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A Generalization of a Theorem by C. Miranda (*) (**).

FiLipro CHIARENZA - MICHELANGELO FRANCIOSI

Summary. — In this paper we study the well-posedness of the Dirichlet problem for an elliptic
non diwergence form second order equation. The coefficients are not assumed to be conti-
nuous but their derivatives are supposed to belong to a suitable Morrey space hence generali-
zing a classical result by C. Miranda.

Introduction.

In this paper we consider the uniformly elliptic equation in non divergence
form

n

(0) LuEijE-‘I a’ij(x)u'xixj =f
in Q, a bounded open set of R".

We look for strong solutions of the Dirichlet problem, i.e. solutions from class
W22(Q) nW2(Q) (for precise statement see Section 2).

As it is well known (see [8]) the assumption a;; € W " gives the wellposedness of
the Dirichlet problem for equation (0) with fe L2

This is an optimal result among the L? spaces because for a;; € W'"™* (¢ > 0), the-
re are examples showing the non uniqueness of the solution. An improvement of the
Miranda’s classical result has been given in [1] assuming the (@), , %, j,s =1,...,7in
the weak L" space with an additional smallness condition for the weak norm of the
coefficients. Our result is along the same line but with a different scale of
spaces.

More precisely, assuming that (a;),,, ¢, 7,8 =1, ..., n, belong to VL#"~% p>1,
a convenient subspace of the classical Morrey space L% " % (for the definition see

(*) Entrata in Redazione il 4 settembre 1989.

Indirizzo degli AA.: F. CHIARENZA: Dipartimento di Matematica, Universita di Messina, Ita-
ly; M. FrRANcIOSE: Istituto di Matematica, Universitd di Salerno, Italy.

(**) This work was partly financially supported by a national project of the Italian Ministero
della Pubblica Istruzione and by G.N.A.F.A.-C.N.R.



286 FILipPo CHIARENZA - MICHELANGELO FRANCIOSL: A generalization, etc.

Section 1) we prove an existence and uniqueness result for the Dirichlet problem (Th.
2.1).

The belonging of (a;;),, to VL®* "% does neither imply the continuity of the coef-
ficients a;;, nor the fact that their derivatives are in the weak L" (or a fortiori in L")
as shown in Example 2.1.

Our result rests on some imbedding theorems proved by C. FEFFERMAN in [5] (see
also [2], [3], [9]). These are recalled with some consequences and remarks in Section 1.
In Section 2 and 4 we study the nondivergence equation (0) proving our main result,
while in Section 3 we give some auxiliary results concerning a related divergence
form equation.

We wish to express our gratitude to Professor F. GUGLIELMINO for many helpful
comments and suggestions.

1. — Some function spaces.

Let 2 be a bounded open subset of R” such that
|‘Q(x7 7')‘ = |{y € Q: ]x-y[ <7’} = Ap" (1)

for r € 10, &[, where ¢ is the diameter of Q and A some positive constant independent of
7 and x.
For x€]0,n], 1<sp<+ o we set

1 1/p
(LD I, = sup | = f |u(y)l”'dy} :

rell, & Q,

The subspace of function in LP such that (1.1) is finite in the Morrey space
LP*(Q).
For re 10, 8] we set

.2 swp L [ty =)

zeQ o
pelo,l " Qx,p)

and we say that u € VL»*(Q) if lin}] n(r) = 0. We will refer to n(») in (1.2) as the VL?*
modulus of . ~
Similarly, for « € L?(Q), we set

lslup JIu(w)lpdw =P (o).

\E
EcQ

® If E cR" is Lebesgue measurable we set |E| for its Lebesgue measure.
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Clearly (o) is a decreasing function in ]0, |2|] such that hm w(c) = (. We will refer
to w(s) as the AC modulus of |ulP.

We will need for further developments some properties of VL?*(2) which we sta-
te in the following lemmas.

LEMMA 1.1. — Given fe VLP*(Q) and >0 there exist two functions fi, f such
that

F=fith; LeL*@; Wil <e.

