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L 2' ~ Regularity of the Spatial Derivatives of the Solutions 
to Parabolic Systems in Divergence Form(*). 

MARIO MARINO - ANTONINO MAUGERI 

S u n t o .  - Si dimostra,  che, nelle ipotesi: f i e  L 2, ~(Q~ RN), 0 < 2 < n + 2, i = 0, 1 . . . . .  n, 
u e L 2, ~ (Q, RN) A H_~ i/e,(~) (Q, RN), Diu ~ L 2, ~ (Q, R~,), i = 1, 2 . . . .  , n, la soluzione v: Q --) 
--> R N del problema di Cauchy-Dirichlet: 

- D~(A~(X)D~v)+ av _ ~ r~r~ _ _  _ _ ~., - - ~  + f o  in  Q ,  

..= at i=1 

[ v = u sulla frontiera parabolica FQ di Q, 

ha derivate spaziali Div appartenenti a L 2' ~(Q, R N) e che sussiste la maggiorazione: 

E HDiVH2L~(Q, R ~) <~ C DiUlSZ2')'(Q' RN) + ]IUII2~"(Q' R~) + [U]H'~ RN) i=0 
i = 1  " =  - ' 

1 .  - I n t r o d u c t i o n .  

L e t  t) be a bounded  open set  of F~ N with sufficiently smooth  bounda ry  at) (for 
ins tance of class C2), T a rea l  positive n u m b e r  and Q the  cyl inder  ~ • ( -  T, 0). I f  x = 
= (Xl, x2, . . . ,  Xn) e F ~  and t �9 R t ,  we set  X = (x, t). By  I (X  ~ z), Q(X ~ ~), Q + (X ~ z), 

M ( X  o, ~), M + (X o, z) we deno te  the  cyl inders  of R n • Rt  : 

I (X ~ ~) = B ( x  ~ z) z (t o - 2, t o + r 

Q ( x  ~ ~) = B ( x  ~ ~) • (t o - z ~, to) ,  

Q + ( x  ~ z) = B § (x ~ ~) • (t o - z 2, to) ,  

(*) Entrata  in Redazione il 20 dicembre 1990. 
Indirizzo degli AA.: Dipartimento di Matematica dell'Universit~ di Catania, Viale A. Doria 6, 

1-95125 Catania. 

Lavoro eseguito con contributo finanziario del M.U.R.S.T. e nell'ambito del G.NA.F.A. del 
C.N.R. 
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M(X ~ ~) = B(x ~ ~) x (t ~ t o + z2), 

M + (X ~ ~) = B + (x ~ ~) x (t o , t o + z2), 

where  X ~  (x ~ t ~ E F~  x R~, z > 0, B(x ~ ~) = {x e R~:  IIx - x~ < ~}, B+(x ~ r = 
= B(x ~ ~) n {x ~ ]R~: x~ > x ~ } (~). 

~z 1/2 L 2 Le t  ~ -T ( - -  T, 0, (~, RN)) (N integer  > 1) [H~/2( - T, O, L2(#, F~N))] be the 
Banach space of those functions u e H 1/2 ( _ T, 0, L 2 (t}, RN)) such tha t  

] dt t + T dx< + dt [tu - -  o o  < + o o  , 

- T  ~(2 - T  t) 

with norm 

f I IlulIH , (- O, = Ilull  , (- O, +- T dt# -t -+ -Tax I ' 

[ 1 dt Ilu(X)ll----~2dx . 
t 

- T  t~ 

Let  us denote by H*~/2(-T,O, L2(f2, RN)) the set of those ueH1/2(-T,O,  
L2(t~,RN)) for which there  exist heL2(~ ,R  N) such tha t  u-heH~_/~(-T,O, 
L 2(t~, ] [ ~ N ) )  (2). 

H*~/2(- T, O, L2(~,  RN)) is a Banach space with norm 

; I " u ( X ) - u ( x , - T ) " 2  ]~/2, 

where  u(x, - T) = h(x). 
Let  us consider in Q the following Cauchy-Dirichlet  problem 

homogeneous data) 
n n 

(1.1) - •Di(AiN(X)Djv)+ av = _i~=lDifi+fo in Q, 
ij= ~ at 

(with non 

(1.2) v = u on the parabolic boundary  FQ of Q (~), 

(t) When xo = 0 we set, for the sake of brevity, B + (~) = B § (o, ~). 
(2) If there exists hEL2(;2, R N) such that u-heH1/~(-T,O,  L2(~,RN)), it is 

uniquely determined by u; moreover, if there exists (in L2(t~, RN)) the lira u(t), it results 
h= lim U ( t ) .  t ' - - ~ - T +  

t - ~  - T + 

(8) FQ = [l~ • { - T } ]  U [5~ • ( - T ,  0)]. 
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where 

(1.3) u e L 2 (  - T, 0, H i  (~Q, RN)) A H * _ I / 2 (  - T, O, L2(t2, RN)), 

(1.4) f i e L 2 ( Q ,  RN), i = 0, 1, . . . , n ,  

and Aij(X), i, j = 1, 2, ..., n, are N • N matrices satisfying the conditions 

(1.5) Aij e C o (-Q, F~N2) , i, j = 1, 2, ..., n ,  

(1.6) there exists v > 0 such that: 

(Ais(X)pJlp i) >~v ~ IIpi[I 2, v(x,  p) e Q • R ~N (4). 
ij=l i=l 

The following result is well known (see S. KAPLAN [4], Theorem 2) 

THEOREM 1.1. - I f  assumptions (1.3)-(1.6) hold, the problem (1.1), (1.2) admits a 
unique solution v in L 2( _ T, O, H 1(~, RN)) (3 H *_~T/2( -- T, O, L 2(~, RN)), in the sense 

= _ rrlZ2( T, O, L2(~, ~N))  and that w u v e L 2 ( - T , O , H ~ ( ~ , R N ) ) ( ~ , _ T ~ -  

(1.7) (A i jDjwlDi~)dX + [~(w, ~} = 
Q 

= B ( u , ~ ) +  A i j D j u - f i ] D ~ , p  d X -  ( f ~  
q q 

Y~ e L 2( - T, O, H ~ (~, RN) ) A H1/2 ( - T, O, L2 (~2, RN)) (5). 

For such a solution the following estimate holds 

(1.8) f ]lDivll 2iX + 2 IlvllH, ,2(_ T, o, 
i=1 

Q 

In this paper we study the L 2, ~'-regularity of the spatial derivatives of the solution 
v to the problem (1.1), (1.2) (see Theorem 4.1), that has interest in itself and is 
preliminary to reach the boundedness of v (see [6]). 

The boundedness of the solution v to the problem (1.1), (1.2) plays an important 
role in the study of the partial HSlder-continuity of the solutions u to nonlinear 
parabolic systems with quadratic growth (see [5], Section 5). 

