a2 + a3 + a4 - b; 

1 - x l  u - x2 (1 - u ) ,  1 - x4 u - x~ (1 - u ) )  

and insert this into the integral on the right of (4.4)�9 If we note that  

(5.2) 1 - x l u - x 2 ( 1 - u ) = ( 1 - X l ) U + ( 1 - x 2 ) ( 1 - u )  .... etc. ,  

it is immediately evident that the function 

(5.3) K * ( a l , a 2 , a 3 , a 4 ; l  +a l  + a 2 + a s + a 4 - b ; 1 - x l , l - x 2 , 1 - x 3 , 1 - x 4 )  

is a solution of the system (1.4). 
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Now replace the Appell function in (4.4) by 

( 5 . 4 )  IX 1 U  "~- X 2 (1  - -  U)] -al IX 4 U -~- X 3 (1 - u ) ]  - ~ .  

( 1 1 ) 
�9 F 1 1 + a l  + a3 - b, a l ,  a~;  1 + a~ + as - a2 - a4;  Xl u -4- X 2 (1 -- U) ' X4 U + X~ (1 -- U) " 

We then have 

( 5 . 5 )  f ( _ u ) a 4  - 1 (U - -  1)  a2 - 1 [X 1 U + X 2 (1 - u)] -al I x  4 u --~ x s (1 - u ) ]  - ~ "  

c 

1 1 I d u .  
�9 F~ 1 + a l  + as  - b, a l ,  a8;  1 + a l  + as  - a2 - a4;  Xl u + x2 (1 - u )  ' x4 u + xs  (1 - u )  ] 

The contour of integration is so selected that the following double series is conver- 
gent upon it: 

(1 + al + a3 - b, m + n)(al , m)(as, n) 
(5.6) 

m,n=o (l  + a l + a s - a 2 - a 4 , m + n ) m ! n !  

�9 f (_u)a4-1  (u - 1) 4-1 [Xl u + x2 (1 - u)] -al- m [x4 u + x3 (1 - u)] - ~ -  ~ d u .  

C 

If both of the binomial factors of the integrand are expanded in powers of (1-u)/u,  
then we obtain the result 

(5.7) x~a~xja~K*(al ,  a2, a3,1 + a l+  a3 -  b; 1 + a l+  a 3 -  a4; l / x 1 ,  X2/X l ,  X3/X4,  l / x 4 ) .  

No further fundamental forms of the solutions of (1.4) which m a y b e  directly repre- 
sented in terms of the function K* have been found. 

6.  - O t h e r  s o l u t i o n s  o f  (1 .4 )  d i r e c t l y  o b t a i n a b l e  f r o m  t h e  i n t e g r a l  (4 .4 ) .  

Two further quadruple hypergeometric functions of five parameters arise in the 
following analysis. These are now introduced. 

(6.1) L * ( a , b , c ; d , e ; x l , x 2 , x 3 , x 4 ) =  

(a, m 1 + m 2)(b, m I + m 3)(c, m 3 + m 4) x~ nl x2 m~ x ~  3 x~ n4 

m,,~,,~,m=o (d, ml  + m2 - m4)(e, m3 + m4 - m2) ml  ! m~ ! m3 ! m4 ! ' 
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and 

(6.2) 
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M*  (a, b, c; d, e; xl , xs, x~ , x4) = 

( a ,  m 1 + m 2 § m s - -  m 4 )(b, ml  + rn2 )(c, m2 + ms) x~' x ~  x~ ~ x$ 4 

,~l,m~,,~,m4=O (d, ml  + m2 - m4 )(e, ms + m~ - m4 ) ml ! m2 [ ms ! m4 ! ' 

By means of the methods discussed by Karlsson (1976), it may easily be shown that 
these two series converge for ]xil < 1, i = 1, 2, 3, 4. 

If the second binomial factor of (5.6) is expanded in powers of u/(1  - u), then we 
obtain a solution of (1.4) in the form 

(6.3) Xl~lXla3 L *" 

�9 (al,  1 + al + as - -  b, as; 1 + al - -  a4,1 + a~ - as; 1 / x l ,  - - x s / x l ,  1 / x s ,  - -x4 /xs ) .  

Similarly, by using Olsson's F1 solution (28), we may deduce the solutions 

(6.4) x1~x21-b+1L *" 

�9 (1 + al + as - b, al ,  as; al - b + 2, a4 - b; xa / x l ,  - x 4 ,  x s / x l ,  - x J x 4 )  

and 

(6.5) Xla 'X~ ' -b+lM *" 

�9 (1 + a2 + a4 - b, al ,  1 + al + a 8  - -  b ;  1 + al - a4, al - b + 2; x2 / x l ,  - x s / x l ,  xs, - x 4 / x ~ ) .  

Also, Olsson's G2 solutions (17) and (29) give respectively 

x l a l L  * (al, a2, as; 1 + al - a4, b = a l ; x s / x l ,  1 /X l ,  - x 3 ,  x 4) (6.6) 

and 

(6.7) x 1- bM* (b - 1, as, a2; b - al ,  1 + b - a4; x4 / x l ,  - x s / x l ,  x2 / x l ,  Xl ). 

Many other types of solutions of the system under consideration, involving a wide 
variety of quadruple hypergeometric functions, may be obtained in a similar fashion. 
The above examples are sufficient, however, to provide a basis for the complete inte- 
gration of (1.4) relative to all its singular points as will be indicated below. 

7. - C o r r e s p o n d i n g  s o l u t i o n s .  

By considering the solutions of (1.4) which may be expressed directly in terms of 
the function K*, it is possible to deduce further solutions as follows: 

If Z(al ,  a2, as, a4 ; b; x l ,  x2, x3, x4) is a solution of (1.4), then by (5.3), so also is 

(7.1) Z ( a l , a r  + a l + a s + a 3 + a 4 - b ; 1 - x l , l - x 2 , 1 - x s , l - x 4 ) .  



HAROLD EXTON: On a hypergeomet r i c  f u n c t i o n  o f  f o u r  var iables ,  etc. 323 

Similarly, by appealing to (5.7), 

(7.2) x i ~ I x 4 ~  Z �9 

�9 (a~, as,  az,  1 + al + as - b; 1 + el  + as - a4; 1 / X l ,  x2 / x~ ,  x 3 / x 4 , 1 / x 4 )  

is a solution of the same system. Furthermore, by (3.1), cyclic permutation of the 
subscripts leaves (1.4) unchanged and (3.2) gives the solution 

(7.3) Z(a4 , a3 , a~ , at ; b; x l  , x4 , xs , xs ) . 

By means of the Euler transformation (3.7), a further type of solution is seen to be 

(7.4) ( 1 - x l ) - ~ ( 1 - a 2 ) - ~ Z  �9 

Xl X2 X3 - -  X 2 X4 - -  X 1 
- -  , - -  )1. �9 b - a l - a 3 , o ~ , ~ , a n ; b ;  x ~ - l '  x s - l '  1 - x 2  l - x 1  

All of the above correspondances may be applied repeatedly or in any successive 
combination�9 01sson (1977) has used this approach in his investigation of the partial 
differential system associated with the Appell function F2. If we write (5.7) as 

(7.5) x l a l x 4 ~ ' K * ( l +  al + as - -  b, a l ,  a2, a3; 1+ a~ + a3 - a4; l / x 4 ,  1 / x ~ ,  x 2 / x l ,  % / x 4 )  

and combine (7.5) with (5.7) itself, we obtain the important solution 

(7.6) x ~ l X [ ~ X ] + ~ l + a ~ - b K  *" 

(1+ al + a3 -  b,a 1,a 2, 1+ a s+ a4 -  b;2 + a 1+ a 2 -  b;x 4, 
x4 

o 

\ Xl 

Hence, 

(7.7) 

X2 X4 ~4 

' X 1 X 3 '  X3 ] " 

x1-~1 x3-~  x I § ~, + ~ - b .  