PROOF. — Let 7 such that »(r) <(c/2)". Letting A, = {x € Q: |f(x)| >k} we
have

Jim [ | f@)pde=0

Ag

and then we can find K > 0 such that
[1r@irds<(£)7.
Az

Now let fi = fxag, fo =f—fi, where ya is the characteristic function of Ag. Ob-
viously f; € L*(Q) and || f;|l. < K. Moreover

1/p 1/p
Ssup{ flfl(y)l”dy} +

+€]0,7] ¢ Q(x,0)

/p ip
+Sup{ flfl(y)!f’dy} —+{ j!fl(y)lpdy} <e.

0 €10, f Az, 0)

Ifillp, = sup{ll J || dy

xeQ
celrd| = 2,0

LEMMA 1.2, — Let fe VL (@) (). Then lim [|f@~y) = @)y, = 0.
Y—

Proor. — We have, for #€]0, 4],

I f@—y)—f@lp, = sup f [flx—y) —fl)lPde <

re]O E [)(z 7)

< sup J | fle —y) — f(x)lpdxﬂ“—j\f(x y) —f@)Pd.

Z2€Q
rel0, 7 Q(z )

(®) We extend f to R” setting fix) =0 for x e R"\ Q.
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The first term on the right hand side can be made small by the assumption and the
second is small, by the continuity of translation in L?, if we take |y| small.

By this lemma and a known result (see [12]) we have that if f belongs to VL (Q),
the usual mollifiers converge to f in the L™” norm. In other words, given any fe
e VLP*(Q) with VL”* modulus »(r), it is possible to find a family of C” functions
{f1}n>0 converging to f in L”* and with their VL?* moduli ;, () < n(¥).

The following theorems firstly proved by C. FEFFERMAN, is well known.

THEOREM 1.1 ([5],[2], [8]). — Let v e L~ (Q) for some p such that n/2=p > 1.
Then, for any u € C§ (Q),

[ @) vt de < Colol - [ IDu) Pz,
Q Q

where Cy s a positive constant depending on n and p only (see[3]).
From Theorem 1.1 and Lemma 1.1 we deduce

THEOREM 1.2. ~ Let n/2=p>1, v € VL®" " #(Q) with VL*"~% modulus n and
AC modulus of w|® w. Then, for any ¢>0, it exists K(c)>0 such that

1.3) [ @)vi) do < diDulf+ Kl
o

for all weCy Q).
Here K(c) is a positive constant depending on ¢, p, n, n and o.

PROOF. — We use Lemma 1.1 with x =n — 2p, f = v% Keeping the notation of that
lemma we have, for any >0

fuz @) v¥(x)de = fuz(ac)[(vz)l + %), ldx < Csf |Du|? da +Kju2dx ,
Q Q Q Q

for any u € Cq (Q).

REMARK 1.1. - We explicitely observe that the conclusions of Theorems 1.1 and 1.2
remain true for u € Wi2(Q). We will now briefly discuss, for later use, the validity of
Theorem 1.2 in the case € W2(Q). If 82 is smooth, say C', extending by reflection
both v and #, it is possible to produce extensions ¥ and: % of v and u defined in some
open set O, Qcc Q, belonging to VL% "% (3) and W§Z(Q) respectively. In particular
it is easy to see that the norms of ¥ and #% in the relevant spaces are still controlled by
the correspondent norms of v and w.

From this facts it clearly follows that

(1.3) holds true for ue Wh2(Q) if 8Q is C.

Finally we notice that by the remarks foﬂowing Lemma 1.2 and well known facts
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about convolutions, given any function v in L%~ %, it is possible to find a family of
C~ functions {f} },~¢, converging to f in L% "~ %, for which (1.8) holds with a con-
stant K(¢) independent of 4.

2. — An elliptic equation in nondivergence form.

In Q, a bounded open‘ set R", we consider
aij(x)ELm(-Q); ai]-(x)=aji(oc), i,j=1,...,n,

2.1 n
@1 lele‘ZIaij(x)EiEj, a.e. in Q, VEeR"
ij=

where v>{ is a positive constant,
We consider in Q the elliptic equation

. om
Lu= - ) E ) a’ij(x)ux,-xj =f
L) =

and the associated Dirichlet problem

Lu=f,

2.2) .
weW22(Q) AWEE(Q), felL?@Q).

