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On a Hypergeometric Function of Four Variables
with a New Aspect of SL-Symmetry (¥).

HArOLD EXTON

Summary. — The integration of the system of partial differential equations associated with the
quadruple hypergeometric function Ky, first introduced by the author (Exton (1976), page
78), is undertaken. The interest in this function has been stimulated by the investigation of
certain SL-symmetry groups by Hrabowski (1984), (1985).

1. - Introduction.

In a recent investigation of certain multiple hypergeometric functions of the sec-
ond order with SL-symmetry from the point of view of parabolic subgroups of a sim-
ple Lie algebra, Hrabowski (1984), (1985) has been led to consider, using different no-
tation, the function

(11) KIG(a’lya27a37a4;b;x7y’z) t)_—:

(ay, Ll +m)ag, L +n)ag, m+p)a,,n+p)x y™ 2" tP
Lm,mp="0 (b, l+m+n+p) Il m! nlp!’

where
1.2) (@,m)=alc+a+2) .. (a+n)=Ia+n)/Ia), (a,0)=1.

This function was originally introduced by Exton (1976) page 78, as part of a sys-
tematic study of a certain class of quadruple hypergeometric functions of the second
order. Karlsson (1976) determined its region of convergence, namely that where the
absolute value of the four variables z,y, 2 and ¢ should each be less than unity.

In order to highlight certain aspects of the symmetry involved, we modify the no-

(*) Entrato in Redazione il 27 febbraioc 1989.
Indirizzo dell’A.: «Nyuggel», Lunabister, Dunrossness, Shetland ZE2 9JH, United Kin-
gdom.
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tation slightly and write, instead of the function Kiq, the following function:

(13) K*(al,ag,as,a4;b;x1,x2,:)63,904)=

@

(a1, my+ mp)(az, Mg+ Ma)ag, Mg+ my)ay, Myt my) 2™ a2 xg™ 2l
i1y, Mg 03, =0 (b, my+ mg+ mg+ my) my ! my!l mg! my!’

This function K* satisfies the partial differential system

(0-a) S ) g ra e T 2L
— Lo Xy a£§§m4 +[b—(a;+ ag+ l)xl]—g—f; — Oy Xo g—g; —a1w4§£ —amoF =0,
xz(l—xz)ﬂ 4+ (1—25) oF + g (1 —5) il + a4 'F
ax; Oy Oy s Oy Qs Oty
-1 g 83125903 +[b—(ag+a,+ 1)9{:2]—2% ~ 0y X3 g% — Qg ¥y gxﬂl ~aa F =0,
497 x3(1—x3)%29-::7 +m2(1—acg)aj:§w2 +x4(1—x3)a§:§x4 + 2y a;j:gxl -
— 5%y 8225% +b—(ag+as+ 1)903]%2 — Oy Xy %% — Qg% —gﬂ% —az0,F =0
and
.@(1——@)—2—}?— +x3(1—x4)agjg;3 +x1(1—x4)8$42§w1 + 2y aj:g;cz
| — %1% M +Fb—(a4+a3+ 1)904]% — dg ¥y % —a4m3§5; —aua3F=0.

As was pointed out by Hrabowski (1984), the general integral of this system depends
linearly upon six arbitrary constants and that the Laplace equation of four dimen-
sions is embedded in (1.4).

The purpose of this study is to obtain a sufficient number of independent solutions
of the system (1.4) to furnish- its general integral with respect to all of its
singularities.

2. - The singularities of the system (1.4).

In order to discuss the nature of the singular points of (1.4), we note that the func-
tion K* (ay, as, as, 04} b; %1, s, 23, %4) Mmay be written firstly as a double series of Ap-
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pell functions F;, namely,

©

3 (ay, my +mpXay, my Nag, my) 2™ Wénz-_
my,mp=10 (b,m1+m2) mll m2!

2.1)

"Fi(ag, 0s + Mg, ay+my; b+ my+mg; s, 24).

Secondly, we have the double series of Appell functions Fj:

i (al »y My )(az » Mg )(a’4 » My )(a’3 » m3) x{nl wg”‘*

2.2 .
@) my,mg =0 (b, my +mg) my! mg!

oy
'Fs(a1+m1,¢13+m3,a2+m3,a4+m1;b+m1~+fm%‘5962,904)-

It is evident from the known properties of the  Appell functions, that thé singular
manifolds of the system of partial differential equations under -consideration
include

@.3) 2;=0,1,0, fori=1to4
together with

2.4 : Xy =10p, Lpg=1=x3, L3=1%y, ¥z1= &y,
2.5) e+ 1 as=1, 1/x+1/x,=1,
and

(2.6) I—a)A—w3) = 1 —w)1 — ).

A contact with a singular manifold (2.5) or (2.6) will be referred to as being of the first
or second type respectively.

The singular points of the system (1.4) arise from the intersection and/or contact
of two or more of the associated singular manifolds. We now consider the singularities
in progressive degrees of complexity.

The simplest type of singularity arises from the intersection of four singular mani-
folds only, and consist of the points (1, «, 1, ), (0, «,0, «), (0,1,0,1), (1,0, 1, ),
(0, 0,1, «) and those points obtainable from these by the cyclic permutation of the
subseripts, which process will be tacitly assumed below to be applied as appropri-
ate.

The singularity (0,0, 1, ©) occurs at the intersection of five singular manifolds,
while the singularity (0, 1, 0, «) is formed from the intersection of four singular mani-
folds and a contact of the first type. The intersection of six singular manifolds gives
rise to the singularities of the type (0,0, 0, ®), (0, ®, ®, ©) and (0,0, 0, 1).

In the case of a contact of the second type with the intersection of five singular
manifolds, we obtain (1, 1, 0, ) and (0, 1, «, ). Next in order of complexity, we have
those singularities which result from the intersection of six singular manifolds with a
contact of the first type, namely (1,1, 1, o) and (1, &, ®, »). The intersection of six sin-
gular manifolds and a contact of the second type generates the singularities
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(0,0,1,1), (1,1,1,0) and (0,0, o, ), One type of singularity arises from the intersec-
tion of six singular manifolds together with a double contact of the first type and a
contact of the second type. This is (1,1, o, ).

Finally, the most complicated class of singularities consists of (0,0,0,0), (1,1,1,1)
and (o0, oo, oo, ), formed from the intersection of eight singular manifolds and a con-
tact of the second type. In accordance with the general nature of the results expected,
complete fundamental systems of solutions in which every member is convergent in
the whole neighbourhood of any given singularity is only possible when that singular-
ity is formed from the intersection of no more than four singular manifolds without
any contacts. For the system under consideration, this applies only for the singular
points (1, %, 1, «), (0,,0,), (0,1,0,1), (1,0,1,) and (0, =, 1, =).

3. - Elementary symmetries and an Euler transformation.