( x4 x2x4 x4) 
�9 Z l + a l + a s - b ,  a l , a 2 , 1 + a s + a 4 - b ; 2 + a l + a 2 ; x 4 ,  x i '  x l x 3 '  x8 

is a solution of (1.4). 
The fundamental sets of solutions are listed in the following appendix and the 

manner in which each individual solution is obtained is briefly indicated as 
appropriate. 

8. - Appendix.  F u n d a m e n t a l  sets of  so lut ions  of  (1.4). 

A fundamental set of six linearly independent integrals of the system (1.4) is 
given relative to each singularty. Any singular point or region not covered below may 
be dealt with by appropriately interchanging the subscripts. 
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8.1. THE SINGULARITY (0, 0, 0, 0). 

(8.1.1) K*(al,a2,a3,a4;b;xl,x~,xs,x4), 

(8.1.2) x~x~x~+~+a~-bK *" 

( X4 X2X4 X4) 
" l+a~+a~-b 'a l 'a2 ' l+a2+a4-b;2+al+a2-b;x4 '  x~' x~xs' xs ' 

(8.1.3) x~,x~ , -b+lM *. 

�9 ( 1  + a 2 + a4  - b,  a I , 1 + a 1 + a s - b; 1 + a 1 - - a 4 ,  a l  - b + 2; x2 \ X 1 ' 

( (8.1.4) x~-bM * b - l ,  a s , a 2 ; b - a l , l + b - a 4 ;  xl '  

(8.1.5) x i ~ x ~ - b + l M  *" 

( x4 
�9 l+a~+as-b ,  a4 ,1+a2+a4; l+a4-al ,a4-b+2;  Xl' 

and 

see (7.6), 

x4 'X3' -  , see (5.5), 

X3 X2 ) 
x l '  x l ' x l  , see (6.7), 

Xl ~X3' -- 

X2 X3 X2 ) 
(8.1.6) x~-bM * b - l ,  a2 ,as ;b -a4 ,1+b-a l ;  Xl x1'X3'--~8 " 

The last two solutions are obtained respectively from (8.1.3) and (8.1.4) by inter- 
changing the subscripts. 

This set of solutions is valid in that  portion of the neighbourhood of the origin for 
which 

Ix1 ] > Ix31 > Ix21 > Ix~ J. 

8.2. THE SINGULARITY (1, 1, 1, 1). 

Apply (7.1) to all the members  of 8.1. 

(8.2.1) K*(al,a2,a3,a4;l+al+a2+a3+a4- b ; 1 - x l , l - x ~ , l - x 3 ,  1 - x 4 ) ,  

(8.2.2) (1 - Xl )-a' (1 - x3)-~ (1 - x4)b-~-a~ 'K *" 

( l - x 4  ( l-x2)(1-x4) l - x 4 )  
�9 b - a 2 - a 4 , a l , a e , b - a l - a s ; b - a 3 - a 4 + l ; 1 - x ~ ,  1---xl ~---xl)(1 xs) '  1 x3 ' 

(8.2.3) (1 - xl)-a '  (1 - xs)b- ~2-~ - a ' .M *. 

1 - x e  x s - 1  X4--1 t 
�9 b-ae-as,  al, b-a2-a4; l+a,-a4,  b-a2-a3-a4+l;  1-x~ 1-xl  ' 1-x~, 1-x3 ] ' 
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(8.2.4) 
/ 

(1 - x ~ ) b - ~ ' - ~ - ~ - ~ * ' M  * fa l  + a2 + a s + a4 - b, as, a2 

l - x 4  x ~ - I  l - x 2  l _ x l ~ ,  
l + a 2 + a s + a 4 - b ,  2 +al + a e + a s - b ;  

1 - x l  ' 1 - - X  1 ' 1 - - X  1 ' ] 

(8.2.5) ( 1 - x l ) - a 4 ( 1 - x s ) b - ~ - ~ - ~ M * ( b - a 2 - a 4 , a 4 , b - a l - a s ;  

l - x 4  x s -  1 
l + a 4 - a ~ , b - a l - a r  + l; - -  

l - x 1  ' 1 - x  I 

x 2 - 1 )  
- - , 1 - x s ,  

and 

(8.2.6) (1-Xl)b-~l-~-a~-a~M*(al + a 2 + a s + a 4 - b ,  a2,as; 

l +a~ +a2 + a s - b ,  2 + a e + a s + a 4 - b ;  - -  l - x 2  x s - 1  1-x-----A 1 - x i 1 .  
l - x 1 '  1 - X l '  l - x 1 '  ] 

This set of solutions is valid in that  part of the neighbourhood of the point (1, 1, 1, 1) 
for which 

I1-x~] > f l - x2 ]  > ]1-xs] > l1-x41. 

8.3. THE SINGULARITY (~,  ~ ,  or zr 

Apply (7.1) to (5.7) and (6.6) after appropriate inchanges of the subscripts. This 
gives the following set of solutions: 

(8.3.1) x ~ x 4 a ~ L  *. 

�9 (a4,1 + a2 + a4 - b, a r  a4 - as, 1 + ae - al ;1/x4, -X l /X4 ,1 /xe ,  - x J x 2 ) ,  

(8.3.2) xZal x4 ~ L * . 

�9 (a,, 1 + a~ + a8 - b, a3; 1 + a~ - a~, 1 + az - a4; 1/x2, - x~ /x2 ,1 /x4 ,  - x l / x 4 ) ,  

(8.3.3) x~-alxZ~x4a~L * (a2as, 1 + al + as - b; 

x~ xs Xl 1 1 
1 + a2 - a4,  1 + a~ + as - a , z  - a4; x2 x4 ' x2 ' x4 ' Xl ] ' 
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(8.3.4) 

(8.3.5) 

and 

(8.3.6) 

(1 - x~ ) - ~  (1 - x 4 ) - ~ L * .  

�9 ( a 4 , b - a ~ - a ~ , a 2 ; l + a 4 - a s , 1  + a 2 - a ~ ;  

(1 - x~ ) -~ l  (1 - x4 ) -~L*"  

1 xt - 1 1 x s -  1 

1 - x4' 1 - x 4 ' 1 - x 2 ' 1 - x 2 

! xl - 1 1 x ~ -  1 \ 
" a l ' b - a 2 - a 4 ' a s ; l + a l - a ~ ' l + a s - a 4 ;  1 - x 2 '  1 - x x '  1 - - X  4 ' I - - X  4 ] '  

/ 
(1 - xl )h - ~' (1 - xz  )-~ (1 - x4 ) - ~  oc L * (a2 ,  a s ,  b - az - a4; 

( 1 - x t ) ( 1 - x s )  l - x 1  1 1 

l + a ~ - a 4 , 1 + a l + a s - a 2 - a 4 ;  ( 1 _ x 2 ) ( l _ x 4 )  , 1 - x 2 '  x 4 - 1  ' l - x 1  

This set of solutions is valid in that  part  of the neighbourhood of the point 
(% ~, ~,  ~) for which 

