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On Some Abstract Variable Domain
Hyperbolic Differential Equations (*).

MARCO LuiGI BERNARDI - GIOVANNA BONFANTI (¥*)
FaABI0 LUTEROTTI (3**)

Abstract. — The Cauchy problem is studied for a class of linear abstract differential equations of
hyperbolic type with variable domain. Existence and uniqueness results are proved for (swit-
ably defined) weak solutions. Some applications to P.D.E. are also given: they concern linear
hyperbolic equations either in non-cylindrical regions or with mixed variable lateral conditions.

1. - Introduction.

This paper is devoted to the study of the following abstract Cauchy problem. Let
T >0 be given. Let Vc H = H*c V* be the standard complex Hilbert triplet. Let more-
over {V(t)}:c o, r be a family of closed subspaces of V. We are also given a «sufficiently
smooth» operator function «t—> A(t)» from [0, T] into £(V, V*), such that, for a.a. te
e [0, T, A(%) is a hermitian and V-coercive operator. Let finally u, e V(0), u; € H, and
f(t) be given, where «t—f(t)» is a «sufficiently smooth» V*-valued function. Then, we
look for a V-valued function «t—wu(t)», which solves, in some suitable weak sense, the
following Cauchy problem:

1.1 u(t) e V(1), for a.a. t€]0, TT;
(1.2) u"(t) + A®) u(@) =f(t), in 10, TT;
(1.3) w(0)=uy, u'(0)=u;.

We remark that, in the previous setting (of variational type), (1.1)-(1.2)-(1.8) provides
an abstract unified formulation for various important problems concerning linear hy-
perbolic equations. So, by this way, we can treat e.g. (for linear hyperbolic P.D.E.) the
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Cauchy-Dirichlet problems (with e.g. homogeneous Dirichlet boundary conditions) in
non-cylindricel vegions, and the Cauchy-mixed problems with mixed variable lateral
conditions. (See Section 5 for such particular cases). On the other hand, such problems
could also be treated by using other abstract approaches (e.g. the semigroups ap-
proach). In fact, we could consider the problem (1.2)-(1.3), where, for a.a. £ €10, T[, A(¢)
is an unbounded (self-adjoint positive) operator in the Hilbert space H, and, moreover,
the domain D(A(t)) of A(t) (and also D(AY2(t))) can vary with t (while, e.g., u, e
eD(A(0)), u,e H, and a H-valued f(t) are given).

Bearing in mind this last approach, we are considering, in fact, linear abstract vari-
able domain hyperbolic problems. For the sake of brevity, we will also use this expres-
sion for the «concrete» problems considered above, and for the abstract (variational)
formulation (1.1)-(1.2)-(1.3).

1t is well known that, for linear abstract variable domain hyperbolic problems, vari-
ous important results were proved (in various settings, and under different assump-
tions) by Kgein[19], Karo[18], Da Prarto[12], CARROLL and STATE[10], GOLD-
STEIN [16], MAZUMDAR [25]. Afterwards, such problems were investigated by Aro-
s10 [1], who generalized the previous results on this subject (except for the fact that
f(t) =0 is taken in [1]). In fact, he considered the problem (1.2)-(1.3) (with f(¢) =0),
starting from the semigroups approach. Next, by using the fractional powers of A(), he
introduced a continuous one-parameter family of weak problems (related, in a natural
way, to (1.2)-(1.8)), where the extremal cases correspond, in fact, to the semigroups
point of view and to a variational approach. Then he proved, for such a family of prob-
lems, various results concerning existence, uniqueness, and regularity of the solutions.
(Notice that the paper [1] also provides a large bibliography, and a careful comparison
with previous work on this subject). The abstract theory of [1] applies well to Cauchy-
mixed problems for linear hyperbolic P.D.E., with mixed variable lateral conditions
(see § 2.3 in [1]). However, it seems that such a theory is not suitable for applications to
initial-boundary value problems in non-cylindrical regions.

The aim of our present paper is to study the problem (1.1)-(1.2)-(1.3) (with f(¢) = 0,
in general) in the variational setting we introduced at the beginning of this section.
Since we do not require, in general, that V(¢) is dense in H, our abstract results also ap-
ply to initial boundary value problems in non-cylindrical regions (as well as they apply
to Cauchy-mixed problems with mixed variable lateral conditions).

Let us describe the structure of our present paper. Section 2 concerns, at first, the
notation and the main assumptions. Remark that, in particular, we require that «—
— A(t)» is a BV-function on 10, 77 (as Arosto did in [2]), and that, for a.a. £ €10, T[, A(f) is
a hermitian and only weakly V-coercive operator. Then, in Section 2, we give a (natural)
notion of a weak (variational) solution to (1.1)-(1.2)-(1.3) (see Definition 2.1). The most
part of Section 2 concerns various preparatory results, which will be used in the sequel.
In particular, we consider the projection operator P(¢) of V onto V(¢)*, and we approxi-
mate it through a suitable regularization by convolution. We also approximate by con-
volution the data A(f) and f(t), by proceeding as in [2].

In Section 3 we prove, through Theorem 3.1, that a weak solution to (1.1)-(1.2)-(1.3)
actually exists, when we assume (besides the «natural» hypotheses on A(t), f(t), g, ;)
that {V(t)} is o non-decreasing family with t. (Observe that a similar monotonicity
condition is needed for the existence results in' [1]). Our main tool, in the proof, is a suit-
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able procedure of penalization, which is based on the (regularized) projection operators
P(t). (Such a procedure was previously employed in [6], in a less refined form, for some
linear abstract variable domain parabolic problems). Moreover, by means of Theo-
rem 3.2, we obtain that the weak solutions have a further regularity property, when we
also assume (besides the previous hypotheses) that the spaces V(¢) are dense in H.

Section 4 concerns our uniqueness result, which we keep quite separate from the
previous ones. In fact, we prove, through Theorem 4.1, the uniqueness of the weak sol-
ution to (1.1)-(1.2)-(1.3), when we assume (besides the other «natural» hypotheses) that
{V(t)} is a non-increasing family with t. Our proof is based on a classical argument
due to LADYZENSKAJA [20] (which we employ suitably, by also using some procedures of
[2]). (Observe that, in [1], the uniqueness result, which corresponds to the variational
point of view in [1], requires, in fact, that V(t) = constant).

Now, considering our Theorems 3.1 and 4.1 fogether, we see that we can get the ex-
isterice and the uniqueness of the weak solution only in the case where V(1) = constant.
However, in our general abstract framework, our results seem to be rather sharp: in-
deed, we do not expect, in general, the existence or the uniqueness of the weak sol-
ution, if the family {V(¢)} does not fulfil the appropriate monotonicity condition. A full
account of this fact will be given in subsection 5.2 (see, in particular, Remark 5.6), by
means of some «conerete» examples, to which our abstract theory applies. (On the
other hand, it is clear (also see subsection 5.2) that, in some special and «concrete» cas-
es (e.g. in the case of the classical (linear) wave operator), one can obtain sometimes
even sharper results, by using a more direct approach).

Section 5 of our present paper concerns the main examples of applications of our ab-
stract results: in particular, subsection 5.1 is devoted to Cauchy-mixed problems, with
mixed variable lateral conditions, for linear hyperbolic P.D.E., while subsection 5.2 con-
cerns initial-boundary value problems, for linear hyperbolic P.D.E., in non-cylindrieal
regions,

(As for further regularity of our weak solutions, we expect (by considering the re-
sults in [1]) that the assumption V(¢) = V is needed. Then, in this case, such results are
well known: we refer e.g. to[3], [15], [1], [2], and to the references therein).

Let us also remark that, for linear abstract variable domain problems, the literature
is much wider in the parabolic case than in the hyperbolic one: let us only mention the
very recent paper by SAVARE [27] (and the references therein). (Observe that we will
also use, in the sequel, some preparatory results contained in [27]).

* ok ok

These authors would like to thank G. SAVARE for some helpful discussions and sug-
gestions, and C. GIORGI for some useful comments.

2. - Notation and main assumptions; the weak solutions. Some preliminary
results.

2.1. Let T be given, with 0 <T < + . We will use the well known spaces
C*¥[0, T} X), L?(0, T; X), W*?(0, T; X), where X is some Banach space, 1 <p<
< + o, and k is some non-negative integer.
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Let now (as e.g. in LioNS and MAGENES [24])
@D VcH=H*cV*, with V separable,

be the standard complex Hilbert triplet (i.e. V and H are two complex Hilbert spaces,
with V¢ H, and such inclusion is eontinuous and dense; H is identified with its antidual
space H *, so that H can be continuously and densely imbedded in V*). (-, -) denotes
both the scalar product in H and the antiduality pairing between V* and V; ((-, -)) de-
notes the scalar product in V. ||-||, |-|, and ||| are respectively the norms in V, H,
and V*. We are also given

(2.2) a family {V(t)}ic10, 1y of closed subspaces of V.
We will use the following notation. Let p be given, with 1 <p < + o« ; then:
2.3) L2, T; V(£)) = {w(t) e LP(0, T; V) |w(t) e V(t), for a.a. t]0, T(}.

