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Existence and Stability Results
for the Hyperbolic Stefan Problem with Relaxation (*).

NiIKoLAY V. SHEMETOV (*%)

Summary. - The aim of this paper is to study a phase transition model, based on the Cattaneo-
Fourier constitutive law for the heat flux and on a relaxed constitutive law for the phase
variable. In turn, the model describes fast processes of melting and crystallization with su-
percooling and superheating effects. We give existence and stability results for the former
phase transition problem. Uniqueness is deduced from the stability result.

1. — Introduction.

In this paper we will consider the following system of equations describing the
«liquid-crystal» phase transition:

(1.1) Cgat + )\xt + divq ={ ,
{1.2) aq, +q = — kgrade,
(1.3) v+ H ()3 F 9, 7).

Equation (1.1) is the energy balance law for the internal energy e = ¢ 6 + Xy, where ¢,
is the specific heat at a constant pressure, 6 is the relative temperature (thus 6 = 0
will be the equilibrium temperature for a liquid-crystal mixture), A is the latent en-
ergy of phase transition. Equation (1.2) is the Cattaneo-Fourier constitutive equation
for the heat flux ¢, where k denotes the thermal conductivity and « the thermal relax-
ation time. Finally, equation (1.3) is the non-equilibrium constitutive equation for the
liquid concentration y, where F(6, y) is the so-called driving force of phase transition
and H ' denotes the inverse of the Heaviside graph, ie. H 1(0) = {¢<0},
H (1) = {220}, H () = {0} for all x € (0, 1). Here, all thermodynamical param-
eters c,, A, «, k are positive constants.

System (1.1)-(1.3) was suggested by Visintin (1985) for describing phase transi-
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tion processes with supercooling and superheating effects. The usual phase transition
model (Stefan problem) consists in coupling the balance energy law (1.1) with the
Fourier’s conduction law

(1.4) qg= —kgradg
and the equilibrium constitutive equation for x
(15) v e H(0).

System (1.1), (1.4), (1.5) is not completely satisfactory, especially for extremely rapid
cooling and heating processes, since it corresponds to a parabolic equation having an
infinite speed of propagation of the thermal signal. Replacing (1.4) by Cattaneo law
(1.2), one gets a hyperbolic system which yields to a finite speed of propagation of the
thermal signal. Moreover, in order to describe dynamical supercooling and super-
heating effects, (1.5) ean be replaced by (1.3). Supercooling and superheating effects
correspond to the cases y =1, 6 < 0 and x = 0, 8 > 0 (respect.); these conditions are
compatible with (1.3).

Under suitable assumptions on the data existence of a solution of system (1.1)-
(1.3), but not uniqueness, is known only for the case F is linear (VISINTIN, 1985). A
numerical approximation for this system has been given by MazzuLo et al. (1989);
NocCHETTO and VERDI (1989); VERDI and VISINTIN (1992).

Others hyperbolic models for phase transitions were considered by FRIEDMAN and
Hu BEI (1987); GREENBERG (1987); SHOWALTER and WALKINGTON (1987); SHEMETOV
(1991); CoLLI and GRASSELLI (1992).

The aim of this paper is to prove existence and uniqueness of the solution of sys-
tem (1.1)-(1.3), even for a nonlinear driving force F, in the one-dimensional ease. In
addition, we will show that the solutions of this system converge to the solution of the
Stefan Problem with the non-equilibrium constitutive equation (system (1.1), (14),
(1.3)), as a— 0.

2. — Statement of the main results.
Just for the sake of simplicity, assume that ¢, = A = k = 1. Then, the one-dimen-
sional problem reads
0t+Xt+Qz=0’ (ﬂ}',t)ETCT,
(2.1) ocq£+ q+ ﬂx=0, (a}’, t)GTL'T,
xe+H Y0 F0,x) (& Dery,

where =y = {(x, t): xe R, t [0, T1}. We consider the Cauchy problem with initial
data

2.2) 8z, 0) = 0y(x), g, 0)=qy®), x(x, 0)=yxo®), =zekR.



