Annali di Matematica pura ed applicata
(IV), Vol. CLXI (1992), pp. 57-81

Nonuniqueness of Solutions
of a Degenerate Parabolic Equation (*)

MicHIEL BERTSCH - ROBERTA DAL Passo - MAURA UGHI

Summary. — We give some results about nonuniqueness of the solutions of the Cauchy problem
for a class of nonlinear degenerate parabolic equations arising in several applications in bi-
ology and physics. This phenomenon is a truly norlinear one and occurs because of the de-
generacy of the equation at the points where u = 0. For o given set of values of the parameter
mvolved, we prove that there exists a one parameter family of weak solutions; moreover, re-
stricting the parameter set, nonuniqueness appears even in the class of classical sol-
utions.

1. - Introduction.

In this paper we are interested in nonnegative solutions of the problem

(1.1) O w,=udu—y|Vu? in @ =R¥XR",
u(z, 0) = 1, (x) in RY,

where y=0 is a constant and where u, is a nonnegative continuous function on R".

Equation (1.1) arises in several applications in biology and physics. References
can be found in{1, 5, 17].

In general Problem I does not possess classical solutions because of the degenera-

cy of equation (1.1) at points where # = 0. Therefore we define solutions in a weaker
sense.

(*) Entrata in Redazione il 18 giugno 1988.
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DEFINITION 1.1. — u € L™(Q) n L&, ([0, »): HL. (R™)) is called a solution of Prob-
lem 1 if u=0 a.e. in @ and

[0 9(0) i + [ [ty =0 Vi Vg — (¢ + DIVaf*g) ddt =0,
Q

for every ¢ € CH1(Q) with compact support in Q.

First let 4o be bounded in R¥. Then we can use the classical viscosity method to
construct a solution of Problem I, i.e. we add the artificial viscosity term eAu to the
right-hand side of equation (1.1) and take the limit ¢\, 0. In [2] it was shown that this
limiting procedure gives us a uniquely determined solution u(x,t) of Problem I,
which from now on we call the viscosity solution of Problem I.

In the case y=0 it was discovered independently by DAL PAsso and Luck-
HAUS [5] and by UgHI [17] that Problem I may possess other solutions than the viscos-
ity solution.

To explain their results we have to describe some of the properties of the viscosity
solution %. In particular, because of the degeneracy of (1.1) at u = 0, it is important to
desecribe the sets where u = 0 respectively u > 0. Since % is not necessarily continuous
in @ [2], we need to define what we mean by «>0.

We define the positivity set P c @ by

(1.2) P = {(x,t) € Q: essinf {u(,): (£, ) e U} >0
for some neighbourhood U of (x,t) which is open in Q},

where « is the viseosity solution, and set
(1.8) Py=Pn{t=1 for z=0.

Then P and P(f) are open in @ respectively R", and it has been shown in[1]
that

(1.4) " PO =P0) foral t=0
and
(1.5) P(t) c P(ty) if0<t;<t.

Now we are ready to describe the nonuniqueness result by DAL PAsso and LUCK-
HAUS. By (1.4), the «support» P(t) of the viscosity solution % is neither expanding nor
shrinking as time evolves. DAL PASso and LUCKHAUS have constructed, if y=0, an
infinite number of solutions with shrinking support. It turns out that their construe-
tion can be carried over to the case y > 0. Actually, in Section 5 we shall sketch the
proof of a more general result which, roughly speaking, says that for any prescribed
«smoothly shrinking support» Problem I possesses a solution.

Ughi’s proof of nonuniqueness was entirely different. To understand her con-
struction we need even more information about the positivity set P. Observe that P is
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not always entirely determined by (1.4) and (1.5). If u, has for example an isolated
zero at =0, it is not clear if and for which >0, 0 € P(t). Therefore we define the
waiting-time t* at € =0 by

(1.6) t*=gsup{t=0:0¢ P@®)}.

For a given u, there exists a unique «viscosity» solution u, in the sense which we
mentioned before and which we shall make precise in Proposition 2.1 (). Then t* is
the waiting time for w and therefore it is uniquely determined by u,, t* =
= £* ().

In turns out [1] that depending on y, N and the local behaviour of %, near x =0, t*
may be zero, nonzero and finite, respectively infinite.

If y=0and N =1, UGHI [17] has constructed an initial function u, such that {* =0,
i.e. the viscosity solution becomes immediately positive at =0 for £>0. On the
other hand she constructed a second solution which does satisfy the positivity proper-
ties (1.4) and (1.5), but which vanishes at £ =0 for all {=0.

Ughi’s construction can be extended to the case y=0 and N =1. Actually, if
0<y<1/2, it can be modified to construct a one-parameter family of continuous sol-
utions, where the parameter is the time at which the solution becomes positive at
x=0. ‘

It is a natural question to ask whether these continua of solutions also exist for
different values of y and N. In Section 3 we shall prove that for any y=0 and N=1
there exist initial functions such that Problem I has a one-parameter family of sol-
utions, each of which satisfying the positivity properties (1.4) and (1.5). Our main re-
sult however concerns the particular case that

1
> =N,
T3

Let %, have an isolated zero at x =0 and let t* be defined by (1.6). If y>(1/2)N
and t* <, then Problem I has a one-parameter family of continuous solutions which
are all positive at « = 0 for ¢ > 0, except of one solution which vanishes at x =0 for al
t=0.