Next, let us introduce a suitable function A(¢) of bounded variation on 10, T[, with
values in the space £2(V, V*) of linear and continuous operators from V into V*. So,
throughout the present paper, we assume that:

24) A@®)eBV(O,T; £(V,V*));

@5 (A®) u,v)=WAEv,u), Vu,veV, andforaa. t€l0, 7]
(hermitian symmetry of A(t)); |
(26) He>90, and IA=0 such that:
Aty w, w) + A|u|>=cu|?, VYueV, andforaa. tel0, ]
(weak V-coerciveness of A(f)).
We will also consider functions f(£), such that
@7  fit) =f)+f(t), where f(t)eL(0, T; H), and f;(t) e BV(0, T; V*).

Now, let us introduce a natural notion of weak solution to the problem (1.1)-(1.2)~(1.3).
Towards this aim, let us firstly recall that W' ?(0, T; X) cC°([0, T]; X), where 1 <
<p< + o, and X is any Banach space. Then, we define

2.8 W= {w(t) jw(t) e L0, T; V(&)) N\W- 10, T; H); w(T) =0}.

Next, suppose that w(t) satisfies «formally» (1.1)-(1.2)-(1.3), and «multiply» (in the
antiduality pairing between V* and V) both sides of (1.2) by any w(t) e W; then, inte-
T

grate from 0 to T. By integrating by parts the term I (u"(t), u(t))dt, and taking into

0
account (1.3), we are led, in a natural way, to give the following definition of weak sol-
ution to the problem (1.1)-(1.2)-(1.3).
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DEFINITION 2.1. — Let (2.1)-(2.2) and (2.4)-(2.5)-(2.6) hold. Let u, e V(0), u; € H, and
(1) be given, where f(t) satisfies (2.7). Then, we say that u(t) is a weak solution fo the
problem (1.1)-(1.2)-(1.3), if and only if

(2.9) a) w(t)eL= 0, T; V() nW" >0, T; H), b)) w0) =u,
and the following equality holds:

T

T
@100 [IA® ut), w®) - @' t), w O dt = [(fQ), wH)dt + (w, w(0)),
0

0
for every w(t) e W (where W is defined in (2.8)).
Let us observe (see Reinark 5.6 in subsection 5.2 below) that, under the only previ-
ous assumptions, we have, in general, neither the existence nor the uniqueness of the
weak solution to (1.1)-(1.2)-(1.8). We shall prove, in Section 3, an existence result, by as-

suming (besides the previous hypotheses) that {V(¢)} is a non-decreasing family with
t, i.e. that

(2.11) Vit cV(t), Vi, t suchthat 0t <6 <7T.

The following subsections are devoted to some preparatory results for the proofs in
Sections 3 and 4.

2.2. We assume, throughout this subsection, that (2.1), (2.2), and (2.11) hold. We ex-
tend the definition of {V(?)} to all of R, by setting

2.12) Vity=w(0), Vi<0; Viy=wWT), Vi>T.

Then, {V(#)};cr, is also a non-decreasing family with ¢. Next, we define, for every

S teR:
a(t) = projection o eratof from V onto V(t);

213) { (t) = proj p (t)

P(t) =1~ a(t) (I=identity operator).

(Hence, P(t) is the projection operator from V onto V(¢)*, where V(¢)* denotes the or-
thogonal subspace of V(f) in V. Of course, thanks to the previous assumptions,
{V()* }icr, is a non-increasing family with t). Now, consider, for every u, veV, the
function «R3t— ((P(t)u, v))». Thanks to a general result due to SAVARE [27] (see
Prop. 2.1 in [27]), we have that

(2.14)  there exists a (at most) countable set S,cR, such that the function
«Rat—((P(t) u, v))» is continuous in R\S,, Vu, veV.
Moreover, since {V(t)* };.g is a non-increasing family, it is clear that

(2.15) VweV, the function «Rat—||P(t)v|?=((P(t)v,v))» is non-increasing,

and hence differentiable for a.a. £ e R, with a non-positive derivative.
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We remark that the operator function «R3t— P(t)» (with values in £(V, V)) has only,
in general, little regularity (even in some «concrete» cases, where the family {V(£)}
«seems to depend smoothly on t»; see [7]). For our purposes, we need to approximate
such a function by more regular maps: we do it by refining an argument used in [6]. So,
let {@1(t)}r>1 a sequence of «smoothing kernels», i.e. such that (Vk =1)

[Qﬂk(t)ECow(R); p,(t) =0, VieR;

(2.16)

1 T
ifsupp(wk(t))C[——k—,O]; f«pk(t)dt=1.
}k — 00

Then, we define (Vk =1)

o

2.17) Pu(t) = P(t) % g (t) = [P(t—r)cpk(z)dr, VieR.

(The Bochner-type integral in (2.17) exists, thanks to the previous assumptions on the
family {V(¢)}. On the other hand, observe that the definition (2.17) makes sense, in
general, by requiring only that the £(V, V)-function «t— P(f)» is strongly measur-
able). It is clear that (Vk=1)

(2.18) =P, (t)»eC”(R; £V, V).

Now, we collect some properties of P,(f) in the following lemma.
Lemma 2.1, - Let (2.1), (2.2), (2.11), and (2.12) hold. Let P, (f) be defined through

(2.17) and (2.16). Then, for every k=1, for any teR, and any u, veV, it results
that:

(2.19) (P () u, ) = ((u, P () v));

(2.20) 1P| < (PL(t) v, v) ;

2.21) [Pr(@) vl < [Pt) vl (and, of course, | P(¢) o]l < [lv]]) ;
2.22) %«Pkm v, 0) = (P{(8) v, ) <0.

Proor. - (2.19) follows easily from the definition (2.17), and the fact that P(?) is a
projection operator. (2.20) results from the following caleulation, thanks also to the
Jensen inequality (see, e.g., RUDIN [26]):

+ 2 +® 2
1P, (t) vl = JP(t—f)vqak(r)dr <( J’HP(t~I)v|l(pk(t)dr <
< }k 1Pt — 1) v|P @) dr = f((P(t—r)v,v))qu(r) dr = ((Py(t) v, v)) .

(2.21) follows readily from (2.17), by using the fact that supp (g ,(t))c[—1/k, 0] (see
(2.16)), and that the function «t—||P(t)v||» is non-increasing (see (2.15)). Finally, (2.22)
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results obviously from (2.17), (2.18), and (2.15). (Observe that, in this proof, (2.19) and
(2.20) were deduced without using the monotonicity of the family {V(t)}).

The following remark will also be important in the sequel.

REMARK 2.1. — Under the assumptions in Lemma 2.1, consider any {e R, and any
we V(t). Then, it results that

- (2.23) (P v,w))=0, VYveV, andVk=1.

In fact, P;(t) v belongs to V(¢)*: this follows from (2.17), since the family {V(¢)*} is
non-increasihg, and supp (¢ (&) c[—1/k, 0] (see (2.16)).

In the sequel, we will also use the following lemma.

LeEMMA 2.2. — Under the assumptions in Lemma 2.1, take any u(t) e L%(0, T; V).
Then, it results that

2.24) P(t) u(t) = P(t) u(t) stronglyin L%(0,T;V), as k— + o .

PROOF. — We have, from (2.14), that there exists a (at most) countable set S,,c]o, 11,
such that _

(2.25) vielo, TI\S,, lim (P®) u, v)) = (PG u,v)), Vu, veV.
t—t

On the other hand, from (2.16) and (2.17), we get that (Vk=1, VieR, Vu, veV)

<

=

226)  |(Pe®)u, v)) - (Pt) u, v)| = ‘ ( f [P(t~7)u— P(Oul ¢,(7) dr, v)

0

< [ [(@Pet-Du-POu, )| g dr.

~1/k
Hence, from (2.25) and (2.26), we deduce that

@27 Vtelo, TI\S,, Yu, veV, (P,(®) u, v)) = (P@) u, v)), as k— + o (ie. that,
for a.a. t€l0, T, and YueV, P, (t) u—P(t) u weakly in V, as k— + =),

Take now any u(t), v(t) e L*(0, T; V). Thanks to (2.27), (2.21), and to the Lebesgue
dominated convergence theorem, we get that

T T

[(@t) uty, v@)) dt— [ (PO ui), ), as k—+ e,
0 0



216 M. L. BERNARDI - G. BONFANTI - F. LUTEROTTI: On some abstract, etc.

and hence that

{Vu(t)e,ﬂ(o T, V),
Pk(t)uéP(t)u weakly in L2(0, T; V), ask—+ .

2.28)

On the other hand, from (2.21), we also have that

/2

T 1/2 T 1
229)  Yu(t) e L20, T; V), limsup(”Pk(t)u(t)ﬂzdt) s(jnp(t)u(t)nzdt) .
k— + oo 0 o

Hence, since L2(0, T; V) is a Hilbert space, (2.24) follows from (2.28) and (2.29).

