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A Rigorous Stability Result
for the Vlasov-Poisson System in Three Dimensions (*).

JURGEN BATT - GERHARD REIN

Abstract. — It is proven that in a neutral two-component plasma with space homogeneous posi-
tively charged background, which is governed by the Viasov-Poisson system and for which
Poisson’s equation is considered on a cube in R® with periodic boundary conditions, the
space homogeneous stationary solutions g with energy gradient dg /3¢ < 0 and compact sup-
port are (nonlinearly) stable in the Li-norm with respect to weak solutions of the initial
value problem.

Introduction.

We consider the nonlinear Vlasov-Poisson system (VPS) in three dimensions in
the form

atf+ Uaxf+E(t, .’L')a,,,fz 07
Et, x)=-203,Ut, x),

AUR, x) = py + ve(t, ),
olt, x):= jf(t, z, v)dv, t=20, 2x,veR?

where f'= f{t,x,v) denotes the distribution function of an aggregation of gravitating
particles or electrons, ¢ = o(t, ) their local density and U = U(t, ) their Newtonian
or Coulomb potential. In the description of stellar systems, we have g, =0 and
y=+1. In a plasma, ¢y = 0 stands for a constant, positively charged background
density, y = —1, and the (VPS) is often considered as a simplified model for the
Vlasov-Maxwell 'system (VMS), in which the influence of the magnetic field is ne-
glected. As is well known, the existence theory of these and related systems has been

(*) Entrata in Redazione il 29 settembre 1990.
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8000 Miinchen 2, Federal Republic of Germany.
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the subject of extensive mathematical research. We mention the work of AR-
SEN'EV[2], BARDOS and DuGOND[3], DiPERNA and LioNs[12,13], GLASSEY and
SCHAEFFER [16,17], GLASSEY and STRAUSS[18,19,20], HorsT[25,26], HorST and
Hunze [27], ILLNER and NEUNZERT [28], PFAFFELMOSER [32], SCHAEFFER [35], and
of the authors [5,34] (for a survey up to the year '87 see also GANGULY and VICTORY
Jr. [15]).

Comparatively little is known about the qualitative behaviour of the solutions.
We know about the existence of particular, almost explicit solutions describing
spherically symmetric stellar systems, which are time-periodic or contracting and
then expanding [29], and of time-periodic solutions without eylindrical symmetry [7].
‘Moreover, there are results about the asymptotic behaviour (in space) of stationary
solutions [9]. In[6] it was shown that the time averages of the potential and kinetic
energy and of 1(t)/t? and I (£)/t (I(£) being the moment of inertia) converge for ¢ - o
for spherically symmetric stellar systems.

In the astronomical literature much effort has been devoted to the question of sta-
bility of certain stationary solutions g of the (VPS), particularly of the spherically
symmetric models of polytropic gas spheres which have the form g = (¢ — )%, F¥,
p>—1,k> -1, u+k+3/220 (see also[8, p. 177]; ¢ is the local energy and F the
angular momentum). For a good account of the development of these results, we refer
the reader to the monographs of FRIDMAN and PoLYACHENEKO [14, Chapter 111, 2] and
BINNEY and TREMAINE [11, Chapter 5]. For k = 0 the sufficient condition 8¢g/8c <0
appears already in the early work of ANTONOV[1] and was later investigated by Bau-
" MANN, DoreEMUS and FEix[10], HENoN [21], SoBOUTI[36], BARNES, GOODMAN and
Hur [4], and many others. However, from a mathematical point of view, it must be
pointed out that without a rigorously defined concept of stability, these investiga-
tions contribute at best to the problem of spectral stability; existence for the lin-
earized equation and of eigenmodes [14, p. 152-153][11, p. 291] require more detailed
mathematical work. For anisotropic spherical systems, the given arguments are ad-
mittedly self-contradictory [11, p. 308].

For our purpose, we need to make precise the concept of stability of solutions of
the (VPS) that we have in mind. If the distribution functions take their values in a
Banach space B, a stationary solution g of the (VPS) is called (nonlinearly) stable if
for every neighborhood U of g in B, there exists a neighborhood V of g such that for all
initial values fy e V (in general satisfying an additional geometric condition)

a) a solution £+ f(t) of the (VPS) with f(0) = f; exists for all ¢ =0, and
by fel for t = 0.

To the best of our knowledge, a (rigorous) stability result for the (VPS) does not
exist. Two things however, must be added. First, in their proof of global existence
for small initial data, BARDOS and DEGOND [3] ecome very close to what could be called
asymptotic stability of the zero solution—the local density e(f, %) corresponding to
small initial data tends to zero uniformly in # (the additional geometric condition con-
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sists of a prescribed decay in R®). Secondly, in connection with investigations of the
stability of plasma systems by HoLM, MARSDEN, RATIU and WEINSTEIN [22], and with
an earlier application of Arnold’s approach to planar Euler flows [30], MARCHIORO and
PULVIRENTI proved a partial result on the way towards stability, namely a statement
of type b) in the Banach space L (Q X R¥) (Q a cube in RY) for N = 1,2,3, o = 1 and
v = —1, and periodic boundary conditions for Poisson’s equation on @ [31].