By inspection of the series representation of the function K*, we see that the sys-
tem (1.4) remains unchanged by the eyclic permutation of the subscripts. For
example

B.1)  K*(ay,02,03,04;b;01, %2, %5, %) = K*{(ay, a1, 09, 03; b; 24, %, %2, %3), ete.
Similarly, it is evident that
(32) K*(al,az,ag,a4;b;x1,w2,wg,904)=K*(a4,ag,ag,al;b;wl,x4,x3,x2).

We now deduce a transformation of Euler type applicable to the function K*.
Within its region of convergence, we recall from (2.1) that the function K* may be ex-
panded as a double series of the Appell functions F'; and the inner Appell function
may be re-written in the form

- &g Ly — X3
3.3 A=—a) F lag,b—as—ay,0,+mM; b+m+mg; ——,
N Xa— 1 1‘—.%'3

so that the right-hand member of (2.1) becomes

®©

B4 (1~m)™

My, My, My, My =0

(ay, my + mp)ag, Mg +my )y, My + Mg )z, M )b — g — g, M3)
(b,m1+m2+m3+m4)m1!’m2!m3!m41

mgy —_ Ty
g g %3 Lo~ L3\
T2l a—-1 1—a5

_ &Ly — Ly X3
= (1—w3) ®Kig{ay,03,0,08,0—a—a;;b; ———, %, %, — |,
1‘(173 &3 1
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where the quadruple hypergeometric function Kig is listed in Exton (1976), page 79.
This last expression may be expanded in a second way as a double series of functions
Fi, namely

]

D (ag, mg +my )b — az — ay, mg )ay, my) )
g,y =0 (b, mg + my ) mg ! my!

3.5) (I—wy)™

X3 \"B [ Xy— x5 \™
< ) k CFi(ay, a0+ my, ap5 0+ mg+my; 2, %)
.’X)g—l 1—903

This last Appell function is transformed in a similar fashion to the preceding, so that,
after re-arranging the subscripts, we have the required expression which is
3.6)  K*(a1,02,03,a4;0;%1, %5, %5,%4) = (1 —xy) (1 — ) 2 K*-

&Ly Lo L3 — &g Ly~ Xy
=17 w—1" 1-x,  1—2; |’

-(b~a1~a3,az,a3,a4;b;

This Euler transformation has been obtained previously with different notation. See
Karlsson (1976), page 34,

4. - A Pochhammer integral formula.
Consider the integral

4.1 I= f(—u)‘“‘l(u— D211 (g, ay, aa; by 01w + 22 (1 — ), 24 + 23 (1~ ) du,
C

where the contour of integration consists of a Pochhammer double loop slung around
the points 0 and 1. Since the series representation of the Appell function of the inte-
grand converges uniformly on the contour for sufficiently small values of the vari-
ables x;, %y, 3 and x;, we may write

0

4.2 I= >

iy, Mg, Mg, Mg =0

(g, my + g+ mg 4 my )@y, My + 1 )ag , Mg+ my (=g ™ (=30 ) (— g )7 (— iy )™ )
(b, my +my + mg +my) m! mel  mg! my!

,J(_u)a4+ml+m4—1(u__ 1)a2+mg+m,3—1du‘

c

The inner integral may be evaluated as

4.3) @ri)?/[I(1 — ay—my; — my) (1 — ag — my — mg) I(ag + ay + my + my + mg + my)].
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See Whittaker and Watson (1952), page 256. Put ¢ =ay+a,, when it is clear
that

(4.4  K*(a1,02,03,04; 0501, %, X5, 24) =1 — ap) (1 ~ ay) Iap + ay )(@ri) 2-

-f(—u)““l(u—1)“2‘1F1(a2+a4,a1,a3;b;xlu+x2(l—u),ac4u+ac3(1—-u))du.
¢

If the Appell function in the integrand of (4.4) is replaced by any solution of the
system of partial differential equations associated with the function F;(as+
+ g, a1, 055 b; % u + 22 (1 — ), ,u + 23 (1 — u)), then the integral taken over any con-
tour closed on the Riemann surface of the integrand will be a solution of the partial
differential system under consideration, (1.4). Compare Erdélyi (1939) and Exton
(1976), page 174, for example. Since the integral (4.4) does not separate all four of the
independent variables of (1.4), it would not be of direct use in deducing the complete
solution of the system under dscussion. However, the system of partial differential
equations associated with the function F; has been extensively studied (Erdélyi
(1950) and Olsson (1964), for example), so that a considerable amount of information
on the solutions of (1.4) is obtainable from (4.4). This, together with the properties of
these solutions which will emerge below, enables complete sets of independent inte-
grals of (1.4) relative to all of its singularities to be deduced. The fact that certain of
these sets of integrals are only valid for partial neighbourhoods of the associated sin-
gular points results in the existence of boundaries between such regions which re-
main intractable.

5. — Solution of (1.4) of the form K*.

In what follows, we employ the list of solutions of the partial differential system
associated with F'; as given by Olsson (1964). This is preferred to le Vavasseur’s list as
given on page 62 of Appell et Kampé de Fériet (1926) because the latter does not in-
clude any of the solutions expressed as the Horn function G,.

Take the solution (19) of Olsson’s list of ten distinet F'; solutions namely,

(5.1) Fi(az+ay,0;,a3;1+a;+a+ag+as—b;
1—2u—2o(1—u), 1 —xgu—23(1 —u))
and insert this into the integral on the right of (4.4). If we note that
5.2) l-xu—aQ-uw)y=Q0Q-2)u+{1—2)(1 —u), etec.,
it is immediately evident that the function
5.3) K*(,09,05, 0431+ +ag+adg+a,— 01—y, 1 —2p,1—25,1—14)

is a solution of the system (1.4).
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Now replace the Appell function inn (4.4) by
5.4) [eju+x(A—uw)] [ eyu+ xg(1—u)] %

1 1
o+ xo(1—w)’ wyu+as(l—w) |’

'F1(1+a1+a3—b,a1,a3;1+a1+a3—-a2—a4;
We then have

(56.5) f(—u)"‘*”1 (u— 1% wyu+ 1o (1 — u)] 4 [gu + 25 (1 — u)]%-
¢ :

1 1

du.
e+ w1 —u)’ xgu+ 251 —u) Y

‘F1(1+a1+a3_b,al,a3;1+a1+a3_a2_‘a4;

The contour of integration is so selected that the following double series is conver-
gent upon it:

©

2 (1 +a; + a3 — b, m + n)a;, m)ag, n) -

5.6
6.6) ma=0 (1+a;+a3—az—ay, m+n)m!n!

-J(—u)“‘*“(u — D Mzu+ 2 —w)] ™ " [agu+ a3 (1 —u)] ™% "du.
c

If both of the binomial factors of the integrand are expanded in powers of (1-u)/u,
then we obtain the result

B.7) xrax;“K*ay,0y,03,1+ a1 +a3—b;1+a,+ag—ay; 1/2, %0/ 2y, 3/ 24, 1/ 2,).

No further fundamental forms of the solutions of (1.4) which may be directly repre-
sented in terms of the function K* have been found.