I I - x ~ l  > I i - x s } ,  } l - x ~  I > I I - x l l  

8.4. THE SINGULARITY (0, 0, 0, ~).  

From (6.6), we have 

(8.4.1) 

and 

and I(1 - x2)(1 - x4)l > I(1 - x~)(1 - xs)l.  

x~as L* (a l ,  a2 , a s ; b - as, 1 + a s - a4; x2 , - x  l ,  xa/ x4, - -  1/x4 ) ,  

(8.4.2) x4~L*(a2 ,  a 1 ,a4; b - a4,1 + a 4 - a s ; x 2 ,  - x s ,  Xl /X 4, - 1 / x 4 ) ,  

by the use of (7.2) and (7.3) and re-labelling. 
Similarly, from (6.4), we have 

(8.4.3) x~+~-bx4~sL *" 

�9 (a2, a~, al + as - b + 1; b - as, a4 --  b + 2; xs/x4,  - x 2 / x l ,  x l / x4 ,  x l )  

and 

(8.4.4) 

"(al, a4, a2 + a4 - b + 1; b - a~, a4 - b + 2; x l / x4 ,  - x 2 / x a ,  xs /x4 ,  xs) .  
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Next,  apply (7.2) to (8.4.1) and (8.4.3) and obtain respectively 

(8.4.5) x#~-b+lx#~-~x4~L*(al + a s - b +  l, a 2 + a 4 - b +  l, a4; 

as - b + 1, a4 - as + 1; x2, -x2 /xs ,  --X3/X4, --(Xl X3 )/(X2 X4 )) 

and 

(8.4.6) x~-~4x$4-~xs + a 3 - b +  l, a 2 + a 4 - b +  l; 

a3 - a4 - 1, a 4 -  b + 1; --X3/X4, - - ( X l X 3 ) / ( X 2 X 4 )  , - -X2 ,  - - X 2 / X l ) .  

We thus have a set of solutions valid near the point (0, 0, 0, ~) when 

Ixsl > Ix21, Ixll > !x2i and IX2Xni > IX12r , 

8.5. THE SINGULARITY (1, 1, 1, oo). 

Apply (7.1) to the system 8.4 and obtain the following solutions: 

(8.5.1) (1 - -  x4)-a3L *. 

1 - x~ 1 
�9 a l , a 2 , a a ; l + a l + a 2 + a 4 - b , l + a 3 - a 4 ; 1 - x 2 , x l - 1 ,  1 _ x 4 ,  x 4 - 1  

(8 .5 .2 )  ( 1 - x 4 ) - ~ L  *. 

�9 (a2 ,  a l ,  a4; 1 + a~ + a2 + a3 - -  b, 1 + a4 - a8; 1 - x2 ,  x3 - 1, - -  
1 - x l  1 

1 - x 4 ' x 4 - 1 

(8.5.3) (1 -- X 1 ) b -a l -a2 -a4  (1 - x 4 ) - a s L  * (a2, as, b - a2 - a4 ; 

1 + a~+ a~+ a 4 -  b, 1 - a i  - -  a 2 - -  a 4  + b ;  - -  
1 - x3 x 2 - 1 1 - x l  

l - x 4 '  l - x 1 '  1 - x 4  
--,1-xi 

(8.5.4) (1 - X3)b-~l-~-a~ (1 - x4)-a4 L * (al , a4, b - al - a2 ; 

1 + a l +  a~ + a a -  b, 1 - a l  - -  a 2 - -  a ~  + b; - -  
1 - x l  x 2 - 1  1 - x 3  
1 - - X 4 '  1 - x 8 '  1 - x 4  

, 1 - x s ) ,  
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(8.5.5) 

and 

(8.5.6) 

/ 
(1 - x2)b-al-a2-a4(1 -- %)-a~- ~ (1 - x4)-a4 L * Ib - as - a4 , b - al - aa , a4; 

x 2 - 1  x s - 1  ( x l - 1 ) ( 1 - x 3 ) l  
b - a l - a 2 - a 4 , a 4 - a s +  l ; 1 - x 2 ,  1 - x s '  1 - x ~ '  ~ L - - x ~  x4) ] 

(1 - x 1 ) a ~ -  a 4 (1 -- X~ )b- ~1 - ~ -  ~ -  1 (1 -- XS )-~8 (1 -- X 4)-~4L*" 

" ( a s ,  b - a2 - a 4 ,  b - a l  - a s ;  a s  - a4 - 1,  b - a l  - a2 - as  

x s - 1  ( x l - 1 ) ( 1 - x  8) x 4 - 1 1  
l - x 4 '  ~ - - x 2 - ~ - ~ 4 )  ' x ~ -  l '  l - x 1 / "  

This set of solutions is valid near the point (1, 1, 1, ~)  provided tha t  

l l - x s t  > I i - x 2 1 ,  I I - x ~ l  > I I - x 2 t  and I ( 1 - x 2 ) ( 1 - x 4 ) l  > I ( 1 - x ~ ) ( 1 - x s ) l .  

8.6. THE SINGULARITY (0, ~ ,  ~,  ~). 

From (6.3) by interchanging the subscripts, we have the solutions 

(8.6.1) x ~ l  x~a~ L *. 

�9 (al ,  1 + a~ + a8 - b, as; 1 + a~ - a2, 1 + as - a 4 ;  1/x2, --Xl/X2, l / x4 ,  --xs/x4),  

(8.6.2) x2- ~ x j  a' L*" 

�9 (a2, as + a4 - b + 1, a4;a2 - a~ + 1, a 4 -  as + 1; 1 / x 4 ,  - x s / x a ,  1 / x 4 ,  - x , / x 4 ) ,  

(8.6.3) x ~ x ~ 4 L  *. 

�9 ( a 4 ,  a2 + a4 + 1 - b, a 2 ;  a4 - a s  + 1,  a2 - a l  + 1; 1 / x 4 ,  - Xl  / x 4 , 1  / x 2 ,  - x s / x s  ) 

and 

(8.6.4) x~  ~1 x j  ~s L * " 

�9 (as, al + a8 - b + 1, al ;as - a4 + 1, al - a2 + 1; 1 / x 2 ,  - x l / x 2 , 1 / x 4 ,  - x 3 / x 4 ) .  

If  we apply (7.7) to (6.7), we have 

(8.6.5) x~ ~ x4- ~ M *. 

�9 (as + a8 - b + 1, a2, as;a2 - al + 1, as - a4 + 1; - 1 / x 2 ,  - x J ( x 2 x 4 ) ,  . l / x 4 ,  Xl ) ,  
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while (7.6) gives 

(8.6.6) xfa~xja~x~ +"~+~4-b K *" 

�9 (1 + a2 + a4 - b, a2, a3,1 + as + a3 - b; 2 + ae + a3 - b; x~, x~/x2, (Xs x3)/(x2 x4), x~/x4 ). 

The above solutions are convergent  near the singular point in question when 

Ix41 > Ix31 and Ix2 t > IxsI. 