It is the intention of the present paper to continue the work of MARCHIORO and
PULVIRENTI by establishing the existence part a) for N = 3, and thus to get a com-
plete stability result for the (VPS). It was our first hope to be able to prove the exis-
tence of global classical solutions by applying the new ideas in the recent work on the
existence of classical solutions in the full space R® x R?[32]. Similarly, it seemed nat-
ural to study the evolution of small perturbations of the stationary solutions g which
induce the characteristics of the free streaming as the zero solution does in R® X
X R3[3]. But we found no substitute for the hypothesis of the decay (in space) of the in-
itial condition, which cannot be present in the space-periodic situation on @ x R®.
Hence these two problems remain open (verifying the often encountered fact that
properties of the (VPS) and (VMS) are very unstable against seemingly small
perturbations).

Our main result (Theorem 5.5) says that space homogeneous stationary solutions
¢ of mass 1 (which are decreasing functions of |v| and have compact |v|-support)
are stable with respect to weak solutions of the (VPS) with mass 1 in the norm of
LY (Q x R?) for oy =1 and y = — 1. Although a result for weak solutions might be
considered a stronger result than for classical solutions, and many known solutions on
R? X R? are not classical solutions (which makes the extension of the classical exis-
tence theory desirable), weak solutions f present particular difficulties which ob-
struct an easy access to stability properties: they are not known to be uniquely deter-
mined and to satisfy the conservation of energy, they may not preserve the compact-
ness of the v-support of f(0), and f(t) and f(0) may not be equimeasurable. We shall
circumvent these problems by considering regularized solutions in Section 3, from
which the weak solutions are constructed in Section 4. Because weak solutions on
R? X R?® have been studied earlier by HorsT and HUNZE [27], and later by D1 PERNA
and LIONS in a preliminary article [12], our presentation will be confined to the parts
necessary to show that relevant results do hold in our situation. In Section 2 we con-
struct and investigate the Green’s function for Poisson’s equation on a cube Q in R?
with periodic boundary conditions—this is an indispensable preparation for the later
work, for which sufficient information does not seem to be available in the literature.

1. - Notation and preliminaries.
We shall use the following notation. @:= {x e R?; 0 < a;<1,i=1, 2, 3} is a cube

in R® and S:= @ X R? the corresponding strip in R® Functions in the set #Q):=
{f: R*>R; flx +¢;) =fw), veR? i=1,2, 3} for e;:= (3;)}—; € R® are called pe-
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riodic. Similarly, we define #(S):= {f: R®*—R; f(, v) e #Q), ve R*}. Elements in
Q) and HS) are often identified with their restrictions to @ and S respectively. Let
Ry =00, [, N:={1,2,...}, N:={0,1,2,...}. For pe[l, ] we consider the
spaces :

L} @Q:={fe #Q); fe L@},
LP(S):= {fe 9(S); fe LP(S)},
Cr@:=C*"RHNAS), mneNU{w},
CL.(S):={fe #S)NC ' R®); 3P > 0 Y(x, v) e R®, |v| = P: flx, v) = 0}.

The plus sign appearing as an upper index refers to the nonnegative functions. By p’
we always denote the conjugate to p. The pair (x, ) is often written z. Unless other-
wise indicated, integration will always be extended over Q or R? or S. Note that for
fe L1(Q) the integral | fl@ + y) dy is independent of v < R3. The Lebesgue measure is
denoted by u. Occasionally we use the weak L7P-spaces:

Ly (@):={fe HQ); fryge LR},
[33, p. 80). For 1 € A, 7, ¢ S » with 1/A + 1/r = 1 + 1/¢ the convolution of fe L} (Q)
and g e L7(Q),
f* g@)i= [ flz ) g dy,

is a well defined element in L{(Q), and [f = g|l, < /Y, lgl,. Similarly, for 1 <2, 7,
g < » with 1/A +1/r =1+ 1/q the convolution of fe L}, .(Q) and g e L} (Q) lies in
LE@) and |If * gl|, < C,, ,lIfll,, « lgll.- These are the Young’s and extended Young’s in-
equalities {33, p. 32].

2. - Construction of the Green’s function for Poisson’s equation on @ with peri-
odic boundary conditions.

For this, there does not seem to exist a better reference than [37, p. 32]. We shall
need the following proposition.

2.1. PROPOSITION. ~ There exists a function G e C™ (R*\ Z%) N AQ) with the fol-
lowing properties:
21.1) AG= -1 on R*\ Z%

212) for o constant yeR, [Glw+ydy=vy, ond J@x Glx +y)dy =0 for
xeR3,
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(21.8) G is a even function in ¥y, ¥, X3,
(2.14) there exists o function Goe C*(R*\Z*)U {(0, 0, 0)}) such that

Gx) = _1 +Golw) on R*N\Z?, r:=|x|,
drr

(2.1.5)  for every Hilder-continuous F e $(Q) with j Flx)dz =0
Uw):= |G~y Fa)dy
is in C2(Q) the unique solution of the problem

AUGe) = Fx), j Ute) dee = 0.