6. — Other solutions of (1.4) directly obtainable from the integral (4.4).

Two further quadruple hypergeometric functions of five parameters arise in the
following analysis. These are now introduced. )

(6.1) L*(a,_b,c;d,e;xl,xz,xg,x4)=

©

_ 3 (@, my + my )b, my +mg)c, mg +my) @™ 13w
mymgmem=0 (d, My + Mg — My ) e, Mg+ my—mz) my! mg! mgl my!’
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and

(62) M*(a,b,c;d,e;xl,acg,xg,x4)=

©

(a, My + 1My + Mg — My )b, My + Mg )(C, My + M) WM W w @
iy, 171, 2y =0 (d, my + my — my e, Mg + Mg — My) my! mg! mg! my!’

By means of the methods discussed by Karlsson (1976), it may easily be shown that
these two series converge for |¢;| <1, i=1,2,3,4.

If the second binomial factor of (5.6) is expanded in powers of u/(1 — u), then we
obtain a solution of (1.4) in the form

6.3) ;M BL*.

(g, 14+a;+ag—b,ag;1+ay—ay, 1+ag—ag;1/x;, —a/ 2,1/ 03, —24/23).
Similarly, by using Olsson’s ¥, solution (28), we may deduce the solutions
6.4) apeapotiLE.

“(I+ay+az—b,a,a0;0,—b+2,a4— b;x/;, —2y, %o/ %1, —%3/%4)

and
(6.5) armefpdTIME.
‘A+ag+as—b,a;,1+ay+ag—b;1+a;,—ay,a—b+2;us/m;, —x3/%1, 23, —%s/%3) .
Also, Olsson’s G, solutions (17) and (29) give respectively
(6.6) oM L*(ay, 09,0551 +ay—ay, b—ay; @/ /%, 1/ 2y, —3, %)
and
6.7 2l TPMFO-1,a5,0;0—ay, 1+ b—ag;xy/®, —%a/ %, Xy, %)

Many other types of solutions of the system under consideration, involving a wide
variety of quadruple hypergeometric functions, may be obtained in a similar fashion.
The above examples are sufficient, however, to provide a basis for the complete inte-
gration of (1.4) relative to all its singular points as will be indicated below.

7. — Corresponding solutions.

By considering the solutions of (1.4) which may be expressed directly in terms of
the function K*, it is possible to deduce further solutions as follows:
If Z(a,,as,as,04;b;2;, 2,23, %,) is a solution of (1.4), then by (5.3), so also is

(1.1)  Z(ay,as,03,a4;1 a1 +ag+ag+ag—b;1—a;,1—a9, 1 —235,1 —4).
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Similarly, by appealing to (5.7),
(1.2)  x{"w,“Z-
ay, 0,05, 1+ ay+ag— b1+ ay+ag—ay; 1/2, 2/, 23/, 1/ 24)

is a solution of the same system. Furthermore, by (3.1), cyclic permutation of the
subscripts leaves (1.4) unchanged and (3.2) gives the solution

(7~3) Z(a4:a3;a2>a'1;b;x1’x4)w3)x2)'
By means of the Euler transformation (3.7), a further type of solution is seen to be
(74 A-w) “(1-ay))™"Z

L1 ) Xg— Xy Ly— &
961—1’902—1’ l—xg, 1—-901 ’

* b_a/lma37a'2)a37a4;b;

All of the above correspondances may be applied repeatedly or in any successive
combination. Olsson (1977) has used this approach in his investigation of the partial
differential system associated with the Appell function F,. If we write (5.7) as

(1.5) iy “K*(Q+a;+a3—b,ay,05,05; 1+ a1+ ag—ag;1/@y, 1/ 2y, €/ 2y, 3/ %,)
and combine (7.5) with (5.7) itself, we obtain the important solution

(7.6) w1y 2o Tt b K*.

Xy Loy X
-<1+a1+a3~b,a1,a2,1+a2+a4—b;2+a1+a2—b;x4, il ——4>

R
Hence,

(1.7)  wy %y epltate-t.

Xy Koy X
: °Z(1+a1+a3—b,al,az,l+a2+a4~b;2+a1+a,2;x4, 4 22 —4)

X1’ X1%3° X3

is a solution of (1.4).

The fundamental sets of solutions are listed in the following appendix and the
manner in which each individual solution is obtained is briefly indicated as
appropriate.

8. — Appendix. Fundamental sets of solutions of (1.4).
A fundamental set of six linearly independent integrals of the system (1.4) is

given relative to each singularty. Any singular point or region not covered below may
be dealt with by appropriately interchanging the subscripts.
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8.1. THE SINGULARITY (0,0, 0, 0).
B8.1.1)  K*(ay,az,03,a4;b; 21, %2, %3, %),
(8.1.2) x gy g tuteaTbgx.

Ly TaXy Xy
Ty’ L1z’ Xy

'(1+a1+a3—b,hal,ag,1+a2+a4—b;2+a1+a2—b;w4, ), see (7.6),

8.13) ayhayavti M.

x x x
-(1-&-(JL2+CL4—b,al,1+0L1+ag—b;1+a1—on4,0&1—b+2;—-z 2 —5), see (5.5),

x17—?54—7x3)_x3

. &,aq), see (6.7),

(8.1.4) xf”bM*(b—1,a3,a2<;b-—a1,1+b——a4; T T

8.15) @i aysTtrIM

X X x
-(1+a1+a3—b,a4,1+a2+a4;1+a4—a1,a4—b+2;x—:,——x—?,xg,—%g—)

and

(8.1.6) xll_bM*(b——l,az,ag;b~a4,1+b—a1; % ﬁ)

—— =, ¥y, —
2 x17 3 X3

The last two solutions are obtained respectively from (8.1.3) and (8.1.4) by inter-
changing the subscripts.

This set of solutions is valid in that portion of the neighbourhood of the origin for
which

1] > g | > ooy | > oy |

8.2. THE SINGULARITY (1,1,1,1).

Apply (7.1) to all the members of 8.1.
(821) K*(al,ag,a,g,a4;l+a1+a2+a3+a4—b;l—ﬂc1,1—xg,l-xg,1—904),

8.2.2)  (1—ay) (1 —amy) (1 —ay)P %% K.

. 1—904 (1—902)(1—964) 1“&'}4
'(b—a2_a4ya1’a27b_al (lg,b a3 a4+1)1 Lq, 1—5131 (1—901)(1—:103)’ 1—%'3

(8.2.3) (1—a;) (1 —ay) R %% %

1“%2 $3"‘1 %'4_1)

— X
3] 1“%3

.(b—'az“as, ay, b“az‘a4‘;1+a1“a4,b—az_ag“a4+1; l—xl l—xl ,
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(8.2.4) (1 _ml)b—al_a'z_ag—a4'M* (a1 +a:2+ a3+a/4_ b, as, g,

l-2y 23~1 1-2
l+as+as+a,—b,2+a,+ap+as—> L = 2,1——901),

’ l_ﬂfl, 1—961’ 1"'.')31

(8.2.5) (1—a;) (1 —a;)P =% % Jf* <b~ Qg — Oy, Oy, b—a,—ag;

1+gy—a,b—a—ap—ag+1;, ——, ——,1

1—904 xg—'l :)02——1
’ y L — X3,
11—, 1—-ua 1—s

and

(8.2.6) (1—; )b~ @~ % d=as (a1 +ay+ag+a,—b,ag, ag;

1+a1+a2+a3—b,2+a2+a3+a4—b

1- - -
; xg’x?, 1,1 004’1_901 )
l—2 " 1—-2 1-u

This set of solutions is valid in that part of the neighbourhood of the point (1,1,1,1)
for which

M- |> 12| > 1—mg| > |1 —ay.