In particular, if in addition uy>0 in R¥\ {0}, we arrive at a rather striking
nonuniqueness result: if y > (1/2) N there exist initial functions u, such that Problem
I has infinitely many classical solutions in C(Q) N C%(Q).

If N=1 and y <1, the results of Section 3 can be obtained in an alternative way,
based on a transformation of coordinates. Because of its constructive character, we
describe this method in Section 4. In addition it tells us how the solutions of the one-
parameter families behave in the critical case y=1/2.

In Section 6 we collect some examples of nonuniqueness in the case that ug is
unbounded.

Finally we say a few words about the concept of viscosity solution. The definition
which we use in this paper is quite natural, but from a mathematical point of view
rather unsatisfactory in the sense that it is based on the very special property of
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equation (1.1) that it is easy to prove that the limiting procedure with the artificial
viseosity yields a uniquely determined limit function w.

We point out however that we cannot avoids this problem by using for example
the definition of viscosity solutions given by P. L. LioNs [11], which is an immediate
generalization of the definition given by CRANDALL and LIONS [3] (see also[4]) for
first-order Hamilton-Jacobi equations. The reason is the fact that all the classical sol-
utions which we construct in this paper are obviously viscosity solutions in the sense
of Lions and hence we cannot expect uniqueness in the class of viscosity solutions in
the sense of Lions. Actually only the solutions with shrinking support constructed by
DAL Passo and LUCKHAUS [5] which we described in the beginning, are no viscosity
solutions in the sense of Lions.

2. — Preliminaries.

Throughout this section we assume that ¥, is bounded in RY, and we introduce the
following hypothesis.

H) e CRMYNL”RY), ;=0 in R".

The following basic result says that the viscosity solution is well-defined, and can
be approximated from above by classical solutions.

PROPOSITION 2.1[2]. — Let y=0 and let u, satisfy Hy).

(i) The viscosity procedure defined in Section 1 yields a unique pointwise-lim-
it fumction w(x, t) and u is a solution of Problem I. We call u the viscosity solution of
Problem 1.

(i) Let {tgytn=1,2, be a monotone decreasing sequence of nitial functions
which are continuous, uniformly bounded in RY and strictly positive such that

g \ Ug pOintwise in RY as n—s oo,

Then the corresponding classical and strictly positive solutions u, € C@Q)nC>H Q)
satisfy

U, \ U pointwise in @ as n— >,

where u is the viscosity solution of Problem I.

In the following proposition we collect some regularity results for the viscosity
solution.
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PROPOSITION 2.2 [2). — Let u, satisfy H,) and let u be the viscosity solution of Prob-
lem I. Then

@) w=—A/Du and Au= -1/t in ®'(Q);
@) if y>(1/2)N, then du<N/@y—N)t,

VulP<2u/@y—N)t and w,<Nu/Cy—N)tin ®'@Q);

(iil) u is continuous at points (x,0) for all x € RY;
(iv) ue C(PYNC* (P N Q) and >0 in P, where P is defined by (1.2);
(v) if either N=1 or y>(1/2)N, u e C[Q).

3. — The main result.

In this section we prove our main result about the nonuniqueness of solutions of
Problem 1.

THEOREM 3.1. — Let w, satisfy Hy), let y=0 and N=1, and let y>N/2 if
N=2,

() There exists a continuous solution w*(x, t) of Problem I which satisfies for
all e RY and 0<t; <ty

uFr@, ) =0su*(x,t,)=0.

(ii) Let ug(0) = 0 and t* < oo, where t* is defined by (1.6). Let u(z, t) be the viscosity
solution of Problem I. Then there exists a one-parameter family (which is continu-
ous in the topology of Cy.. (Q)) of continuous solutions u*(x,t), 0 < « < 1, of Problem I
such that

0

w=u* and wu'=uin Q,

and, for all 0sa<fg<l,
w<uf  and u*zu® in Q.

In addition, for any 0<a<1, u* satisfies the positivity properties (1.4) and (1.5), u*
can be approximated by strictly positive and classical solutions of Problem I, and u*
satisfies the regularity properties given in Proposition 2.2 (i)-(ii). Finally, if
y>(1/2)N, then

3.1 u*(0,)>0 for all t>0 and « € (0,1].
The last property has a striking consequence. If %y > 0in RY \ {0} and u*(0, {) > O
_ for ¢>0, then u is bounded away from zero in compact subsets of @, and hence, by

standard theory of uniformly parabolic equations [12], u* e C%1(Q), i.e. we have ob-
tained the following result.
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COROLLARY 3.2 (Nonuniqueness of classical solutions). — If y>1/2)N, there
exist initial functions uy satisfying H,), for which Problem I has infinitely many
classical solutions which belong to C**(Q) N C(Q).

REMARK 3.3. — In[1] the reader can find conditions on u, which guarantee that
t* <, In particular, for any y =0 and N = 1 there exist initial functions u, such that
%9 (0) = 0 and t* < o, If y > N/2 and u, has an isolated zero at & =0, a necessary and
sufficient condition for ¢* < o is the local integrability of %;7 near z = 0. Moreover,
both from the results of [1] and Theorem 3.1 (ii) it follows that if y>N/2 and t* < «,
then t*=0. ‘

Proor oF THEOREM 3.1. — (i) Let
3.2) Q={xeR:uy(x) =0}
and define a nested sequence of open neighbourhoods Q, of Q by
3.3) Q,={xeRV:dist@,Q<1/n}, n=12 ...