NIkoLAY V. SHEMETOV: Ewistence and stability results, etc. 303

Let us give the definition of weak solution for problem (2.1), (2.2). First we intro-
duce a change of the variables 6 and g as follows:

0+ -
o poLrYE o emvig

whence, we set

A, 8, x):=F(%§, x) =F(@, ).

Then (2.1), (2.2) reads equivalently as the following symmetrie system:

f 1 r-§ 1
— 7 + - —
Ft+ \/;Fx Za 27»1’
1 r-s§_ 1
24) VST eSS T T T
Xt+H~1(X)3f(F,S,Z),
\F(:L‘, 0)=P0(x)7 S('/L‘a O)ZSO(x)’ x(x; 0)=X0(90),

where

8 + Vagq g, - 6y — Vagq
2 2 0 .

I'n =
0 2

DEFINITION. — The triplete of (I', S, y) is a weak solution of (2.4) in =y, if:

D1) y;€ L* (xy) and the function 0 < y < 1 satisfies
e tH 7 G)afT, 8, x) ae inap
22, 0) = xo(x) a.e on R.

D2) I, Se L* (ny) satisfy:

Jijr

”[ls—u(%— —l—gox)-ksign(S—l)[Fz_aS - %xt}cpjdxdtzo,

92}

Pt _\}——@x) ~Sign(1’~k){r—2;—— - %){g}go}dxdtB 0,
4

Va

for all o,y C(ry), 9, ¢ =0 and k, [ e R.

=T
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D3) There exists a set £ c (0, T) of measure zero, such that, for each E > 0, we
have

lim J (|, ) — Ty @)| + |S(¢, %) = Se()| }daw = 0.
te(0, T)\E x| <R

TurorREM 2.1 (Existence). - Suppose that
(2.5) eo,qo,xOELw(R), Osxosl a.e. in R,
and F: R X [0, 11— R be a Lipschitz-continuous function, i.e.,

2.6) |F0,%)—FO6, 7)) <M{]6-8] +|x—%} V6 6eR and Vy, ¥el0, 1].

Then there exists a unique weak solution (6, ¢, y) of problem (2.1), (2.2).

THEOREM 2.2 (Stability). - Let (6, ¢, %) and (6, q, 7) be the weak solutions of prob-
lem (2.1), (2.2) with initial data (0, qq, xo) and (8¢, go, Xo), respectively, satisfying
(2.5). Then, for every fixed R > 0, we have

@D [{16-0] + Valg =l + lx - 7}, Hde <

By
sCJ{|60_5OI +Valgo— ol + lxo— %ol }du, for ae. tel0, Tyl,
By
where C is a constant independent of the initial data and {, Ty = min(T, RVa),
B, = {x: |2| <R —t/Va}.

REMARK 2.1. — Uniqueness clearly follows from Stability Result.

THEOREM 2.3. — Assume that (2.5) and (2.6) hold. Let (8, 4., x.) be the solution of
problem (2.1), (2.2) and let 6 € L= (=r), 0 < y < 1 be the weak solution of the Stefan
problem with non-equilibrium constitutive relation

6t+xt+6a:x=0, (./,U,t)ETET,
(2-8) xt+H_1(X)aF(6’ X)y (x7 t)eﬂ'g*,
o(x, 0) =6y, x(x, 0)=yx, wekR.

Then,

2.9) b,—~0, x,—yx in Li.(z7), as a—0.

@
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3. — Notation and additional properties.

Before proving Theorems 2.1, 2.2 and 2.3, let us introduce some notations and ele-
mentary properties.
Let ¢ be a mollifier function on R such that é(s) 20, 4(s) =0 for |o| =1 and

£

8(s)de = 1. For any k> 0 we set

8 Sy -

&u(e) =hte(h to).

Given v e L. (R), let us v"* denote the function

oy = | 1% Y
3.1) P (x)'—tho( 3

)v(y)dy, E>0, xeR.