We will prove the following

THEOREM 2.1. — Let 2 as above and assume its boundary 3Q to be locally the graph
of a C? function. Assume (2.1) and

@.3) (@ij)e, € VL% (Q) ()

for some 1<p<n/2 and any s=1, ..., n. Then, for any f € L*(Q), problem (2.2) has
a unique solution. Moreover

2.4) llullyre2 0y < Kl f llz2 )

holds, with a positive constant K independent of f.

Before proving Theorem 2.1 we wish to show by an example how it is related to
the existing literature.

. (®) Here and in the following the derivatives are taken in the D'(Q) sense.
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Precisely we have:

EXAMPLE 2.1. — Let n=4, 2=B(0,1/2), x =(2,,...,2,) € Q
1 ifi=j=1,
a;(x) = . 3 2, 9 o e
8; (2 +sin |log wf +af +2$)|) if (4,7)# (1, 1),

with « €10, 2/3[. Then we have‘
(aij)ms € VL3,n—3(Q)’ (aji>xs ¢ Ln—e(.Q)

for s=1,...,n, j=1,...,m, i=1,...,n, 0<e<l,

This in turn implies that (a;;),, doesn’t belong to the space weak-L"(Q). Moreover
a;;(®), 122, is not continuous in Q.

We can conclude that the results in [8] and [1] as well as the classical results con-
cerning continuous coefficients cannot be applied to solve the Dirichlet problem (2.2)
with these coefficients. On the contrary the coefficients a;;(x) fall in the scope of
Theorem 2.1. We now turn to the preliminaries of the proof of Theorem 2.1.

To begin with we observe that by Lemma 1.2 and the following remarks we can
mollify the coefficients a,; as well as the known term fin the equation Lu = f and then
assume them smooth, say C%(Q).

By standard arguments (see [8]) the conclusion of Theorem 2.1 will follow by an
existence and uniqueness result for a relected divergence form equation and by bound
(2.4) whose proof will be given in Section 4.

3. — A related divergence form equation.

We consider in 2, bounded open subset of R" the differential operator
K3

n
Lu=— 2 (@;Ug)y,+ ‘21 b;uy,
2

tj=1
where

a;(@el”@), a;@=a;@®, 4,j=1,..,n,
3.1)

n
S X a5,
3,5=1
a.e. in Q, for every £e R", and v is a positive constant,;
3.2) b, e VL" =% ()

for i=1,...,n and some 1<p<n/2.
First we want to prove the following lemma which will be useful in the
following.
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LEMMA 3.1. - Let f belong to VL?*{Q) with 1<p<+ o, 0<)i<n. Then Ye>0
3:<0: EcQ, |E| <a:!|fxE”p’,\<€.

PROOF. — Let 7> 0 be such that, 5(7) < (¢/2)F, where 7 is the VL”* modulus of .
From the absolute continuity of the integral, we obtain ¢>0 such that

Eca, ;E¢<c=>j|f|pdx<(§)”w.
E
We have

i/p
1

sl = sup [—; | |fxE4pdy} <
eQ r

®
7 €]0, o O, )

1 1/p 1
< swp | = | fpPdy| + swp | f
O<zeQl| 7 zeQ r

r<7r<é r<r<é Oz, 7)

p
| foe 1P dyJ =

£ 1 Y
s§+{%flftpdy} <ce.
E

For any fe W' (Q), where W~1(Q) is the dual space of Wi2(Q), we consider the
Dirichlet problem

Lu=f inQ,

3.3
@3 e We?@).

For any solution of problem (3.3) we prove the following

THEOREM 3.1. — Let u be a solution of problem (3.3) and assume (3.1) and (3.2).
Then

w20y < K| fllw-1 o),
with the constant K depending only on n, v, p, the VL "~ 2 modulus of continuity of

n \1/2
|b| = (2 bf) and the AC modulus of |b.

PROOF. - For any nonnegative real number K;, we set Qg ={wre:
u= K, [Du| >0}, M,(K,) = c(}/zliIbleKI{E,{,zn-zpv“l, where ¢, is from Theorem 1.1.