(4) p = (pl I.." IPn), pJe R N, denotes a vector of R ~N. 
(5) /~(w, ~) and B(u, ~) have the meaning explained in Section 2 of[5]. 
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2. - P r e l i m i n a r y  l e m m a s .  

In this section we show some lemmas concerning the solutions to the system 

(2.1) - 2 Di(A,~DNW) + aw _ an 2 DiFi + F o 
i j= l  ~ t  Ot  i= l  ' 

with Ai~, i, j = 1, 2, ..., n, N x N constant matrices satisfying the strong ellipticity 
condition 

(2.2) there exists v > 0 such that: 

n n 

(A i jp  IP ) ~ , �9 
i j=l  i=1  

LEMMA 2.1. - I f  u e L 2 ( - T ,  O, HI(B(x ~ ~), RN))NH*_72(-T, O, L2(B(x ~ ~), RN)) 
and FieL2(B(x ~ z) x (-T,O),RN), i=0,1,.. . ,n, i f  w e L e ( - T , O ,  HI(B(x ~ r,','J),RN)) A 

1/2 = f3H_T( -- T, O, Le(B(x ~ ~), RN)) is solution in Q(X ~ e)cB(x ~ ~) • ( - T ,  0), X ~ 
= (x ~ t~ to the system (2.1), in the sense that 

I f (2.3) ~(A~DjwlDip)dX+[~<w,~)=[3<u,~)+ 
i j= l  z 

Q(X ~ 9) Q( X~ ~) 

{~=~ (FilDi~)+(F~ dX' 

Y 9 e LZ(t ~ - ~,  t ~ Hd (B(x ~ z), RN)) N [ H I ~  fq HljZ](t ~ - ~,  t ~ Le(B(x ~ ~), RN)), 

then there exists a positive constant c = c(v) such that V~ E (0, ~) it results 

(2.4) I i=1211D~II~dX~ 
Q(X ~ p) 

<- e(~) E IID~II ~ d X  + E IID~ull ~ d X  + 2 IIF~II 2 d X  . 
i=1  i=1  7=0 

02 ) Q(X ~ ~) Q(X ~ ~) 

PROOF. - In virtue of the assumptions, the vector v = u - w  belongs to L 2 ( t ~  2, 
t ~ HI(B(x ~ ~), RN)) and is weak solution (in the usual sense) in Q(X ~ ~) to the 

system 

- 2Dr av _ 2 D i f i + f o  
ij=l Ot i=~ 

(2.5) 

with 
n 

f i  = _ Fi + ~ Ai~DjueL 2(Q(X o, ~), IRy), i = l , . . . , n ,  fO=_FOeL2(Q(X o, ~), RN). 
j = l  
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Then  we m a y  use a well known es t imate  (see[2],  L e m m a  

(2.6) f i=l ~ I I n i v l l 2 d ~  c(y)(( --~ )n+2 f i:12 I,  vl, f 
Q(X ~ p) Q(X ~ a) Q(X ~ r 

2.II) t ha t  assures  

o f o  f rom which, being w = u - v, f i  = _ F i + A i jD ju ,  = - F ~ we get  
j=l 

]]D, wll~dX < 2 I[D~ulledX + 2 E [ID~vll2d X < 
i=l i=1 i=1 

Q(X ~ p) Q(X ~ , p) Q(X ~ p) 

~ C ( Y ) I ( ~ ) n + 2 x !  z i~1 ~ HDivH2dX~- f i=1 ~ HDiuH2dj-]- f 
[ Q( ) Q(x ~ ~,) Q(x ~ r 

~o ]lFill ~ dX} 
and, thus,  the  asser t .  

LEMMA 2.2. - I f  u E L 2 (  - T, O, H~(B(x  ~ ~), RN))AH*IT/2(  - T, O, L2(B(x  ~ ~), F~N)) 
and  F i ~ L 2 ( B ( x  ~ ~) • ( -T ,O) ,  RN) ,  i=0 ,1 , . . . , n ,  i f  w e L 2 ( - T ~ O ,  H I ( B ( x  ~ cr),]RN))A 
A ,~rzl/2t_T~ -- T, O, L ~ ( B ( x  ~ ~), RN) )  is solution in  M ( X  ~ ~) r  ~ ~) • ( - T ,  0), 

X ~  (x ~ t~ t o =  - T ,  to the s y s t e m  (2.1)(7), then  there exists  a posi t ive constant  
c = c(v) such that  Y~ ~ (0, ~) 

i (2.7) IlDiwl[2 d X  <~ c(v) --j E ]lDiwll2 d X  + 
i=1 i=1 

M(X ~ , ~) M(X ~ ~r) 

§ f ,rD uH dX§ [  :HFVdX] + 
i=1 ~ i=0 

M(X ~ z) M(X ~ z) 

PROOF. 
L 2 (B(x ~ ~), RN)) be the solution (8) to the C.D. problem 

) (2.8) - 2 Di(Ai~DjVl)  + - -  = - Di A i ~  - F i - F ~ 
ij=l ~t i=1 '= 

(2.9) V 1 = u on FM(x o, :). 

- L e t  vl e L 2 (t o, t o + z2, H I (B(x  o, z), RN)) D Ht *1/2 (t o, t o + ~ ,  

in M(X ~ z) 

(6) This estimate in [2] is shown w h e n f  ~ = 0, but it can be extended to the weak solutions to 
the system (2.5). 

(7) In the sense considered in the statement of Lemma 2.1. 
(8) In the sense indicated in Section 1. 
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In M(X o, ~) let us decompose w in the sum w 1 ~- w 2 where 

w 1 = U -- V 1 ~ L e ( t  ~ t o + z 2, H~(B(x  ~ z), RN)) D Htl/e(t ~ t o + ~,  Le(B(x  ~ ~), RN)),  

while 

w 2 e L 2 ( t  ~ t o + z 2, H I ( B ( x  ~ ~r), RN)) N H~o/2(t ~ t ~ + ~,  Le(B(x  ~ z), RN)),  

is solution (7) in M(X o, ~) to the system 

(2.10) - ~ D~(Ai~Djw2) + Owe 
ij= l Ot  

=0 .  

Fixed ~ ~ (0, ~) and set X* = (x ~ t o + ~2), let us consider the extension of the func- 
tion we to the cylinder B(x ~ z)•  (t~ 2 -  ~2, te+ z2) obtained by means of the 
position: 

(2.11) We(x , t )={o2 (X , t )  in M(X~ ~), 
in B(x ~ ~) x (t o + ,~2 _ ~,  to). 

