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Regularity of Minimizers of Non-Isotropic Integrals
of the Calculus of Variations (*).

TaNG QI

Abstract. - The regularity of the minimizers of a special type of non-isotrapic variational mini-
mization problem is studied. The particularity of the potential of energy is that it has differ-
ent growth rate with respect to different parts of the derivatives of the function. In particular,
the model treated in this paper can be described as

O(Du) = |01u|?+ |Gou)? + |Bgu|®+ [dgu_|P.

By using a result of P. MARCELLINI (cf. [4]) and perturbation method, it is proved that the
minimizer of the Dirichlet boundary value problem is a function of Wik, ”. This result can
also be extended to Neumann boundary value problems.

1. - Introduction.

For certain reinforced material, strong anisotropic behavior is exhibited. For
example, let 2 = @ x [0,L] be a cylinder in R® with @ a bounded open piecewise C*
subset of R% Suppose that Q is occupied by a reinforced material. Let u be the dis-
placement function in the axial direction of the cylinder. Neglect the other deforma-
tion factors, the potential of energy @ can be estimated as follows:

1) Ci(|0,u)%+ |8ou|® + |Ogul?+ |Su_|P—1) <
< @(Du) < Cz(|81ulz + |82u|2 + |83u[2 + ,agu_ IP + 1)
For technical reasons, we assume in the following that

(2) 36> 0, such that ®(Du) — &(|8;u|% + |Sau|® + |3u|® + |S3u_ |P) is convex,

where 934, = max {d;u, 0}, d3%_ = max {—35u, 0}, 2 < p < 6. The potential of en-
ergy of this type says that the material is linear elastic with respect to extension in

(*) Entrata in Redazione il 18 gennaio 1990; versione riveduta il 2 febbraio 1991.
Indirizzo dell’A.: Division of Mathematics, School of Mathematical and Physical Sciences,
The University of Sussex, Brighton BN1 9QH, UK.
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the axial direction. Whereas for compression along the axial direction, when the de-
formation is relatively (note that we already work in the linearized version) small, it
behaves linearly elastic, but it becomes much harder to deform the body in this direc-
tion to have a relatively bigger deformation due to the reinforecement of the material
by added fibres. For the convenience of the later discussion, we make the following
assumptions on 9:

@ ?is C?,
(4) Cg|b|2S@U(a)b2bch4(1+ |a/3,|p_2)|b|2.

Here 9;; = 3,9;9. More complicated examples arise from anelasticity problems where
the plasticity criterion is described by

a(x) e C a.e.

with C a complicated unbounded convex set in Rgy ", = the Cauchy stress tensor. We
do not study such problems here.
The mathematical problem is then given as follows

Inf { J@(Du(x)) dx: we A with suitable boundary conditions
g

where A is the set of all kinematically admissible functions. To avoid the possibility
that {« € A with suitable boundary conditions} is empty, we usually suppose that the
boundary condition is good enough so that the admissible set contains at least some
functions from W ?. We will also use frequently the statement that Q is a bounded
regular open subset where «regular» stands for «piecewise C».

We are interested in studying the minimization problems with potential of energy
? satisfying (1)-(4). Under some further assumptions on the shape and regularity of
Q, we give the existence, approximation and regularity of the solution.

2. - Kinematically admissible function set and existence.

To deal with the existence result, the first important thing is to define a good
kinematically admissible function set on which it is hopeful to prove that a solution
exists. By (1), it is clear that the most natural choice is

AQ)={ueH'(Q), 3u_e L?Q)}.

We claim the following result:

PROPOSITION 2.1. — Let A(Q) be the set given above, Q be a bounded regular open
subset of R3, 2 < p <6, we have
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() AWQ) is a subset of H' () and WP(Q) is a subset of AQ).
(i) AQ) is a convex come bui is not a linear space.

(i) For any sequence {u,} c A(Q) such that the set of their «natural norm» is
bounded, i.e.,

2
”%n”A(Q) = ”un”Lzm) + zlllaa un”mm + ”@3 U + “L?(Q) + ”33 %n—”u(:)) < const,

there exists a subsequence {u, } and a function u in AQ) such that

Uy, cOMverges weeakly to u in H(Q).

PROOF. - (i) and (ii) are obvious. (iii) holds due to the lower semicontinuity of con-
vex funetionals. :

Now, we show the existence and some preliminary approximation results.

PROPOSITION 2.2, — Let Q be a regular open subset of R u be g function in A(Q),
then there exists a sequence {u,} in C;" (Q) such that w, — u in AQ'") for any Q' cc Q.
ie.,

[U, — u]|apy—0 asn— o
with
[ = | ay = un = wllizay + {101 ar — wllz2ory + 1182 (o — Wlps0ry +
05t + ~ Bsu 2y + 103 %n - — B3|
Further, if u|s = uy and wy is the trace of a WP function, then there ewists a se-

quence {u,} cc C* Q) such that u, —u in AQ).