PRrOOF. - We shall obtain G as
| G@) = ~ G1(@) — Gy (@),
with two functions G;, G5 to be specified. Let
g:=1for j=0 and ¢:=2forjehN,

0 (& 8):= ¢jcos 2mje) exp (—4a°j%s) for jeN, and & seR,

D(x, )= > o1 (@1, 8) P (X2, 8) 0, (X3, S), s=1,
(©, 0, 0) = (I, m, n) e N§

and define
Gl(x):=j@(x, syds, =%, %, 5) € RS,
1
Then Gy e C* (R®) N #(Q) and

4G, (@) = f AD(x, 5)ds = [ 3,0(x, s)ds = — O(x, 1).
1 1

It follows from [38, p. 475] with the third theta function &; that

_ * - 1 < - 0P _
Y 8): l§0¢l(§,s)~&3(n5,4ms)—2v;gl:2meXp(’ 4s )—

;2
=: Pu(& s) + exp(—-:;;), teR\Z, 0<s<1,

1
2v/rs
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Now we define

1
Go(x) = f V(w,, 8) Vg, s) ¥lxg, s)ds.
0

Then Gye C* (R3\Z%) N #Q) and on R3\ Z?

1
4G, () = j APy, 8) Ty, 8) Plag, ) ds =
0

1
= jas(lF(acl, ) iy, 8) Vg, 8))ds = Plxy, 1) Py, 1) Plag, 1) = O, 1) + 1.
0

We also have

1

Il R B
G, (x) :Ojj=1 Th(%jy 8) + W}}_S‘GXP "Zg’ ds.

Multiplying out the terms in the integrand, we see that there exists a function
Gse C* (R3\.Z3) U {(0, 0, 0)}) such that

1

- _1_.__ _3/2 (——ﬁ) o=
Gy () \/Egjs exp | — o ds + Gs(@), 7r:=lx|.

0

1 ©

_1 -3/2 - iz_ = 1 1 J -1/2 ,~t 3¢ —
\/Z;rg J 5 "% exp ( 5 ) ds R T tMeeThdt
0 r? /4

r? /4
1 —1/2 -t gp | = (- AR
- Lty - [ neta W(w P ot

0

. L
- Ay +G4(x)7
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with G,e C* (R?), and (2.1.1)-(2.14) are immediate. As for (2.1.5), it follows from
(2.1.4) and classical arguments that Ue C2(Q). Let W:= {zeR?; |2|. <1/2}. If
TeR3 thenforallzex + (1/2)Wandyex + Wonehasx —ye (3/2) W, where Gy is
regular with AG, = — 1, and hence

v = [ 6w - F@ = - 4 j

1
|z —y|

Fa)dy + f Gole — ) ) dy,

T+ +W

AU@) = Fla) + f 4Gy @ — ) Fy) dy = F@) - f Fly) dy = F),
w T+W

z +

and
[v@de = [ [ 6 -pF@)dyde= f(ja(x)dx)F(y)dy - 0.
For the difference V of any two solutions with equal integrals, we have
0= jV(x)AV(x)dx= - j |3, Viw) |2 de, jV<x)dx=o,
and hence V = 0.

2.2. COROLLARY. — @) We have Ge LX(Q) for 1 S A <3, and for 1 < r, ¢ < © with
1/x+1/r=1+1/qg Q0. =7"/2 for ¢ = ') the operator G: u+~> G * u maps L;(Q) into
LI(Q) and is compact, with norm < |Gl|,. Furthermore, G e L3 .(Q) and for 1 <,
q < o with 1/r=2/3 + 1/q the operator G maps L] (Q) into LI(Q) and has norm
< C,[Glls, -

b) We have 3,Ge L2 (Q) for 1 <2, <3/2, and for 1 <71, ¢< o with 1/, +
1/r=1+1/q O, =7'/2 for g =+') the operator 3,G: u—3,G * u maps L (Q) into
LI(@Q) and is compact, with norm < ||3,Gl|,. Furthermore, 3,G € L% (Q), and for
1< q<o with 1/r=2/3 + 1/q the operator 3,G maps L} (Q) into LI (Q)* and has
norm < G} (18, Gl u-

3. — Regularized solutions.

We need the existence of regularized solutions to obtain weak solutions in Section 4.