1/2 o ~2 t o _ t 2 HI(B(xO,~),RN))DHto+.:2 ~(t + ~2, + We belongs to L2 (t 0 + ,z2 ~2, + ~2, 
+ ~,  L2(B(x ~ ~), RN)) and is weak solution (in the usual sense) in Q(X*, ~) to the 
system 

n 
(2.12) ~ o aW2 _ 0 - D~(A~jDjW2) + at " 

i j = l  

Then, by means of the estimate (2.4) of[2], we get 

I f 
Q(X*, ~) Q(X*, ~) 

from which, in virtue of (2.11) and being Q(X*, z)= M(X ~ ~), it follows 

) n + 2  
(2.14) f i=1 ]~ [ID~w2[12 dX<<" c(v)( T f i=1]~ [[Diw2][ 2 dX. 

M(X ~ ?) B(x ~ z) • (t ~ t o + ~2) 

From (2.14) and from the inclusion 

B(x ~ ~) x (t ~ t o + 2)  cM(X o, z), 

we obtain Vp e (0, ~) 

(2.15) 
M(X ~ ~) M(X ~ ~) 

IlD~w~ll ~ dX. 
i=1 



MARIO MARINO - ANTONIN0 MAUGERI:  L 2,~ regularity, etc. 281 

On the  other  hand, in virtue of Theorem 1.1, v I satisfies the  est imate 

M(X ~ z) 

IID  v ll 2 dX 
i=1 

~<c ] + + I Hl~l /2 ( to  ' ~0 ~_ :T2 L2(B(x O, =), ~N)) IlD~ ull~ dX 
i = l  

M(X ~ ~) M(X ~ z) 

HF*II 2 dX} , 
i=0 

and hence,  be ing  w~ = u - v~, 

f n 
(2.16) E ]ID~ w~][ 2 dX 

i=1 
M(X ~ ~) 

<. c ull 2 E lID, uH 2 dX + II H,*~/~(t ~ t o + ~ ,  L2(B(x ~ z), ~N)) i _ _ _  . 
i = 1  

M(X ~ ~) M(X ~ ~) 

Since w = wl + we in M(X o, ~), from (2.15) and (2.16) the assert  follows in a stan- 
dard way.  

L EMMA 2.3. - If  u ~ L2( - T, O, H I(B + (x ~ ~), F~N)) A H .~2( _ T, O, 
L2(B+(x~ ~), RN)) and F i e L 2 ( B + ( x ~  ~) • ( - T ,  0), F~N), i = 0 , 1 , . . . , n ,  i f  

w e L 2 ( _ T, 0, H ~  (B + (x o, +), R N ) )  A H ~_/~ ( - T, 0, L 2 (B + (x o, ~), R N ) )  (9) 

is solution in Q+ (X ~ ~ ) r  + (x ~ ~) • ( - T ,  0), X ~ = (x ~ to), to the system (2.1) (~), 
then there exists a positive constant c = cO) such that Vp E (0, ~) 

i n (2,17) ~ $1D~wl]2dX ~ cO) ~+~ ~ HD~wl]~dX + 
i = l  i=1 

Q+ (Z~ i) [ q + (X , ~) 

+ ~ J]D~u][ ~ dX + tlF~Jl 2 dX . 
i=1 

Q + (X ~ ,z) Q + (X ~ ~) 

PROOF. - Let  us consider the  functions W, f i ,  i = 0, 1 .... ,n ,  and U defined in 

(9) ~ (B + (x o, z), F~ N) is the class Of the functions u e H 1 (B § (x o, ~), RN) with trace on the 
iperplane x~ = x ~ zero. 
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B(x ~ ~) • ( - T ,  0) in the following way: 

(2.18) I W(X, t) if X n >1 X 2, 

W ( x , t ) = [ w ( 2 x O _ x , t )  i f x ~ < x  ~ 

(2.19) 

f~  t) = 

f i ( x ,  t) = 

F ~ (x, t) if x~ i> x ~ , 

F~  ~  i f x ~ < x  ~ 

"F i (x, t) if x~ 1> x~ ~ , 
_ 0 - F i ( 2 x  ~ x, t) if x,~ < Xn, 

i = 1, . . . , n ,  

(2.20) 

I 0 u(x, t) if x n ~ Xn, 

U ( x , t ) = [ u ( 2 x O _ x , t )  i f x ~ < x ~  ~ 

where 2x ~ - x = (2Xl ~ - xl ,  2x ~ - x2, .. . ,  2X~ - Xn). 
The functions f i ,  i = 0,1,. . . ,n, belong to the space L2(B(x  ~ z) • ( - T ,  0), RY), 

U belongs to L2(  - T, O, H l ( B ( x  ~ ~), RN))  M H ~ 2 (  - T, O, L2(B(x  ~ ~), RN)),  while 
W belongs to L 2( _ T, O, H ~ (B(x o, z), R N)) M H I_/~ ( T, O, L 2 (B(x o, ~), R y ) )  and is 

solution in Q(X ~ z) to the system 

- Di(Ai~DjW) + 3 W  _ aU ~ D i f i  + f o .  
ij= l ~ t  8 t  i=1 

Then W verifies the assumptions of Lemma 2.1 and hence the estimate (2.17) fol- 
lows from (2.4), written for W, f i  and U, taking into account that  V r e  (0, ~] it 

results: 

Q(X ~ r) Q + (X o, r) 

f i-o  /fql2ex: 2 I iIFiiI=dx' 
Q(X ~ , r) Q + (X ~ r) 

I f i=1 IIDi UII2 dX  = 2 i=lE [IDiuli 2 dX.  
Q(X ~ r) Q + (X ~ v) 

LEMMA 2.4. - I f  u e L 2 ( -  T,O, HI (B+(x~  - T ,o ,  
L2(B+(x~  and F i e L 2 ( B + ( x ~ 1 6 2 2 1 5  i = 0 , 1  .... ,n, i f  
w e L 2 ( -  T, 0, H I ( B + ( x  ~ ~), F~N)) M H ~ Z ( -  T, O, LZ(B+ (x ~ ~), RN))  is solution 
in M + (X ~ ~) c B  + (x ~ ~) • ( - T ,  0), X ~ = (x ~ to), t o = - T, to the system (2.1)(7), 
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then there exists a positive constant c = c(v) such that Yp e (0, ~) 

(2.21) M+(x ~ P) i=1 ~ ]]Diw][2 d X  ~ c(y) { ( ~ )n+2M+(X ~ z) i=l ~ ][Diw][2 d X  q- 

2 + f IIII..U..H:,~< t o + ~~ L2(B + (x ~ , ~), R'v)) + 

M § (X ~ o') 

n n J IlD ull + f   ollFql  dX. 
M + (X ~ r 

PROOF. - Let us define W, f~, i = 0,1 .... , n, and U in M(X ~ a) by means of 
positions (2.18), (2.19) and (2.20). The functions fr i = 0,1 .... ,n, belong to the 
space L2(B(x ~ z) • ( - T ,  0), RN), U belongs to L2( - T, 0, HI(B(x ~ ~), RN)) A 
N~'1/2(--- -T ~ T, 0, L2(B(x ~ v), RN)), while W verifies in M(X ~ ~) the assumptions of 
the Lemma 2.2 with f i  and U instead of F ~ and u, respectively. The estimate (2.21) 
follows from (2.7), written for W, f i  and U, taking into account that Vr e (0, ~] it 
results: 

f ~ ,  f n  HD~ wl[ ~ dX = 2 E IlD~wl[ ~ iX, 
i=1 i=1 

M(X ~ r) M + (X ~ r) 

I~(ill 2 dX = 2 ~ IIFill 2 dX, 
i=O i=O 

M(X ~ r) M + (X ~ r) 

2 II I~ 2 
VHHt*,/~(t~ t'+ r ~, L~(B(x ~ r), R'v)) = 2"UHH*.I/~(t~ t~ ~, L~(B *(~~ ~), RN)) ' 

f n f E HDi U[[ 2 dX : 2 E HD~ul[ 2 dX. 
i=l i=l 

M(X ~ r) M § (X ~ v) 

3. - L 2' ~- regu la r i t y  r e s u l t s .  