Then there exists a sequence of continuous initial data wu,(x) such that for any
n=1,2..

Uy < Ugpy 1 Sy in RY,
Ugn—> Uy aS n—> © uniformly on compact subsets of RV, and
U >0  In RVNQ,, %,=0 in Q,.

Let u, be the viscosity solution of Problem I with initial function u,. By Proposi-
tion 2.2 (v) u, € C(@), and, by (1.4) and (1.5),

u, >0 in (RV\0,} xR*
and
u,=0 in QxR*.

By the Comparison Principle for viscosity solutions, u = u,, . = u, in @; and hence
we can define

(3.4) w*(x, ) = 7}1_1)1100 u, (2, 1) <ulx,?).
It follows from the construction that

w*>0 in {RV\Q}xR"*
and
(3.5 u*=0 in QXRT.

It remains to show that #* is a continuous solution of Problem I. Since either
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N=1or y>(1/2)N, the functions u, are locally equicontinuous in @ [2, Proposition
2.4] (this is an almost immediate consequence of the estimates given in Proposition
2.2 ()-(ii)). By [2, Lemma 6.1] this equicontinuity holds also near ¢ =0, i.e. the u, are
locally equicontinuous in @, and thus u* € C(Q).

Let uy, . be a sequence of positive functions, monotone decreasing with respect to
¢, such that ug, .\ %, as e\ 0. Let u,, be the corresponding solutions of Problem I.
Then, by Proposition 2.1 (ii) u,,— %, as ¢— 0 uniformly on compact subsets of Q.
Using a standard diagonal procedure we can construct a sequence u,, which we de-
note by u*, such that

(3.6) u¥—>u* uniformly on compact subsets of Q as ¢\, 0.
Observe that u* is not monotone in ¢, but we may assume that
3.7 uE=ur(,00<u, in RY,

where ug, \ %9 as ¢\, 0 and hence, by Proposition 2.1(ii), the corresponding solutions
u, (x,t) satisfy '

(3.8) : u,\ % as e\ 0 in Q.

where ¥ is the viscosity solution of Problem I.
Applying [2, Remark 6.7] to the sequences u* < u,, it follows that »* is a solution
of Problem I.

(ii) We choose T'>t*. Since u € C(Q), this implies that
3.9 A=u(0,T)>0.

Let uf and u. be defined as in (3.7), and consider the family of initial funec-
tions

3.10) ug, = dug. + 1 —Hug, 0<é<1,
with corresponding solutions u?(x,t). By (3.5), (3.6) and (3.8),
w20, T)—u*(0,T)=0 as ¢\0
and
w0, T)—-u0,T)=A as «\,0.

We fix a € (0, A). Since u/ are positive smooth solutions which depend continuous-
ly on 4, there exists for any >0 small enough a &, € (0,1) such that

u (0, T)=a.
We define

u.(x, ) =u(x,t) in Q.
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Then, as in the proof of (i), it follows that
u.(x, ta)—> u, t;a) as :—0,

where u(x, t; a) is a continuous solution of Problem I. From the construction it fol-
lows that

w0, Ta)=a.
We claim that the family {#*}j<,<; defined by
w (x,t) = u(x, t;ad) for (x,1)eq,

satisfies all the properties of Theorem 3.1 (ii).

The continuous dependence on « in Cj,.(RY X [0, ©)) follows again from the
equicontinuity properties. The remaining properties follow at once from the construc-
tion, except of property (3.1).

To prove (3.1), let y>(1/2)N and 0<a=<1. Then, by Proposition 2.2 (i),
u, (x, t; 2A) satisfies the estimate

w<Nu/@y—N)t in Q,
for all ¢>0. Integration over (¢, 7") at x =0 yields
0<ad =u, 0, T;2A) < (T[N Ny (0,t;24) for 0<t<T
and hence, taking the limit ¢\, 0,
#*(0,)>0 for O<i=<T,.

Finally, by (1.5), this implies that «*(0,¢)>0 for all {>0.
This completes the proof of Theorem 3.1.

REMARK 3.4. — Let y>1 and let % be a smooth and strictly positive function on @
satisfying equation (1.1) in Q. If we define

v=4"7 in @ and m=1—%e(0,1),

then v satisfies the so-called Porous Medium equation
v, =dive™ Vo) in Q.

Observe that

y>%<¢N—N‘3<m<1 it N=2
and, by Remark 3.3,
y > N and t*< o <y’ is locally integrable near x=0.

2
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HERRERO and PIERRE [8] have shown that, if (N —2)/N <m <1, the Cauchy
problem

v,=divw™ Vo) in Q,

vz, 0) = v, (x) xeRY,

(PM) {

has a unique solution satisfying v, € L. (@) if
O0<vyelLi.RY).

Hence one may wonder if this uniqueness result for Problem PM is a contradiction
with our nonuniqueness result for Problem I (substituting vy = ug 7).

To understand this better we argue the other way around and indicate how Prob-
lem PM could be used to prove Theorem 3.1 (ii) (except the results about »*). Instead
of vy =uy 7, we substitute into Problem PM

v (@) =ug (@) +52(x), £=0,

i.e., v is a finite measure. PIERRE [14] has shown that Problem PM has a solution v,
satisfying

veC*(@; v>0 1inQ.

It can be shown that u,; = 1;,;1/ 7 is a solution of Problem I with initial function .
Since v, is totally ordered, i.e. pointwise strictly increasing in 3, we have found an or-
dered continuum {u }s=, of solutions of Problem I.