31. - For 0 <n<1/2let w, e C (Q) be such that w, >0, w,(x) =0 for |z| =,
w, is an even function in x;, #,, ;3 and j w,de=1. For ce L2(Q) we let o,:=
w, * ce LP(@) be the regularization of o; we have o[, <[dl,, 1<sp< ». If
se L2 (Q), then o, e L} *(Q) and ||of|, = |z, |l;. We note some properties of the regular-
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ization G, of G (see Proposition 2.1):

3.11) for all xeR? [G,(x+y) =1y, hence [9:G,dx =0,
(38.12) G, is an even, 3,G, is an odd function in »;, 2,, 23,
313)  |G,]x < o, 16l 10,6, 1l < o, |- 18, Gl

8.2. — Let us assume fye L} *(S) and ||f;|; = 1. We have to convince ourselves
that for 7 €10, 1/2[, the initial value problem

32.1) 3, f+v3, f+ B(t, )8, =0,
(32.2) Et, ) = - 3, U, a),

(3.2.3) Utt, )= G * (1 - 5,()@) = G, * (1 - o))@),
8.2.4) ot ®) = w, % JB@), oty ¥):= j ft, @, v)dv,
(3.2.5) HOES

is globally solvable by periodic functions f, o, U, E. A quick way to see this is to con-
struet the phase flow induced by the corresponding system of characteristics by solv-
ing an abstract differential equation (this was done for the (VPS) on R*® in [24]). For
the weight w(z):=1+ |v|, we consider the Banach space

L:={AeC.(8*% w'A is bounded on S},

with the norm ||A|;:= ||w 'A|.. It is easy to see that for ¢ e L1(S) the mapping
Q,:LXL—L,

Q, 4, BYz):= (v + 4@, [8,6,+ 4@ - 2" - B @) qo(z')dz'),

A =(Ay, 4y), B = (B, By) € L, is well defined and there exists a constant ¢, such that
for A, B, A, Be L
1Q. 4, B) - Q, A4, Bl < A + ¢, llellA - Az, if e Li(S),
1Q.4, B) - Q. &, Bl < @ + ¢, llglllIA - All. + ¢, lweli 1B~ Bll,  if wpe L (S),
IQ, 4, 4) - Q@ A < A +¢lelDlIA = Al + ¢ lle = ¢,
if o, e LX(S) and A — A is bounded.

This implies that for wge L!(Q) there exists a unique (strong) solution W, =
(W, 1, W, 2): Ri" — L of the initial value problem

W=Q,(W, W), W =0.

Because the set of these ¢ is dense in L!(S) and because the difference of two so-
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lutions is ¢-locally bounded over S, this statement also holds for ¢ € L1 (S). W, is also
the unique solution of the initial value problem

W= W, W,), W0 =0.

It follows that there exists a unique solution Z(, s, z): RJ — RS of the initial value
problem

X=v, V=JaxGn(X—x’—Wﬁhl(t)(z’))fo(z’)dz’, Z(s, 5, 2) = 2,

{note that the right hand side is continuous on R;" x R® and C* with respect to (X, V)
with bounded derivatives). In particular,

(3.2.6) 4@, 0,2) = W (D) + 2
and
Z(t9 Sy(x + €, 'U)) = Z(ty S’(x) 1))) + (ei’ 0)7 7/ = 1, 2’ 3

Z(t,s) is C™ with continuous derivatives on B;” X Ry” X R® and Z(t, s): R > R%is a
measure preserving homeomorphism with Z(¢, s) ™! = Z(s, t). If x denotes the canoni-
cal projection of R® onto [0, 1[® X R?, it is easy to see that

(3.2.7) ol o Z(1, 8)) ~ 9,

that is, these functioﬁs are equimeasurable on S (see (5.1)), and hence
(3.2.8) j ok o Z(t, s, ) dz = j o(2)dz.

In the sequel we shall use the notation Z for xoZ. We define

(32.9) f, 2):=£,(Z0,t,2), t=0, zeRS,

¢ and p, by (824), and U and E by (82.3) and (322). Then with (3.2.7) and
(3.2.6)

Bit, ) = 8, G, * p1)e) = [ 8,G:(w ~ 1/ (2(0, 1, y, v) dvdy =

= faxGT, (@ — Xt 0,2)) fy (&) de’ = jc%Gn (-2’ =W, O freHdz',
and Z is the phase flow induced by the solutions of

(3.2.10) X=v, V=EgX).

fis constant along the characteristics, and satisfies (3.2.1) if fo is, in addition, continu-
ously differentiable.
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3.3. - We denote the functions constructed in 3.2 by f7, o7 of, U" and E". Let
foe LX), ol = 1 and let pe[l, »] be such that f, € L?*(S). Then:

831 freCRy, LP*(S) and @), = ], on Ry,
(332 "eCR, LY (@) and [p" )|l =1 on Ry,
(333) UreCRg,CHQ), E e C(R, C2(Q)) for all neN,
[U”(t, 2)dx =0 (see (2.1.5)),
I ®l. <206, ], 1B ®). <2]8,G, . on R

3.4. DEFINITION. — For ¢ e L;*(S) and s(2):= [ (x, v)dv we define
Eypo:= jjq;%o(x, v)dvdr < ©,
Blupi= =[Gy * o@)s@de = - jG 5 o, (@) o(@)d.
It follows with (3.1.1) and (3.3.8) that

BAY B f'®= - [C, » FO@e 0, 0)do =
= {6, » 0 - D@ et vyde - [6, * 1@et mdo=
= f U, 2t x)de — y = — j U, 21 — 7 ¢, @) do — y =

= - {6, * 1 - F O~ ¢ iz~ .