Let L2,~(Q, RN), 0 < 2 < n + 2, be the usual Morrey spaces related to parabolic 
metric 

d(X, Y) = m a x { l l x  - yJl, It - ~11/2} ,  X = (x, t), Y =  (y,  z ) .  

Let us denote by r4 ,o, 1/~,(~)(Q, RN), 0 < 2 < n + 2, the space of those functions " ' - T  
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u(X) �9 H*IT/2(- T, O, L2(~,  RN)) for  which 

[UJH*~ ~/,,(~)(Q, R,v) = s u p  dt  d~. 
x~ e-~ ff l J J J 
~ > 0  ( - T  - T  B(x~,~)~ 

I l u ( X )  -  )11 dx + 
I t - ~ l  2 

m~ 

- T B(x~ a) N t) 

] 

Ilu(X) - u (x ,  - T)II 2 d x  I 
~ + T  

< + c r  

where  m~ = min (0, - T + ~2). 
f~ r~ 1/2 ( L e t  w �9 L 2 ( _  T, 0, H~(~ ,  RN)) -- -T ~ -- T, 0, L 2(~, RN)) a solution in Q to the  

sys tem (7) 

(3.1) - D~(Aij(X)Djw) + a_ww = au ~ D i F  i + F o 
ij= l ~t  ~t  i=1 ' 

where ,  for  a cer ta in  i ,  0 < 2 < n + 2, 

(3.2) FieL2 '~ (Q ,  R Y ) ,  i = 0; 1, . . . ,  n ,  

while u and A~j(X) i, j = 1 .... , n, ver i fy  the  conditions (1.3), (1.5) and (1.6). 
The  following t heo rem holds: 

1/2{ T THEOREM 3.1. - I f  W �9 L 2 (_  T, 0, H 1 (t}, RN)) A H -T~-- --, 0, L 2 (t), RN)) is solu- 
tion in Q to the system (3.1), i f  the conditions (1.3), (1.5), (1.6), (3.2) are satisfied and 
i f  u � 9  RN) NH*~I/2'(~)(Q, RN), DiueL2'~ ' (Q,  RN), 0 < ~ < n + 2 ,  

i = 1, 2, ..., n, then, for every cylinder Qo = t~o x ( - T, O) with t}o cr t~, it results 

(3.3) D i w e L 2 , ~ ( Q o ,  ~ N ) ,  i = 1, 2 . . . .  , n ,  

and we have 

(3.4) IIDiWI[L~,~(Qo, R~) <- c(~, n, )0 
i = 1  [ ~" i = 1  

+ IID~uii~(Q,~N) + [lUiIL2~(Q,R~I + [U]~*_~I,2,,~(Q,R~) + [IF IIL~'(Q,~N) 
i=1 i=O 

where ~ is the positive number defined by (3.14). 

PROOF. - L e t  us fix Qo = t~o x ( - T, 0) with Do cc ~2, let  us denote  by  Ro the  eu- 
clidean distance of t)o f rom at] and let  us set  

(3.5) 1 
~o = ~ min(Ro,  V ~ ) .  
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Let o~(~) be the non negative function defined for every ~ > 0 in the following 
way 

(3.6) co(~) = sup ~ [ ~ j ( X ) -  Aij(Y)l[ 2 
X, Y~'Q i j= l  

d(X, ]9 <- 

m 
and let us observe that, in virtue of the continuity in Q of the coefficients A~-, ~(~) -~ 0 
when ~ - o  0. 

Theorem 3.1 will be achieved if we are able to determine a constant ~ e (0, z0] such 
that VX~ Qo and Vp e (0, ~) it results (10)_. 

f ~{1  ~ HDiw[[2(Q, RN)+ (3.7) ~=1~ IID~wll2dX <<" cCv, n, ;()~ -7 ~=~ 
I(X ~ ~) N Q 

n ~ } 
2 2 

Let us fix X ~ = (x ~ t ~ e Qo; to achieve (3.7) we must consider two cases (see [1], 
Theorem 9.I for an analogous point) 

a) t o = - T. For every ~ e (0, ~o] we have 

(3.8) I (X o, or) (~ Q = M ( X  o, ~) r B(x o, z) • ( - T, O) r Q ; 

the function w ~ L2( - T, O, HI(B(x  ~ ~), RN)) (7 H1_/2( - T, O, L2(B(x  ~ z), RN)) and 
is solution in M(X ~ z) to the system 

0_Ew 
.an 

(3.9) - ~_~ Di(Aij(XO)Djw) + = O_u_u _ ~,  D i f i  + F o 
ij= l Ot Ot i=1 

with f i = F i +  ~ (A/j (X ~ - A i j ( X ) ) D j w e L 2 ( B ( x  ~ ~) x (-T,  0), R~), 
j = l  

The Lemma 2.2 assures that Vp e (0, z) 

i = 1 , 2  .... ,n. 

f f Hn wrr  dX+ 2 IpD~wl[ 2dx < c(~) -~ 
i=1 i=1 

M(X ~ p) M(X ~ , a) 

f f  lrfVd + f 4- HU[I//t,1/2 (t o, t o + ~2 L 2(B(x~ z), R N)) "{- i =1 i=1 

M(X ~ z) M(X ~ ~r) M(X ~ ~) 

I]F~ 

n n 

(lo) This because f i~=ll[Diw[[2 dX <<. ] ~ [[Diwll2 dX. 
i=1  

I (X  ~ p) N Q I (X  ~ •) f~ Q 
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and, then, for every ~ e (0, ~) 

(3.10) ~., IIDiwll 2 dX <~ c(v) ~ lIDiwli 2 dX + 
i=1 i=1 

M ( X ~ , ,r M ( X  ~ r 

2 �9 II II § § RN)) 

§ ~, Ilo~ ull ~ dX + oJ(6) liDr wll 2 dX + 
i=1  i = l  

M(X ~ z) M(X  ~ ~) M ( X  ~ ~) 

r IIF~II ~ dX}. 