The condition that y > (1/2) N if N =2 is not necessary for the existence of contin-
ua of solutions.

THEOREM 3.5. — Let y=0 and N = 1. Then there exist initial functions u, satisfy-
ing Hy, such that Problem I possesses a one-parameter family of solutions which sat-
isfy the positivity properties (1.4) and (1.5).

If N =1, the result follows at once from Theorem 3.1 and Remark 3.3.

If N>1, we can reduce Theorem 3.5 to the one-dimensional case by choosing an
initial function u, which only depends on one variable. Below however we shall show
that we can also choose u, for example radially symmetric.

We introduce some notation. Let r;> 0. We shall assume that u, satisfies the
hypothesis

H(ry).  up is radially symmetric, uy(0) >0, and ug(x) =0 if |x| =17,.
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If uy satisfies H(ry), the viscosity solution » is radially symmetric: u = u(r, t), r=|x|.
We set @ =R* xR* and define the positivity sets

@11  P={(r1) e Q: essinf {u(e,7)>0,(p,7) e U} >0

for some neighbourhood U of (r,£) which is open in @}

and

(8.12) P =Pn{t=r1}.
Finally we define the waiting-time t* (ry) at |®| = 7, by
(3.13) t*(ry) = sup {t=0: v, ¢ P(t)}.

Then Theorem 3.5, restricted to radially symmetric initial functions w,, is an im-
mediate consequence of the following result.

LEMMA 3.6. — Let v=0 and N=2, and let u, satisfy H;) and H(ry) for some
T > 0.

(i) There exists a continuous radially symmetric solution uw*(x,t) satisfying
the properties of Theorem 3.1().

(i) Let t*(ry) < o, where t*(ry) is defined by (3.13). Then there exists a one-
parameter family (which is continuous in Ci,.(Q)) of continuous radially symmetric
solutions u®, 0 <a<1, of Problem I such that

wW=u* and u'=u inQ,

and for all 0<a<pg=<l
w<su® and wur#Eu n Q.

In addition u* satisfies the positivity properties (1.4) and (1.5), u* can be approxi-
mated by strictly positive and classical solutions of Problem I, and u* satisfies the
reqularity properties given in Proposition 2.2(i)-(ii). Finally, if y>(1/2)N, then for
each o€ (0,1}, u*(x, %) >0 if || =7, and t>0.

(ii) There exist initial functions satisfying H,) and H(ry) such that t*(ry) <
< o,

PROOF. — The proof of (i) and (ii) is almost identical to the proof of Theorem 3.1.
The only nontrivial property to prove is the equicontinuity on compact subsets of @ of
a sequence of uniformly bounded, classical and radially symmetric solutions u,,, satis-
fying u,(0,0) = ¢> 0 for some ¢>0.

To prove this equicontinuity, we distinguish three regions in Q.

Near t=0 the equicontinuity (locally with respect to x) follows, as before,
from [2, Lemma 6.1].
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Near x = 0 we use that u, (0, 0) is bounded away from zero. Hence, for a bounded
time interval the solutions u, are, near x = 0, bounded away from zero. Thus equation
(1.1) is uniformly parabolic near x =0 (locally with respect to t) and the equicontinu-
ity follows.

Finally, away from 2 =0 and ¢ =0, it follows easily from the lower bound of Au,,
given by Proposition 2.2(i), and the radial symmetry, that |Vu,| is locally uniformly
bounded. Hence, by a result by GILDING [7], u, is locally uniformly Hélder eontinuous
in ¢ (with Holder exponent 1/2), and the equicontinuity follows.

We do not prove (iii) here. We only remark that a straightforward modification of
the proofs in[1] yields that a bounded radially symmetric initial funetion u, satisfies
all the required conditions if u,(0) >0 and if it behaves like

e|lz| — 7o |*

near the sphere |x| = r, for some positive constants C and g, provided that uy <1. We
leave the details to the reader. k

REMARK 3.7. — If we replace the sphere |x| = r; in Lemma 3.6 by a smooth, closed
and bounded (N — 1)-surface I homeomorphic to a sphere, we loose the radial symme-
try which we needed to prove the equicontinuity property. Therefore we are not able
to prove the existence of the continuum u* However, the existence of a solution
w*(x, ) which satisfies

(3.14) u*=0 on I'XR*,
can still be proved, using the idea’s of Ughi’s original nonuniqueness proof [17].

Let I' satisfy the inner and outer sphere condition, let 4, = 0 on I', and let Q denote
the open interior of I. We define uy, up € CRY) by

Uy = Ugy + Ug; 71/0150 in RN\Q, u(]ZEO in Q.

Let u; and u, be the viscosity solutions of Problem I with %, replaced by w,; respect-
ively ugy. Then, by (1.4),

=0 in {RY\Q}xR"; =0 in QXR".
Using the estimates in the existence proof in[2], it follows easily that u*, defined by
u¥=u+us 1in Q,
is a solution of Problem I with initial datum u,. Clearly u* satisfies (3.14). In particu-

lar, if the viscosity solution % does not satisfy (3.14), there exists at least two sol-
utions of Problem I.
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4. - N=1: a coordinate transformation.

In this section we give an alternative proof of some of the results in Section 3 if
N=1 and Osy<].