8.7. THE SINGULARITY (1, 0% 0% oo). 

If  (7.1) is applied to the system of solutions 8.6, we have 

(8.7.1) ( 1 - x 2 ) - ~ ( 1 - x 4 ) - ~ L * ( a s , b - a 2 - a 4 , a 3 ;  

l + a ~ - a 2 , 1 + a 3 - a 4 ;  - -  

1 x l  - 1 1 x8 - 1 

l - x 2 '  l - x 2 '  l - - x 4 '  l - - X 4  

(8.7.2) ( 1 - x 2 ) - ~ ( 1 - x 4 ) - a 4 L * ( a 2 , b - a l - a ~ , a 4 ;  

a~-a~ + l, a4 -a~  + l; 
1 x s -  1 1 x l  - 1 

l - x 2 '  1 - x 4 '  1 - x 4 '  1 - x 4  

(s.7.3) (1 -- x~)-~ (1 - x4)-a4 L * (aa , b - al - a3 , a2 ; 

1 xs  - 1 1 x s  - 1 \ 

a4 --  as + 1, a 2 - -  al + 1; 1 - x4' 1 - x4'  1 -- x2'  1 -- x2 ) ' 

(8.7.4) (1 - x2 ) -~'  (1 - x4 )-a~ L * ( a3 , b - a2 - a 4 , as  ; 

1 x 1 - 1 1 Xa - 1 

a a - a 4 + l ' a s - a 2 + l ;  1 - x g '  1 - x 2 '  l - x 4 '  1 - x 4 ) '  

(8.7.5) (1 - x2)-~' (1 - x4 ) -~M * (b - al - a4, a2, a3;�89 - al + 1, a3 - a4 + 1; 

1 x3 - 1 1 1 - Xl / 
x 2 - 1 '  ( 1 - x 2 ) ( 1 - x 4 ) '  x 4 - 1 '  ] 
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and 

(8.7.6) (1 - xl)b-~-a~ (1 - x2)-~ (1 - x 4 ) - ~ K  *" 

1 -  x~ 
�9 b - a l - a 3 , a 2 , a s , b - a 2 - a 4 ; b - a 2 - a ~ + l ; 1 - x ~ ,  1 - x 2  

( 1 -  x ! ) ( 1 -  x~) 1 -  x l  

(1 - x2)(1 - x4) ' 1 - x 4 ] " 

This set of solutions is valid near the singularity (1, ~,  ~,  ~) when 

I1-x41 > I i - x 3 ]  and I1 -x2!  > il - x ~  I . 

8.8. THE SINGULARITY (0, 0, ~ ,  ~) .  

From (5.7) we have 

(8.8.1) xJ~x4~4K *" 

�9 (al, a2,1 + a2 + a4 - b, a4; 1 + a2 + a4 - a3;xl /x4,  x2 /x3 ,1 / x3 ,  l / x4 )  �9 

From (6.6), we have 

(8.8.2) x ~ a ~ L * ( a l , a 2 , a ~ ; b - a ~ , l  + a s - a 4 ; x 2 , - x ~ , % / x 4 , - 1 / x 4 ) .  

Apply (5.7) twice to (6.5) with the appropriate interchange of the subscripts and 

obtain the solution 

(8.8.3) x ~ - a ~ x g ~ M  *" 

"(a2 + a4  - a ~ ,  a l ,  a4 ; b - a3,  1 + a4 - -  a8  ; x2, Xl x3//x4, - - X a / X 4 ,  -- 1 / x  3 ) .  

From (5.4), we have 

(8.8.4) x~ § ~ - b x ~ L , .  

�9 (a2, as, al + a4 - b + 1; b - a4, a8 - b + 2; x3/x4, - x 2 / x l ,  Xl/X4, Xl).  

From (6.6) by the two-fold application of (5.7), we have 

(8.8.5) ~2~as-b+l~a4-a3"~-a4T*'r ~4 ~-~ 

�9 ( a l  + a~ - b + 1, a2 + a4 - b + 1, a 4 ; a3 - b + 1, a4 - a8 + 1; x2, 

Apply (5.7) twice to (6.4). 

(8.8.6) X~-a4X~4-bX~mX4a4L *" 

�9 ( a s ,  a l  + as - b + 1, a2+ aa-- b + 1 ; a 3  - a4 + 1, a4 - b + 1; 
\ 

X2 X3 Xl X3 1 
X3 ' X 4 ' X 2 X4 ] " 

X3 Xl X3 X2 
X 4 '  X 2x4 ' X2, - - ~ ) .  
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This set of solutions is valid near the singular point in question when 

Ix41 > [x l, I > ix i and Ix x l > Ix xsl. 

8.9. THE SINGULARITY (1, 1, ~, ~). 

Apply (7.1) to the system 8.8 and obtain 

( 8 . 9 . 1 )  ( 1 - x 3 ) - ~ ( 1 - x 4 ) - ~ K  *. 

�9 (a l ,  a2, b - a~ - a~, a4; 1 + a2 + a4 - -  as ; - -  

1-x~  l - x 2  1 1 
1 - x 4 '  1 - x ~ '  1 - x s '  l - - x 4  

(8.9.2) (1 --  x4)-asL *" 

�9 ( a ~ ,  a s ,  a4;  1 + a~ + as  - a4 - b, 1 + as  - a4;  1 - x s ,  x~ - 1, - -  
1 - xs 1 t 
1 - x 4 '  x ~ - l ] '  

(8.9.3) (1 - xs  ) ~  - n (1 - x4 )-~*M* (as + a4 - as, a l ,  a 4 ; 

(1 - x 1)(1 - x 3) 1 - x 3 1 
1 + a I + a s -- a4 - b, 1 + a 4 - a 3 ; 1 - x2, (1 - x2)(1 - x4)' x4 L- i '  xs - 1 ) ' 

(8.9.4) (1 - xl)b- ~ - ~ - ~  (1 - x 4 ) - a ~ L  * (a2, as, b - as - a4; 

l + a; + as + a s -  b, l + a~ + as + a4 - b; - -  
l - x 3  l - x s  l - x ~  
l - x 4 '  x ~ - l '  l - x 4  

- - , I - - x l ) ,  

(8.9.5) ( 1 - x 2 ) b + ~ + ~ - ~ 4 ( 1 - x s ) ~ , - a ~ ( 1 - x 4 ) - ~ , L * ( b - a 2 - a 4 , b - a l - a s , a 4 ;  

b - a : - a 2 - a 4 , a ~ - a z +  1; 1 - x s ,  - -  
1 - x s  1 - x s  ( 1 - x l ) ( 1 - x 3 ) )  

x s - l '  x 4 - 1 '  (1 x ~ - ~ 4 4 )  

and 

(8.9.6) ( 1 - x l ) ~ 3 - a 4 ( 1 - x 2 ) b - ~ l - a ~ - ~ - l ( 1 - x s ) - a ~ ( 1 - x 4 ) - ~ L  * �9 

�9 (as,  b - a 2 - a 4 ,  b - a l - a s ; a 3 - a 4 +  1, b - a ~ - a 2 - a s ;  

1 - x s  ( 1 - x ~ ) ( 1 - x  s) 1 - x s l  
x4 - -1 '  O---x-~2)(1 x 4 ) , x 2 -  1, ~ ] .  
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These solutions are valid near  the  singular point (1, 1, ~ ,  ~)  when  

I 1 -  x41 > I1 - x a / ,  I 1 -  xl I > 11-  x21 and I(1 - x2)(1 - x4)l > t(1 - xl)(1 - x ~ )  I . 

8.10. THE SINGULARITY (0, co, 0, ~) .  

If  (7.4) is applied successively to (6.3), we have 

(8:10.1) x~a~x~a~L *" 

�9 (a~, a~ + a8 + 1 - b, a3;a~ - a~ + 1, (~4 - -  a4 § 1; 1/x2, -x~/xs ,  1/x4, --x3/x4), 

(8.10.2) x2 -~ x4 ~ L*" 

�9 (as, ar + a 4 -  b + 1, a4 ; a2- -  a l  + 1, a 4 -  a~ + 1; 1/xs,  - x s / x s ,  l /x4 ,  - x l / x a ) ,  

(8.10.3) x~ a~ x~" L *. 