3.5. — For later use we remark the following: If ¢ € L*(S) is a function which does
not depend on x and for which {ig|; = 1, then ¢ =1, and hence

Ely f78) ~ Efywp = Edy f7®) +v=— J,[G” # (1 — ()1~ o7 (¢, ) dx =

== J-Gv,\ # (¢7(t) — D) J (ft, x, v) — o) dvde = EZe (f7(D) — 9)-

3.6. ProposITION (Conservation of energy). — If fe LX™(S), |6l =1 and
B fo < », then for all v and t =0

(3.6.1) B 7@ + By [ = B fo + Bt fo-
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Proor. - With (3.2.8), (8.2.3), and (3.2.10) we have

OB J VG, 0, 2) () de =

=2 [t,0,2)-8,6,00, 0, - X0, 0, 2D S &)/ @) b

%Eﬁotf”(t) = - (—% J- f G, (X, 0,2) - X, 0,2)) fy &) fo(2) de " dz =

= - J J V¢, 0, 2) — Vit, 0, 2')) 8,G, (X2, 0, 2) — X(2, 0, 2) fo(2") fo () dz' dz =

= -9 f jV(t, 0,2)9,G,(X(t, 0, 2) — X(¢, 0, 2") fo(z') fo () dz " dz,
because of (3.1.2), and the sum is zero.

3.7. LEMMA [25, p. 22], [12, p. 656]. — For all s €]1, ] there exists ¢, > 0 such that
Jor all measurable ¢ 20 on S with o(x):= J olx, v)dv

I Ulln < ¢, |25/ ® = 3 (B, )3 /G -9

where ry:= (5s — 3)/(3s — 1) if s < , and 7., := 5/3 (note that ro;; = 6/5 and s— 71, is
strictly increasing).

We are now in the position to derive estimates which are uniform in 7.

3.8. LEMMA. - Iffy e LY *(S), and Ey, fo < ® and ||f|; = 1, then there exists J > 0
such, that for all n and t =0

Eg /7@ < J.

Proor. — We use Holder’s inequality and Corollary 2.2a) with » =6/5, ¥ =6 = ¢
to obtain

B f7] < [ 16 * 3@ e7t, )] do <G * 67 Ol e @lloss <

< C,|IGls, ., lle? (0“6/5 lo” ®lless < C- |Gl wlle” @5 -
By Lemma 3.7 with s = 9/7 and », = 6/5 and (3.2.8)
lle” ®lless < o7 ”f”(t)”gf% By [V = 09/7“]%”3%‘71 (Brin OOV,
so that

| B £ < CIG, w16 83 (B f7@)2.
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The assertion now follows from (3.6.1), because we have shown that EJ f(0) is
bounded in ».

3.9. COROLLARY. — Let fy € LY *(S), By fo < @, |||l = 1, and let p & [1, ] be such
that foe LY 7 (S). Then we have:

a) For sell,pl,all pond t =20

, S Cg |I_f6[|§s/(5s"3)J(3s—3)/(53—3).

llo” (t)

b) If ¢ e C, .(S) and o" (¢, t, x) 1= fgb(oc, v) [, x, v)dv, then for all s e (1, pl, all
nand t=0

le" @, Olls < ccWlifolle,  with e, ():= sup locee, )l
Proor. — a) follows from Lemma 3.7, (3.3.1), and Lemma 3.8; b) follows from
Hoélder’s inequality and (3.3.1).

Next we show that Ej f"(¢) + v is uniformly «almost» nonnegative.
8.10. LEMMA. — Let fy € LP(S) for some p > 9/7, By fo < © and |fy|; = 1. Then

there is a positive continuous function A on 10,1/2[ with A(n) — 0 (y — 0) such that for
all nand t=0

(3.10.1) = Efy f71(1) < Al + v.

ProoF. - From (3.4.1)

—BL. fr() = j G, - @ * (1 - IO — " (¢, &) dc + y +

6 (- @)@ - ¢, ) da.

To estimate the first term, we use Hélder’s inequality and Corollary 2.2a) with r:=
r,>6/5, g:=7r'<6, A:=7r'/2<3 to obtain with Corollary 3.9a)

<

=

l J'(G77 -G = (1 - "M@ - "¢, ©)) dar

<G, - @ = @ = Ol 1 = & Dl <G, - Gl - " @I <

< ”Gn -Gl (1 +¢, lm”gﬂﬁp -9 J@p - 9/Ep -2,



JURGEN BATT - GERHARD REIN: A rigorous stability result, etc. 145

For the second term we have with a regularization by w,

[ - p@N@ - m)de=lim [G « 1~ ZO@A - pit, ) di =
=lim [ G+ (1~ O@4(G * (1~ FO)w) do =

- 1in})J(@xG (1 - o1 (0)@))2da < 0,

after integrating by parts and using Proposition 2.1.