The proof has a constructive nature. In addition it will show us that the continuum
u* still satisfies property (3.1) if y=1/2, but it does not if 0<y<1/2.

The proof is based on a coordinate transformation (x, {) — (¢, 7). It turns out to be
easier to discuss first the inverse transformation (y,7)— (x, ©).

We consider the nonlinear diffusion problem

“4.1) (D

U, = (v),, yeR, t>0,
vy, =v(y) yekR,

where v, is a bounded, continuous and nonnegative function, and » e C([0, %)) N
NC*(R") satisfies

#0)=0; ¢ >0 in R*.

It is well-known [13] that Problem IT has a unique (weak) solution, i.e. a nonnega-
tive function v € C(R X [0, «]) such that

@) o(v), € LER x [0, T]) for all T>0;

(ii) for all y € CY*(R X [0, )) with compact support
[ro@sw,0dy+ | (op. - o), 4,} dyde=0.
R RxR*

For the moment we assume that v(y, ) is a classical solution of Problem II.
Let

4.2) L= [ w@dy<w.

— 0

We define the transformation (y, ©)— (x, ) by

Y
4.3) v=[os,0ds+C  and t=rt,

-

for some C e R. Then (cf. [15])

x,=v  and . = o), = ve(v),,

from which we derive that

V=0V, %, =V + v§0(v)mvx ’
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and, on the other hand,

v, = o)y, = (Wg(0), ), v = V2 0() gy + V9(0), ¥, -
Hence v satisfies, as a function of ¥ and ¢, the equation,
4.4) v =1 0()y, C<a<C+L, t>0,

where L and C are defined by (4.2) and (4.3).
Now we choose the function ¢ such that the equations (4.4) and (1.1) can be identi-
fied. Observe that (4.4) and (1.1) can be rewritten, at least formally, as

- (v—l )t = qg(v)mm ’
respectively, if 0<y<1,
- (u_y)t = —Y—(ul_y)wx-
I-y
Hence, defining

{vI/Y(y, ) fC<w<C+L,
u(x, t) =

0 otherwise,
4.5)

Wy fC<x<C+L,
Uy () = .
0 otherwise,

it follows that u is formally a solution of Problem I if we set

(4.6) ' ols) = —L—s0 0 g0,
1-vy

If y = 0 we find in the same way that the correspondence between % and v is given by
o(s) =exp[—1/s] for s>0,

and

@ e, t)z{exp[—l/v(y, 9 i C<w<C+L,
0 otherwise.

We now arrive at the key observation which will enable us to prove nonunique-
ness. Let ye C(R) satisfy for some a<0<b

(4.8) {x>0 in (a,0) U (0,b),

x =0 otherwise.
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We define for any constant =0 the function v by

xy) ify<0,
v (y) =40 ifo<y<h,
xy—h) fy=h.

We substitute v, = v{ into Problem II with ¢ given by (4.6) (respectively (4.7) if
y=0), we denote its solution by v"(y, t), and apply the transformation (4.3) in which
we choose

0
C=Li=- | xm)dy.

Finally we define u"(x,%) and u{(x) by (4.5) (respectively (4.7)).
The main point is now that

ug (%) = ul (x) does not depend on A =0.

Indeed, this follows at once from the construction of v{ (y) and the nature of the trans-
formation (4.3). Observe that u, satisfies the condition

H,) up>0 in (Ly,0)u(0,Ly) for some Ly <0< Ly, uy=0 otherwise, and
ugt e L' Ly, Ly)  if 0<y<1,
respectively

|log ug| € L' Ly, Ls)  if v>0.

Here we have set Ly = [ x(y)dy =L +L,.

0
The nonuniqueness of solutions of Problem I for this initial function u, follows
from the following result.

THEOREM 4.1. — Let, for given y € C(R) which satisfies (4.8) for some a <0<b,
u"(x,t) be constructed as above.

() For any h=0, u" is a solution of Problem I.
(D) If 1/2<y<1, then u">0 in (Ly,Ly) X R* and u™ = u™ in RX [0, T for
all T>0 if by # hy.
(iii) If0<y<1/2, then w">0in (Ly,0)u(0,Ly) X R, and there exists a T, =
=0 such that

wh0,H)=0 f0<t<T, and u"©0,0)>0 ift>T,.
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In addition Ty, is strictly increasing with respect to h, and
uh=yh  in RX[0,T] if T<T* =min {T},, T}, },

uhEu  in RX[0,T]if T>T* and hy# hy.

PROOF. — First let y=1/2. Then, by (4.6), »(s) =s, and (4.1) is nothing else than
the heat equation.
Hence v" e C2'(R X RY) and satisfies

4.9) v*>0 in RxR",

and the formal argument above to show that »" is a solution of Problem I is actually
rigorous. Clearly " >0 in (L;, Ly) x R*. It follows easily from the construction of u*
that for all t>0

W Euk(, ) in R if by # hy.

We leave the proof of the reader.

If 1/2 <y <1, the proof is similar. By (4.6), 4'(0) = o, and it follows from [16] that
v" satisfies (4.9) and hence, by standard theory for uniformly parabolic equations,
v"e CE'® X RY).