The function M; (K, ) is nonincreasing for K; = 0 and tends to zero at the infinity.
Let us prove that it is also continuous. In fact we prove that

lim {[lblxa,.., | = bz, = 0,
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for any nonnegative real number K. We note that

|18l | = 111, 1] < WblCea., ~ 22, lzp, -2
and for any >0, by Lemma 3.1, there exists >0 such that
Qgan—Qxl <8,  |Qx—Qgen] <8,
implies ’
1116] lxay., = XQKH|2p,n—2p <e.

If M,(0)<1/2 we set K; = 0, otherwise we select K, such that M, (K;) =1/2. If
K,>0, for any Kel0,Kif we set Qg ={recQK<u<kK}, MK;)=
= 00/2|| |0l |B4% ~ 2o v, Again, if M, (0) < 1/2 we take K, = 0, on the contrary we se-
lect K, such that Mj(K;) =1/2. Repeating this process we show that there

exists
1/2 -1 1/4p
t<14+ —— f |b|* d
7,.n/410 1/2

such that K, = 0, where 7: n(7) < (*/16¢,)"% and  is the VL "~ % modulus of conti-
nuity of |b|.
In fact if M;(0) <1/2 we have ¢ =1, otherwise 3m >1, m € N: M;(K;) = 1/2Vie

e{l,...,m} and m/2=c}/?y? 2 IBlay, [By% - 25 - Let us fix then 7: (HE)V? <

<v/4c}/®. We have
1/4p 1/4p
f 161 10 dy} +[_n = Jlb\zpdy}

[)(x 7) g

0<r<r

161y, Bp2 ~2p < sup [
and then

< 1/2 m ” 1/4p
igl |Hb‘xslen73 n— 2p\m(7](7")) [+ 7 2p)/411 g ( j'bl pdx) =

1/4p
< Y J' b*d .
1’)@46&/2 + n/4;n 1/2 ‘ | i

From this we obtain

cd/?

m=4
v "n/4p 1/2

1/4p
f |b|2pdx) .

We consider Ky, ..., K; and set u; = (u— K;)" = max (u— K, 0). Since u is a sol-
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ution of problem (3.3) we have

f( > iU, (U1 )g, — 21 bz‘uxiul) de = (fyu, ),

=
Q J=

from which using (3.1), (3.2) and Theorem 1.1

1/2 1/2
o[ 1w P < s il + | | |b|2u%dx> ( J |Du1|2dx) <
Q

Q \Q
<1 ol + €8/ bl -2 J Dy P dic.

Remembering that M; (K;) = ¢f/?||blxq, B2 —2,v™" = 1/2, we deduce
éW%ﬂ@SWW%W

Now for any qe {2, ...,t} we set in Q
Uy =10 if u<K,,
Uy =u—K, tK,su<Kg.q,
uq=Kq_1—Kq ifu?Kq_l

For any ge {2,...,{} we have

f( 2 a’z]uw (’I/L ) 21 biuxiuq> d.%'= <f7uq>

Q=
a WJ=

q
Qf by U,y dit = }21 f by (s, ) 1 dit

Oy,

and then

q 2
<)+ 32 [ b, do

Qg

Lj( JZ U, (W, )mzdx)

from which

o[ D2 < s bt + 372 g, % 1o+

2, _ zp( f|Duh|2dm>1/2< fiDuqlzdx)w‘

Q Q

vell2'S bl
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Then
g—1

v

EHuq“W"z(ﬂ) <[lflw-@+ %hgl lfean b2
and

24
ety 20 < -1 f w0

for any ¢=1,2,...,t The theorem is then proved if we notice that o™ e <

< hEI ller [lwi.2qy and use a similar argument for %~ = min (x, 0).
Now we define for u,v e WH2(Q) the bilinear form

B(u,v)=f(_21aijuxivxj— > bu,v|de.
g ?

4= i=1

Using Theorem 1.1 we deduce immediately that this form is continuous. Moreover
we have

LEMMA 3.2. — There exists a positive constant y such that
Blu, u) = < [ulfrizo — vlulf,
for any u € WE2(Q).

PROOF. — For any u € W32(Q) we have

n
j 2 . Qi Uy, U, A —f
Q

n
| 4 E biuﬁiu
L,J= i=1

Q

dx < B(u, u).