4. - Weak solutions.

In this section we prove the existence of weak solutions and study their proper-
ties. For any space LS over @ or S, se[l,»], we denote by o, the topology
a(Li, L)

4.1. DEFINITION. — Let pe[1,®] and fye LY * () N LY (S), |fill: = 1. Let f: R —
LI(R®) be a function and define

4.1.1) ot, 2):= j ft, z vdv, UR:=G = 1-0),

4.1.2) Ei, x):= ~-3,U{) = 90,G * ¢(b).

We call f a weak p-solution of the (VPS) with initial condition f, if

a) fe C(R, (L:(S), 0,)) for se(l,p] and |f® =il 1F®ls s Al for
sell, pl,

b) ] C(R0+ ’ (Lf (S)7 Ts )) for se {1; ’rp ]:
¢) EeCRy, L2 (@),
d) for all yeC}.(S) and t=0

¢

4.1.3) f W)L, 2) — fo (&) de = f f (08, ¥(z) + E(z, ©)9,U2)) f(z, 2) de dr.

0
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4.2, REMARK. - For ¢ e C} . (S) we have

4 J U7t e = L f WZ(, 0, 2) fy () de =
- f (Vit, 0, 2) 8,02, 0, 2) + E(t, X, 0, 2)) 9 £, 0, 2)) fo () de =

= (w84 f7(t, 2 de + [ E7(t, 0,4 7, 2) d,
hence (after integrating over ) f7 and E? satisfy (4.1.3).

43. THEOREM. ~ Let po:=(12+3V5)/11 (>9/7) and assume that fye
LY () NLE(S) for some pelpy, ®], B fo < © and ||fyl) = 1. Then for every se-
quence 7, |, 0 there exists a subsequence (n,,) and a function fe C(Ry" , (L * (S), o,))
such that (with (4.1.1), (4.1.2) and writing 1 for the index v,) we have t-locally uni-
formly on Ry

43.1)  fH®) =S in (LX), o) for sell, p,

432) O — o) in (LIQ), 5) for sell, ],

433 o ) —pg ) in (LEQ), o) for sel, p) and all y & C (R®),

(434) Ei(t)— E({t) in the norm of LI (Q) for every q €lpy, pl.

The limit f is a weak p-solution of the (VPS) with initial condition fy, and
satisfies

(4.3.5) By f) < liminf By, f5(0),  Ep f@) < lim Bl f' Q).

ProoF. — We indicate the main ideas; for a comparable situation see [27].

StEP 1. — We note: For all £ = 0 the set {f7(t); » €10, 1/2[} is relatively sequential-
ly compact in (L:(S), ;) for s € [1,p]). In view of (3.3.1) this fact relies on the reflexiv-
ity of L2(S) for 1 < s < ®, on the separability of L!(S) for s = =, and the criterion of
B. J. PeET1IS for s =1 (the uniform integrability of the set is a consequence of the
measure preservation of the flow (see (8.2)) and the uniform smallness of the inte-
grals over complements of big sets follows from

(4.3.6) f ff”(t,x,v)dvdocs—é—z—Ekmf"J(t)sk%JeO (R — o)
Q |v|=R

with Lemma 3.8).

STEP 2. — We have: For all F e L' (S) the set {(F, /7 ()); n €10, 1/2[} is equicontin-
uous. By a density argument for 1 < s < « and with the help of (4.3.6) for s = 1, it is
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sufficient to show this for F:=¢ e C; .(S) with Remark 4.2. The first term on the
right hand side is bounded by Corollary 3.9b). We prove the boundedness of the sec-
ond term. We observe that p, is determined by the equation 1/p, + 1/7, =4/3 =2 —
— 1/(3/2) and that g+~ 1/q + 1/, is strictly decreasing. Hence for all finite ¢ €p,, p]
there exists 2; €[1, 3/2[ such that 1/q +1/r,=2—1/3 or 1/x, +1/r,=1+1/q".
Applying Corollaries 2.2b) and 8.9 yields

! jax Gn * o7 ()() P(av(//, i, )de | < Hax Gn * o (t)Hq' ”P(avﬁbv t)“q s

< 1182 Gy b, le” @1, le@, 4 Dl < 118, Gl ¢4 0 @y lfp g7 =2/ =2 TG 3/60 =9,

STEP 3. — Steps 1 and 2 imply the existence of f with (4.3.1), (4.3.2), and (4.3.3)
first for s =1 and then for the other s (see[27, p. 269]). To prove (4.3.4) we consider
g €lpy, pl and ), as in Step 2. The operator 9,G: L (Q) — LY (Q) is compact by Corol-
lary 2.2 and maps weakly convergent sequences into strongly convergent sequences.
Hence with Corollary 8.9a) and (4.3.3)

IE'@®) — EQll, = [0:G; * 6 @®) — 8,G * )], <
<0, G; = 3, * By + 8.G * (@) — @), <

< ”ax G;— 9, G“)q sup ”Fi (t)”r,, + ”axG * (Fi ) — P(t))“q —0,
4 i
locally t-uniformly.