On the other hand, in view of the assumptions on u and F ~, it results: 

(3.11) 

(3.12) 

and 

f n /b 
i=1 i=1 

M( X ~ ~) 

2 2 2 

(3.13) 
n n 

f 2]iFql ~dX<~2  ~ i=o ~=o ]IF IIL~,~(Q, R~) �9 
M(X ~ ~) 

From (3.10), (3.11), (3.12) and (3.13) we reach for every 0 < ~ < 6 ~< 6o 

} n+2 
~(~:) ~< c(v)~(~) - + ~(6) + c(v)6 ~ ~ 2 ,  

where 

M(X ~ ~.) 

HDiUilL--(Q, R~) § i]UtiL--(Q, R~) + [U]H*~,~,(Q R~) § liE IIL~(Q, R~)" 
i = l  - ' i=O 

Then, applying the Lemma 2.VII of [3], in correspondence to the number s = n + 

+ 2 - ~, there exists 

(3.14) F e (0, 6o] (with F independent of 9) 

such that, if 6 e (0, ~] and p �9 (0, 6) 
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from which, V~ �9 (0, 3) 

(3.15) 

M(X ~ ~) 

IID wli dX 7 
i=1 

Taking into account (3.8), from (3.15) the estimate (3.7) follows for every 
,~ e (0, ~). 

b) t o �9 ( - T ,  0]. We shall prove that VX ~ �9 Qo con t o �9 ( - T ,  0] e V~ �9 (0, ~) (n)  it 
results: 

(3.16) 

Q(X ~ ~) n Q 

2 2 2 ~ i 2  } 
i=1 i=0 

Let us suppose just  now we obtained this estimate. 
Then if t o = 0, for every ~ e (0, ~), it results: 

I (X o, 6) N Q = Q(X ~ ,~) N Q 

and hence (3.16) coincides with (3.7); if t ~  0), for every ,zE(0, Y), we 
have: 

(3.17) I (X ~ ~) n Q = [Q(X ~ ~) n Q] {J [B(x ~ ,o) x {t~ U 

U [M(X ~ ~) n Q] = [Q(X ~ ,z) n Q] u [B(x ~ ~) • {t~ U [Q(X*, ,o) N Q] 

where X*  = (x ~ t*), t* = min (0, t o + ,z2). Taking into account that X*  = (x ~ t*) be- 
longs to Qo and that t* e ( - T, 0], from (3.16), written with X* instead of X ~ it fol- 
lows, Yp e (0, ~) 

(3.18) i=~ ~-~ i=1 rfDiwHL~(Q'R€ + 
Q(X*, ~z) n Q 

2 U 2  2 
+ i=1 []DiU]IL2')(Q'RN) + !1 [IL2,;'(Q, ~ N) -}- [U]H*~ , RN) + ~=o ~ HFi2HL~';(Q ' R N) . 

Then (3.7) is a consequence of (3.16), (3.17) and (3.18). Hence it is hough to show 
the estimate (3.16). 

Setting ~* = min (~, V ~ + to), we have Q(X ~ z*) c Q; then, for every ~ e (0, z*], 
the function w e L 2( - T, O, HI (B(x  ~ z), FJV)) N H ~ (  - T, 0, L 2(B(x ~ ~), ]~Y)) is 

(11) ~ is the constant defined by (3.14). 
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solution in Q(X~ z) c B(x~ z) • ( -  T, O) to the system (3~9), with f i  
n 

+ ~ (Aij(X ~ -Ai j (X))Djw E L2(B(x ~ z) • ( - T ,  0), RN), i = 1, 2, ..., n. 
j=l  

The estimate (2.4) of the Lemma 2.1 assures that Vp E (0, ~) 

= F ~ +  

f 
E IlD~wl[ 2 d x  ~ c(O 
i=1 

Q(X ~ ~) 

).+2 Z [ID, ll 2dx+ 
i=l 

Q(X ~ #) 

I I + E IIDiull 2 dX + Ilf~ll 2 dX + 
i=l i=1 

Q(X o, r q(x ~ ~) Q(X ~ z) 

]lF~ 2 dX] 

and hence, for every 0 < ~ < z ~< ~* 

(3.19) ZllDiwll2dX <~ c(v) ~llD~wll2dX + +~o(z) + 
i=l i=1 

Q(X ~ , ~) Q(X ~ ~) 

} 2 i2  
+c(v) a ]tD~UlIL~(Q, RN) + II F IIL~,~(Q, R ~) �9 

= i = 0  

This last estimate coincides with (2.16) of the Lemma 2.VII of [3], if we set 

i n ~(~) = E ]lDiwtl 2 dX, 
i=1 

Q(X ~ r 

and hence, being ~* <~ ~, if z e (0, ~*] and p e (0, ~) it results: 

~(~) ~< c(v) + c(v, n, ~ ) ~  2 

from which we get Vpe  (0, z*)  

i n (3.20) ~ IlD~wlledX <<. c(v, n, ~)p~ 
i=l 

Q(X% •) 

n 

lIF llL~.~(Q, R ~) , 
i=O 

I 1 I  ll'iwll2dx§ - ~ -  i=1 
( Q (x~ ~*) 

]IDiuIIL2,~(Q,R,, ) + liE li/2,~(Q, RN) �9 
i=1 i=0 J 

Now we have two possibilities. 
If ~* = ~ ,  from (3.20) it follows (3.16) 

= ~ t o < ~, it results: 

Q(X ~ z*) = M(X*, r 

VpE(0,  ~). On the contrary ~* = 

X *  = (x ~ - T) 
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and (3.20) can be rewritten, V~ e (0, z*), in the following way 

i n (3.21) ~ [IDiwl[2 dX  <~ c(v, n, Z) --~ ~,  lIDiw]12 dZ  + 
i=1 i=1 

Q(X o, ~) M(X*, z*) 

HD i U]IL2,~(Q, a N) + i 2  
i=1 i=o 

Making use of (3.15), with ~ = z* < ~ and X ~ = X*, we get: 

f ~ { 1  ~,[D/w[I2L=(Q,R~)+g~2} (3.22) 1 IID wll dX <. c6,, n, ,~) -~7 ~=~ �9 
~ z  i= l 

M(X*, ~) 

From (3.21) and (3122) the estimate (3.16) follows for every ,~ e (0, T~/T-~) .  While 

if V T +  t o ~< ,~ < ~ we have Q(X ~ ~) A Q c M ( X * ,  ~)cQ,  X* = (x ~ - T ) ,  and hence 
from (3.15), with X ~  X*, we obtain 

(3.23) I i=1~ IIDiwll*dX ~ 

Q( X~ e) N Q 

I ~ ' [ D i w H 2 d X < ' c ( ~ ' n ' ) v ) ~ ) ' { ~  2 } .  i=IHDiWHL=(Q,R,v) + 0}~ 2 
M(X*, ~) 