�9 (a4, a~ + at ' b + 1, a 2 ; a 4 -  a~ + 1, as - al + 1; l /x4,  - x l / x4 ,1 / x~ ,  -xs /x2)  

and 

(8.10.4) x~ al x j  ~ L * " 

�9 (a3; al § a8 - b + 1, al;as - a4 + 1, al - a2 + 1; 1/x~, - x l / x~ ,  l /x4,  -x~/x4) .  

Two fur ther  independent  solutions may be obtained from (6.5) by the  application of 
(7.2). These are 

(8.10.5) x~ al x j ~ M  *" 

�9 ( a 1 + a 4 - b + l ,  a l , a 4 ; a l - a s + l ,  a 4 - a 3 + l ; - 1 / x s ,  x2Xlx4, _ l / x4 ,_X3)  

and 

8.1o.6) x2 -~ x j  ~ M * .  

"(a2+a3:-b+ 1 ,as ,a~;a~-al+ 1 , a ~ - a 4 +  1 ; - 1 I x 2 ,  x~x~x4 ' - l / x 4 , - x l ) .  

This sys tem of solutions is valid th roughout  the  whole neighbourhood of the  s ingular  
point  (0, 0% 0, ~).  
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8.11. THE SINGULARITY (1, ~ ,  1, ~) .  

A p p l y  (7.1) to all of  t he  m e m b e r s  of  8.10. 

(8.11.1) (1 - x2) - ~  (1 - x4 ) -~L  *. 

1 1 - x~ 1 1 - xs 
�9 a ~ , b - a 2 - a 4 , a 3 ; a l - a 2 + l , a ~ - a 4 + l ;  1 - x 2 '  x 2 - 1 '  1 - - X 4 '  X 4 - - 1  ' 

(8.11.2) ( 1 - x 2 ) - ~ ( 1 - x 4 ) - a ~ L  *" 

1 1 - x3 1 1 - xl 
�9 as, b - a l - a s , a 4 ; a 2 - a ~ + l ,  a 4 - a s + l ;  l - x 2  ' x 2 -  1 ' 1 - x  4 ' x 4 - 1  ' 

(8.11.3) (1 - x e ) - ~  (1 - x4)-a~L *. 

1 1 - x~ 1 1 - x3 
�9 a 4 , b - a l - a s , a 2 ; a 4 - a 3 + l ,  a e - a ~ + l ;  1 - x 4 '  x 4 - 1 '  1 - x 2 '  x 2 - 1  ' 

(8.11.4) (1 - x 2 ) - ~  (1 - x4)-~ *. 

(8.11.5) 

1 1 - -  X 1 1 1 -- XS ) 
�9 a 3 , b - a e - a 4 , a l ; a s - a 4 + l ,  a l - a 2 + l ;  1 - x 2 '  x 2 - 1 '  1 - x  4 ' x 2 - 1  ' 

(1 - x2 ) - a l  (1 - x4 ) -a4M*"  

/ 
~b - ae - a 3 ,  a 2 ,  a4 ; a l  - -  a2 + 1, a4 - a8 + 1; - -  

and 

1 1 - -  X 1 1 _ 11 
X2 -- 1 ' (1 -- X2)(X4 -- 1) ' X4 -- 1 '  X3 ] 

(8.11.6) (1 - x 2 ) - ~  (1 - x 4 ) - ~ M  * .  

�9 l b - a l - a s , a l , a s ; a 2 - a l +  1, a s - a 4 +  1; 1 1 - x 8  1 X l - 1 1  
\ x2 - 1 ' (1 - xe)(x4 - 1) ' x4 - 1 ' ] 

As  in the  p rev ious  case,  th is  fami ly  of  solut ions c o n v e r g e s  t h r o u g h o u t  the  whole  of  
the  ne ighbourhood  of  the  assoc ia ted  s ingu la r  poin t  wi th  the  obvious  p rov i so  t h a t  t he  
radi i  of  c o n v e r g e n c e  a r e  not  exceeded .  

8.12�9 THE SINGULARITY (0, 0, 1, 1). 

F r o m  (6.3), b y  m e a n s  of  (7.5) and i n t e r chang ing  the  subsc r ip t s  as r equ i re ,  we  
have  

(8.12.1) x~a~x~+~-b+lx[a~L * �9 

�9 (1 + ae + a4 - b, 1 + a l  + a8 - b, a8 ; 2 + a2 - b, a2 - as  + 1; X l ,  
Xl X2 X2 X4 

X2 ~ ~3 ' X~l X3 ] " 



334 HAROLD EXTON: On a hypergeometric function of four variables, etc. 

Similarly, by the twofold application of (7.5) to (6.3) and (6.4), we obtain 

(8.12.2) x~+l-bx~-~x~L *. 

X 2 X 2 X 4 X_~ ) 
�9 a~,l+a~+a3-b,l+a2+a4-b;l+as-a~,b-a2-2;xs,  xixs 'x~' 

and 

(8.12.3) x~+l-bx~-~x[~L *. 

.(l +a2+a4-b,l +al +as-b, as;2 +a2-b,l  +as-a2;x~, 
x x4 

X 2 ' X 3 ' XlX3 ] " 

The following three solutions may be obtained from the above by the application of 
(7.1) with appropriate interchanging of the subscripts: 

(8.12.4) (1 - x l  ) - ~  (1 - xs ) - ~  (1 - x4 )b - ~ - ~ L * ( b - a l  - a s ,  b - a2  - a4  , a l  ; 

b - al - a2 - as + 1, a4 - a~ + 1; 1 - xs, 
1 - x s  l - x 4  ( 1 - x 2 ) ( 1 - x 4 )  

x 4 - 1 '  1 - x 1 '  (1 x l ) ( 1 - x s ) ) '  

(8.12.5) ( 1  - -  X 1 ) - a I  ( 1  - -  X s )b -a  1 - a  2 - a s  (1 --  X4 ) ~ - ~ L *  ( a l ,  b - a s  - a4,  b - a l  - as ;  

- 1 - xs 1 - x 4  (1 x ~ ) ( 1 - x  4) 1 - x 3 ,  _--~4 t] 
l+a~-as,a~+a2+as+l-b; 1-x~' (1 x l ) ( 1 - x 3 ) '  1 

and 

(8.12.6) (1-Xl)-a~(1-x3)b-al-a2-~s(1-x4)a4-~lL*(b-al-as,b-a2-a4,al; 

b - al - a2 - a3 + 1, a~ -- a4 + 1; 1 - xs, - -  
1 - x8 1 - x4 

x 4 - 1 '  l - x 1 '  

(1 - x2) (1  - x4)  

(1 xl)(1 xs) "] 

This set  of solutions is valid in that  part  of the neighbourhood of the singular point 
(0, 0, 1, 1) for which 

Ix21>lxll, Ixix3I>lx2x41, I I - x 4 1 > l l - x ~ l  and I ( 1 - x l ) ( 1 - x 3 ) l > ! ( 1 - x 2 ) ( 1 - x 4 ) t .  

8.13. THE SINGULARITY (0, 0, 0, 1). 

A fundamental set  of integrals associated with this singular point may be con- 
structed by taking (8.1.2), (8.1.3), (8.4.4), (8.12.1), (8.12.2) and (8.12.3) with appro- 
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priate changes of the subscripts. We then have 

(8.13.1) xl+a2+a~-bx2a~x4a~K *. 