Finally let 0<y<1/2. Then ¢'(0) =0, (4.9) fails if >0, and we have to be more
careful. By standard results about degenerate parabolic problems [10] there exist a
number T, =0 and functions &,&, € C([0, ) and %, & e C([0, T, ]) such that

T}, is strictly increasing with respect to. &,
£Z(Th)=£3(Th), 51(0):'@, <1:2(0)20’
0=h and &0 =h+0b,

o0 i#lY€ E@, @) U EGGE),&E)  ifc<T),
vh(y’ 7) ye (&), (@) ifr>T,,

=0 otherwise,

[ v, 9dy =L, +L,  for =20,
& () o

fvh(y,T)dy=L1, f vy, )dy=Ly, ifc<T,.

- %)
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These properties translate immediately in the properties mentioned in (iii) for
u"(x, ). The fact that u™ =wu" in R X [0, T'] follows from the equalities

Y
Vhy, D) =Ry, if r<T*, Jv-"i(s,r)dssLl (i=1,2),

-0

Y=k

My —hy, )=y —hy,7)  if ST, Jvhi(s,r)ds>L1 (i=1,2),

— o0

Finally (i) follows easily from the fact that »" is smooth whenever it is positive and
continuous, which implies that " satisfies (1.1) classically at points where u>0;
moreover, since (u"), is locally bounded in @ and v, — 0 as |y| — «, u" satisfies Defini-
tion 1.1. This completes the proof of Theorem 4.1.

REMARK 4.2. — Starting point of Theorem 4.1, was the function y(y), arriving at
some function %, (x) which satisfies H,). On the other hand, using the inverse trans-
formation (x,t) — (y, 7), it is not difficult to construct for any given initial function u,
satisfying the hypotheses H;)-Hj), a function y to which Theorem 4.1 applies. In par-
ticular the continuum of solutions of Problem I exists for any w, satisfying H,)-H,).
We leave the details to the reader.

REMARK 4.3. — The essential parts of condition H,) are the facts that u,(0) = 0 and
ug (respectively loguy) are integrable in a neighbourhood of = 0. In[1] it has been
shown that of N =1, this integrability condition is equivalent to the condition t* <
which was required in Theorem 3.1 (i).

REMARK 4.4. — The transformation can also be used to construct solutions
with shrinking support, which we shall discuss in Section 5. For example, let

=1
Y 2'

Then, as we have seen in the proof of Theorem 4.2, v(y,7) satisfies the heat
equation. However, instead of solving the Cauchy problem for u(y, 7) for some
initial function v,(y), we consider the free boundary problem

(v, =v,, for&@D<y<i (@), 0<t<T,
wW(EE(),7)=0 for0<c<T,

11) 30, (F (@), 1) = FfE() for 0<<<T,

w(y,0) =v,(y) >0 fora<y<b,

50 =b, & O=a, &< onl0,T],
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where a<b, T>0, f*eC(0,TD, f*>0 on [0, T, vy € C(a, b)), vola) =v,(b) =0
and v, >0 on (a, b).

It follows from results in[9], that Problem III has a unique classical solution
(v,£%,£7) (with & € C([0, T1)), provided that

T b
(4.10) [ @+ @y de< [w@dy.
0 a

Since any solution of Problem III satisfies, a priori,

Wy, >0 & @R<y<it(n, 0<z<sT

and
&M b T
[ vy, Dy = [w@dy - [{F* @ +F @) ds,
s a 0

it follows at once that condition (4.10) is also necessary.
Next we define the transformation (y, z)— (x, t) by

Y T
x= fw(s,t)ds+ff+(s)ds, t=r1
- 0

and we define v e CR X [0, T]) by

viy, v S (M) <x<S*T({), 0<t<T,
0 otherwise,

u(x, t) = {

where S* e C'([0,T]) are defined by

§™=[r" ®ads,
0

and

b ¢ £ty ¢

S* 0 = [n@dy— [f* () ds= [ vy, vdy+ [1-()ds.
4 0 EW 0

Observe that
S*Y=—-f*<0 and (S7Y=f">0 onl0,T],

and that hence supp u(-, ) is strictly shrinking.
Finally, the fact that u is a solution of Problem I with initial function w(x, 0) fol-
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lows easily from the facts that u satisfies classically the equation

%uﬁ if ST <x<S*(), 0<i<T,

and that u,(S*(t),t) = 2v, (£* (z), 7) is uniformly bounded on [0, T'].
Choosing different functions f * (), we can obtain in this way solutions of Problem
I with different strictly shrinking support.

Ut = Ulhyy —

5. — Solutions with shrinking support.

In this section we briefly sketch how solutions of Problem I can be constructed
which do not satisfy the positivity property (1.4). If y =0, some of these solutions
were found by DAL PASso and LYCKHAUS [5], who used a different method.

For the sake of simplicity we assume in this section that u, satisfies the following
condition.

Hy) wuy@)>0 if lz|<1, and wu@)=0 1f lx|=1.

Let T>0 and Cr=B1(0) x(0,T). Let Sy be the set of all Qy c Cy such that:
(i) Qr is a proper open subset of Cr.
(i) Qrn {t =0} = B;(0).
(i) Qrn{t=t)cQrn{t=t) if0<t,<t;<T.

(iv) There exists a surjective coordinate transformation @: Q;— Cr given
by

{yiqui(ml,...,xN,t) ?:=1,...,N,

=1,

such that g; € C2(Q) and the (N X N)-matrix
0 _ (%
dx ox;
is non-singular on Q7.