The point z, is a point of Lebesgue of v(x) say %o e £(v) if

71; () — v(x)|de =0

lo—xp| <h

lim
h—0

Note that hm v () = v(x,) for all xye £(v). Since meas (R\ £(®)) =0, then

v’ (x)——w(x) ae on R, as h— 0.
Let w(o) denote a module of continuity, i.e. 2 nondecreasing continuons function
defined for ¢ = 0, such that «(0) =

LEMMA 3.1 (See KRuzkov, 1970). ~ Set K, .5, = {|x| <7+ 20} for >0, o> 0.
Let ve L'(K,,,,) satisfy

J, (v, Ax)sj|v(x+Ax)—v(x);dxsws(|Ax[) V|dz| <p, sel0,r+o].
K

Then, for & < o,
J, (v, 4x) S w, 4 ([4x|)  and ﬂ [v| — v(signv)*|de < 2w, (k).
K,
LEmMA 3.2 (See KRUZKOV, 1970). ~ Set @ = {|x| < R} x [0, T]. Let ve L= (Q). If
for some ¢ e (0, min{R, T'}) and any % € (0, o) we set

v, = # ” (e, ) — vy, ©)|dedidy d-,
R X @
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where

|t = 7]
2

<n < ttrapo, lmul

|h+y|
2 ' TR 2

Q= {(x, t):

SR-pp,
then lLim V, =0.
h—0

LEMMA 3.3 (See Kruzkov, 1970). — Let u e L™ (K, . X [0, T]), 0 < 2¢ < 7. Let for
0st<T, |& <@

3.2) J, u(z, t), Ax) = J |ulz + A, 1) — u(x, t)|dx < wZ(] Ax])
|z} s 7

and for every ¢, t + At [0, T, 4t > 0 and for every function g(x) e C§ (K,) the follow-
ing inequality holds:

(33) { f gz, t + A — ule, 1)l d

|e] €

sam&%ﬁm+ﬂ%w

Then for 0st<t+asT

L(ux, t), At) = J |ule, t + 4t) — w(x, t)|dx < const Omgn [h + wi(h) + %}
<h<p

|lz] <7

where const depends only on C, and flulL= ...« o, -

4. - Existence of the weak solution.

1) We will prove existence of a weak solution of problem (2.9) via a finite differ-
ence discretization.

For any integer number N (z =T/N stands for the time step), the semi-dis-
cretization algorithm can be stated as follows.

Suppose the approximate solution {I'”, S", "} is known at the time nr; then we
define {Fn+ 1/2, Sn+1/2, Xn+ 1/2} and {Pn+ 1, N 1’ Xn+ 1 } by:

(ot L 1o
T \/; @ 2 T ’
Sn+1/2_‘gn 1 X 1 Xn+l/2_xn
7w ___Sn+ 2 _ 4 ,
“.D ) 7 \/; z 2 T

n+1/2 _ n
X - X +H—1(Xn+l/2)9f(1wn, Sn7 xn)

\
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Va/

T

»

and
Fn+1_Fn+1/2 Ivn+1__sn+1 _
T + 2a 0,
{4_2) Sn+l_Sn+l/2 Iwn+1_Sn+1 0
T B 2a -
Zn+1:1n+1/2'
Note that systems (4.1) and (4.2) admit a unique solution which, in explicit form
reads:
[ * n+1/2 E . n(f
I (g) =gk J ek&[l“"(é)— X (; X )]'kdé, k=
P n+1/2 __ , n
B+ 200 — k) on _ X £ 4.
wy |S@ j y [s Lo } %3
x
1, "+, 8" ") =1,
Zn+1/2 - xn+ Tf(lm, Sn’ xn)’ 0< xn + Tf(Im, S;n’ Xn) <1,
| 0, x4+ (", 8", x*) <0,
and
[l /2 (d+gq) 4+ Srt1/2 (1-4q) 0<g= 2 <
2 2 7 a+ T
(44) Sn+1:11n+1/2(1—q) ARERY: d+9)
2 2
Xn+1:7(n+1/2-

Then, the semidiscrete scheme is well-defined in terms of the initial data {I'°, S°, x°}

defined, for
4.5)

where v" is

any k>0, by
= (o),  8°=(Set) . =)
defined in (8.1) and &, is the cutoff function

g(x)=1 for |x| <1/h, L(x)=0 for |z|>1/h.