Now let us show the following 

THEOREM 3.2. - / f  W e L2( - T, 0,//01(B + (1), RN)) AHI_/~( - T, O, L2(B + (1), RN)) 
is solution in Q = Q + (1) = B + ( 1 ) •  to the system (3.1), i f  the 
conditions (1.3), (1.5), (1.6), (3.2) are satisfied with t~ = B +(1), Q = Q +(1) and i f  
u e L e' ~ (Q + (1), F~ N) A H*} i/2,(~) (Q + (1), RN), D/u ~ L 2' ~'(q + (1), RN), 0 < k < n + 2, 
i = 1, 2 ..... n, then, VR e (0, 1), it results: 

(3.24) Diw e L 2, ~ (Q + (R), F~N), i = 1, 2, ..., n ,  

and moreover 

IID  I 1 ~ IID  (3.25) /=1 wll. (Q+(R)RN) ~< c(v, n, )') [ 7 ~=1 W[[2,(Q, R N ) + 

2 2 i 2  

i=1 i=0 

where Q § (R) = B § (R) • ( -  T, 0), Q = Q § (1), ~ is the positive number defined by 
(3.32). 
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PROOF. - Let  us fix R ~ (0, 1) and let us set 

(3.26) 
1 

: ~ rain (1 - R, R, VT) ,  ~'0 

(3.27) 
*t 

~(r = sup ~ 1~4~j(X) - A~j(Y)II ~, ~ > o. 
X, Ye'Q ij=l 

d(X, Y) <- ~ 

We shall prove the theorem if we shall be able to determine a constant ; e (0, ~o] 

such that  VX o e Q + (R) and V,~ e (0, ; /2)  we have an estimate of the type 

(3.28) f 
I(X ~ ~) n Q 

IIDiwll dx n, )0~ ~ 2 

~-,n n ] 
+~- '  2 2 2 

i=l ' i=O 

Let  X ~ = (x ~ t ~ = (Xl ~ , x ~ ..., x ~ t ~ be a point of Q § (R); we must consider seve- 
ral possibilities, first let us show (3.28) when 

a) x ~ = 0 and t o = - T. For  every z e (0, Zo] we have: 

(8.29) I(X ~ r M Q = B +(x ~ ~) • ( - T ,  - T  + ~2) = M + ( X  o, ~) r Q; 

the function w e L 2( - T, 0, [I~ (B + (x ~ ~), RN)) n H ~ (  - T, O, L 2(B + (x ~ ~), RN)) 
and is solution in M + ( X  ~ r 1 6 2  ~ ~) • ( - T ,  0) to the system (3.9), with f i =  

n 
= F i + ~ (Aij(X ~ -Aij(X))Djw e L2(B +(x ~ ~) • ( - T ,  0), RN), i = 1, 2, ..., n. 

j=l 
The estimate (2.21) of the Lemma 2.4 assures that  Vp e (0, z) we have 

(~.~o) f i=1 ~ HDiwlI2dX ~ c(v) [ ( ~ )n+2 f i=1 ~ HDiwll2 d X  + 

M + (X~ '~) t M + (X~ r 

2 + f + 

M+(X ~ ~-) 

IIDiull 2 dX + 
i=l 

+ f ~llfill2dX+i=l I 
M § (X ~ ~) M + (X ~ r 

IIF~ 2dx} 

and hence V0 < ~ < r ~< r 

(3.31) ~(~) ~< c(v)~(~) + ~(~) + c(~)~2 ~ ,  
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where 

+(T) = / i=l~]]DiwH2dX' 
M + (X ~ r) 

n 
~2  2 2 2 

= IID~UIIL:,:<Q,~) + IIUI[L:,~<Q,~) + [U]++_.~,+..,<Q,~> + E IIFqIX:,:.(Q,~+. 
i = 1  i=O 

In virtue of Lemma 2.VII of [3], there exists 

(3.32) �9 (0, ~0] (~ independent of 9) 

such that, if ~ �9 (0, ~] and p �9 (0, ~) 

~(~) ~< c(v) ~(~) + c(v, n, ~ ) ~ 2 ~ ,  

from which, V~: �9 (0, ~), 

I i:1 ~ I]Diw[[2 dX~ c(y, Tt, )~)~{+ i:l ~ HDiw][22(Q' R~v)"}- , ~ 2  , 

M + ( X~ e) 

From this estimate, taking into account (3.29), (3.28) follows, for every 
�9 (0, ~). 

b) x ~ = 0 and - T  < t ~  < 0. Taking into account the technique applied in the 
case b) of the proof of the Theorem 3.1, it is enough to show that Vp �9 (0, ~/2) it 
results 

(3.33) i:l  ' D i w 2 d x  ~ "~ i:1 
Q+(X~ 

because from (3.33) the estimate (3.28) easily follows for every ~ �9 (0, ~/2). The esti- 
mate (3.33) can be achieved using the same procedure followed in the case b) of the 
proof of Theorem 3.1, making use of the Lemma 2.3, instead of the Lemma 2.1. 

c) 0 < x~ ~ ~< ~/2 and t o = - T. For  every ~ �9 (0, x ~ we have: 

M ( X  ~ ~) = B(x ~ ~) • ( - T ,  - T  + ~ 2 ) c Q ;  

the function w belongs to L2( - T, 0, HI(B(x  ~ ~), RN)) m ~1/2t , , x l - T \  - -  T, O, 
Le(B(x o, ~), ]~N)) and is solution in M ( X  ~ ~) cB(x  ~ ~) • ( - T ,  0) to the system (3.9), 
with 

n 

f i  = F i + ~ (Aij(X o) - Ai j (X))Djw �9 L 2(B(x ~ ~) • ( -  T, 0), RN),  
j = l  

i = 1, 2, . . . , n .  
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The estimate (2.7) of the Lemma 2.2 assures that V,z �9 (O, ~), 

J 
M(X ~ ~:) 

]lD~wH2 dX ~ c(~)[ 
i=1 

M(X ~ ~) 

dX + 
i=1 

M(X ~ ,z) 

n I + f i=lE IIf!ll ~ dX + IIF~ ~ dX 
M(X ~ "z) M(X ~ z) 

and then Vz �9 (0, x~ V~ �9 (0, ~) 

(3.34) I UD wll I 
M(X ~ ;,) M(X ~ ~) 

/ II D~wl[2dX -d + o~(~) + c(v)~:~ 2. 
i=1 

Being x ~ < ~, in virtue of the Lemma 2.VII of[3], from (3.34) we deduce, 
V~ �9 (0, x~ Vp �9 (O, ~) 

(3,35) f i=IE Ilniwll 2 d X  ~ c(v) ( ~ )2 i=IE IlniwlI 2 iX-{ -  c(v, ~t, ) , ) ~ 2  ), 

M(X ~ ~) M(X ~ z) 

from which, V~ �9 (0, x~ 

(3.36) J 
M(X ~ ~) 

i=1 (x~) ~' i=1 IID~wll 2 dX + g~2 . 
t. M(X~ x~~ 

If x~ from (3.36) the estimate (3.28) easily follows for every 
e (0, ~/2). 