THEOREM 5.1. — Let T>0 and u, satisfy Hy) and Hs).
() If Qp e 8y, Problem I has a solution u on [0, T] such that
>0 in Qp, ‘
u{= 0 in {RVx(0,T)}\Qr.
(i) Let Qp c Cp and x5 € B1(0). If, for any ¢>0 small enough,
Qrn{0<st<sT—¢}eSp_,,
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and
(5.1) Qrn{t=T)={x},
then Problem I has a solution u such that

>0 n QT?
U
=0 in Q\'QT'

REMARK 5.2. — Apparently in (ii) property (5.1) allows us to extend the solution %
for t> T by zero. In general however we cannot expect % to be continuous at (xg, T').
In particular the continuity at (x,,7T) depends heavily on the local behaviour of 30,
near (xy, T). ‘

Theorem 5.1 implies that we can preseribe the support of a solution of Problem I,
as long as the support is non-expanding in time and sufficiently smooth.

In particular there exist for any given T'>0 infinitely many solutions « of Prob-
lem I with T as «extinction time» ie. u(-,f)=0 for ¢t>T and u(-,f)#0 for
i<T.

Below we shall only sketch the proof of Theorem 5.1.

First let Or e Sy. Consider the problem

= udu— y[Vul>  in Qr,
Iv) u(xz, 0) = ug (x) for x e Qpn {t =0},
u(x, ) =0 for (x,f) e 3Qp, O<t< T,

We claim that
(5.2)  Problem IV has a solution % e C(Qr)nC?'(Qr), and @ is positive in Qy.

To prove (5.2) we use the transformation y = &, ), =t to transform Problem
IV to the region C7. Then u, as a function of ¥ and =, has to be a solution of the
Problem

2

in CT,

(5.3) u+ Vu Sl =udiv(AVu)—uVu,c_Y'Z_iVu
W Yu=0 o oB@x0,7I,

u=1uy on Crn{t=0},

where the matrix A(y, r) and the vector e(y, ) with components ¢;(y, ) are de-
fined by

a0.0- (32 (2)
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and

N . -1 2
Gy, D= O -a#’i((a—@) ) o

. )
sk i=10x; \\ O 0% 9%

where we denote the inverse and transposed matrix of a matrix B by B! respectively
B”. Observe that, for any (y, t), A(y, 7) is of the form BT B and hence, symmetric and
nonnegative. Indeed, since 3%/8x is nonsingular, A(y, ) is positive, and thus the op-
erator div (A Au) is uniformly elliptic in Cy.

Equation (5.3) is, although more complicated, essentially of the same type as
equation (1.1).

In particular, a straightforward application of the techniques in [2, section 6] can
be used to obtain the existence of a solution #% of Problem V, satisfying # > 0 in Cy.
Hence % € C%'(Cy). Also the continuity down to ¢= 0 follows as in [2]. Finally, the
continuity near the lateral boundary 9B x [0, T'] is nearly trivial. Considering %(y, 7)
as a function of # and ¢, we arrive at (5.2).

Using that |Va| € L2(Qy), it follows that the function u, defined by

W, t) if () e O,
0 otherwise,

u(x, 1) = {

is a solution of Problem I, and Theorem 5.1(i) follows.
Next let Qp be as in Theorem 5.1 (ii). Then by Theorem 5.1 (i), there exists a func-
tion u € CRY X [0, T)) satisfying:
(i) u is a solution of Problem I on [0, T — ¢] for any >0, i.e. u is a solution on
[0,7)
(i) >0 in Qp, and v =0 in {R¥ X (0, T)} \ Q7.
In addition |Vu| e L?(RY X (0, T)). Combining this with the fact that Q; shrinks

continuously to the point (xg, T).as t / T, it can be proved that u, extended by v =0
for t>1T, is a solution of Problem I and we arrive at Theorem 5.1 (ii).

6. - Unbounded solutions.

The main purpose of this section is to give some examples of nonuniqueness if u, is
not bounded in R”.

First we give a preliminary result about the existence of solutions. Here we mean
by a solution of Problem I a solution in the sense of Definition 1.1, but merely requir-
ing that u e Lg, (Q) instead of u e L™(Q).

THEOREM 6.1. — Let y=0, N=1, uge CRY) and uo=0 in RN, If

(6.1) 22| "2y () = O uniformly as x| — «,
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then Problem I has a solution, which satisfies the properties in Proposition
2.2.

REMARK 6.2. — In Theorem 6.1 we consider the global existence of solutions. If
y<N/2, explicit examples of solutions were constructed in[1] with initial function
uo(x) = Alz[? + B, which do blow up in finite time. Therefore a condition like (6.1)
seems reasonable if y <N/2. On the other hand, if y>N/2, it can be shown that we
do not need any growth condition on 4, i.e. condition (6.1) can be omitted. The proof,
which we do not give here, relies on the construction of a priori upper bounds, which
prevent the solution to blow-up.

PROOF OF THEOREM 6.1. — Let 7'>0 be arbitrary. It is enough to prove existence
on R¥ x [0, T1.

Assume for the moment that we know that there exists a positive, classical super-
solution Uz, t) of Problem I on RY X [0, T]. Then the construction of a decreasing se-
quence of positive, classical solutions u,, of (1.1) such that u, (x, 0) \, uy () as u — =, is
straightforward. Finally it follows from Remark 6.6 in {2] that u(x, t) = nh_r)]r}o U, (2, 1) is
a solution of Problem I, satisfying all required properties.