REMARK 2.2. ~ In the paper [6] (devoted to a class of abstract variable domain differ-
ential equations of parabolic type), the author assumed, besides the monotonicity hy-
pothesis (2.11), that, Vv e V, the V-valued function «t— P(t)v» had to be strongly con-
tinuous in [0, T']. Now, we remark that the results in [6] still hold, if we drop there this
last assumption (as we can see by reviewing the proofs in [6], in the light of Lemmas 2,1
and 2.2 above). Anyway, the recent results by SAVARE [27] generalized and improved
considerably those in[6], even in the case where this assumption is removed.

2.3. For our proofs in the following sections, we also need to approximate the given
functions «t—A(f)» (see (2.4), (2.5), (2.6)), and «t—fi(t)», «t—fo(t)» (see (2.7)) by
more regular maps. We do it in the present subsection, by also using the convolution
method, and proceeding as Arosio did in[2]. Let us introduce the following
notation:

(2.30) if X is a Banach space, a, be[— «, + ], and g(¢) e BV(a, b; X),
V(a, b; g(t); X) denotes the total variation of g(t) in la, bl

Consider now the BV-functions «t—A(t)» and «t—f;(¢)». The left (resp. right) limits
A(t ), fo(t ™) (resp. A(t ™), fo(t 7)) exist for every tel0, T] (resp. t [0, TT). Then, de-
note by A(t) (resp. fz(t)) the extension of A(t) (resp. f>(¢)) to all of R, such that A(t) =
=A(07) (resp. fo(t) = f2(0%)) for every t < 0, and such that A(t) = A(T ~) (resp. fo(t) =
=£,(T 7)) for every ¢t > T'. On the other hand, denote by f; (f) the extension of fi (%) to all
of R, such that fl(t) =0 for every t <0 and every t>T. Consider now a sequence
{xx®)}r>1 of «<smoothing kernels», such that (Vk=1)

(%k(t)ecow(R); d =0, VieR;
(2.31)

1 +oo
1SUPP(Xk(t))C[O, “I;} J’ Xr®)dt=1.

—

Then, we define (Vk=1, VieR):

232) A =A® *x,1);  fu®) SAH@ 1 @) fur(®) = Fo) x40,

where the convolution product * is meant as in (2.17). (The definitions in (2.32) make
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sense, since the convolution products are, in fact, Bochner-type integrals, which exist,
thanks to the properties of «t— A(t)», «t— fi(t)», and «&—>f(t)»). It is clear that
(Vk=1):

t—>A,(t)»eC™(R; £V, V*));  «¢—=fi(t)»eC™(R; H);

(2.33)
«t—=for,(0)» e C*(R; V*).

We list now various properties of such functions: some of them are obvious; the others

are proved in ARrosio[2]. Firstly, consider the functions «t—>A;(f)». Thanks to (2.4),

(2.5), (2.6), (2.31), (2.32), it results that (Vk=1):

(2.34) A u,v)=A&HO v, w), VYu, veV, VieR;

(2.35) (Ak(t)u,u)+/1|u|220”u||2, YueV, VieR;

(2.36) A (0)=A07);  A;(0)=0.

Moreover, by denoting by ||| - ||| the usual operator norm in £(V, V*), and using the no-
tation (2.30), we also have that:

237 kEI};loo |4z —A@) |[|=0, for aa.tel0, TT;

(2.38) Il 4k (@) ||| <ess Sup lA() ||| =M, ViteR, Vk=1,

and hence, in particular,

(2.39) A, (t) —>A(t) strongly in L0, T; £(V, V*)), as k— + o ;

i
(240 f 4% (@) Il dr = 90, ¢; Ay(r); £V, V*)) < 90, t; A(v); £V, V*)),
0

Vie[0,T], Vk=1.

Next, let us consider the functions «t—f;;(f)», and «t— f5,(£)». Thanks to (2.7), (2.31)
and (2.32), it results that:

(241) fin(0) =0, £ (0)=f(07), VE=1;

t i
a)flﬂk(T)ldtsj|ﬁ(T)ld77 Vte[0,T], Vk=1;
0 [1]

(2.42)

b) fiu(t)—fi(t) strongly in L'(0, T; H), as k— + @ ;
(2.43) Jim £ ) -£® =0,  for aa. tel0, TT;
2449 Ifox®lle <ess sup |A@I=N, VteR, Vk=1,

Tt€]0,
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and hence, in particular,

(2.45) for(8) = fo(t) strongly in L0, T; V*), as k— + o ;

246) [l dr =900,  fule) VF)I S WO, & (x5 V%),
0

vtel{0,T], Vkz=1.

2.4. This last subsection is devoted, for the most part, to another approximation
lemma, which we will use in Section 3, for the proof of our existence result. Firstly, let
us introduce the following notation. Since (2.1) holds,

(2.47)  we denote by J the canonical antiduality operator from V into V*, which
is defined by (Ju, v) = (%, v)), Vu, veV.

It is obvious that J is an isometric isomorphism of V onto V*.
Now, we can state the following approximation lemma.

LemMA 2.3. —~ Let 2.1), (2.2), 2.11), and (2.12) hold, and consider the definitions
(2.13), (2.16), and (2.17). Let A(f) (resp. f;(t)) satisfy (2.4), (2.5), and (2.6) (resp. (2.7)),
and consider A(0"), and /,(0%) (as we did in subsection 2.3). Take any ug e V(0). Then,
there exists a sequence {ug;};>; such that

(o) upeV, Vkz=1;
248 ib) g —> Up strongly in V, ag k— 4+ o« ;
¢) [£(07) —A(0") uge — KIP(0) upy ) e H,  Vk=1;
Ll) KIP (0 ugrl|<c™t, VEk=1 (where ¢ is given in (2.6)).

Proor. - Firstly, for the sake of brevity, we define (Vk = 1):
(2.49) f=H07); A=AW0T); A=A+ +EJP(0),

where A is taken (and henceforth is fized) as in (2.6). Thanks to (2.4), (2.6), (2.20), and
(247), it is clear that (Vk=1):

(2.50) Ay, eV, V*); (A ,v,v)zcllv]f, VoeV (where ¢ is as in (2.6)).

Hence, Vk = 1, A, ; is an tsomorphism of V onto V*. Moreover, we observe that, if Akj},
denotes the inverse operator of A, ;, (2.50) also gives that (Vk=1):

(2.51) A iwll<c Hwly, YweV*.
Next, by considering (2.49) and u,e V(0), we define:
(2.52) g =f — Auy — duy (where A is as above).
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Now, since g e V*, and since H is dense in V*, we have that:

(2.53) there exists a sequence {g;},>1, such that: g,e H, Vk=1; g,—g strongly
in V*, as k—> + o, and, in particular, ||g, — gl <k ', Vk=1.

Next, let us fix any k =1, and consider the vector f— g;, (e V*). Thanks to the proper-
ties of the operator 4; ;, we get that:

(2.54) there exists a unique ug, €V, which satisfies 4 ;uor =f— -

Hence, we obtain, in fact, a sequence {4}, > of elements of V. Let us show that such a
sequence fulfils (2.48) b), ¢), and d). Firstly, from (2.54) and (2.49), it results
that:

(255) f—A’MOk—‘kJPk(O) u0k=gk+lu0k, V=1 ,

and hence (thanks also to (2.53)) (2.48) c¢) is proved. Next, since uy e V(0), and since
P.(0)veV(0):, VveV, Yk =1 (see Remark 2.1), we also have that:

(2.56) P.(Q)uy=0, Vk=1.
Now, by using (2.51), (2.54), (2.52), (2.56), and (2.53), we obtain that:

2.57) ”u()k — Uy ” = ”Akjm (Ak, 2 (uop — uo))” <c! ||Ak, 1 Uor _Ak, 12Uy ”* =
=c¢ Y f—g A+ U +EIP, (D uolle =¢ g —gulle Sc k™, VE=1.

Hence, (2.48) b) is also proved (with, moreover, an estimate for ||u, — u,||; such an esti-
mate is, in particular, a consequence of the estimate in (2.53)). Finally, thanks to (2.56),
(2.21), and (2.57), we get that:

@58)  Kl[Pr(0) ugell = Kl P (0)(uor, — uo) | S lluor — o] < ¢ 7', VEkZ1,

and (2.48) d) is also proved.

We shall also use, in the sequel, a suitable generalized Gronwall lemma. Now, we
recall it (see e.g. BAtoccHI[4], also for more general results in this direction).

LEMMA 2.4. — Let g(t), a(t), B(t) be given with: 0 < g(t) e C°([0, T]); 0 <a(t) e
eL1(0, T); 0= p@) e L'(0, T). Let g, be a non-negative constant. Assume that, for
every te [0, T,

i i
(2:59) gD <gf+ [als) g(s) ds + [ B(s) g*(s) ds
0 0
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holds. Then, it results that

0

T 7 \
(2.60) 9(8) $2igo+ f a(s) ds]-exp (2 f B(s) ds), vt [0, T1.
0

3. — Existence of weak solutions.

We prove, in this section, that a weak solution to (1.1)-(1.2)-(1.3) actually exists,
when we assume that (besides the other «natural» hypotheses) the monotonicity con-
dition (2.11) holds. (Such a solution is not unique, in general, as we shall see in Re-
mark 5.6 of subsection 5.2 below).