PRroOOF. — For the first conclusion, we notify that any funetion # in A(Q) is a func-
tion in H'(12). As Q is a regular open subset of B3, we can extend % to a neighborhood
of O as a H' function. We use the standard mollifying sequence restricted on Q: let
#(x) be the standard mollifier, ¢, () = n® p(nx), u, = ¢,* |, With % an extension of u.
Noting the facts that

(f" @n)+ sf-#*"Pnr
(f* @n) - Sf—*%u
and using Jensen’s Inequality, we have the following estimates

“un - u“A(Q') < sup - +y) - u(')“A(Q’ + B, 1/n)
{iy} < 1/n}

which converges to zero as % tends to infinity.
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For the second conclusion, the extension of % can be made in W7, therefore we
can have the global convergence.

THEOREM 2.3. — Let @ be a function satisfying (1)-(4), u, be the trace of a W7 (Q)
function on 9Q which is also noted as w,. The problem

P Inf l J P(Dulx)) dac: u e A, ulsn = o
g

admits one and only one solution.

PRroOF. — By (4), @ is a strictly convex function on R3, therefore, the existence and
uniqueness are straightforward.

3. — Regularization of the problem.

MARCELLINI has studied (cf.{4]) the regularity of minimizers for the following
kind of potential of energy:

3 n
) cl(g1 (6l 1) < 6D <G, (21 6, + 1).

He used the finite difference method in the weak form of the Euler-Lagrange equa-
tion. The difficulty for us to use a similar approach here is that the guantities dyu..
and 33u_ should satisfy different growth conditions to make ®(Du) integrable and
therefore, should be in different function spaces. Consequently, we do not know if the
weak form of Euler-Lagrange equation holds for appropriate truncation of % nor how
to get the right convergence when the step length of the finit difference tends to zero.
So we have to introduce a regularized version of the problem and prove suitable con-
vergence to apply existing theory. In this section, we are going to regularize our
problem to satisfy (5) depending on a small parameter ¢, and therefore, Marcellini’s
results can be applied. In the next section, we prove that when ¢-— 0, we can get
necessary estimates to establish the result of regularity.
We define the following sequence of problems:

(6) P, Inf[ f@s (Dukx)) do: e WhP, ufs0 = ug
g

where @, (Du) = ¢(Du) + ¢|d;u, |* and we have the following results:

PROPOSITION 3.1. ~ When u, is the trace of a W7 function on the boundary, the
solution wu. of Problem P, belongs to W™ (Q).
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PRrOOF. — First, the kinematically admissible set is nonempty because u, is a candi-
date. Then the existence and uniqueness of a solution are straight forward by convex
analysis (see also Theorem 2.3). As for the regularity result that u. e W= @),
cf. [4].

Next, we want to prove the

PROPOSITION 8.2. —~ Under all the previous assumptions on 9, and suppose that Q
is star-shaped, bounded regular open subset of R Let u, be a solution of P,, then as ¢
tends to zero, there exists a subsequence still noted as {u,} which converges weakly to
u in H' and

) lin}) InfP, = InfP,
) lim [ 6(Du,) de = f &(Du) dzx ,
8_)0() o]
) lin%)fe]agus+[pdx=0.
0

Moreover, u is the solution of Problem P.

It is easy to see that
(10) InfP, = InfP.

Therefore, to give a full proof of (7), we need to prove the inverse inequality of (10).
(8) and (9) would then follow easily. Before being able to do this, we have to establish
an approximation result and it is here we need the assumption that 2 is of particular
form—star-shaped.

LEMMA 3.3. — Let Q be a star-shaped, bounded regular open subset of B3 Let u (u,
resp.) be a solution of Problem P (Problem P, resp.). For any ¢ > 0, there exists a
function u; (U, resp.) € WH?(Q) such that

(1D [, — a0 <3 (Juey—u.| <0 resp.)

(12) Uslog = Uy (Ues]a0 = Uy Tesp.)

and

(13) j O(Du,)dx < InfP + a( Jf ,(Du,,)da < InfP. + & resp.|.
o \d

Proor. - We only give the proof for the case of Problem P. The proof for the Prob-
lem P, is exactly the same. Also to simplify the discussion, we suppose that O is star-
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shaped with respect to the origin. Let m be a positive integer, and v,, = ug + Wy, (%)
where

' _ m+ 1 ) m
wm(x):{(u uo)( R whenxem+1£2,

0 elsewhere .