It remains to construct Uz, ?). Fix A >0 such that 1-2ANT > 0, and define for
xeRY and 0<t<T

Ulw, ) = (1-2 ANty (AJxf? + B),

where, in view of (6.1), B> 0 can be chosen so large that U(z, 0) = u, (x) for all x € RY.
Then U satisfies equation (1.1) for y =0, and hence U is, for all y = 0, a supersolution
of Problem I.

In the remainder of this section we give three examples of nonuniqueness. The
first one is given in the following theorem.

THEOREM 6.3. — Let N =1 and 1/2 <y < 1. Then there exists a positive continuous
Sfunction uy such that

ug " e L*(R)

and such that exists a continuum of positive, classical solutions of Problem I.

PROOF. — By separation of variables we find for any 7* >0 a solution of Problem I
on RY x [0, T*) of the form

(6.2) Ups (.’)C, b= (Tx _ t)—l (f(x))l/(l_./) ’

where f(x) is the even solution of the problem

"— (1 — /1=y
65 {f A-pf Y- inR,

JfO=1, [fO=0.
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By (6.3), f is convex and nondecreasing for x>0 and satisfies for x>0

o — 1 2 g p-@r-nja-y SR
i@ = Y)\/Zy-l(l FrE) < -y R

Since f(x)— ® as x— © and 1/2<y<1, it follows that

Jim, f'@ =955

Thus f(x) behaves like |#| as |#|— . In particular, defining u,(x) = ur« (%, 0),

(6.4) ug?’ e L'(RY).

Hence we have found a u, and a solution %y« of Problem I which blows up at
t=T%,

On the other hand, since y>N/2=1/2, it follows from Theorem 6.1 and Remark
6.2 that Problem I also has a solution u, which exists globally in time (at this point we
do not need the general result for y > N/2 as stated in Remark 6.2; instead following
the proof of Theorem 6.1, we use up«(%,t) as a supersolution of Problem I on R¥ x
x [0, T*/2], arriving at a solution % on RY x [0, T */2]; finally, since u satisfies the up-
perbound for u, given by Proposition 2.2 (ii) as long as it exists, u cannot blow up in fi-
nite time).

Finally we define the continuum {#*}, ¢ 1 of solutions «between u and w7« by

. U= for t<OCT*,
w*  for t=zal*,

where %* is the solution of Problem I on RY X [«T *, ) constructed in Theorem 6.1.
This completes the proof of Theorem 6.3.

Theorem 6.3 has an interesting consequence for the porous medium equation
(6.5) v,=@" 'v,), ImRXR*,

with initial function v(x, 0) = vy (x) € L' (R).
Following Remark 3.4, 1/2<y<1 implies that

—-1<m<0.
Translating Theorem 6.1 in terms of the porous medium equation, we arrive at the

following nonuniqueness result.

COROLLARY 6.4. — Let N =1 and — 1 <m <0. Then there exists a positive function
vy € C(R) L (R) such that the porous medium equation (6.5) has infinitely many
different, positive and classical solutions with initial function v,.

REMARK 6.5. — If N=1 and —1<m <0, the porous medium equation is studied
in [6]. In particular it has been shown there that, for vy € L*(R), there exists precisely
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one solution v(x, t) for which
fv(m, tdx = fvo(ac)dac for t=0.
R R :

Actually, v =477, where u is defined in the proof of Theorem 6.3.
Also in the second example we take N=1 and 1/2<y<1.

THEOREM 6.6. — Let N=1, 1/2<y<0, and
o (@) = x|V for xeR.

Then Problem I has a continuum of solutions.

PROOF. — Observe that u,(x) = x|/ ~7 is a steady state solution of Problem I.
However, since 1/(1 —y) > 2, Au, is unbounded and hence this solution does not satis-
fy Proposition 2.2 (ii).

On the other hand, by Theorem 6.1 and Remark 6.2 (which again could be avoided
by constructing an explicit upperbound for this special case) there also exists a sol-
ution U(x, t) which does satisfy Proposition 2.2 (ii). Finally, arguing as in the proof of
Theorem 6.3, we can define the continuum {u.}.., by

uy () if zeRY, t<r,

(6.6) u, (x, 1) =
Uk,t—7) if xeRY, t==.

THEOREM 6.7. — Let N=8, y>N/2 and
o (1) = ||V -D/=D  for e RV,
Then Problem I has a continuum of solutions.

PROOF. — The function [x[¥~2/7 =D is 3 steady-state solution of Problem I. Again
let U(x, t) denote the solution constructed in Theorem 6.1. We claim that

6.7) Ul, t) 2 ||V -2/-D
Indeed, it follows from the results of[1, cf. Figure 2], that, since

N-2 N _ 2,
y—1 Y
U0, >0 for >0, and (6.7) follows.
Finally, we define the continuum of solutions {u.}.., by (6.6). Observe that if
>0, %.(0,8) =0 if £ << and u.(0,t) >0 if > . Hence u. cannot satisfy the estimate
u; < Nu/(2y — N)t of Proposition 2.2 (ii).
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REMARK 6.8. - S. KAMIN pointed out to us that the solution U(x, ?) is a similarity
solution.
Indeed it is of the form

=2/ =N) f(|qg] == V=N

REMARK 6.9. - If N =2 and y = N/2 =1, then u, () = |x|* is a steady state solution
of Problem I for any «>0. Again, if 0 <a <2, the existence of a continuum of sol-
utions can be shown.

Acknowledgment. We wish to thank J. HULSHOF for valuable discussions and ad-
vice concerning Section 4 of this paper.
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