Let us introduce the functions, defined in =y,

(4.6)

{F“.(t) :Fn+i/2, S”(t) = Sn+i/2’ X‘w(t) — xn+i/2, i= 1, 2

for telnr,(n + 1) ], n=0,1,..., N—1
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and

(4.7) {f?(t), §7(t)’ Ef(t) linear on (nT, (n + 1)7) and

I' (n7)=I", S.(nt)= 8", 7.(n) = ¢".
2) A priori estimates in L™ (mp).

LEMMA 4.1. — Set Cy = Illlo =) + ISollz = m)- Then, for all »=0,..., N -1 and
i=1, 2, there exists a positive constant K independent of = and %, such that

[t 2o gy + 8™ 2| em) < €M7 Cy + K,

osprtsy, X720 <k
v T

PROOF. — Let us set A% " #2 = || * 2|, - gy, u" T ¥2 = |S"*¥2|, . ). Then from (4.3)
we have

48) ARt TS O" + p” + max [yt TV =] <
re
SX”+y"+rmaﬁg|f(F”,S“,X”)| S A"+ "+ TMQO" 4w + 1) + 7F(0, 0),
xre

whereas (4.4) gives
(4.9) )ln+1+#n+1Sln+1/2+‘un+1/2-

The asserted estimates follow from (4.8) and (4.9). =
3) A module of continuity for the space variable x.

LEMMA 4.2, — Let do(x) = o(x + 4x) — (), ® € R, 4x € R. Then

Axn +1/2 Axn

T < |+ 2e )4, 87 M,

(4.10)  |4y"TV2 4
Ve, dxeR.

Proor. — First, let us prove the estimate
(A.11) A"t 2]+ A" (1 — sgndy™-sgn Ay TVR) < |4y + | AFTT ST, )

From the last equation in (4.1) we have

n+1/2

4.12) S i i T_A" +AH (") s AT, ST o),

where

AH Y Wy ={o —yiwe H UG V2 (w + du), eH (" 12 2)}.
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We multiply (4.12) by sgndy” * /2, Noting that sgndy™*V2-AH (4" *2) e {£ = 0},
we readily get inequality (4.11).

The estimate (4.10) follows from (4.11). For example, consider the case
A" 12> 0> Ay™; then

n+1/2 _ Axn

4
M%nqtl/2|+T 4 Eziﬂx"+1/2|+|/1x"|<

s
[4

S 2(|dy™ VA Ay D)+ At < |8yt + 2] afT, ST, 1))

LEMMA 4.3. — There exists a positive constant C independent of = and 4 such that
forn=0,1,...,.N—-1,1=1,2

(4.18) f{ |AT™P2| 4 [ASHR| 4 (42 | d < cf{ ATO| + 4S°] + | 4|} des,
R R

N1 n+if2 _ A M
(4.14) E TJ" &__ﬁf_

n=0 T

deCf{lAFOI + 48] + |4x°] } du.
R

PRrOOF. — For all z, Ar € R, it is easily seen that A" * /2 and AS™*1/2 satisfy the
system

n n Ao mH1/2 _ n

Ay T LA WVSSS VIR O At /48

T Va 2
ASPH1R A8 1

_— + —_—

T \/;

Multiply the first and second equation in (4.15) by sgn°AI™ /2 and sgn®AI'™ *1/2, re-

spectively, where sgn®o(x) = ¢/\/¢% + . We obtain

(4.15)
l Axn+1/2 _Axn

AQr+1/2 _
AS? : .

sgneﬁ\l’”“/zz\l“"“/z—ksgnEAS"“/zAS"“/Z+ T %
e

Axn+1/2 _AZ" i
“—‘——~—“T .