8.3. THE SINGULARITY (%, %, ©, ),

Apply (7.1) to (5.7) and (6.6) after appropriate inchanges of the subscripts. This
gives the fpllowing set of solutions:

83.1) wytuyuL*.
(ag,1+aztas—b,ag;1+as—ag, 1+ ag—ay;1/xy, —01 /%y, 1/, —23/22),
832 wymw L.

(a1 +ar+as—b,ag;1+a,—az, 1 +ag—ag;1 /@y, —x;/@p, 1/ a4, —a1/004),

(8.3.3) xf’ﬂ‘“lx{@x["’sL*(azag, 1+a;+a3—b;

1+a2_a471+a/1+a’3_-a'27'a4; Y ey T s
Lo X4

1&g Iy 1 1
éEz’ %4’%1 ’
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8.34) (A—w) 2(1—ay) “L*-

.(@4,b“alﬁag’a2;1+a4_a3’l_'_az__al; 1 wl‘-l 1 WB—“I),

-, 1—2, 1~y 1—2

8.3.5) (A—m) (l—ay)BL*

2 —~1 g —~1
-(al,b-a2~—a4,a3;l+a1—a2,1+a3~a4;1lx 711 x 'y lx 713 x)}
— w2 — e Ty 4y

and

/

(8.3.6) (1—ay) = a(l—m,) (1 —1,) % cc L* (az, g, b — Gy~ 4

1—2)(1—-%3) 1-
1+a2"0«4,1+a1+a3—a2——a4;( 1 2) ! 1 1 )

A—w)A—xg)" 1—2" €,~1" 1—24

This set of solutions is valid in that part of the neighbourhood of the point
(o0, 0, w, o) for which

gl > o], el >les|, el >l lewy]>leies], -2 >1-n],
M~xy|>1—2s], [—m|>1~2| and A —m)(d—~ag)|>]|0—2)d—x3).
8.4. THE SINGULARITY (0,0, 0, »).

From (6.6), we have

(8'41) x‘l—agL*(a'laa’Z;a%;b—_a’S)1+a/3_a/4;x27 _xlyx?;/xll} —1/x4)7
and
8.4.2) x[“4L*(a2,a1,a4;b-a4,1+a4—ﬁd3;x2, —wg,xl/x4, ~1/%,),

by the use of (7.2) and (7.3) and re-labelling.
Similarly, from (6.4), we have

(8.4.3) it bg uL*.

ag, Qs, 00+ ag— b+ 10— ag, ay—b+2m5/ 0y, —22/ %y, %1/ g, %p)
and
(8.4.4) it byrul*.

'(al,a4,“2+a4“’b‘f‘l;b‘a?n%*b+2;961/904,“902/303,903/904,903)-
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Next, apply (7.2) to (8.4.1) and (8.4.3) and obtain respectively

(8.4.5) wp i lygg g ML (a;+ag—-b+ 1,05+ a,— b+ 1, ay;
as—b+ 1, 04— as+ 1@y, —xo/ %5, —63/ g, —(2Xy23) /(X2 24))
and
(8.4.6) xfs g tpg ML *(ag, 0t az—b+1,a+a,—b+1;
ag=as— 1,0, ~ b+ 1; —as/ 2y, —(®125) [(wa2y), — ¥, —25 /1) .
We thus have a set of solutions valid near the point (0,0, 0, ) when

leg| > |2z |, o>l and  |zpay| >l

8.5. THE SINGULARITY (1,1, 1, «),
Apply (7.1) to the system 8.4 and obtain the following solutions:

8.5.1) (A —uxy) =L*-

'(a1,02703}1+a1+02+a4“b,1+03*a4;1—902,9€1—1, T

8.6.2) (A—waxy) ™ ™L*-

1—=2
-(az,al,a4;1+a1+a2+a3—b,1+a4—a3;1—x2,x3—1, ! 1 >,

(8.5.3) (1—ux;) @ % %(] —q,) BL* (Gz, ag, b—ay—ay;

1"%’3 %2—1 1—901
l1+a+as+a;—b,1—a;—ay—a,+0b; 1—-%
1 2 4 3 1 2 4 1—964’1‘-.’)&'1’1—964, 14

(8.5.4) (1—mg)b m % ®m(]— x4)°“4L*<a1,a4, b—a,—ay;

1—-x ax—1 1—a
l1+atagt+az—b,1—a;—as—as+b; , ) 1-
1T Gz T a3 — 0, 17 Oz dg -2, 11— 1-%,’ 3]s
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(8.5.5) (1—ag)l =% (] — ) % % (1 —a,) “L* b—ay—ay,b—0a,—az,0;

xz“l xg“]. (131_1)(1_373)
b—a;—ay— —ag+ 11—
Ay — Qg — Ay, Ay — Ug ’ %3, 1—%3’ 1—964, (1—902)(1—904)

and

8.5.6) (A—=z)= %1 —902)”‘“1’“2_"'3”1(1 —2g) (1 —wy ) ML*-
‘lag,b—as—ay,b—~ay—ag;a3—a,—1,b—a,— az — ag;

23—1 (2~ DA ~x3) o 24— 1
1-w Q—w)d—a)  ° 7 1-w)

This set of solutions is valid near the point (1,1,1, ®) provided that

M-y > 12|, [1-ay|>1—m] and |-z —x)>[(1—2)1—23).

8.6. THE SINGULARITY (0, 0, o, o),

From (6.3) by interchanging the subscripts, we have the solutions
(8.6.1) wy My %L*-
oy, 1+a,+as—b,as;1+a;—ay,1+as—ag;1/as, =21 /%2, 1/ 24, —263/%4),
(8.6.2) wxg 2y ML*-
(ag, G+ a—b+ 1,050 — a1+ 1, 05— ag+ 1;1/ay, —2g/2s, 1/ 24, —®1/%4),
(8.6.3) g Ba;“L*-
(tg, 05+ @+ 1—b,a0;a0— s+ 1, 00— ay + 1;1/my, —201 /%4, 1/ %, —%3/ %)
and
(8.6.4) wgMa;%L*-
ag, 0 +ag—b+ 1,010 — G+ 1,0, —ap+ 1;1/ 2y, —261 /@5, 1/ 24, —003/%4) .
If we apply (7.7) to (6.7), we have
(8.6.5) wy%u BM*

-(a2+a3—b+1,a2,a3;a2—a1+1,a3—a4+1;—1/ac2,—xg/(x2x4),—1/904,901),
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while (7.6) gives

(8.6.6) wylxyByplteta-bgx.