STEP 4. — We show that f is a weak p-solution. Only d) remains to be proven. By
Remark 4.2,

t 14
[$ft 2 ~f @) de = [ [00.00) 1 D deds + [ [ B 008,401z, ) dede
0 0

for te N, If we let i — , by (4.3.1) the first three terms tend to the corresponding
terms in (4.1.8). As for the last term, we have t-locally uniformly with Corollary
3.95)

<

~

l j (B (7, ) 0,4(2) [ (z, 2) — B, ) 3,4(2) f(r, 2)) dz

< l j (B(z, x) — E(, z)) j 8,4, v) file, @, v)dvde | +

+ ( JE(T: x)(.oi (av‘:b’ T x) — P(av‘pv Ty x)) dx
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= l J(E'i(r, x) — E(x, x))pi(@vgb, o, x)de | +

+ | [ .66 = 9)5t5, 0 Gt 9 = o0t 5 )y | <
S ”El(f) - E(T)”q’stup sz (Ou s T)Hq + qu HP(T)“rquaxG * (Pi (avﬁb’ )~ P(av% T))“rq’ —0.

Here we have used (3.1.2) and the results of Step 3, and applied a similar argument to
the operator 3,G: LI(Q) — L (Q)® (note that also 1/4; + 1/qg=1+1/7,).

STEP 5. — We show the second relation of (4.3.5): Using the same 7, ¢, A as in the
proof of Lemma 38.10 and exploiting the compactness of G: L7 (@) — L; (@) as in Step
3, we get with a suitable constant M, > 0, ‘

<

=

| j G * d @) (¢, %) da — j G # o)) olt, %) de

< f [@~6) + F et wde | + ] [6# (40 - @'t ) dar | +

+ | [ot, )G * () = ) dy i <

<|G; = GILME + |G * (&'@) = o)l M, + M, |G * (o #) = @) — 0.

4.4. REMARK. — Any classical solution (as long as it exists) is the limit of the f” for
n— 0 even in a stronger sense if the initial condition f; e CH*(S) satisfies the decay
condition

| fole, v)| < K1+ |v])7%,

for some K >0, « > 0, together with its derivatives. The argument given in (27, p.
265] can be extended to the present situation.

5. - Stability.

~ 5.1. - In this section, we consider initial values fy in the neighborhood of certain
stationary solutions ¢ and estimate the difference f(f) —~ ¢ in the norm of LL(S). We
choose g in the class

9M:={pe L>*(S)p depends only on |v|,(|v]—¢([v])

is decreasing in |v| 20, P, < =, [l¢l, = 1},



JURGEN BATT - GERHARD REIN: A rigorous stability result, etc. 149

where for a function ¢ e AS) we define
P,:=inf{P > 0; p(x, v) = 0 for |v| > P}e[0, ]

(inf @:= + ®). Obviously, g € I satisfies the conditions for the initial values in Theo-
rem 4.3 for p = «, the constant function g(t):= g is a weak «-solution of the initial
value problem for g (and, as will follow from the results of this section, is the only
one). Because then U =0, g is a function of the energy ¢ = v*/2, and 89/ < 0 a..
The initial conditions f; are allowed in the class

g:={pe L") P, < =, g, =1}

f, also induces a (weak) «-solution f of the initial value problem. We call two measur-
able functions ¢, J € #7(S) equimeasurable and write ¢ ~ ¢, if for all =0

s({zes8; o) > 2}) =u({z € S; YW=) > 2}),

which implies |l = [l¢], for all p e [1, »].

5.2. LEMMA. — For ¢ €3 there exists ¢* e I such that ¢ ~ p* P.<P, and
le* — gl < llp - glly for ail g e om.

PRrROOF. — For ped and 2 =0 let

3 1/8
A@)i={zeS @) > 1},  y0):= ( 24, (;o))) .

The function y is decreasing and right continuous. The rearrangement o™ of ¢ is
given by

o*(Jv]):=sup {3 0 <2 < [l¢fl., ¥ = |v]}.

It is standard that ¢* € 9, ¢* ~ ¢ and P« < P,. Let g € . The function y4 o+ = x40
does not change sign on S. Hence

w4, (|o* = g]) = w4, (%)) + w4, () — 2u(4, (min (o*, ¢))) =

= u(4, (p*)44,(9) = J 4,0 — Xayg | d2 =

= ’ J(XA;_(;*) - @)z | = l J’(XA;(;) — )z | S

< f (24,0 = X, | d2 = (A, () A4, (9)) < (4, (2 — g])),

and integration over A yields the last assertion of the lemma.
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' 53. LEMMA. — For h, g € 8 with h ~ ¢ we have

e — ¢* [t < 8P, lipll Bran e ~ Bran*).-

ProoF. — We let a:= ||t]|. =|l¢*|. and for » =2,

A= {ZES; h(z) > %},

Ak*:={zeS;;o*(z)> %], 1sksn-—-1,
n—la - .
B := 121 XA, Pni= 2 7 XA

= AN AF) = WA\ A4 = TulidAR) = Glus, — acl

(note that & ~ ¢*). Since ¢* € M and B < u(A7), there exist constants 7y, d, =0
such that