XV 2P + ¢ = \(AS™ 2 + ¢), < [A1™| + |4S™| + =

If we integrate on R and take the limit as ¢ — 0 we gét

4.16) f(mpn“/ﬂ b AS™ 1)) dy <
R

n+1/2 ”n
sf(mm + |AS”])dx+rj’ S A S P
R R

T
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From (4.2) (or (4.4)) we easyly obtain

4.17) f(mrn“i + 48" + Ayt ) de <
R

< I(IAIWH—I/Z' + iAsn+l/2| + lAXn+1/2de'
R

The asserted estimates then follow from Lemma 4.2 and inequalities (4.16) and
4.17). n

4) A module of continuity for the time variable t.

Lemma 3.3 allows us to estimate the L' module of continuity in £, for the approxi-
mate solution I, (%, t), S, (%, t), %.(x, t) defined by (4.7). From Lemmas 4.1 and 4.3 it
follows that the functions T'., S., ¥ . bear the estimates (3.2), (3.8) with the constant
C, = r const.

Therefore (we can take » =2 and ¢ =1 in Lemma 3.3)

L(T(x, t), At) < wl(4t) = const Ognhiril[h + wZ(h) + %t—] ,

(4.18) I.(S(z, t), 4t) < wl(41),

LGz, 1), 4t) < wl(4t).

For the function ¥,(x, t) = (3" *' — x")/7 from Lemma 4.2 we have

T
4.19) J J |7, (@ + A, t) — ¥, (x, £)|dwdt < &% ()

0 |z| €7
and moreover by using the same ideas as in Lemma 4.2 we can obtain that

T
(4.20) f f (@, t + 4) — %, (0, ©)|dudt < BLWAE) Vi, ¢+ Ate [0, T (4> 0).

0 lzjsr

Therefore we have constructed the L' modules of continuity »?(s), '(s) independent
of 7(r=T/N) such that for 0 st<sT zeR

@21 J.T, M) + 1,5, dx) + TG dw) + LT, 4) + (S, 4t) + (%, &) <
< of(|de]) + wl(|At])

and the L'-modules of continuity &%, @2 such that estimates (4.19), (4.20) are
fulfilled. ™

5) The limit as v — 0.
From (4.19)-(4.21), (4.6), (4.7) it follows there exists a subsequence {r)}c {7}
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such that

~ ~ T —0 . w© .
w2 @8 % s @) —= (I, S, 5, ) *-weakly in L™ (x7), ae. in np,

Tp—0 R
(Firk; S‘irk; X’é‘rk) - > (Fy S; X) Strongly n Ll%)c (TFT) .

Let @(%), ©(£) be arbitrary smooth convex functions on the line — ® < < + o if we
multiply the first equations in (4.1), (4.2) by ®'(I™*1/2), ¢'(I'"*1) respectively and
sum the resulting expressions we get

@(lwrm-l) _ @(Im)

T

+1 _Sn+1

_1_ n+ 1 rerm+ 1 Fn
+\/;@(I‘ Do +0'T"TY) 2

+ %yt@'(rnﬂ/z)so.

Here we have used twice the property of convex function, that ®(¢) — &(n) =
= @' (n)(& - n), V& neR. Hence for every pe Ci(xp), 9= 0

FZT_ S2r

1~ -,
5. +§Xt@ (I'y)pdedt=0,

am || {@(F27)§°£+ B(r'y.) L

7%} - @{@’(sz)
a4

where

o(t) — ot ~ 7)
pp= .

Taking the limit as v, — 0 we obtain
1 r-8 1
. = — P’ — d. =0.
(4.24) JI@(F}(%-F \/;gox) @ (I’){ o + 2xt} xdt =0

=T

By using the same arguments for every ¢ € C3(zs), ¢ =0 we obtain

(4.25) ”@(S) (¢t - —\lfgb) ; gb@'(S){% - %x,] dudt = 0.
o

After the approximation of the functions |I'— k| and |S — I| by the smooth functions
&(I") and &(S) it follows that inequalities (4.24) and (4.25) are valid and for @ = Ir—-
—k| and © = |S - I|(®'(IN) = sgn(I" - k), &'(S) = sgn (S — k).