(A+ap+as—b,ay,a3,1+a,+as—b;2+ag+as— b;2;, T/, (@1 %3) (o 24), %1/ %4) .
The above solutions are convergent near the singular point in question when

j@g| > |25 and  fmp| > fas].

8.7. THE SINGULARITY (1, ®, o0, ),

If (7.1) is applied to the system of solutions 8.6, we have

871 -y (1 —x ) =L* (al, b—a,—ay,05;

-1 -1
l+a;~as,14a3—ay4; 1 o 1 i ),

1“‘%’2, 1_372, 1—.%'4, 1—964
8.7.2) (A—u) (A —x) “L* (afz, b—a;—as,a4;

1 963-1 1 .')01—1 .
g+l e —a+ 1
Az — ay y Og — O3 ;1_x27 1'_57/'4’ 1__9047 1__x4),

(8.7.3) (A —uxp) (1 —zy) L* (a4, b—a,—ay,a9;

1 x —1 1 23— 1\
ag—as+1,a,—-a,+ 1 , , ,
+ ! -2, 1—x, 1~x2’1—x2)

8.74) (A—u) (1 —wmy) ™L* ((13, b—ay—ay,a;

ag—a4+1,a1—~a2+1 1 xl—l 1 953—1>’

’1—x27 1“'%2’ 1_x4, 1—x4

(8.7.5) (1-952)‘“1(1—x4)‘"'3M*(b—al—a4,a2,a3;a2—a1+1,a3—a4+1;

1 x5 —1 1 _.
-1 (I—a)1—ay) ay—1""
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and

8.7.6)  (1—m)P =%~ % (1 —a) (1 — 1) > K*-

b—a—asg, s, 03, b—ag— g3 b —ay—ag+1;1— 1w, ,
17~ 03,02, 03 27 Oy Ao~ Qg a1 1w (I—a)(l— ) 1—

1-x (I—-2)d-ay) 1—%)
This set of solutions is valid near the singularity (1, «, ®, ©) when

11— >1-25] and [1—ap>[1—us].

8.8. THE SINGULARITY (0,0, o, o).

From (5.7) we have
(8.8.1) x5y “K*-
(ay, 05,1+ ap+ay— b, ag; 1+ ap+ @y — ag; @1 /%y, Xa/ 3, 1/ 3, 1/24) .
From (6.6), we have
(8.8.2) a7 L* (0, 0y, 0550 — g, 1+ ag — @y ; Tg, — %y, Tg/ g, —1/ %)

Apply (5.7) twice to (6.5) with the appropriate interchange of the subscripts and
obtain the solution

(8.8.3) it Ty M M*-
| Oy + g — g, 0y, Ba; b — g, 1+ ay— Qg5 00, 8103/ %y, — %3/ %y, —1/23).
From (5.4), we have
(8.8.4) ity uL*
Uy, 0,01+ Gy — b+ 1;b—ay, ag— b+ 25w/ xg, —a/ X1, 1/ T4, 1)
From (6.6) by the two-fold applicatioh of (5.7), we have
(8.8.5) s bt lg§e by ML *-

XL L3 X1 %3
. a1+a3—b+1,a2+a4—b+1,a4;a3—b+1,a4—a3+1;x2,—x—g,—ﬂ,—m .

Apply (5.7) twice to (6.4).

(8.8.6) B pf by ML

3 X123 Lo
. ag,a1+a3—b+1,a2+a4——b—|-1;a3—a4+1,a4—b+1;—52,—x2x4,—x2, z
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This set of solutions is valid near the singular point in question when

lwg| > laes |, o] >lwe|  and  |wawy| > @ as].

8.9. THE SINGULARITY (1, 1, o, o),

Apply (7.1) to the system 8.8 and obtain

8.9.1)

(8.9.2)

{8.9.3)

8.9.4)

(8.9.5)

and

(8.9.6)

(1~ a5) 7 (1 — &) K *-

11—, 1—mx 1 1 )

'(alyaZab_a’1~a3)a4;1+a2+a4_af3;1 x "1 2 1 © ' T
Bz 4 3 Rz

(1~ ) L%

1-=
~(a1,a2,a4;1+a1+a2—a4—b,1+a3—a4;1—ac2,x1—1 -3 1 ),

’ 1"%4, x4*'1

(1 —9(:3)“4_0’3(1—x4)_a‘M*(a2+a4—a3,a1,a4;

1+a1+a2—a4—b,1+a4—a3;1‘902,

AQ=-z2)I~23) 1—x4 1
(1“%‘2)(1‘374),%4“1,%3_1 ’

(11— )P =% a1 — x4)~aﬁL*(CLz, ag,b—az—ay;

1—a3 1—2, 1—-x
1+a1+a2+a3—b,1+a1+a2+a4—b;1 3 2 ‘,1—9(;1),

—xy -1 11—,

(L= ranto=aa(] — g yu~(] ——x4)"“4L*(b —Gp— 4, b—a,—az,a,;

1-— 1- 1- 1-
b—a—a—ay, 0 a3+ 1;1—2,, 2 2 A-o) 903))

r3—1" 2 —1" (1 =) —24)

(1—2;)% %1 —_m2)b_a/1_a2_a3—1(1 — ) (1 — xy )M L*.

Nz, b—as—ay,b—a;—ag;a3—as+1,b—a;—ay—ag;

1‘903 (1“%1)(1‘.%3) - 1—932
wg—1" 1—2)A—wy)’ 25 -1/
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These solutions are valid near the singular point (1,1, , ©) when

M-z > ~ag], [1—ai>1—2] and |[A—2)1 -2 >0 —2)10—25).

8.10. THE SINGULARITY (0, o, 0, o).

If (7.4) is applied successively to (6.3), we have
®10.1)  xyhp L
(@, tag+1—baz;a,—ap+1,a,—as+ 1;1 /2, ~ay /5, 1/ 4, —x3/4),
.(8.10.2) R x; ML
(g, 0+ s = b+ 104500~ 0+ 1,0~ a3+ ;1 /05, —003 /05, 1/ 4, — )/ 204),
©.10.3)  wgBusL*
(g, 0z +ag—b+1, 00—+ 1, 05—y + 1;1/24, —21/ 24,1/ 25, —03/ %)
and
(8.10.4) g My ®=L*-
ag o +az~b+1aas—ag+1,a1—ag+ 1;1/2y, —21 /@y, 1/ 24, — 25/ ,) .