THEOREM 3.1. — Let {2.1), (2.2), (2.11), and (2.4) (2.5), (2.6) hold. Take any f(f) as in
(2.7), any ug e V(0), and any u, € H. Then, there exists a (not necessarily unique) weak
solution u(f) to the problem (1.1)-(1.2)-(1.8) (i.e. a function u(t) satisfying (2.9) and
2.10)).

Proor. - Our proof consists of the following steps a), b), ¢). Firstly, we use a proce-
dure of penalization (with a suitable regularization of the data), in order to approximate
(1.1)-(1.2)-(1.3) through a sequence of «regular» problems. Each of them has a unique
solution, which is «smooth enough». Let {u;(t)},>, denote the sequence of such sol-
utions. In the step b), we prove some estimates for the functions u,(t) (independently of
k) in some suitable norms. In the step ¢), we pass to the limit: thanks to the estimates in
b), we can extract from {u;(¢)}>1 a subsequence, which converges to a function u(t) in
some suitable weak topologies. Then, we prove that such w(t) satisfies (2.9) and
(2.10).

@) Firstly, by proceeding as in subseection 2.2, consider the definition (2.17) of
P, (t). Next, by proceeding as in subsection 2.3, consider the definitions (2.32) of A, (%),
Sie(t), and f5,(£). Now, since uye V(0), Lemma 2.3 applies: so, let {ug;}i>1 be a se-
quence satisfying (2.48) (where J is defined in (2.47)). Moreover, since V is dense in H,
take

(8.1) a sequence {u;}x>1, such that u;, eV, Vk=1, and uy,—u, strongly in H,
as k— + .

Then, take any integer k=1, and consider the following problem:

(3.2) wuy () + Ap(8) up (&) + kI PL(t) up(t) = fir () + far(B), 0<t<T;

(8.3 wp(0) =uop,  wug (0) =uyy.

Now, we have to recall that: A4,(¢) satisfies (2.33), (2.34), (2.35), (2.36); J is defined in
(2.47); P,(t) satisfies (2.18), (2.19), (2.20); f1,(¢) and f,.(¢) satisfy (2.33), (2.41) (so that, in
particular, f1,(0) + f,(0) =£(07), Yk =1); uy, eV (see (3.1)); ug, satisfies (2.48) (in
particular, (2.48) a) and ¢)). Then, thanks to such properties, we can use a particular



M. L. BERNARDI - G. BONFANTI - F. LUTEROTTL: On some abstract, etc. 221

case of a general result by GILARDI [15] (see Teor. 4.4 of [15] with & = 1) to obtain that

(3.4) there exists a unique u;(t) e C1([0, T); V) N C2([0, T1; H),
solution to (3.2)-(3.3).
b) Consider any integer k = 1, and take u;(¢) as in (3.4). Since u,(f) is «smooth
enough», we can «multiply» (in the antiduality pairing between V* and V) both sides of

(3.2) by u, (t). By taking the real parts, and using (2.33), (2.34), (2.47), (2.18), (2.19), we
get

3.5) zj—t g (£) |2+ %(Am) we (1), wi (£)) — (AL (B) (B, wi () +
+kg't"((Pk(t) up(®), (1)) = k(P (£) e (), (1)) =

d
=2 Re (f1;(®), w{ (1) + 2 Re[a (fr (B, we(8)) — (f2ic D), uk(t))], vielo, TT.

Now, we take into account (2.22), and we integrate (3.5) from 0 to £ (0 <{<T). By also
using (2.36), (2.41), and (3.3), we obtain

(B.6)  |wi () |2+ (A @) we(®), up(B)) + k((Pr () uy,(8), (1)) <

t
< g |2+ (A0 wgp, mor) + j(A,; (8) u, (), ,(s)) ds +
g .
, t
F(PL(0) or, uge)) +2 [ |(Furs), ()] ds +2 | (D), e, (8))] +
0

1
F2[(£07), uoe)| +2 [ | (Fls), wals))| ds,  Vee [0, T1.
0

Now, it is obvious (from (2.48) &) and &), and from (3.1)) that there exist two positive
numbers M; = M;(uy) and My = My(u,), such that

(3.7) ||u0k”$M1 and Iulk | st, Ye=1.

Then, starting from (3.6), and using (2.35), (2.20), (3.7), (2.38), (2.48) d), (2.44), and some
standard inequalities, we get

B8 |ui @) |2+ cllup@®)|P + k|| P (&) e B|F < A|up (B) |2+ ME + MME +

t [4
[ AL -l ds + Mye ™ +2 [ 1 £,(5) || (8) | ds +
0 0

2 ¢ !
+ ;N2+ 3 i (O + 2NM; + 2 fufz!k(s)ll*-lmk(s)l]ds, Vie [0, T].
0
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On the other hand, an easy calculation shows that

3.9) |we(8) | < 2o | + 28 [ |wi(s) [*ds,  VEe[0, T1.
0
Hence (denoting by ¢ a positive number such that |v| < ¢|v||, Yv e V; see (2.1)), we ob-
tain (from (3.8) and (8.9))
(310)  min(1; ¢/2)-[{ug @) *+ |up (D[] <

S2AFME+ ME+ MME+ Mye ' + zN2+2NM1 +
9
¢
+ jmm 1AL () 111w () |2 + [l (8) ] ds +
]

2
+2 j[[ﬁk(s) |+ e 1 T (8) 12+ lue () |12 ds,  VtelO, T1.
9

Then, we use here Lemma 2.4, and we get

B1D  [w @2+ w12 <

. 2 1/2
<2max(1; 2¢ "I)i:(ZACzMIZ +ME+MME+Mc™ '+ —N2+ 2NM1) +
¢
T
£2 [ i) | + 155D ds] :
0

T
-exp (2 max (1; ZC‘I)f[ZATJr II| Az () IH]ds), Vie [0, T].
0

Hence, we take into account (2.40), (2.42) a), and (2.46). So, from (3.11), we obtain
that

(8.12)  there exists a positive number C, depending on T, V, H, A(?), fi(1), folt),
U, Uy, but independent of k and of t, such that |u{(®) |+ u®lsC,
Viel0,T], Vkz=1.

Now, we come back to (3.8), and we take into account (3.12), (2.1), (2.40), (2.42) a), and

(2.46). Then, we also get that

(8.13) there exists a positive number D, independent of k and of t, such that
B2 P ) wD| <D, Vte[0,T], Vk=1.
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Hence, we have obtained that

(8.14) {%k(t)}kzl is bounded in L *(0, T; V};
(3.15) {uy () }r>1 is bounded in L *(0, T'; H);
(3.16) {kY2 P, (t)u, ()} >, is bounded in L *(0, T; V).
¢) Firstly, it is obvious (from (3.16)) that
3.17 P, (t)u,(t) >0 stronglyin L>(0, T; V), as k— + = .

Moreover, thanks to (3.14) and to (3.15), we can extract from {u,q (0} =1 @ subsequence,
still denoted by {u(t)}r>1, such that, as k— + o,

(8.18)  w(t) —u(t) weakly star in L (0, T; V), and also weakly in L%0,T;V);
(3.19)  u;(t) —u’'(t) weakly starin L (0, T; H), and also weakly in L0, T; H).

We will show that u(t) satisfies, in fact, (2.9) and (2.10). Firstly, it is obvious that w(?) €
eL=0, T; VyNW" =0, T; H). To verify that (2.9) ) holds, we need only to prove
that

(3.20) w(t) e V(t) for a.a. te]0, TT.

Towards this aim, consider the above subsequence {u;(f)};>;, and take any v(t) e
eL?(0, T; V). By using (2.19), (8.18), and Lemma 2.2, we get that

T T
321 [((P@) u(t) = Py(®) ua(t), v()) de = [ (PCt) () = Pot) u(t), () dt +
0 0

T
+ [ (utt) = s 0), Pu®) ) dt—0, as k—+ =,

0

ie. that
(8.22) P, ($)u;,(t) — P(t) u(t) weakly in L2(0, T; V), as k— +» .

Hence, from (3.17) and (8.22), we deduce that P(t)u(t) =0 for a.a. te]0, T[. Then,
thanks also to the definition (2.13), (3.20) is proved. (Actually (see Remark 3.2 below),
we shall obtain something better than (3.20), ie. that wu(t) e V(i), for every te
[0, T7).

Next, we verify that (2.9) b) also holds. Firstly, we have, obviously, that u(f) e
e C%[0, T1; H). Moreover, we can readily deduce, from (3.18) and (3.19), that, in
particular,

(3.23) 2u4,(0) —u(0) weaklyin H, as k— + o .
On the other hand, thanks to (3.3) and to (2.48) b), we also have that
(3.24) u,(0) = uy stronglyin V, as k—+ .,
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Hence, (2.9) b) is proved. (Also see Remark3.1 below, for some complementary
observations).

Finally, we show that u(¢) satisfies (2.10). Towards this aim, take any w(t) e W
(where W is defined in (2.8)), and «multiply» (in the antiduality pairing between V* and
V) both sides of (3.2) by w(t). Thanks to Remark 2.1, we get

325)  (w (), w(t)) + (A () ui (8), w(t)) = (fise (D) + for (), w(t)),  for aa tel0, TV.