We readily get that I', S and x satisfy D1) and D2) in the definition of weak
solution,

T

6) The limit as h— 0.

In Section 5 we have shown that there exists a weak solution I™*, S%, 5" of problem
(2.4) with initial data (4.5) in L”(R) with a compact support on R.
In the next section we will show the Stability result for arbitrary initial data in
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L~ (R). Therefore if in Theorem 2.2 we take (I'y, So, 30):= (I'}, S&, x%) and
(an §0’ %0):= (F{)L(x + Am‘)) S(?(w + Am)y X&(x + A.’l?))

for a given 4x € R, then for every fixed » > 0 there exists a positive constant C inde-
pendent of A: ‘

(4.26) J'{lAFhl +|ASP] + At M, t)da:SCJ{Mng + A4S + |4x6 ]} de
B Bo
for a.e. te[0,7,],

where Ty =min (T, rVa), B, = {x||z]| <r—t/Va}.

The modules of continuity of 'Y, S¥, x& are estimated by the module of continuity
of I'y, S, %0 (Lemma 3.1). Hence from (4.26) and Lemma 3.3 the set |I™, S*, x"}1.5
has modules of continuity !, w? independent of A such that for every fixed
r>0

J. (T, Ax) + J,(S*, Ax) + J, (", Ax) +
L(", 46) + L(Sh, &) + L%, 4t) < w2((az)) + 0bl(d) VireR, 4> 0.
This estimate allows to find a subsequence of {I'™", S*, "}, such that
re, St y* —sr,8,x *-weakly in L*(xy), ae. in ny, strongly in Ly (xr).

Finally, it is easy to see that the limit functions I', S, y are a weak solution of (2.9)
with the given initial data I'y, Sy, xe-

5. — Stability results (Theorem 2.2).

Here we will show the Stability Result, for the variables I', S, x.

Let the triplets Z = (I, S, ) and Z = (T, §, %) be weak solutions of problem (2.4)
with initial data Zo=(y,Sp, x0)eL™(R), 0<yxo<1 and Zy=(T"y,8),%0)e
e L”*(R), 0 <%, <1 respectively. Then

®.1) J |2, @) — Z(t, w)|d < CJ | Z () — Zo(2)| d,
By By
for ae. tel0, Tyl, To=min(T, RVa), B, = {x||x| e R — t/Vx}.
PRroOF. - Ih the first and second equations of D2) for I', S, y (Definition, § 2) we

set f= &, t, 9, 7) and g = &, t, y, ) respectively, where £ e Cj (= X 7p), £ 2 0 and
let k = I(y, ), [ = Sy, 7). Then we integrate these equations in (y, 7) and add the re-
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sulting expressions. We obtain

52) ””[w—ﬂ F1S-3De + %(if—ﬂ 1S -8+

Tp XAy

+£(F_S)(sgn(S—g)—sgn(F—f))+
20

+ %E(sgn(l’—f)xt —sgn (S - §)5/:t)]dacdydtdr =0.

Adding this inequality with the one obtained similarly from T, S, %, we get

5.3) H”[(lr—fl + |S—S‘|><ft+st)+%<|r—f| ~ 18 =8, + 50+

T X wp

+ lxt_f:ié}dxdydtdrz 0.