Then, by (3.1), for any >0

1
Aol < Shlfs + 5 [ bPutde + B, w),
Q

and using Theorem 1.2 the conclusion follows choosing ¢ properly.
By Fredholm alternative, using Theorem 3.1 and Lemma 3.2 the next theorem
follows.

THEOREM 3.2. — If (3.1) and (3.2) hold, then there exists an unique solution of pro-
blem (3.3). Moreover the following bound holds

letllwre) < Kl f w2,
with K a positive constant depending only on v, n(r), w(a), ¢y, n, p where n(r) is the

" 1/2
VL® "% modulus of continuity of |b| = (_21 bf) and w(s) is the AC modulus of
.
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4. — Proof of Theorem 2.1.

Let Q as in the statement of Theorem 2.1 and assume (2.1) and (2.3). We can rewri-
te equation Lu =f in the form

“4.1) Lu=- 2 l(a’ijuxj)xi+ > l(aij)x,-uxj =f.
ij= ij=

We assume that a; () and f belong to C*(Q). We will prove (2.4) for solutions u €
e C2(Q) n C*(Q) of the Dirichlet problem

Lu=f, ulp=0,

with K depending only on v, n, p, »(r) and w(c), where r;(r]l%nd w(s) are respectively

the VL% "~ 2 modulus of continuity of A = [ 2 (@), )| and the AC modulus of
AZp. %,5,8=1

Let Q' be an open subset of Q with Q'cc Q, h e C} (@) suchthat h,=1inQ', 0<h <
<1in Q. Let 1=<s<n and consider v(x) = h(x)u,,,, as a test function. From (4.1) we
get

- f ) E (a/ijuxj )aci humsa:s dx + j E (aij )xiuxj huxsxs dw = Ifhuxsxs d%‘ .
L,j=1 ij=1
Q Q Q
Then

n
2 ity Py U | i+

=1

+gj
+Qj

dw$]

J

n
. 2 ai] uxi Ly uwj Ly
3,j=1

dx + dx +

Q

n
) E hms @i uxj Uy
3,5=1

n
E 1 h(a'z'j )xs uxj U,

ij=

n
> (@it | A+ [ | it | A =T+ .+ T,
i,j=1 %] 's Us. s Ps
Q

Using (3.1) we have

4.2) o[ 3 e Plw< I+ 4.
i=1
g

Also, for any ¢>0

L <K<
! 2

L<KZ|(Du), B+ L Dufg,
2 2e

i K
“ua:s:cs U% + 2— ”Du’llg y
4.3) ¢
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where K is a positive constant depending on n, % and the L™ norms of the coefﬁ-
cients a;;.

We now set AZ= Z ((a” ), 2. Then

N )

2 (au )xs xixx
Using Theorem 1.2(*) we obtain for any ¢, ¢>0

/ /
dr < ( [ dx)l 2( [ca, IDu)? doc)l :
0Q Q

l]_

I < %QJ ((Dul),, 2 dx + 'élggf A, |Dul)de <

[ f((|Du|)xs)2d,x+ I|D2u\2dac+ 1 f|Dufzdx}
Letting ¢ = 252 we get

4.4) L<K

cf|D2u|2dw+ —1—3 JlDuFda@ .
" & A

Q

A similar bound holds for 1.
Finally we consider I;. We have

(4.5) I, < 3J|D2u|2dx+ ijf%zx.
2 20
Q Q :
From (4.2), (4.3), (4.4), (4.5) we obtain

V”DZMHLZ(Q)\K(€+G)f|D2u'2dx+K( "1’5) leu‘zdqu 1 ffzdoc

where K depends also on sup [Dh|.
Q
By Theorem 3.1, fixing ¢ +o<v/2K we deduce

(4.6) AD* Uz < S ID*ulE + KIfIE,

where K depends on 7, p, v, n(r), w(s) and sup|Dh/|.
Then with standard techniques (see e.g.[6], p. 187) we obtain a majorization

(% See Remark 1.1
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formula like (4.6) near the boundary that added to (4.6) gives

ID?ulf < K| £1E,

where K depends on n, p, v, n(r), w(s) and Q.
This concludes the proof of Theorem 2.1.
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