Two further independent solutions may be obtained from (6.5) by the application of
(7.2). These are

®.10.5)  x5mwpiM*-
X
'(a1+a4—b+1,a1,a4;a1—a2+ 1,@4‘&3“‘1;“1/%2,'&:"2_;:, —1/504, -xg)

and

(8.10.6) @y %a, % M*-
X,
'<a2+a3fb+l,az,as;az~a1+1,aa~a4+1;—1/902, ~-5;2§74,—1/x4,—x1>-

This system of solutions is valid throughout the whole neighbourhood of the singular
point (0, 5,0, o).
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8.11. THE SINGULARITY (1, =, 1, ).
Apply (7.1) to all of the members of 8.10.
(8.11.1) (A —x) (1 — i) %L*-

b : +1 Lt 1z 1 1-a
01,0 — 02— Qy,03;03 aa’2 » O3 = Gy » l_wz; x2_17 1_x47 x4___1 ’

8.11.2) (A —w) (1 —a,) “L*-

1 1"‘%'3 1 1—x1
'(aZ:b—al_—a’3ya4;a’2_al+17(1’4_a3+1; 1“‘.’1}2’ Q’)g—l, 1—&74, x4_1 y

(8.11.3) (A —wp) (1 —wy) ML*-

i 1 1—u 1 1—a
(a47b_a1—a’3ya’2ya’4 a'3+11a’2 CL1+1, 1“%’4, x4_17 1_x2> xz—l)’

(8.11.4) (A —wx) (1 —ay) BL*-

. . 1 l—xl 1 1“%‘3
(ag,b g — Oy, Q1,03 a’4+1’a1 a'2+1’1_m2’x2—-1’1—&74,%2“1),

(8.11.5) (A —ap) ™ (1 —ay) " “M*-

1—2
-(b—az~a3,a2,a4;a1—ae+,1,a4—a3+1; 1 - 1 1)

w1 A—w)@—1) @12
and

B.1L6) (1 —2,)"%(1 —x,) % M*-

1—2
-(b—a1~a3,a1,a3;a2—a1+l,ag—a4+1; 1 3 1 1).

T 1" A=)y —1) ag—1""17

As in the previous case, this family of solutions converges throughout the whole of
the neighbourhood of the associated singular point with the obvious proviso that the
radii of convergence are not exceeded.

8.12. THE SINGULARITY (0,0,1,1).

From (6.3), by means of (7.5) and interchanging the subseripts as require, we
have

(8.12.1) a%gpftabtlgpse] k.

® X Lo %
-(1+a2+a4—b,1+a1+a3—b,a3;2+a2~b,a2—a3+l;ocl,——g-g—;—,x—:,—xfx;>.



334 HARrROLD EXTON: On a hypergeometric function of four variables, etc.

Similarly, by the twofold application of (7.5) to (6.3) and (6.4), we obtain

(8.12.2)  gfetl bpgs g n *.

x Xo x
-(ag,1+a1+a3-—b,1+a2+a4~b;1+a3—a,1,b——a2—2 2 e 1)

’@’_%1%’%1’ A
and

(8.12.3) afetlTipp-mprnl .

X, @ KXol
-(1+a2+a4—b,1+a1+a3—b,a3;2+a2~b,1+a3—a2;x1,— L2 2 4>.

Ty X' XX

The following three solutions may be obtained from the above by the application of
(7.1) with appropriate interchanging of the subscripts:

(8.12.4) (—a)) (1 —a) (1 —ax,)° % BL* (b— Oy — g, b—0ay—ay,0;;

b—a;—as—ag+1,a,—a,+1;1—xs,

1“%3 1—904 (1_3'/'2)(1'_.%'4)
=17 1= I—a)1~x3) )’

(8.12.5) (1 —2,) (1 —ag)P ™% 0(] — g, ) ML * (al, b—a,—ay,b—a,—as;

1+a1—a3,a1+a2+a3+1—b

'1"%4 (1"‘%2)(1_554) l_x 1—$3
1w A—z)A—x)’ O 1-xy

and

(8.12.6) (1—a) (1l —mwg) @ % B(1—g,)% “L* (b —a;—a3,b—ay— a4, 0;

1—23 1—z (1—a)1—24)
b—ai—as—az+1,a;,—as+1;1 -2, 2 ! 2 4 >

=1 1—2 A—a)1—a3)

This set of solutions is valid in that part of the neighbourhood of the singular point
0,0,1,1) for which

lea| > ||, |21 2s] > |wams], |1—24] >[1—1s] and (A= 21— 25)] > [(1— 2)(1— 2.

8.13. THE SINGULARITY (0,0,0,1).

A fundamental set of integrals associated with this singular point may be con-
structed by taking (8.1.2), (8.1.3), (8.4.4), (8.12.1), (8.12.2) and (8.12.3) with appro-
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priate changes of the subscripts. We then have
813.1) wltete-bgregoeps.

Ly X1%3 901)
P )

-(1+a1+a3—b,a3,a2,1+a2+a4—b;2+a2+a3—b;x1, T ks T

(8.13.2)  ag i tlg M.

Lg Lo Ty
’ T4 ’ 24 » L2, X s

-<1+a2+a4—b,a3,1+a1+a3—b;1+a3—a4,a3—b+2

(8.13.3) 9031+“4_bx4_“4L*-
(w, 04,00+ as—b+1;0—as,as— b+ 2,2,/ q, — 22/ 25, %3/ %4, %o, —%1/ %),
(8.13.4) wgBapfat®mTbtlpral ®.

Ty Wy Eyd)
X3 @y’ &ply )’

-(1+a1+a3—b,1+0L2+a4—b,a4;2+a3~b,a3—a4—1;x2,—-

(8.13.5) wftl byl g o] .

/

» x 10 X
( Hl+ata,—b1+a;+a3—bl+as—ag,b—a3—2 3 1%3 _2)

y =, T X
}x47 x2x4) 29%-3
and

(8.18.6) afetl by oy ol %,

% @ wm)
T3’ Xy’ Xy )

-<1+a1+a3—b,1+a2+a4—b,a4;2+a3—b,1+a4—a3;x2,—

This system of integrals is valid in that portion of the neighbourhood of the singu-
lar point in question for which

lwg| > lag | >[2; | and  [apuy| > |2 5]

8.14. THE SINGULARITY (1,1,1,0).

Apply (7.1) to the members of 8.18.
(8.14.1) (1= )P 7% (1 —my) (1 — 2y ) = K*|b— Ao—Qy, 03,0, 0—0a;—ag;

1"%1 (1—-901)(1—903) 1'—-7;1
-2y A—w)A—ag) 1=y )’

b-—a,l—a4+1;1—x1,
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(8.14.2) (1 —ap)t~a=% (1 —g,) % Y * (b —ay—ag, 05, b— g — a;

1+az—ag,b—ay~ag—ay+1; ——, ——,1—,,

1—x3 1"‘%2 1"‘%1
’1"‘%4’%4_1, >

(8.14.3) (1 —m5)P @~ %~ (] — )" “L* (al,%, b—a;—ag;

1—x, 1—a, 1—ug
l1+a,tas+a,—b,b—a;—aa—ag+1; 1—x
1 2 4 1] 1 2 3 71_9047%3_1:1_%4’ 3|