Next, integrate (3.25) from 0 to 7. Then, by making an integration by parts, and using
(2.8) and (3.3), we obtain

T T

3.26) [ (Au0) w(®), () dt - [ @), w0 @)t =
0

0
T T
= (uasy w(0)) + [ (Fia®), w®))dt + [ (foa(D), w(®)) dt .
0 0

Take now, in (3.26), any element u,(t) of the above subsequence {u;(t)}r>., satis-
fying (3.18) and (3.19). Thanks to (2.8), (8.1), (3.19), (2.42) b), it is clear that, as

k— + o,

(w17, w(0)) = (uy, w(0)) ;

T T
[ @i, wr @) di— [ @), 0 (0) i
(3.27) 30 0

T T
[y, wen dt— [(H, wit)dt.
0 0

On the other hand, we claim that, as k— + «,

r T T
@) [ A0 w0, w(t)) di— [ (A®) ut), w(t)) di ;

0 0

(3.28) r r
B [ (fust) i) dt— [ (o), wt)) .
0 0

(Bearing in mind (2.8), it is clear that only w(t) e L*(0, T; V) can be used in (3.28), as
only w(t) e W 1(0, T; H) was used in (3.27)). To verify (3.28) a), we use firstly (2.34),
and we take into account (3.18). Then (3.28) a) is proved, if we are able to show
that

(3.29) AL (8) wt) —>A(t) w(t) strongly in L'(0, T; V*), as k— + = .

Now, (3.29) is, in fact, true, thanks to (2.37), (2.88), and to the Lebesgue dominated con-
vergence theorem. Similarly, (3.28) b) can also be proved, by using (2.43), (2.44), and the
Lebesgue theorem again.
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Hence, from (3.26), (3.27), and (3.28), we get that u(t) satisfies (2.10). So, Theo-
rem 3.1 is completely proved.

For the sequel, we also need the following notation:

(8.30) if X is any Banach space, then X, denotes the space X endowed with its
weak topology.

REMARK 3.1. — Bearing in mind (2.9), we observe that, in particular, any such u(f)
satisfies u(t) e L = (0, T; V)N C°([0, T1; H). Hence (thanks also to (2.1)), we can use
Lemma 8.1 of chap. 3 of LioNs and MAGENES [24] to obtain that

(8.31) any weak solution u(t) to (1.1)-(1.2)-(1.3) (defined through Def.2.1 above)
satisfies, moreover, u(t) e C°([0, T1; V,,).

Then, note that the initial condition (2.9) b) can also be meant in the sense of
C°(f0, T1; V,,) (and not only in the sense of C°([0, T]; H)). On the other hand, in
the context of Definition 2.1, the initial condition u’(0) =u; of (1.3) can only be
meant, in general, in the sense that (2.10) holds true. However, we will show (by
means of Theorem 3.2 below) that, under o suitable additional assumption (i.e. (3.33)
below), any weak solution u(t), obtained through Theorem 8.1, satisfies moreover
u'(t) e C°([0, T}; H,) (and in this sense %'(0) =, can also be meant).

REMARK 3.2. — The weak solutions %(t) (defined through Def. 2.1) satisfy, in particu-
lar, (3.20). Now, we can prove that, moreover,

(3.32) when (2.11) also holds (e.g. in the case of Theorem 3.1 above), it results that
u(t) e V(¢), for every te [0, T].

Towards this aim, let us firstly observe that %(0) =u,e V(0). Next, define £ = {te
e [0, T]1|u(t) e V(t)}. Since (3.20) holds, we have that £ is dense in [0, T']. Now, take any
t €10, T, such that ¢ ¢ E. Then, there exists a non-decreasing sequence {t,}n>1, with
t,e E,¥n =1, and such that t,—f, as n— + o . On the other hand, thanks to (3.31), it
results that w(t,) —u() weakly in V, as n— + . Now, we have that u(t,) e V(£,),
Vn =1, and hence, thanks to (2.11), that u(t,) € V(£), ¥n = 1. Then, since V(?) is weakly
closed, we obtain that u(t) € V(¥), and the proof of (3.32) is complete. (We refer to
SAVARE [27] for the proof of several interesting properties of the families {V(t)}, also
under more general assumptions).

We want to stress the fact that, in Theorem 3.1, the only assumptions on the family
{V(#)} are (2.2) and (2.11). Hence, the family {V(¢)} ean actually have, in particular,
«jump discontinuities».

We want also to stress the fact that, in Theorem 8.1, we do not make any density
assumption of the spaces V(t) in the space H (so that, in particular, Theorem 3.1 also
applies well to initial-boundary value problems for linear hyperbolic P.D.E. in non-
cylindrical regions; see subsection 5.2 below). On the other hand, we ean prove that,
when we make such a density assumption too, then any weak solution, obtained
through Theorem 3.1, has an additional regularity property.
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THEOREM 3.2. — Let all of the assumptions of Theorem 3.1 hold. Suppose, moreover,
that

(3.33) V(0) is dense in H

(and hence, thanks to (2.11), any V(¢) (0 <t < T) is dense in H). Then, every weak sol-
ution u(f) to (1.1)-(1.2)-(1.3), obtained through Theorem 3.1, satisfies moreover u' () e
eC%[0, T}; H,) (and in this sense u'(0) =%, can also be meant).

Proor. — We adapt here, to our framework, a technique which was used by ARro-
S10[1], [2] (see, in particular, p. 159 in [2] and p. 191 in [1]).

We start as we did in the part a) of the proof of Theorem 3.1. So, let us consider the
sequences {P, ()}, {4, (@)}, {fus®}, {far®}, {uor}, {u1x}. Firstly, let us remark (as
in[2]) that

(8.34) for every k=1, the modulus ¢,(8) of uniform continuity in [0, T] of

t
Fo(t)y= J[r | f1:(8) | ds does not exceed the modulus o(d) of uniform continuity of
0

Fiy= [ |/()]ds in [0, T).
0

Next, let us proceed as in the proof of Theorem 3.1. So, consider the problems (3.2)-
(8.8), the corresponding results (3.4), and the sequence {u;(t)};», of the corresponding
solutions u,(t) e C1([0, T, VYN C%([0, T}; H) (satisfying, in particular, (3.12)). Let
{up ()} >, also denote a subsequence satisfying (3.18) and (3.19) (where, as we know,
w(t) fulfils (2.9) and (2.10)). We will show that

(3.35) Vhe H, the sequence {(uy (t), h)}r>: is equicontinuous on [0, T].

Now, since also (8.12) holds, we can use the Ascoli-Arzela theorem, to deduce that there
exists a subsequence, still denoted by {(u; (¢), #)}i>1, which converges (to (u'(t), h),
of course) in C°([0, T]), as k—> + o . Hence, we have that u'(¢) e C°([0, T; H,,), and
(thanks also to (3.3) and to (8.1)) it is clear that in this sense u'(0) = u, can also be
meant.

Then, the present theorem is proved, if we verify that (3.35) holds. Towards this
aim, take any v e V(0), and «multiply» by v (in the antiduality pairing between V* and
V) both sides of (3.2). Then, since P.(t) u(t) e V(t)* ¢ V(0)* (see Remark 2.1), we
get

d
(3.36) 7 (g (), v) + (A (@) w (D), v) = (fie(®) + far (D), ©) , V10, TL.

Next, we integrate (3.36) from t; to t, (0 <t; <t, <T), and we take into account (2.38),
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(2.44), (3.12), and (3.34). Hence, we obtain

7]

@t wo), vy at

4

7]
(331 |G (t) — i (h), v)| < | [ + fur @), )t | <
ty

ta ty
< |loll- J €A, -l dt + Jllchk(t)||* dt|+
t ty

ty
o] [ 16 | de<loll- MC + N)ty = t) + [v] oty = 1), Vh>1.
b

Take now any h e H. Then, by using (3.12) and (3.37), we get, for every v e V(0), and for
ony t, and t, with 0 <t <t <T,

(338) | (uy (t2) — uy (1), B)| < |(uy () — wi (ty), b — v)| + | (uf () — ug (81), v)| <
<2C|h—v|+ |v|(MC + N)(ty —t) + |v| ot — t,), Vk=1.
Hence, thanks to (3.38) and to assumption (3.33), it is clear that (8.35) holds true.

Finally, by reviewing the proof of Theorem 3.2, we see that (by the same method)
we can obtain, in fact, the following more general result.

PROPOSITION 3.1. — Let all of the assumptions of Theorem 3.1 hold. Suppose, more-
over, that there exists ¢ € [0, T such that

(3.39) V(#) is dense in H

(and hence, thanks to (2.11), any V(¢), with ¢ <¢ < T, is also dense in H). Then, every
weak solution u(t) to (1.1)-(1.2)-(1.3), obtained through Theorem 8.1, satisfies moreover
w'(t) e C°([¢, T1; H,).

4. - Uniqueness of the weak solution.