Then it is clear that w,, € H¢ (Q) N AQ). Let y,, < (1/2)dist (R® — Q; (m/(m + 1)Q), o
be the standard mollifier,

u™(x) = Ug (1) + wyx @, (X).

It is easy to verify that ™ (x) e WP, u™(x)| 50 = ug. Further, by Jensen’s inequality,
we have

f KDu" @) de = [ 9(Dug + D) % 9,, @) do <

4] 0

< J J P(Duy (x) + Dw,, (& — ) o, (@) dyde < Sup J!P(Duo (@) + Dw,, (x — u)) dex.

Qps (A A

By the continuity of Lebesgue integrals, letting m — «, we have

lim j &(Du,,) de < j O(Du) dec .
m— ooQ 4

As Wlbl_)rr%o j O Du,,) dx = j O(Dw) dx is clear, we have
0 (]

Jim_ [ 0Du,,) da = [ 2Du) da.
Q Q

Using a similar argument as in the proof of Proposition 2.2, we can conclude
that

Mm fuy — ula@ = 0.

For each ¢ > 0, choose m sufficiently large so that (11) and (13) are satisfied and let
this 4™ be u;, the lemma is proved.

REMARK 3.4. — As a matter of foct, our approximation result holds when Q satis-
fies the following assumptions: a) there exists a sequence of open sets {Q.} such that
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Q.ccQ, 2,10, b) Q. is the image of Q under a one-to-one mapping .=
= (o1 (y, o)y Yoo (1, To), Lo (@1, X2, 3)) € CLR®), with y,—1d in C; as e —0.

Now we accomplish the proof of Proposition 3.2: by Lemma 3.3, for any ¢ >0,
there exists a u,e Wb?(Q) which is P admissible and

InfP = }! O(Du,) dac — 2.
Q
As

(14) InfP > J(D(Dua)dx—o“=j¢5(ﬂu5)dw— Jslaguﬂl”dx—d‘a
0 Q Q

= InfP, — ef | Qg |Pde ~ 5.
g

Take the limit ¢ — 0 in (14), as ¢ is arbitrary, we get (7).
Next, let . be a solution of P,, we know that {u.} is bounded in H '(Q). Therefore,
there exists a subsequence still noted as u, such that

u,—u in HYQ)
and we have the following estimates

lim InfP, = lim j (Du,) + ¢|d5u, . |Pdw > lim J &(Du,) dz = j ®(Du)dz = InfP.
G ) g

As 1in%) Inf P, = Inf P, u must be a solution of P for it is obviously admissible. So (8)

and (9) hold automatically.

REMARK 3.6. — The proof of Proposition 3.2 is a use of I-convergence argument.
We do not get into more details here about the I'-convergence theory, interested read-
ers may vefer to[2],[5],[6] and many others that I can wmot give o full liste
here.

In the following, we indicate that the Euler-Lagrange equation of our problem P
can only be satisfied by using test functions in W2, For general kinematically ad-
missible functions, it is not obvious how to prove this.

LEMMA 8.7. — Let & = 0(¢) be o function defined on R® such that

2
(15) OE) <M1+ 2 |52+ 5.2+ |5_|7|, for any feR?
i=1
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where M >0 and p > 1. If @ is convex, then the partial derivatives of @ satisfy

2 1/2

16) |9.)| sC(1+ > |5+ 153[2) for all te R® st £>0,
=1
2 1-1/p

an  |9.@|sCl1+ 2 5%+ [&,|° for all Ee R® st £<0,
j=1

2 12
(18  [9.(5)] SC(1+ 251+ 15,2+ IE_]p) for all te R® and i=1, 2.
i=1

The proof of this lemma is based on the standard convex analysis. Interested read-
ers may refer to[4].

PROPOSITION 3.8. — Let © be a convex function of class C*(R3) satisfying (15) with

2 < p < 6. Let u be a minimizer of Problem P. Then for any function ye W¢'?, we
have '

D, (Du) g, da = 0.

HMw

19) | j

Q

i=

ProoF. — Use the Lebesgue Dominated Convergence Theorem and the estimates
obtained in Lemma 3.7 in the following expression when ¢ € W¢'?:

Dy + tDY) — Y Dwu)
J’ dx

; z0 for any >0,

(20)
Q

we get
3
[ 3 0,00 do>0.
g i=1
As — ¢ also satisfies the same inequality, (19) follows naturally.
We notice that in general, for perturbations like ¢ = gu with ¢ e Cg*, ¢(®) = 0 and

u admissible, if we use the Lebesgue Dominated Convergence Theorem, we could
only conclude that

[ 0. Du)y, dz =0

Q

but not (10) because — ¢ is not admissible a priori.
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4. - Regularity.