(8.14.4) (1—wx3) (1~ 2" %(1 —-x4)"“4L*(b-— Oy — Gy, b0—ay—ag, 0y;

b—al_azg_'a/4+ 1,013"‘0/4—1;1—'932,

1—0(:2 1"—%1 (1'—%1)(1‘“%3)
903—1’ 1“904’ (A —a)(1—24) ’

(8.14.5) (1 - xg)b—al—a?—a"(l - xg)%_a@(l - .’)(:4)_‘“L* (a4, b - al - a/3, b - az - a/4;

1+a4_a2,a1+a2+a4—b+1;

1—2g (I—a)(d—a3) e 1-a,
1—z) A—a)d-x) "2 1-a,

and

(8.14.6) (1 — ) M™% 0(] — )~ % (1 — gy ) ™L* (b — 05— @y, b—a;— a5, 04,

1- 1-— 1-2)0—x
b—a;—ap—ag+1,1+a,—ag;1— o, T2 zy 1 3)>,

23—1" 1=y (1—2)(1—ay)

This system of solutions is valid near the point (1,1,1,0) when

- > 1~ >1—2| and [(1—2)A—a)| > |1 —x)A—23)].

8.15. THE SINGULARITY (0,1,0, 1).

By appropriate interchanging of the subscripts in (8.6.6), we have

(8.15.1) wyRa; Bl TRt IK*.

Ty L%z Iy
. 1+a,2+a4—b,a2,a3,1+a1+a3—-b;2+a2+a3—b;.’)61,x—z, 902904’50_4_ ,
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(8.15.2) xi%myugitRtubRk.

&L X1y *Ag
-(1+a2+a4—b,a4,a1,1+a1+a3——b;2+a2+a1—b;x3, 3 ——),

x_4’ Lolky’' Xy

(8.15.8) wiBag eyl tuta bRk,
"/U_4’ Lo Xy’ X

X Xydz Xy
‘l+a +tag—b,a3,0:, 1 +ag+a,—b;2+a; +ay—b;u,, —

and

(8.15.4) xz_alﬂC[a4x§+al+“3—bK*_

Xy Lydg &
'<1+a1+a3—b,a1,a4,1+a2+a4-—b;2+a1+a4—b;x3, 3 S _1)

g7 Wy’ g
Apply (7.1) to (8.13.1) and interchange the subscripts as required.

8.15.5) (A —2) ™1 -2, Yo-m—ay ) S K-

' 1-2 (A-x)A-%y) 11—z
-<b~—a2—a4,a3,a4,b—al—ag;b—ag—a4+1;1—x2, 1—‘96‘2’ (l—x?)(l—ac:)’ 1_90?

and

8.15.6) (A—w2) ™ (1—a5) %(1—ux,) =" “LK*.

- 1-2,)A—z 1—
'(b"az_%,auaz,b—a1‘a3;b—a2—a4+1;1—x4, 2y (- 21— xy) 904).

1-2,” A—ap)d—m3) " 1—25

The above set of solutions is valid for the whole neighbourhood of the singular point
0,1,0,1).

8.16. THE SINGULARITY (0,1, 0, ).

From (8.1.2) by appropriately interchanging the subscripts, we have

(8.16.1) xy %y lpltata-bRx.

Ly WLy Ay
-(1+a,2+a4~b,a2,a3,1+a1+a3—b;2+a1+a4—b;901,x—z, x2x4,5;4'>,

8.16.2) x[a4x2‘a1x31+az+a4—bK* .

X3 Xy%g X
-(1+a2+a4—b,a4,a1,1+a1+a3—b;2+a1+a4—b;x3, 3 18 —3>,

-9(74—’ XoXy’ 2o
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(8.16.3) xypy eyl TutuBTIKx.

. Xy X%y X
<1+a1+a3“b,a3,a2,1+a2+a4‘b,2+az+a3—b,x1,x_4, x2x4,‘x‘;

and

(8.16.4) g Ma Mgl tutBTIKE.

Xg X%y X
'(1+a1+a,3—b,a1,a4,l+a2+a4—b;2+a2+a3——b;x3,x—g, el “_1>.
2

oy’ X4

Now apply (7.1) to (8.8.5) and (8.8.6) and obtain respectively

(8.16.5) (1 —mwy)? % 0(1 — )™~ %(1 - 904)‘“4L*(b— Oy — Oy, b—a;—az,0y;

\

1- 1-— 1—2)1—x
b—a—ay—ay,as—as+ ;1 -5, e 7 1) 3)>

3—17 xg~1" (1 —m)A —x4)
and

(8.16.6) (1—uaxy)= %(1—- acz)b‘“l“"’z"“rl(l —2y) (1 —ay )M L*
|ag,b—ag—ag,b—a;—ag;03—as— 1,0 —a;—az — ay;

1"%3 (1"%1)(1_.’53) o — 1-—902
-1 (I—a)1—)" " -1

This system of integrals is valid in that part of the neighbourhood of the singular
point (0, 1, 0, ») for which

|(1—x2)(1—x4)| > ‘(1—901)(1—x3>l .

8.17. THE SINGULARITY (1,0, 1, «).

Apply (7.1) to all the members of 8.16.

(8.17.1) (A —z)° 9 % (1 —1my) (1 —xy) " K* (b — a0y, 0o, g, b — Qg — ay;

. 1—.701 (1—%‘1)(1—963) 1—961
b_a’Z_a’3+171—x17 1_002: (1—902)(1—904)’ 1_x4 s
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(8.17.2) (1—wp)2(l—ag) 4 ®(1—g,) “K* <b — O~ Qg, 0,0y, 0— 0y — 0Qy;

1- 1—2))1—-x) 1-—2
b—az—a3+1;1_x3, T3 ( L 2 3),

1—z A—a)A—xy) " 12,

(817.3) (A—m) % %(1—ax) 2(1—u,) ®K* <b~ (g — Oy, O3, Bo, b — ay — a3

-2 Q—2)d-23) 1-x;
b—al—a4+l’1—-x1’1"‘%4’(1“%2)(1"%4),l_xz b

(8.17.4) (1—x)u (1 ~a3) %2 U (1l —x,) “K* (b —Qo—Qy,0,04,b—0a;— az;

1- 1—2)1—x) 1-
b_al_a/4+1;1_x3., xs ( 1)( 3) wl),

1—a” (I—w)1—2g) 1—24

(8.17.5) a1 bplemmy o] ®.

-<1+a1+a3—b,1+a2+a4—b,a4;1+a3—b,a4—a3+1;x2,——Eg,—x—d,—x2x4

Lg €3 L1 23 >
and

(8176) x{l3_a4 xg4-bx3_03 x;%L* .

23 X1 X3 Lo
-(ag,1+a1+a3—b,1+a2+a4—b;a3—a4-1,1+a2—b;—acz,—m,—xz, oy

This system is valid near the point (1,0, 1, ) for which

@y g | > |21 5] .