We prove, in this section, the uniqueness of the weak solution to (1.1)-(1.2)-(1.3),
when we assume that (besides the other «natural» hypotheses) {V({)} is a non-in-
creasing fomily (see (4.1) below). However (see Remark 5.6 in subsection 5.2 below), it
can happen that, under only such assumptions, a weak solution to (1.1)-(1.2)-(1.3) does
not exist.

Bearing in mind Definition 2.1 (and since our problem is a linear problem), we have
that our uniqueness result is given by the following theorem.

TuHEOREM 4.1. — Let (2.1), (2.2), (24), (2.5), and (2.6) hold. Assume, moreover,
that :

(4.1) V(tl) 2 V(tz), th, tg such that 0 < tl = tz <T.
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Let u(?) satisfy (2.9) and (2.10), with 4y =0, u; =0, and f({) = 0, for a.a. £ €10, T{. Then,
it results that u(¢) =0, Vte [0, T1.

Proor. —~ We adapt, to our framework, a procedure which was used by Arosio[2]
(see p. 156 in[2]). (We have here some slight supplementary difficulties, since, differ-
ently from [2], our operator A(f) is only weakly V-coercive). Such a procedure relies on
a classical argument, which is due to LADYZENSKAJA [20] (also see, e.g., Lions[21],
LioNs and MAGENES [24]).

So, let us fix any se]0, 71, and define

4.2) wWt) = — fu(r) dr, Vtel[0,s]; ot)=0, Vtels, T].
¢

Since u(t) satisfies (2.9) (with uy =0), and since (4.1) holds, we have that v(¢) is an
«admissible test-function», i.e. that v(¢) e W (where W is defined in (2.8)). In fact,
we have something better, i.e. that »(£) e C*([0, T1; V), v(t) e V(1), Vi [0, T], v' () €
eL>(0, T; V()), along with v(T) =0.

Now, take w(t) = v(t) in (2.10) (where u; = 0 and f(¢) =0). So, by considering the re-
al parts, we get (thanks also to u(0) =0)

4.3) Re [(A(t) v (1), w(t)) dt = Re [ @, uw)dt = % |u(s) 2.
0 0

Next, go back to subsection 2.3, and recall the definition (2.32) of A,(¥) (k=1, teR),
along with the properties (2.33) and (2.34). Then, from (4.3), we obtain, for every inte-
ger k=1,

4.4) % |u(s) |2 = Re [ (4,(5) ' (1), v(©)) di + Re [ [A®) ~ 4.(0)] 0" (1), (1)) dt =
0 0

1
(A (s) v(s), v(s)) — 5 (A4,(0) v(0), »(0)) -

DO | et

=5 [ AL, o) dt+ Re [ (40 4,010 0, D) e
0 0

Now, by using (4.2), (2.36), (2.40) (along with the notation (2.30)), we get from (4.4), for
every integer k=1,

@5 [ue)[*< - SAO") w0), 00+
+3( sup !Iv(t)l\)z-v(o, s; A@); £(V, V) +
2 \tero, s

tel0, sf

* (essup o ) ( sup Hv(t)ll) [ a@ - Auo | de.
10, s 0
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Next, we pass to the hmlt as k— + o, and we take into account (2.39). By also using
(2.6), we obtain

@6  |uls) |2+ cllu(0)|F < Ajw(0) |2 + (t sup ||v<t>||)2- 00, 55 A(t); £V, V*)) .

(Remark that, when A(t) is «more regular» than in (24) (e.g. when A(f)e
WL10, T; £(V, V*))), (4.6) can be deduced directly from (4.3), (2.5), (2.6), without
using the approximation through the «smooth» operators A, (). In the general case (i.e.
when (2.4) holds), the above procedure comes from AROSIO [2]) Now, we define

t
@7 2t) = j wr)de, Vtel0, Tl,

0
and we observe that (thanks also to (4.2))
4.8) v(t) = 2(t) —z(s), Vtel0, s]l, and, in particular, v(0) = —2z(s).

On the other hand, starting from (4.7), an easy calculation shows that
4.9) () [2<s [ ) |2 .
0
Then, we put (4.8) and (4.9) in (4.6). So, by considering that an arbitrary s €10, T] was
taken, and that 4(0) = 2(0) =0, we get

100 juls) [+ cllxs)|P < As [ uct) |2 dt +
0

+4( sup Hz(t)Hz)-"&‘)(O,s;A(t); 2V, V*), V¥selo,T].
te [0, s]

Next, thanks to (2.4), we have that there exists 06e]0,T], such that
W0, 6; A(t); £(V, V*)) <c¢/8 (e.g.), and hence we obtain

(4.12) |u(s)|2+c||z(s)||2sflsj1u(t)|2dt+ %( sup ||z(t)H2), Vse[0, 1.
Iy tel0, s]
Now, from (4.11), we can readily deduce that

(4.12) sup |le®)|f<2ic s J|u(t)|2dt, Vse[0, 8],

te[0, s]
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and hence, going back to (4.11), we get
4.13) fu(s) ;Zszaaj lut) |2 di, Vsel0, ).
0

Then, by using Lemma 2.4 {in a very particular case), we obtain that u(t) =0, Yte
€[0, 8]. Let us prove that, in fact, u(t) =0, Vte [0, T']. By assuming that 6 < 7', and
proceeding as in [2], we define y = sup {te[0, T]|u(s) =0, Vse [0, t]}; hence y = 6.
Suppose that y < T. Then, it results that u(y) = 0. Hence, by also using the above pro-
cedure (when v is taken in place of 0), we can obtain that «(f) =0 in a right neighbour-
hood of y. Then, we have a contradiction. So, the proof of Theorem 4.1 is complete.

REMARK 4.1. - We want to stress the fact that, in Theorem 4.1, the only assumptions
on the family {V(#)} are (2.2) and (4.1). So, in particular, {V(¢)} can have «jump discon-
tinuities». On the other hand, we do not require any density assumption of the spaces
V(t) into the space H. Moreover, by reviewing the above proof of Theorem 4.1, we can
observe that the monotonicity assumption (4.1) was only used to get that the test func-
tion v(t) (defined through (4.2)) satisfies v(t) e V(¢) for (a.a.) te [0, T1. Anyway (as we
will see in Remark 5.6 of subsection 5.2 below), when (4.1) does %ot hold, we cannot ex-
pect, in general, the uniqueness of the weak solution u(¢) to (1.1)-(1.2)-(1.3).

REMARK 4.2. — Bearing in mind the results of Theorems 3.1 and 4.1, we can obtain
the existence and the uniqueness of the weak solution u(t) to (1.1)~(1.2)-(1.8), when (be-
sides the other assumptions) we have that V(t) =V, ¥t e [0, T, where V is a (fixed)
closed subspace of V. If, in particular, V=V, we deduce from Definition 2.1 that
(u"(t) e L¥(0, T; V*) and) u(t) satisfies (1.2) in the sense (e.g.) of @' (0, T; V*). In
this case, Theorems 3.1, 3.2, 4.1 (along with Remark 3.1) give the existence and the
uniqueness of u(t) e C*([0, T1; V,,) N CY([0, T1; H,), solution to (1.2)-(1.3). (In fact, in
this case, such result is well known, and one also has that u(t) e C°([0, T]; V)N
NCY[0, T; H); see Arosio[2], Thm. 1.1).

REMARK 4.3. — Our paper concerns the forward Cauchy problem (1.1)-(1.2)-(1.3). We
can also consider the corresponding backward Cauchy problem, ie. we take (1.1)-(1.2)
again, but we replace (1.3) with

(4.14) W) =uy, u'(T)=1u,

where uge V(T) and u, € H are given. We can define (similarly to Definition 2.1) a natu-
ral notion of weak solution to (1.1)-(1.2)-(4.14), and we can prove (similarly to Sections 3
and 4 of the present paper) the correponding results, concerning the existence or the
uniqueness. The conclusions are similar to the ones in the present paper for (1.1)-(1.2)-
(1.3), except for the fact that, considering (1.1)-(1.2)-(4.14), we have to assume (4.1) (re-
sp. (2.11)) instead of (2.11) (resp. (4.1)) for the existence (resp. uniqueness) results.

5. — Some examples and remarks.

This section is devoted to some examples of applications of the «abstract» results in
Sections 3 and 4. In particular, we deal, in subsection 5.1, with Cauchy-mixed problems,
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with mixed variable lateral conditions, for linear hyperbolic P.D.E.. On the other hand,
subsection 5.2 concerns Cauchy-Dirichlet problems (also for linear hyperbolic P.D.E.)
in non-cylindrical regions.

5.1. Let T > 0 be given. Let £ be an open bounded subset of RY, whose boundary
I’'=98Q is a (N — 1)-dimensional manifold of class (e.g.) C'. Let @ denote the open
cylinder @ = 2 x 0, 71, and X =T x]0, 71 the lateral boundary of Q. Let moreover
{To(8)}scto, i be a family of C'-submanifolds (with boundary) of I', and define

(5.1) 20—=— U TFO(t)X{t}; ZIEZ\EO.