:QXB’V;" “(QXBka’I‘k+8k)=‘Bk={/'(QXBTk_ﬁ‘l’uTk)

for 1 <k <n — 1, where B,:= {ve R?; |v| <} and B, ;:= B, \ B,. As an immediate
consequence of these definitions, we obtain

videdv = J J v2dxdv

(AN\AFIN@Q X By, v, + a‘,‘) (@ X B, v s \NAL \NALF)

and thus

J J vzdmdvzj J v2idedy = J' vzdv=4?ﬁ((frk+é‘k)5—r,§).

A N\AF QX By, r, + 35, Bror, + 4,

Similarly,

J J videdy < J vzdv=%((7'k—31'c)5— 2).

AFNAy B s
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It follows with Schwarz’ inequality that

n—1
Ekinhn_Ekin§9;Lk=%z(J J vzdxdv—J j vzdxdv)z
k=1

ANAF AP N4

BEEE((Tk+8k)5_27'k5+("”k_°k')=
n b £y
n-~1 3 5/3 n—1 2
« 4r 5 3 B\ 3 B 1 « 5{ Br
=== 1+ — = +{1- == -2z —= — | =
n 5 21 ’”’“(( 4z r,;s) A o} 2% M ,Zl g

-1 2
-1 nmn  _i1p- i al _ < 1 |2
o 1% U7 (le=1 L XAk*l|1) > 8P )t — g |,

and for n — © we obtain the assertion.

5.4. REMARK. — The preceding lemmas may be used for ¢:=fy e 5 and k:=f"(t). In
fact, by (3.2.7) and (3.2.9), £ (¢) ~ f;; also, because the field E" is uniformly bounded
by (8.3.3) and because P; < © we have P4 < . These properties and the conserva-
tion of energy are not guaranteed for the weak solutions. Therefore we shall argue for
S first and obtain the stability result for f by approximation.

5.5. THEOREM. — Let g € I be a stationary solution. Then we have for any weak
solution f constructed in Theorem 4.3 with initial condition fye J

&) = gl < Cllfo = gll® + s — gk, 20,

where

C(fy):= (167P; | foll.. (PE + |G (O], + D)™,

PROOF. — By conservation of energy (3.6.1) and the estimate (3.10.1),

Bn f7®) = Bvin fo + Egon fo = Efer [ 7)) < By fo + B fyy + v + A(x).
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If we subtract Ey, ¢ and use (3.5) for t =0 and ¢:=f§, we get
Byin [ () = Bin & < Eyin fo = Evin f& + Efon Jo — Eoe S + An) =

=B (s = 18) = [ 6, * (@ = D@ [ (@ ») = £t (o)) dvda + 4 <

< PRy - fol +1IG, * (0@ = DIl o — £ | + 4y <
< (PE+ |G, 1. (el + DIIfo = fll + A <
< (P + Gl Q@ + IIfy = el + 40
Hence by the preceding remark (Lemmas 5.3 and 5.2)
1F7@) = £l < @mPy | foll )72 (B £7(0) = By f§)V2 <
< @y foll )2 (PF + Gl U@l + DIy — £ 12 + am)?) <

C
< S92 15— gl + g — 7 12 + @12 PRR YA a2 <

V2
C(fo)
V2

Ufo = glh + llg = foll)'* + ®=) 2 P2 | £ L2 a) 2 =

<

= C(o)fo — gli/® + =) P fy [ Am) 2,

so that ’
G50 f7® - gl <lf @ - fel + 156 ~ gl <

< CUIfo = gl + 1/ — gl + @m2PL2 £ |42 Ay 2.
For a suitable sequence »' | 0 we have from Theorem 4.3,

fr®)—g—fdy—g in L (S) ),
which implies
7@ gl < llzfgglf £~ gl

and the assertion follows from (5.5.1) together with A(n) -0 (n— 0).

5.6. COROLLARY. — Given g € I, ¢ > 0 and a constant C > 0, there exists ¢ > 0 such
that for all fye 5 with || fy — gll, < ¢ and satisfying the geometric condition C(fy) < C
we have ||ft) ~ gl << for t 2 0.

We want to acknowledge the work of our former student A. HORMANN—the clari-
fication of the Green’s function in Section 2 was part of this diplom thesis.
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Note added in proof.

The above mentioned problem of the existence of global classical solutions on @ X R® has
been solved meanwhile; see J. BaTt - G. REIN, Global classical solutions of the periodic Viasov-
Poisson system in three dimensions, C.R. Acad. Sci. Paris, 313, Série I (1991), pp. 411-416.

The Vlasov-Maxwell system has been treated in: K.-O. KRUSE - G. REIN, A Stability result
for the relativistic Viasov-Maxwell system, Arch. Rat. Mech. Anal,, to appear.