8.18. THE SINGULARITY (0, ©, 1, =),
From (8.10.1) to (8.10.4) and (8.10.6), we have
(8.18.1)  wmy M, 2L*-
(y, 0 tas+1—b,as;a,—az+1,a5—a,+1;1 /25, —26; /20, 1/ %4, —25/24),
(8.18.2)  xy 2 ML*-

(@, 0+ as+1=b,ay;00—a+ 1,0 —az+1;1/ap, =03/, 1/ 0y, —21/24),
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(8.18.3) wpBxyML*-

(g, 0+ a4+ 1=b,az;a5—az+ a5 —ay+ ;1 /2y, —a, /24, 1/ 25, —x3/%,),
(8.18.4) wyMxy®=L*-

“(ag, 0 +az+1—b,a;;a3—ay+ 1,0~ ag+1;1/y, —21 /25, 1/ 204, — 23/ 4)
and
8.18.5) w5 % M*-

(ag+ag+1—=b,az,a3;05— a1+ 1,a5—ag+ 1;=1/wy, —23(axs), =1/ 24, =)

This set of integrals is completed by applying (7.1) to (8.10.5).
8.18.6) (1—a) (1 —uy) “M*-

1 -1 1 .
=1 (I—a)A—wy) a—1"""

Ab—as—as,a;,04,0,—az+ 1, 04— a3+ 1; 11.

This system of integrals is valid throughout the whole of the neighbourhood of the

singular point in question.

8.19. THE SINGULARITY (0,0, 1, «),
From (8.8.2) and (8.8.4), we have
(8.19.1) 7 L*(ay, 00,050 — ag, 1 + 05— ay; %5, —2y, B3/ 2y, —1/%,)
and
(8.19.2) xitm by L *.
“(@g,03,0,+a3—b+1;b—ay,a5— b+ 223/ s, —a/ X1, 1/ %4,%1).

From (8.8.5) and (8.8.6) with the appropriate interchanging of the subscripts, we
obtain

(8.19.3) wgtu bpfa w4l (1 +a +as—b,1+as+a,—b,ay;
1+as—b,as—as+ 120, —22/ %5, —23/ %4, —201 X3 /(X2 24))
(8.19.4) afp %pltu Oty L (a3, 14+ a1 +as—b,1+az+a,—b;
a3 — g+ 1,1+ ap — by —s/ 00y, —2, 83/ (03%04), %2, —22/ %),
(8.19.5) xp~Ugpltu-byrwL*(1+a,+az—b,1+ a3+ a,—b,as;

1+ ay — b, ay — (1/3+ 1;%2, —962/901, -901/x4, "%1%'3/(%’2.%'4))
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and
(8.19.6) xyMal Buf By BL* (ay, 1+ agtay—b,1+a,+a3—b;
a—ag+1,1+a,—b;—x, /@4, —223/(Xa04), — %y, — X2/ %3) .

‘This set of integrals is valid in the neighbourhood of the point (0,0, 1, <) when
|y [ > |wp | and |wp, | > fay 25 .

8.20. THE SINGULARITY (1,1, 0, o).
Apply (7.1) to the members of 9.19.
(8.20.1) (A —ua,) ®L*-

1—963 1
. al,ag,a3;1+a1+az+a4—b,1+a/3“a4;1—x2,x1-1, y T
1‘%4 964‘—1

(8.20.2) (1 —mp)P ™ %2 %(] —p,) B L* <a2, as,b—ay —.a4;

l1+a,+as+a;—b,b—ai—a,—a,+1; l—x
1 2 3 ) 1 2 4 ’1—964’&71—'1, 1_934, 1

b

1-2 1—a, 1—u \
/

(8.20.8) (1 —ay)P ™70 (] — g )%~ %(1 — m,) " L* (b —Qy—ay,b—a;—az,a,;

1- 1- 1-2)0 -
b-ay—ay—ay,a5— a3+ 11 -2, 2 7 (- n)X x‘g’)),

3—1" w17 (1 —2)A — 1)

(8.20.4) (L —a;)= (1 — )0~ =% (1 — g )~ (1 — g, )" L*-

|, b—ag—ag,b—ay—ag;a3—as+1,0—a; — a5 — ay;

1"‘373 (l_wl)(l_xg) 2o —1 1"%'2
=1 A—w)1l—2)  ° =1

(8.20.5) (1 —y)% (1 —ap)0 "% (1 —,)"SL*|b—ay—a,, b—a, — dg, dg;

b—a1~a2—a,3,(l4—a3+1;1—962,1_902 l—xl (l—xl)(l——xa))

=17 24— 1" (1—a)(1—2y)
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and

(8.20.6) (1 —ux)%(1 — Tl AT (] e yTE T A (] — g, YT L E.
lag,b—a;—ag,b—ag—ag;a,—az+1,b— a0y — 03— ay;

1“901 (1_961)(1—933) Lo — 1—96'2
@—1" A—a)l—w)  ° 7 as—1)

This set of integrals is valid near the singular point (1,1, 0, ») provided that
M~ | >1~2s] and (1 —x)(1—)| > |1 — )1 —23)|.

8.21. THE SINGULARITY (0,1, o, o),
From (8.6.6) we have
(8.21.1) g %x lpitRTuTb K.

Xy XyXg &
-(1+ag+a4—b,a2,a3,1+a1+a3—b;2+a2+a3—b;x1,x—;, 13 —l)

Lo kg’ X4

From (8.7.6) by interchanging the subscripts, we obtain

(8.21.2) (1 — xz)b—lh“az(l - %1)_%(1 - xg)"“3K* b— a4y — g, Uy, A3, b— Ao — Ay

bmt= Gt L1870 T A=) 1=

1“%2 (1—902)(1—934) 1“%2)
From (8.8.1), (8.9.1), (8.15.3) and (8.15.5), we have

% 1 1)

—8p 0 — 0y JT% — : — Qe — —_—
(8.21.3) 25 2y 4K (al,a2,1+a2+a4 b,as;1+a,+ay U 70 Ta T 904)’

8.21.4) (A —w3) ™ 2(1—uxy) “K*:

b : 1+ao+ . 1-2 1—m 1 1
1, Uz, a1~ U3, Oy Qg T Oy — U3 1—&'}4’ ]_—963’ 1—:)(:3’ 1_374 s
(8.21.5) xz—a@m[%xllJr“l‘*’afs‘bK*_

Ty T1dg I
4 1+a1+a3-b,ag,az,1+a2+a4-—b,2+a2+a3—b,x1,561, 902374’@
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and
(8.21.6) (1—) (1 —2) 21 —a3) BK*|b—ay—ay, 03,0, 0—a; — ag;

h— L1:1— 1-w, (1—w)1-2y) 1-uy
Qo — Qg T 1 L9, l—xg’ (1~901)(1-—.')03)’ 1- 2, .

This system of integrals is valid in that part of the neighbourhood of the singular
point (0, 1, », ») for which

lwoxy| > |mi2s|  and (1 —2)(A —25)| > (1 —ax)(1 —2y))] .
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