We study the problem of regularity in this section. Our result is that if « is a sol-
ution of Problem P then it belongs to Wi, (). One of the most direct approaches to
prove this result is to use finite difference of solutions as test function in the weak
form of Euler-Lagrange equation. But unfortunately, in our context, it has not yet
been proved that the weak form of Euler-Lagrange equation holds with truncation of
1 as test function. However, we can use the result of regularization developed in Sec-
tion 3 and the existing result of Marcellini to prove such regularity in our case.

PRrOPOSITION 4.1. — Let u, be a solution of Problem P,, then u. salisfies

1
. 13 o ,
@ (jmmzuel)edx) < dt [ 18 201Dn 1 + g (Dot + 0.5 D)y Vo
Q 0 Q

where 4 e Cy” (Q), n(x) 20, 0 < h < dist (suppn, 3Q), 4 is the following finite differ-
ence operator:

ux + te;) — ulx)

Su=
U h )

(e:); = 3y,
¢ is a constant independent of h and .

Proor. — This can be derived by following the proof in [4] with the following re-
mark: in deriving the left hand side of the inequality, we can neglect the penelization
term because it is a convex functional, and therefore, the constant ¢ can be chosen in-
dependent of «.

PROPOSITION 4.2. ~ For each ¢ > 0, we have the following inequality:

13
= (Jlﬂasuelﬁdx) SCJ | D 2| 8su, |* + |Dsu, - | + e|Dyu, . |P]dw.
Q £

Proor. — From (21), we have

3
(23) ( j InAiual("dac)l/ <
0

SCJ [ u, [P{[Dn]* +[1+ [((A = 8)3u, + 133, (x + hey))_ |72 +
Q

+e|((@ = t) Dgu, + t33u, (x + heg)). |P 21| Dy|?} da.
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As
Bu,—u, in LP, as h—0,
(I -t su.(x) + td3u. (@ + hey) — d3u (x) in L?, as h—0,

we can apply Fatou’s Lemma on the left hand side of (23) to get (22).

Let n®)=1 in B,(xy)cc@, n@)=0 in Q — Bg(xy), Bg(xg) ccQ and R >,
[Dy@®)| < c¢/(R — ), we have

/3

< i | {1l 1317+ clovu,, 7} do.

By (x)

B, (x)

(24) [ J|a3us|6dw

LEMMA 4.3. - Let Q be a star-shaped bounded regular open subset, if u is a sol-
ution of P, then for any ne Cy” (Q), 1 = 0 satisfying all the above requirements, we
have

25) [ [

1/3
|agu|6dx] < (Rir)z j(iagu[2+ |93u_ |P)da.

B, (x) B (x)

Proor. - By hypothesis (2), we have

lirr%)j |85, |2 + | By, _ |Pdz = j 18gu|2 + |8yu_ |Pdz,
E——)‘Q Q

Byu, |2 + |Ogu, _ |P)dx = jqﬁ(Du) — 5(|Bsu|? + |Byu_ |P)da.

lim J ®,(Du,) — &(
]
Q Q

As lin%) j (D) dx = j O(Du) dx, we have
el Q Q

(26) lin})f(la3ua|2+ | G5, |P)dxe = J{lazulz+ |0gu_ |P}dx.
E—)Q Q

Using (9), we know that

Elilr})gjqaguﬁ |Pde = 0.

Finally, taking the limit ¢ — 0 in the two sides of (24), we get

(R -7

1/3
@0 J OpulSdn | < —F f (18502 + |50 |P)da.
B, (x) Bg ()
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THEOREM 4.4. — If u is a solution of P, Q is a star-shaped bounded regular open
subset of R then dsu e L, (Q) for any 6 = q = 2 and for any Q' cc L, we have
1/3 ¢ Q'
(28) [ J |83u[6dx} < 4 J(légulz + |O3u_ |P)da.

= . "2
- dist (82, Q')

PrOOF. — For any z e 0', take R = dist (x, 3Q), » = R/2, choose a finite cover of {2’
of type B(x, R). On each ball, use (27). Add together, it is then easy to see that (28)
holds.

Till now, we showed that if w is a solution of Problem P, then u e H'(Q),
3su € LS,. Therefore, d5u € L. It is now easy to follows Marcellini’s argument [4] to
conclude the

THEOREM 4.5. — If u is a solution of P, Q is a star-shaped bounded open regular
subset of R® then u e Wik” (Q) and for every Q' cc Q, there is an increasing function
¢ [0, 00) — [0, o) such that

(29) |Du[La(Qr)Sgb(l81u

pot [Soulp+ |8su e + |93u-|10).
The proof of this result is left to interested readers.
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