I f x  ~ < ~/2, setting X* = (x ~ x ~ ..., x~~ 0, - T )  = (x*, - T ) ,  for every ~e  (0, ~] 
we have: 

M+(X * , z ) = B + ( x  * , a ) •  - T +  2) cQ; 

the function w belongs to L 2 ( -  T, 0 , / ~ ( B + ( x  *, ~), RN)) ,n'l/2rT~ -- T, 0, 
L2(B + (x *, ~), RN)) and is solution in M + (X*, z) r B + (x *, o) • ( - T, 0) to the system 
(3.9), with 

f i =  Fi + ~ (Aij(X o) _ Aij (X))Djw e L Z(B § (x*, ~) x ( - T ,  O), F~N), 
j=l 

i = 1, 2, . . . , n .  
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The estimate (2.21) of the Lemma 2.4 assures that  ~,r �9 (0, z) one has 

(3.37) 

M + (X *, ~) M + (X * , ,~) 

+11~11 ~ f Ht,~lZ(t o, to+ ~2, LZ(B +(x*, "~), RN)) + 

M+(X *, r 

IID~utl ~dx + 
i=1 

and hence V~" �9 (0, F], Vp �9 (0, z) 

M + (X *, z) M § (X *, "z) 

(3.38) EllDiwH2dX<~c(v) ~][D~wll~d X ~+2+~(~) + c ( ~ ) ~  ~. 
i=1  j i=1 

M+(X *, ,:) M + (X *, ,z) 

Taking into account the Lemma 2.VII of[3], from (3.38) we get, Vz �9 (0, 5], 
V~ �9 (0, ~) 

n f ~ (3.39) I i=1 ~ I[Diwl]2dX <<" c@)( ,2_~ )~' ~=1~ UDiwt'2dX + c(v, n, 2 ) ~ 2 p  ~', 

M+(X *, ,:) M + (X *, .~) 

from which, setting z = ~ and ,~ = 2x~ ~ we obtain 

(X~n0) 2 i=1 I]D~w[I 2 dX <~ c@, n, 2) 
M - (X , 2x,~ ) 

and hence, being 

f 
M -  (X*, 

IID~ wll ~ dX + ~2} 
i=1  

M(X ~ X~ r +(X*, 2x ~ r  +(X*, F) c Q, 

we deduce 

(3.4o) I[DiWHL2(Q ' RN) "~ ~ 2  
( X n )  i=1 

M (X ~ x,~ 

Then, from (3.36) and (3.40), we get V~ e (0, x~ 

M( X ~ ~) 

from which the estimate (3.28) follows for every ~ e (0, x~ 
On the other hand from (3.39), writ ten with 7 and 2g instead of z and ~, respecti- 
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(3.41) f 
M § (X *, 2~) 

vely, we get Y~ �9 (0, ~/2) 

JlD w[I 2 dX <. ( = DiW[]L~(Q R ~ ) +  C(v, n ,  ),) ~ 2 p ~  
i=1 ~ 0"1 i=.~ 

From this, which is true for every ~e  (0, ~/2), and from the inclusion 
I(X ~ ~) N Q r  + (X*, 2p), which holds for every ~ e [x ~ , ~/2), the estimate (3.28) fol- 
lows for every ~ e [x~ ~ ~/2). Having already shown the estimate (3.28) for every 

e (0, x~ it will hold for every ~: e (0, ~/2). 

d) ~/2 < x ~ <~ R and t o = - T. For  every z e (0, 5/2], we have: 

M(X ~ z ) c Q ;  

arguing as in the case c), we obtain (3.35) for every z e (0, ~/2] and for every ~ �9 (0, z); 
from (3.35) it follows for z = 5/2: 

i=1 ~ ' -  i=1 ~ ' 
M(X ~ p) M(X ~ ~/2) 

from which (3.28) for every p �9 (0, ~/2). 

e) ~/2 < x ~ ~< R and - T < t o ~< 0. In this case we achieve the estimate (3.28) 
using the same technique applied in the case b) of the proof of Theorem 3.1. 

f )  0 < x ~ ~< ~/2 and - T < t o ~< 0. The estimate (3.28) will follow taking into ac- 
count the techniques used in connexion with the case b) of the Theorem 3.1 and the 
above case c). 

REMARK 3.1. - The Theorem 3.2 holds also if w is solution to a system of the 
type: 

n n 

- ~ Di (Aiy (X) Dj w) + ~ a~ (X) Di w + ~w _ au 
ij= l i= l Ot Ot 

• D i F  ~ + F ~ 
i=1 

with coefficients ai(X)e C~ ]~N2), other assumptions being unchanged. 

4. - Regularity of  the solution to the problem (1.1), (1.2). 

Now we are able to show the following result concerning the L 2, ~ regularity of the 
spatial gradient of the solution v to the problem (1.1), (1.2). 

THEOREM 4.1. - I f  veL2(  - T, 0, HI(D, RN))NH*I/2( - T, 0, L2(t), RN)) is solu- 
tion in Q to the problem (1.1), (1.2)(s), if  the conditions (1.3), (1.5), (1.6) are fulfilled, 
if  fieL2'~(Q, RN), 0 < ) ~ < n + 2 ,  i=O,1,...,n, and if  ueL2'~(Q,F~N)A 



MARI0 MARIN0 - ANTONIN0  MAUGERI:  L 2')' regularity, etc. 295 

C~H~I/2,(~,)(Q, R~), D~ueL~,~(Q, ~N), i = 1 , 2 , . . . , n ,  then it results: 

i = 1, 2, . . . , n ,  (4.1) Div e L 2')'(Q, F~N), 

and the following estimate holds: 

n 

(4.2) ~ D 2 
i = 1  

< c / ) ~ u ] l  2 2 2 ~ 2 L~,~(Q, ~,') + ]]U]IL~,~(Q, s') + [U]H*~/~,'~)(Q, ~{~) + llf ]}L~.~(Q, R,") �9 
= i = 0  

PROOF. - In virtue of the assumptions it's possible to find a finite number  of open 

set of R ~, t~0, t)~, ..., ~ such that  

m 

~oCC~, t~c U t)~ 
r = 0  

and for each t~ (r = 1, 2 .... , m) there  exists an homeomorphism 

x --* a(~) (x) 

C2(12) that  maps ~2~A t~ on B+(1)  and, consequently, an homeomor- of class 
phism z~ 

zr: (x, t) --* (~(r) (x), t) = (y, t) 

of class C 2 that  maps the cylinder (t)~ • tg)•  ( - T ,  0) in the cylinder Q + ( 1 ) =  