0<t<

Let us consider (formally) the following second order linear differential operator @,
with variable coefficients:

N 9 3
(5.2) au=- > 0@, ) 2= |+ o, D,
i,j=1 0x; ou;
where a;(x, t) (4, j=1, ..., N) and c(x, t) are given (complex-valued) functions (de-

fined in @). Let finally v = v ¢(«, t) be the related conormal vector to =. Then, we con-
sider, in a formal way, the following Cauchy-mixed problem. Given f(x, t) (defined in
Q), and ug(x), u;(x) (both defined in Q), to find u(x, t) (defined in @), such that:

[ FPu )
a) w (x; t)+au(x7t) =f(x,t) n Q;
b) u(x,t)=0 on X,;

5:3) Loy 2

(¢,t)=0 on X;;

Va

d) ulx, 0) =uy(x) in Q;

5
ke) —a%(ac,())=ul(ac) in Q.

By also proceeding in o formal way, let u(x, t) satisfy (5.3). Take any «sufficiently
smooth» function w(x, t) in @, such that w(x, t) =0 on X, and such that w(zx, T) =0,
Yz € 2. Then, multiply both sides of (5.3) a) by w(x, {), and integrate on . By using
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the Green theorem and the integration by parts formula, we obtain that w(x, t)
satisfies:

4 N T ———
a) dtf%(x t) (x £) —-—(ac ) da +

i,j 0

+fdtjc(x £) u(x, t) wia, t)dx—fdtj (, B o (x £) dac =

G4 = j dt j flx, t) wlw, D) da + [ wu, () Wz, 0) dac ,
0 2 Q2

for every «sufficiently smooth» w(x, t} in @, with w(x, ) =0 on X,,
and with w(x, T) =0, VxeQ;
b) u(xz, 0) =uy(x) in Q;

o) w(x,£)=0 on X,.

(6.4) gives a formal definition of a weak solution % to the problem (5.3). Now, we set
(5.4) in the framework of Definition 2.1. Towards this aim, we take

(5.5) H=L*®), V=H®) (and hence V*=(H(Q))*),

so that (2.1) holds. Moreover, we take, for every te [0, T,

(6.6) VO)=H} () ={veH" (Q)|v=0 on I'y{#)(in the sense of traces)},

which is, of course, a closed subspace of V, and is dense in H. It is clear that

(5.7) (2.11) (resp. (4.1)) holds iff {I'¢(¥)}1cp0, 17 I8 @ non-increasing

(resp. non-decreasing) family with ¢ .
Now, let us consider the operator d. We assume that:

ra) “téaij('x i>» (/L’ j: la very N) and <<t“‘>C(‘, t)»
belong to the space BV(0, T; L=(Q));
b) a;(x,t) = a;(x,t) for aa. (x,H)e@ (i,j=1,...,N),

(.8)  {  and the function ¢(x, t) is real-valued ;

¢) 3a>0, such that Z ay(x, t) E;E;=a Z |€; |2,
i,5=1

Y(E,, ..., Ex)eCY, and for aa. (x,1)eQ.
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Then, we define, for a.a. tel0, T[, and for any u, ve V=H'(Q):
N I
(9 at;u,v)= 2 J.%(x t) ( ) ——(ac) dx + fc(ac t) u(x) v(x) dx .
hi=1g ox; ou;

Thanks to (5.8) a), it is clear that {a(¢; -, -) | for a.a. t €10, T[} is a family of sesquilinear
and continuous forms on Vx V=HY(Q)x H(R). Then, we can define, for a.a. te
€]0, T[, and for any u, veV:

(5.10) AQ®) u, v) =alt; u, v),

where (-, -) denotes the antiduality pairing between V* and V. We have thus defined a

family {A(t) |for a.a. £€]0, T[} of linear and continuous operators from V into V*

(which are related, in a natural way, to @ and to V). Then, it is clear that, for such a fam-

ily {A(®)}, 2.4), (2.5), and (2.6) hold (thanks, respectively, to (5.8) a), b), and ¢)).
Take now:

a) flx, t) =fi(x, t) + fy(x, t), where ¢—f;(-, t)»eL'(0, T; L%(Q)),
(5.11) and ¢—f,(-, 1)» EBV(O, T; (HY(Q2))*);
b) up(ax) e V(0) =H} (0)(2);  w(x)eH=L*Q).

We now remember that we started from the «concrete» problem (5.3), and that we in-
troduced its «formal» weak formulation (5.4). On the other hand, by means of (5.5),
(5.6), and of (5.8)-...-(5.11), we can use Definition 2.1 to give a precise weak formulation
of (5.3) (together with a precise notion of weak solution). For the sake of brevity, we do
not rewrite here Definition 2.1 in the present case (i.e. by specifying V and H as in (5.5),
V(t) as in (5.6), ete.). Let us only remark that: (5.3) d) is given by (2.9) b) (also see
(5.4) b)); (5.3) b) is contained in (2.9) a) (also see (5.4) ¢)); (5.3) @), c), €) are contained in
(2.10) (also see (5.4) a)).

Now, by considering (5.7), we can use Theorems 3.1, 3.2 (along with Remarks 3.1
and 3.2), and Theorem 4.1, to obtain the following results.

PROPOSITION 5.1. — Let the above assumptions on Q, I', {I'y(f)};<[0, 17 hold. Take
moreover: H and V as in (5.5), V() as in (5.6), A(t) as in (5.10) (where a(t; «, v) is de-
fined in (5.9), and (5.8) holds). Finally, take any f, u¢, %, as in (5.11). Then, the following
conclusions hold.

a) Assume, moreover, that {I'(t)};c10, 1 I8 @ non-increasing family with t (and
hence (2.11) holds). Then, there exists a (not necessarily unique) weak solution % to the
problem (5.3) (in the sense of Definition 2.1). Such u satisfies u(t) € C°([0, T7; V,,) N
NCY([0, F1; H,) (and in this sense (5.3) d) and e) can also be meant). Moreover, it re-
sults that w(t) e V(¢) for every te[0, T].

b) On the other hand, assume that {Io(t)}ic0. m IS @ non-decreasing family
with t (and hence (4.1) holds). Then, if there exists a weak solution % to (5.3) (in the
sense of Definition 2.1), it results that such « is unique.
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REMARK 5.1, - Firstly, it is clear that, in Proposition 5.1 (a) and b)), the family
{To@®}icro, 1 (of C'-submanifolds of I) is allowed to have «jump discontinuities» with
respect to ©.

Now, bearing in mind Definition 2.1 (in the present case of (5.3)), we recall that, in
particular, (5.3) a) and c¢) are contained in (2.10): in such a general context, they cannot
be better specified. On the other hand, it is clear that, by taking more regular data (e.g.
a more regular f, etc.), we could deduce from (2.10) a2 more precise information on
(6.3) @) and ¢) (e.g. the fact that (5.3) a) is satisfied in the sense of @' (Q), etc.). How-
ever, for the sake of brevity, we do not insist here on this point.

REMARK 5.2. - We observe that the problem (5.3) was also treated by ArosIo [1] (see
§2.3 in[1]), in the special case where A= —A, and f=0. Indeed, in this case, he
proved (as an application of his abstract theory [1]) a result like the one in the part a) of
Proposition 5.1, i.e. that a (not necessarily unique) weak solution actually exists, when
{I"¢(t) }1ero, 7y I8 @ non-increasing family with ¢.

We also remark that the problem (5.3) was formerly studied by Barpos and Coop-
ER[5] (see Section4 in [5]), wn the case where Qu= —A,u+u+ |u|%u, with
0 =0 (and where fe L2(Q), uge V(0) N L2¥2(Q), u; e L%(Q) are taken). They studied
directly such a «concrete» (nonlinear) problem, and they were able to prove the exis-
tence and the uniqueness of the weak solution to (5.3), without assuming any mono-
tonicity property of {I'o(t)}ic(0, 71, but under more general hypotheses on the set X.
On the other hand, by means of Proposition 5.1, we have results for the problem (5.3),
with a general (linear) operator @ (although we have to require a monotonicity proper-

ty of {Io(t)}iero, 71)-

REMARK 5.3. — Even if we concentrated on the example (5.3) (where @ is given by
(5.2)), our abstract results also apply to Cauchy-mixed problems (with mixed variable
lateral conditions) for higher order linear differential operators of hyperbolic type (or
hyperbolic in the sense of Petrowski, as e.g. & /5t + A%). However, for the sake of
brevity, we do not insist here on this point.

52, We now consider another application of our abstract results. Let 7> 0 be
given, Let {Q(t)};.10, 77 be a family of open bounded subsets 2(¢) of RY. We assume
that, for every £« [0, T, the boundary I'(f) = d2(t) of Q(¢) is a (N — 1)-dimensional
manifold of class (e.g.) C'. Let us define:

(5.12) {QEOJ,LTQ“) x{ty; == U Tox{t};

B=RNx]0, 1.
We also suppose, for the moment, that
(5.13) @ is an open subset of RV*t1,

Let us now consider (formally) the partial differential operator @, which is given by
(5.2). We assume that its coefficients a;(x, ) (i,7=1, ..., N) and ¢(x, t) are complex-
valued functions defined in B. Then, we consider, in o formal woy, the following
Cauchy-Dirichlet problem. Given f(x, t) (defined in @), and wu,(x), u(x) (both defined
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in Q(0)), to find w(x, t) (defined in @), such that:

,

a) %(x, £+ au(x, t) =f(x,t) in Q;

b) u(x,t)=0 on X;

(5.14) J .
c) ulxw, 0) =up(x) in (0);
Ld) %(w,0)=u1(x) in Q(0).