Xl Xl X3 Xl 
�9 l + a ~ + a s - b ,  as ,a2 ,1+a2+a4-b;2+a2+as-b;x~ ,  x4' x2x4' x2 

(8.13.2) x~-b+lx4~M *" 

�9 (1  + a 2 + a 4 - -  b, a s ,  1 + a~ + a s  - b; 1 + as  - a 4 ,  a3 - b + 2; 
X 4 ' X 4  ' X 2  ~ - -  

(8.13.3) xl+a4-bx4a4L *" 

�9 (al,  a4, ae + a4 - b + 1; b - as, a4 - b + 2; Xl/X4, -x2/xs ,  x~/x4, x2, -Xl/X2), 

(8.13.4) x~asx~4+~-b+lx~-a4L *" 

�9 (1 + a~ + as  - b, 1 + a2 + a4 - b, a4 ; 2 + a8 - b, a~ - a4 - 1; x 2 , 

X2 Xl Xl X3 

X 3 ~ X 4 ~ X 2 924 ] 

(8.13.5) x ~ + l - b x ~ - ~ x 4 ~ L  * 3 

X3 Xt X 3 X2 ) 
. a a , l + a 2 + a 4 - b , l + a l + a s - b ; l + a 4 - a 2 , b - a s - 2 ;  x 4 '  x2x4'X2' 

and 

(8.13.6) x~3+l-bx~-~xj~~ *. 

( , X2 X3 Xl X3 t 
�9 1 + a l  + as  - b, 1 + a2 + a4 - b, a4 ; 2 + as  - b, 1 + a4 - a3 ; x2 ,  x~ ' X 4 ' X 2 X 4 ] " 

This system of integrals is valid in that  portion of the neighbourhood of the singu- 
lar point in question for which 

ixs I > Ix21 > ixl i and Ix2x41 > Ix, xs I- 

8.14. THE SINGULARITY (1, 1, 1, 0). 

Apply (7.1) to the members  of 8.13. 

(8.14.1) ( 1 - x l ) b - ~ l - ~ 4 ( 1 - x 2 ) - ~ ( 1 - x 4 ) - ~ K * ( b - a 2 - a 4 , a s , a ~ , b - a i - a s ;  

b - a l - a 4 +  1 ; l - x 1 ,  - -  
1 -- X 1 (1 - xl)(1 - xs) 1 - xl t 

1 - x 4 '  (1 x2)(1 x4) '  1 x21'  
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(8.14.2) ( 1 - x 2 ) b - ~ ' - ~ - ~ 4 ( 1 - x 4 ) - ~ M * ( b - a l - a ~ , a s , b - a 2 - a 4 ;  

l - x 3  1 - x 2  1 - x l t  
l + a ~ - a 4 , b - a l - a e - a 4 +  l; l - x 4 '  x 4 - 1  ' 1 - x 2 '  x 2 - 1 ] '  

(8.14.3) (1 - x3 )b- ~ , -  a~- a~ (1 -- x4 ) - ~  L * ( a l  , a t ,  b - a l  - as ;  

l + al + a2 + a4 - b, b - a~ - a2 - a3 + l; - -  
1 - x ~  1 - x 2  1 - x ~  

1 - x 4 '  x 8 - 1 '  1 - x 4  
- - , 1 - x 3 ) ,  

(8.14.4) (1 - x~)-~ (1 - X4)b-~l-~(1 -- x4)-~ L * (b - a2 - a4, b - al - as, a4; 

b - a l - a 2 - a 4  + l , a ~ - a 4 - 1 ; 1 - x 2 ,  - -  
1 - x2 1 - -  X 1 (1 - -  X 1)(1 -- X~) 

X8 -- 1 ' 1 -- X4' (1 -- X2)(1 -- X4) 

(8.14.5) ( (1 - x2 )b - a 1 - a 2  - a4 (1 -- X8 )a, - ~ (1 -- X4 ) - ~  L *  a4 ,  b - a l  - a s ,  b - a2 - a4; 

l + a 4 - a 2 , a l + a ~ + a 4 - b + l ;  ll-X3-x4' (1-xl)(1-xs)(1 x 2 ) ( 1 - x 4 ) ' l - x 2 ' ~ l - x 2 )  

and 

(8.14.6) ( 1 - x 2 ) b - a l - a ~ - a 4 ( 1 - x 3 ) a s - a 4 ( 1 - x 4 ) - a 4 L * ( b - a 2 - a 4 , b - a l - a ~ , a 4 ;  

1-x2 l - x 3  ( 1 - x l ) ( 1 - x s ) )  
b - a l - a 2 - a 4 + l , l + a 4 - a s ; 1 - x 2 ,  x 3 - - l '  l - x 4 '  (1 X 2 ) ( 1 - - X 4 )  " 

This system of solutions is valid near the point (1, 1, 1, 0) when 

II-x31 > II-x21 > I i - x l l  and I(1-x2)(1-x4)l > I(1-Xl)(1-x3)[- 

8.15. THE SINGULARITY (0,  1, 0, 1). 

By appropriate interchanging of the subscripts in (8.6.6), we have 

(8.15.1) X~a2X4a3x~ +a2+a4-b K *" 

Xl Xl X3 Xl 
�9 l + a 2 + a 4 - b ,  a 2 , a 3 , 1 + a l + a 3 - b ; 2 + a 2 + a ~ - b ; x l ,  x2'  x2x4'  x4 



HAROLD EXTON: On a hypergeometric function of four variables, etc. 337 

(8.15.2) 

(8.15.3) 

and 

(8.15.4) 

x4a~x~I x] +a~+~-b K * . 

.( l+a2+a4_b, a4,al , l+al+as_b;2+a2+al_b;x3 ' x 3 xlx 8 x3) 
X4 ~ X 2 X4 ~ X 2 

X 4 a s x 2 a 2 x l  +al + a 3 - b  K * . 

( Xl XlX3 Xl) 
" l+a l+as -b ,  a3,a2,1+a2+a4-b;2+al+a2-b;xl ,  x4' x~x4' x2 

x 2 a l  x 4a4 x l + a 1 + a 8 - b K * " 

( x3 xlxs x,) 
" l+a l+as -b ,  al ,an, l+a~+a4-b;2+al+a4-b;x3,  x2' x2x4' x4 " 

Apply (7.1) to (8.13.1) and interchange the subscripts as required. 

(8.15.5) (1 - xl)-a4 (1 - x~)b-~-~4(1 - xs)-~3K *. 

( l - x2  (1-x~)(1-x4) 1-x2)  
" b-a2 -a4 ,as ,a4 ,b -a l -a s ;b -a~-a4+t ;1 -x2 ,  l - x 3 '  ( 1 - X l ) ( 1 - x s ) '  l - x 1  

and 

(8.15.6) (1 - xi)-~I (1 - xs) -~  (1 - x4)b- ~ - ~ K  * �9 

( l - x4  (1-X2)(1-x4) l - x 4 )  
~ b-a2-a4 ,a l , a2 ,b -a l -a3 ;b -a2 -a4+l ;1 -x4 ,  1 - X l '  ( 1 - X l ) ( 1 - x 3 ) '  1 - x 3  " 

The above set of solutions is valid for the whole neighbourhood of the singular point 
(0, 1, 0, 1). 

8.16. THE SINGULARITY (0, 1, 0, ~). 

F rom (8.1.2) by appropriately interchanging the subscripts, we have 

(8.16.1) X~X4a~xl+~+a~-bK *. 