= B + (1) • ( -  T, 0). 
Setting Q~ = (t~ N t~) z ( -  T, 0) (r = 0,1, ..., m), let w~. and u~ the restrictions of 

w = u - v  and u to Qr. 
The functions w = u - v and u verify the assumptions of the Theorem 3.1, with 

n 

F i = ~ , A i j ( X ) D j u - f i e L 2 ' ~ ` ( Q , R N ) ,  i = l ,  2, . . . ,n,  F ~ 1 7 6  then 
j = l  

the derivatives D~wo belong to L 2' ~ (Q0, F~N) and the following estimate holds 

n 

(4.3) ~ 2 
i=1 

2 2 2 i 2 <- Co DiW]IL,(Q, R,.)+~, 2 }{N)+IlU]IL~.~(Q, ~)+[U]H*~/~(~)(Q, S~) + [If I]L~.~,(Q. R .~) , 
i = 1  - " =  

where Co depends on ~, n, )~, Qo and (~(~). 

(1~) Let A and B be two bounded open sets of F~ ~ and x --) ~(x) an application that maps A in 
B, having components ~h(x), h = 1, 2 ..... n. We shall say that x --> ~(x) is of class C 2 if the func- 
tions ~h e C2(A). 
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Let  us fix r, 1 ~< r ~< m, and let us set  

~(y ,  t) = w~ (~(~)~ (y), t ) .  

The function ~ is defined in Q § (1), belongs to L~( - T, 0, 
/ / ~ ( B  + (1), RN)) ~ H ~ (  - T, O, L~(B + (1), RN)) and is solution in Q + (1) to the  sys tem 

(4.4) - ~ D~(B~(y, t ) n ~ v )  + ~_, b~(y, t )D~v  + ~v  _ 
hk = 1 k = 1 ~t 

n 

= ~--~ - ~ D~Fa(y, t) + F~ t), 

where  

(4.5) Bhk(Y, t) = ~ Aij(5(-~ (Y), t) Dj ~(r)k(~(~)l(y)) D~ 5(~)~ (5(~)~(y)), 
i j = l  

D~ j(~l (y) 
(4.6) bk(y, t) = - ~ Aij(5~r)l(Y), t)DjS(r)k(5(rr~(y))D~(~)h(~(Y)) j(~l(y) ' 

i jh  = 1 

(4.7) ~(y, t) = uv (5(~)~ (y), t) ,  

(4.8) F h (y, t) = 

= - ~ y), t + Aij (~(~ (Y), t)Dk ~t(y, t)Dj 5(~)k (~($~ (Y)) } D~ 5(~)h(5(7~ (Y)) , 
jk = 1 

(4.9) F ~ (y, t) = 

(f (~() (Y) 
i 1 

t) - jk ~= 1Aij (5~  (y), t)Dk fi(y, t) Dj 5(r)k (~(~ (Y)) } Di ~(~)h (~)~ (Y) ) " 

Dh J(~ 1 (y) 

j(~l (y) 
f o (~(~)~ (y), t) 

being j(~l  (y) the  Jacobian of the  t ransformat ion  5(7) 1 (y) (1~). Since z~: (x, t) --> (~(r) (x), t) 

(18) It is enough to assume in the (1.7) 
~(~(~)(x), t) 

~(x, t) = 1 
J(;) (~(~)(x)) 

with 

~(y, t) e L2( - T, O, HI(B + (1), R~)) m [H ~_/~ A H~/2]( - T, O, L2(B + (1), R~)).  
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is a C<homeomorphism it is easy to verify that  

e L2( - T, O, HI (B  +(1), Rlv)) A L 2' )'(Q +(1), R N) N H*}  1/2,(Z)(Q +(1), 1RN), 

Dig e L 2'a(Q + (1), ]RN), 

F h eL2,)'(Q+(1), RIv), 

be e C O (Q + (1), RN~), 

i = 1, 2, . . . , n ,  

h = 0, 1, . . . , n ,  

k = 1, 2, . . . , n ,  

and that the N • N matrices Bhk, h, k = 1, 2 ..... n, belong to the class C O (Q + (1), R N=) 
and satisfy in Q + (1) the strong ellipticity condition with a constant Kv. 

Taking into account Theorem 3.2, and more precisely the generalization made in 
the Remark 3.1, we obtain that 

(4.10) D~veL2'~'(Q+(R),  RN),  i = 1, 2, . . . , n ,  

where 0 < R < 1 and Q § ( R ) =  B + ( R ) x  ( - T ,  0), and the following estimate holds 

(4,11) 2 - 2  {2]iDigv[[2L~(Q+(,),RN) + [rDiWIIL-.(Q+ (R), aN) <- C;' 
i=1 i=1 �9 

+ IIDiuilL--(Q+(~),~N) + IJUiI>~,<Q,(1),~') + [ ]~*g,"-"(Q+(~),R-~) + II F I[L*'~(Q+(1),RN) " 
i=1 - i=0 

Setting 

Q~ (R) = z ;  ~ (Q + (R)) : ~L (R) • ( - T, 0), 

from (4.11), by means of the homeomorphism r~, it follows 

2 /2 2 NDiw ~(Q, R,~) + (4.12) i=1 [[DiWr][L2'~'(Q'(R)' R'v) ~< Cr [i=1 

+ ItD~UlIL~.~(Q, ~,~> + IIUlIL--<Q, ~ ) +  [U]..~,,,~.,~,(Q. ~ + f i  2L~,~(Q R N) . 
i=1 i=0 

Now we can choose R so close to 1 that the sets ~0, ~2~(R), ..., t ~ ( R )  cover ~; hence 
from (4.3) and (4.12) we get  

(41 , i=11[Di WI[L~,,(Q, R~) <~ C NDi wII~(Q ' R~,) + 

2 2 ~ ,2 2 2 i 2  ] + IIDiUl]L~."(Q, R") + IlUhL~.~.(Q, a.~) + [U]H,Ol,/~.(,(Q ' m') + ]If [[L2.~.(Q, s N) , i=1 i=O ] 
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from which, being v = u -  w, it follows 

(4.14) 2 2 IID~ vlIL2,~ (Q, R..) <- C + 
i=1  

+ IID~ulIL2,~<Q, ~,.) + IlulIL'.<Q, RI,'> + [Ua..o, lj~.,~,<o R.,.) + l i f  II.,~r ~'~'~ �9 
i=1 -~ ~' i=0  

On the other hand, since v is solution in Q to the problem (1.1), (1.2), in virtue of 
Theorem 1.1, it results: 

(4.15) ~ IIDr IluiI~*~J~(.T,O,L~(~,R-~')) + + ~ II/~II~(Q, ~-') �9 
i=1  - i = 1  i=0  

Then the assert  follows from (4.14) and (4.15). 
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