Now, let us give a definition of a weak solution to the problem (5.14), according to our
«abstract» Definition 2.1. Towards this aim, we take

(5.15) H=L*RY), V=HYRY) (and hence V*=H " 1(RY)),
so that (2.1) holds. Moreover, we take, for every te 0, T,
(5.16) V(t) = {ve HY(RY) | supp (v) c ()},

which is, of course, a closed subspace of V. (Note that, if v e V(2), then its restriction to
Q(t) belongs to Hg (2(t))). Remark however that V(t) is not dense in H. It is clear
that

(5.17) (2.11) (resp. (4.1)) holds here iff {Q(£)}ic10, 1y is @ non-decreasing
(resp. non-increasing) family with ¢ .

Now, let us consider the operator @ (given by (5.2)), and assume that

(5.18) (5.8) holds, where we replace Q (resp. Q) in (5.8) a)
(resp. (5.8) b) and ¢)) with RY (resp. B).

Next, define (for a.a. t <10, T[, and any u, ve V=HY(RY)) a(t; u, v) as in (5.9) (where
we replace 2 with RY). Clearly, {a(t; -, )| for a.a. t€]0, TT} is a family of sesquilinear
and continuous forms on V' x V. Then, starting from such forms, and proceeding as in
(5.10), we can define the related family {A(%) | for a.a. t€]0, 7T} of linear and continu-
ous operators from V= H'(RY) into V* = H ~"*(RY). (They are connected, in a natural
way, with @ and with V). Thanks to (5.18), it is clear that, for such a family {A(?)}, 2.4),
(2.5), and (2.6) hold.
Take now:

a) flx,t) =fi(x, t) + folx, t), where ¢—f (-, )»eL*(0, T; L2(RY)),
(6.19) and «t—f(-, t)» e BV(0, T; H Y(RY));

b) up(ax) e V(0) = {ve H'RY) |supp () c R(0)};  uy(w) e H = LA(RY).
(Remark that, thanks to (2.8) and (2.10), «the values» of f (resp. of u,) in B\@ (resp. in

RY¥\2(0)) do not affect, in the present case, the weak solution % in Definition 2.1).
Then, thanks to the previous definitions and remarks, we can use Definition 2.1 to give
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a precise weak formulation of the problem (5.14) (together with the corresponding no-
tion of weak solution). For the sake of brevity, we do not rewrite here Definition 2.1 in
the present case (i.e. by specifying V and H as in (5.15), V(¢) as in (5.16), ete.). Let us
only remark that: (5.14) ¢) is given by (2.9) b); (5.14) b) is contained in (2.9) a); (5.14) a)
and d) are both contained in (2.10). Now, by considering (5.17), we can use Theorem 3.1
(along with Remarks 3.1 and 3.2), and Theorem4.l, to obtain the following re-
sults.

PROPOSITION 5.2. — Let the above assumptions on {(¢)};cr0 71, and {I(8) }iero. 1
hold. Take moreover: H and V as in (5.15), V(%) as in (5.16), A(t) as in (5.10) (where
a(t; u, v) is defined in (5.9) (2 replaced with RY) and (5.18) holds). Finally, take any 7,
Uy, %1 as in (5.19). Then, the following conclusions hold.

a) Assume, moreover, that {Q(t)}ic10, r is @ non-decreasing family with t (and
hence (2.11) holds). Then, there exists a (not necessarily unique) weak solution %
to the problem (5.14) (in the sense of Definition 2.1). Such % also satisfies w(t) e
eC%([0, T]; V,,) (and in this sense (5.14) ¢) can also be meant). Moreover, it results that
u(t) e V(T) for every te[0, T

b) On the other hand, assume that {Q(t)};.0, 77 is @ non-increasing family with
t (and hence (4.1) holds). Then, if there exists a weak solution % to (5.14) (in the sense of
Definition 2.1), it results that such « is unique.

REMARK 5.4. - Observe that, in Proposition 5.2, we did not use the assumption (5.13).
Hence, in general, the family {Q(t)};(0, ry is allowed to have «jump discontinuities»
with respeect to t. So, (5.14) a) and d) (which are here contained in (2.10)) cannot, in gen-
eral, be better specified. On the other hand, by taking more regular data, we can expect
to deduce from (2.10) a more precise information on (5.14) a) and d) (e.g. the fact that
(5.14) a) is satisfied in the sense of @' (Q), ete.). However, we do not insist here on this
point.

REMARK 5.5. — It is well known that the «concrete» problem (5.14) (in a non-cylindri-
cal region @) was formerly investigated by several authors, in the special case where
Au = —A,u (or, more generally, where Qu = —A4 4 + F(u), with suitable nonlinear
functions F"). We refer, in particular, to Lions [22] (and also [23], chap. 3, §8), BARDOS
and CooPER [5], INOUE [17], COOPER [11], SIKORAV [28], ZoLESIO [29], [30]. As for weak
solutions to (56.14) (with @ = —A4 ), we have (from [5], [11], [17], [28]) the existence and
the uniqueness, when (besides the other natural hypotheses) we assume that X is a
smooth N-dimensional manifold in R¥*!, and that X is strictly time like. Moreover,
some sharp existence, uniqueness and regularity results were proved by Da PraTO and
ZoLEsio [14] for the problem (5.14), with a general linear operator @, in suitably
smooth non-cylindrical regions @ of special type: they were obtained through a suitable
change of variables, and by using some abstract results due to KaTo[18] and to Da
PrATO and IANNELLI[13]. On the other hand, our Proposition 52 gives results for
(5.14), with a general (linear) operator d, in a general (not necessarily smooth) non-
cylindrical region @, but we have to require a monotonicity property of

Q) }iero, 71
t Le}t u[s al]so mention the geometrical method by Bove, FRANCHI, OBRECHT [8], which
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is useful to handle initial-boundary value problems, in non-cylindrical regions, for vari-
ous types of evolution P.D.E..

REMARK 5.6. — We also consider (5.14), where @ = —4,. When X is not time like,
such a problem is not well posed, in general (as we can deduce, e.g., from the careful
study, which was performed in Section 1 of BARDOS and CooPER [5]). Now, we observe
that a similar conclusion (and a conclusion similar to the one in Remark 5.5, corre-
sponding to the case where X is strictly time like) can, of course, be readily obtained
when we take, more generally, @ = —&d ., where ¢ is an arbitrary positive constant.
Let us view directly a behaviour of this type, in the following very particular case of
(5.14). Fix any [ >0 and any € > 0. Take any ae R, and fix any T > 0 (such that [ +
+ aT >0, when a < 0). Then, our problem is to find u(x, t) such that:

Fu Fu
a) — (%, t)—e — (x,t) =0,
) e ( 2’ )

(€, )e@Q={(x, ) eRE|0<t<T;0<w<l+at};
(6200 b)) w0, t)=ul+at,£)=0, 0<t<T;

c) wx, 0)=u(x), O0<z<Il;

g
d) —8t’3<x,0>=ul<w>, 0<z<i;

L

where u,(x) € H} (0, 1), and u,(x) e L2(0, 1) are given. Observe that, for the differen-
tial operator in (5.20) @), the characteristic lines are x + Vet = const. Now, considering
the weak solutions to (5.20), we have the following conclusions (which can be readily de-
duced, by using the results of [5]). We have the existence of such a solution, when a >
> —/e; but the existence fails, in general, when a < —V/¢. We have that such a solution
is unique, when a < \/e; but the uniqueness fails, when o > V/z. Now, if we view (5.20)
in our abstract framework, we have here that, in particular, Q(t) = {x e R [0<x<i+
+at}, and V(t) = {ve H'(R) |supp (v) ¢ Q(D)}. Then, the above conclusions show that
the well-posedness (or not) of the problem (5.20) depends on the fact that the speed of
the variation (with respect to ) of 2(¢) (and hence also of V(t)) is less (or greater) than
the speed of the waves related to the hyperbolic differential operator in (5.20) ). Any-
way, for every & > 0, a suitable monotonicity property of {€(#)} (and hence of {V(t)})
guarantees the existence or the uniqueness of the weak solution to (5.20).

REMARK 5.7. — Even if we concentrated on the example (5.14) (where @ is given by
(5.2)), our abstract results also apply to various initial-boundary value problems, in
non-cylindrical regions, for higher order linear differential operators of hyperbolic
type (or hyperbolic in the sense of Petrowski, as e.g. & /3t% + A2). However, for the
sake of brevity, we do not insist here on this point.

REMARK 5.8. — Let us also mention a paper by CANNARSA, DA PrATO, and ZOLE-
810 [9]. It concerns initial-boundary value problems, in non-cylindrical regions, for lin-
ear damped wave equations (hence, equations with both hyperbolic and parabolic
«characters»).
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