Xl Xl x3 Xl ) 
" l+a2+a4-b,  a2,a3,1+al+a3-b;2+al+a4-b;xl ,  xe' x2x4' x4 ' 

x 4 a 4 x 2 a l x l  +a'2+a4-b K * . 

( 
�9 l+a2+a4-b 'a4 'a~ ' l+al+a3-b;2+al+a4-b;x3 '  x4' x2x4' ' 

(8.16.2) 
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(8.16.3) 

and 

(8.16.4) 

x ~ a * x ~ x ~  +~ +~-b  K * �9 

Xl Xl X3 Xl ) 
�9 1 + a~ + a3 - b, a~, a2~ 1 + a2 + a4 - -  b ;  2 + a2 + a8 - b; x~, x4 ' x2x4 ' xe 

x2 ~1 x4 -a' x] + ~ + ~ -  bK. .  

( X3 XlX3 Xl) 
�9 1 + a~ + a~ - b, a~ ,  a 4 , 1  + a2 + a4 - -  b ;  2 + a2 + a~ - b; x 3 ,  x2 ' x2 x4 ' x4 " 

Now apply (7.1) to (8.8.5) and (8.8.6) and obtain respectively 

(8.16.5) 

and 

(8.16.6) 

(1 - x2)b- ~1- a~- ~ (1 - x3)~- ~ (1 - x4 ) - ~  L * (b - a2 - a4 , b - -  a 1 - -  a3, a4; 
\ 

b - a~ - a2 - a4, a 4  - -  aa + 1; 1 - x2, - -  
1 - x 2  l - x 3  ( 1 - x l ) ( 1 - x 3 ) )  

x 3 - 1 '  x4--:-1' (1 x2)(1 x4) 

(1 - x l ) ~ -  a4 (1 - X2)b-al-a~-~3- 1 (1 -- XS)-~ (1 -- X~)-~4L *" 

�9 ( a 3 ,  b - a 2  - a 4 ,  b - a l  - a 3 ;  a 3  - a 4  - 1 ,  b - a l  - a 3  - an  ; 

1 - x 3  ( 1 - x  1 ) ( 1 - x  3) l - x 2 1  
x 4 - 1 '  (1 -x2 ) (1  X n ) ' X 2 - 1 '  x 1 - 1 ] "  

This system of integrals is valid in that  part  of the neighbourhood of the singular 
point (0, 1, 0, ~) for which 

l ( 1  - x 2 ) ( 1  - x 4 ) l  > t (1  - x l ) ( 1  - x 3 ) l .  

8.17. THE SINGULARITY (1, 0, 1, ~). 

Apply (7.1) to all the members  of 8.16. 

(8.17.1) ( 1 - x l ) b - ~ l - ~ ( 1 - x ~ ) - ~ ( 1 - x 4 ) - ~ K * ( b - a l - a ~ , a 2 , a 3 , b - a 2 - a ~ ;  

l - x 1  ( 1 - x l ) ( 1 - x ~ )  l - x 1 \  
b - a 2 - a 3 + l ; 1 - x l '  1 - x 2 '  (1 x 2 ) ( 1 - x 4 ) '  1 x4 ) '  
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(8.17.2) (1 - x2)a2 (1 - x ~ ) b - ~ -  ~ (1 - x4 )-a4 K * (b - a I -- a3, a4 , al , b - a2 - as; 

b - a ~ - a 3  + l ; 1 - x ~ ,  - -  
l - x 3  ( 1 - x l ) ( 1 - x ~ )  1 - x 8 )  

1 - x s '  ( 1 - x 2 ) ( 1  Xs) '  1 x2 ' 

(8.17.3) 
/ 

( 1  - -  X 1 ) b  - a2 - a4 (1 -- X~ )-a~ (1 -- X4 )-~ K *  ~b - a2 - a s ,  a~,  a2 ,  b - a l  - a8 ; 

1 - x l  ( 1 - x l ) ( 1 - x 3 )  1 - x l l  
b - a l - a s + l ; 1 - X l '  l - x 4 '  ( 1 - - - x - - ~  x 4 ) '  l - - X 2 ] '  

(8.17.4) (1 - x 2 ) ~  (1 "- x 3 ) ~ -  a~- ~ (1 -- X 4 ) - ~  K *  (b  - a2 - a4 ,  a l ,  a s ,  b - -  a I - -  a 3 ; 

b - a~ - a 4 + 1; 1 - xs, - -  
1 - x3 (1 - -  X 1 ) ( 1  - xs) 1 - xl t 

l - x 2 '  ( 1 - x 2 ) ( 1 - x s ) '  l - x 4  ] ' 

xas + l - b xa4 - a3 x -a4 L �9 (8.17.5) ~ 3 4 " 

"(l +ai  + a 3 - b , l  + a ~ + a 4 - b ,  a4;l  + a ~ - b ,  a s - a s +  l;x2, 

and 

X2 X3 Xl X3 

X 3 ~ X 4 ~ X 2 X4 ] 

(8.17.6) x~3-~4x~-b x[a~x4a~L *. 

~ ( a 3 , 1  + a~ + a3 - b, 1 + a2 + a4 - b; a3 - an - 1 ,  1 + a2 - -  b ;  
\ 

X3 Xl X3 

X4 ~ X 2 X4 ' 

x2)  
X2' - -~-1 " 

This s y s t e m  is valid nea r  the  point  (1, 0, 1, ~ )  for  which 

xs j > Jxi t. 

8.18.  THE SINGULARITY (0, z% 1, ~ ) .  

F r o m  (8.10.1) to (8.10.4) and (8.10.6), we have 

(8.18.1) x~a 'x4~L  *. 

�9 (a l ,  al + a8 + 1 - b, a3; el  - a~ + 1, a3 - a4 + 1; 1/x2,  - x l / x 2 , 1 / x 4 ,  - x ~ / x 4 ) ,  

(8.18.2) x ~ x 4 ~ 4 L  *. 

�9 (a2, a2 + a4 + 1 - b, a4 ;a2 - el + 1, a4 - a3 + 1; l / x2 ,  - x 3 / x 2 ,  l / x 4 ,  - x l / x 4 ) ,  
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x f  ~ xs  ~ L * �9 

�9 (a4, a~ + aa + 1 - b, a2;a4 - a~ + 1, a2 - al + 1; 1/X4, --Xl/X4,1/x2, - x s / x a ) ,  

x f  a~ xs  a~ L * " 

�9 (as, al + as + 1 - b, a~ ;as - a4 + 1, a~ - a2 + 1; 1/x2,  - x ~ / x 2 ,  l / x 4 ,  - x s / x a )  

and 

(8.18.5) x#a2x4a~M *" 

�9 (a2  + a s  + 1 - b, a2, as; a2 - a~ + 1, a s  - a4 + 1; - 1 / x ~ ,  - x s / ( x 2  Xa ), - 1 / X a ,  - X l  ) .  

This set  of integrals is completed by applying (7.1) to (8.10.5). 

(8.18.6) (1 - x2)-a~ (1 - x 4 ) - a 4 M  *" 

(b - ae - as, a~, a4; a, - az + 1, a4 - az o + 1; l 

\ 
1 x l -  1 1 1 

x 2 - 1 '  ( 1 - x 2 ) ( 1 - x 4 ) '  x4 l ' X S - 1 ] "  

This sys tem of integrals is valid throughout the whole of the neighbourhood of the 
singular point in question. 

8.19. THE SINGULARITY (0, 0, 1, ~). 

From (8.8.2) and (8.8.4), we have 

(8.19.1) x 4 ~  + a s - a 4 ; x 2 , - x l , x J x 4 , - 1 / x 4 )  

and 

(8.19.2) x l+~-bxs  *. 

�9 (a2, as, al + a3 - b + 1; b - aa, a8 - b + 2; xs /x4 ,  - x 2 / x l ,  Xl/X4, Xl ). 

From (8.8.5) and (8.8.6) with the appropriate interchanging of the subscripts,  we 
obtain 

(8.19.3) x ~ + ~ - b x ~ - ~ x 4 ~ 4 L * ( l  +a l  + a s - b , l  +a2 + a 4 - b ,  a4; 

1 + a8 - b, a4 - a8 + 1; x2, - x 2 / x s ,  --X3/X4, --Xl X3/(X2 X4 )), 

(8.19.4) x ~ - a ' x ~ + a ~ - b x ~ x 4 a ~ L * ( a s , l  + a l  + a s - b , l  + a 2 + a 4 - b ;  

a3 -- (%4 + 1, 1 + a2 - b; - x J  x4 , - x l  xJ(x2  x4 ), - x 2  , - x ~ /  xl ) ,  

(8.19.5) x ~ 3 - ~ x l + ~ - b x 4 ~ L * ( l  +a l  + a s - b , l  + a 2 + a 4 - b , a ~ ;  

1 + a4 - b, a4 - as + 1; x2, - x 2 / x l ,  - x l / x 4 ,  - x l  xs/(x2 x4)) 
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and 

(8.19.6) x(a 'x2~ * (a4, 1 + a2 + a~ - b, 1 + a 1 + aa - b; 

a4 - aa + 1, 1 + a~ - b ; - x l / x 4 ,  --Xl X3/(X2X4), --X2, --X2/X3). 

This set  of integrals is valid in the neighbourhood of the point (0, 0, 1, ~)  when 
Ix1 i > Ixe I and Ix2 x41 > Ix1 xa ]. 

8.20. THE SINGULARITY (1,  1, 0, ~). 

Apply (7.1) to the members  of 9.19. 

8.20.1) (1 - x 4 ) - ~ L  *. 

" a l ' a ~ ' a 3 ; l + a l + a 2 + a 4 - b ' l + a a - a 4 ; 1 - x 2 ' x l - l '  1 - x 4 '  X 4 - - 1  ' 

8.20.2) 

8.20.3) 

8.20.4) 

(8.20.5) 

/ 
(1 - x l ) ~ = ~ - ~ - ~ ( 1  - x 4 ) - a a L  * (a2, aa, b - a2 - g 4 ;  

\ 

1 - x a  1Lx2  1 - x ~  
l + a l + a 2 + a a - b ,  b - a ~ - a 2 - a 4 + l ;  l - x 4 '  x ~ - I  ' 1 - x 4  , 1 - x l ) ,  

(1 - x 2 ) b - ~ - ~ - ~ ( 1  - xa)~-  a~ (1 - x4)-a4 L * (b - a~ - a4 , b - a~ - aa , a4 ; 

b - a l - a 2 - a 4 , a 4 - a a  + l ; 1 - x 2 ,  - -  
l - x 2  1 - x a  ( 1 - X l ) ( 1 - x a ) )  

xa - 1 '  x 4 - 1 '  (1 - x )(1 x4)  ' 

(1 - xl )~,-a4 (1 -- X2)b- ~1- a2- q (1 -- X~)-~ (1 - x 4 )-~aL*" 

' (aa,  b - a z - a 4 ,  b - a l - a a ; a a - a 4 + l ,  b - a ~ - a a - a 4 ;  

1 - xa (1 - -  X 1)(1 -- Xa) 1 -- X2 
X4---1' (1 X 2 ) ( 1 - - X 4 ) ' X 2 - - 1 ' ~ ] '  

(1 - x l  )a3- a4 (1 - x2 )b-  al - ~ -  ~3 (1 - x 4 ) -~3 L * ( b  - a2  - a4 , b - a s  - aa , aa ; 

b - a l - a 2 - a s , a n - a a  + l ; 1 - x 2 ,  
1 - x 2  1 - x l  ( 1 - x l ) ( 1 - X a ) )  

x l -  1 '  x47---1 -' ~=7~2)(1 x4) 
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and 

(8.20,6) (1 - Xl )a4  (1 --  X2)l +a~ +a2+a4-b (1 -- X3)-a4-a3(1 -- x4 )-as L *" 

" ( a 4 ,  b - a~ - a s ,  b - a2  - a4  ; an - a3  + 1 ,  b - a2  - a s  - a4  

1 - x l  ( 1 - x l ) ( 1 - x s )  1 - x 2 t  
x4L-1 -' (1 x2)(1 x 4 ) ' x 2 - 1 '  x s - l j "  

This set of integrals is valid near the singular point (1, 1, 0, ~) provided that 

[1 -x i [  > ]1-x21 and ](1-x2)(1-x4)[  > [ (1-x~)(1-xs) [ .  

(8.21.3) 

(8.21.4) 

8.21. THE SINGULARITY (0, 1, ~, ~). 

From (8.6.6) we have 

(8.21.1) x~a~x4~x~+~+~-bK *" 

Xl Xl  X3 Xl  
�9 l + a 2 + a 4 - b ,  a 2 , a s , l + a l + a 3 - b ; 2 + a 2 + a s - b ; x l ,  x2' x2x4' x4 

From (8.7.6) by interchanging the subscripts, we obtain 

(8.21.2) (1 - -  X 2 )b - al - a2 ( l  - -  X 1 ) -a4  (1 - x3)-a~ K* (b - a 1 - a 3 ,  a 4 ,  a 3 ,  b - a 2 - a 4  

1--X 2 (1 -X2) (1 -X 4) 1--X 2 
b - a l - a 2 + l ; 1 - x 2 ,  1 - X l '  ( 1 - x l ) ( 1 - x s ) '  1 - x s  

From (8.8.1), (8.9.1), (8.15.3) and (8.15.5), we have 

xl x2 1 1 
x3a2x4a4K* al 'a2 ' l  +a2+an-b 'an; l  +a2+a4-as;  x4' xs' xs' x4 ' 

(1 - xs)-~ (1 - x4)-a4K *" 

"[al ,  a2 ,  b - a l "  a3 ,  a4; 1 + a2 + a4 - as ; 1 - x I 1 -- x 2 1 1 
1 - - X 4 '  1 - - X s '  1 - - X s '  l - - x 4  ' 

(8.21.5) x~a~x4~xl+~1+~-bK *" 

( Xl XIX3 Xl)  
�9 l + a ~ + a s - b ,  a s ,a2 ,1+a2+a4-b ;2+ae+%-b;x~ ,  x4' x2x4' xe 
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and 

(8.21.6) 
/ 

(1 ) -~4  (1  - x2 )b - ~ (1 - x3 )-~ K* Ib - a2 - a~ , a3, a4 , b - al - Xl a3 

1 - x ~  ( 1 - x 2 ) ( 1 - x 4 )  1 - x 2 )  
b - a 2 - a s + l ; 1 - x 2 ,  l - x 3 '  ( 1 - X l ) ( 1 - x a ) '  1 - x l  " 

This system of integrals is valid in that part of the neighbourhood of the singular 
point (0, 1, ~, ~) for which 

IX2X41 > ]XlX3I and i (1-  xl)(1 -xs ) ]  > I(1-  xe ) (1 -  x4)i �9 
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