Here we have used the following inequalities

Tr-mn-©$-5
2a

)(sign<S—§) ~sign(' - 1)) <0,

_ (sign(S = 8) + sign(' - ) ~
O = %) 2 5 2 < 2= %

Let us define

—_— xr — x+ T
f(x:t:ny)ZEh(x’tvy’T):é\h(tzT)o\h,( zy)@( 2y’t+ )

where o e C}(=7), ¢ = 0. We see that

N r—y
5t+57=;ot(...)oh( zf)ah( 5 ),

(5.4)

r—

2

Taking the limit as # — 0 in (5.3), by using (5.4) from Lemma 3.2 we have

5.5) H<|r—f|+iS—S‘|>;ot+

=T

+ L (r =T = 1S =8])gu+ |G~ 7l¢) dudy = 0.
Va
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Let E and E be the sets of zero measure for which D3) holds for (I', S, x) and (T, S )
respectively. In addition, let us define E¥# ¢ [0, T'] as the set of non Lebesgue points of
the bounded measurable funection

(5.6) y(t)=J(|F—f‘I+lS—§|)dw.

B,

We set E°=E UE UE* and note that £° has zero measure. We define

a

(o) = j 3,(s)ds

and take o, e (0, )\ E®, ¢ < 7. In (5.5) let us choose
p=la,t—¢)—a,(t— )]y (2, 1), A <min(p, Ty — 1)

where y°(2,t) =1 —a, (|| — R —t/\a + ), ¢ > 0. Note that y* satisfies the rela-
tions

: 1 .
02+ —=xa-

Vi

Then, from (5.5), we obtain the inequality

”[ah(t — o) =t — Dy, {ID =T + |S =8|} + |G = Pl (@, O} dwdt = 0.,

wr

Taking h— 0 and ¢ — 0 we obtain

G.7) j |I(z, @) — (=, )| + |S(z, x) — 8=, w)|dw <
B.

T

< j{iF(p, ) ~ Te, ®)| + |SCp, @) — 8(e, x)l}dx+fj|(x—§)t|dacdt.

B, ¢ By

In addition, from D1), since x;, x;€ L * (=y) we have the following relations:

68) [l @) = 7w 0)lde = [ |x(e, ©) = o, )] do +
B.

B,

T T

[ [ 1= Dildmdr< [ [ 1z =l + 16— Dxldwdt =

? B e B
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T T

= [ [dx=7l+ lx- 7D dwd <2 [sup(0, Iy - 7l dwdt <
¢ B e B

<2[ [IAr, 8,0~ T, 8, Dldudt.
¢ By

The last inequality follows from the following inequality (see D1)

lx =%l < 1AL, S, 0 —fT, 8, )| ae innp.

Therefore adding (5.7) and (5.8) and using that f is a Lipschitz function for

By

we have the following inequality
B <o) + K [ty de.
4

Finally taking o — 0 on the set £° and applying Gronwall’s lemma we prove the state-
ment of Theorem 22. ®

§. — Proof of Theorem 2.3.

Denoting by (6., 4., x.) the weak solution of problem (2.1), (2.2) with initial data
99, o, xo independent of « >0, we have the following estimates from above
results:

6.1) 6,, Vag, x.eL®(zp),

©2) [ 140,] + Valdg] + 14|} do <

By

sCf (460 + Valdgo| + |dyo|}dx  for ae. te[0,T,] VizeR,

By

where C is a constant independent of «, Ap = o(2 + Az) — o(x). From (6.1)-(6.2) by
using Lemma 3.3 we conclude that ¥r > 0, 4z € R, there exist two modules of continu-
ity »?, w! independent of « such that

6.3)  J,.(0,, M) + Vad,(q,, &) + J,(y., dx) +

16,5 46) + Val, (q,, 4) + 1 (x.,, &) < of(|dz]) + wl(dt).
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From (6.1), (6.3) we have

9, =0, x.—%, Vag,—q,

as «—0 strongly in Li.(r7) and *-weakly in L (ny).

Therefore easily conclude that 6, y is a weak solution of the Stefan problem (2.8) with
non-equilibrium constitutive relaxation. =

Acknowledgement. The author would like to thank Professors P. I. PLOTNIKOV
and J. F. RoDRIGUES for many inspiring discussions.

This paper has been partially written while the author was V1s1t1ng the CMAF
and University of Lisbon, Lisbon, whose stimulating atmosphere is gratefully ac-
knowledged, in the framework of Post-Doctoral Fellowship of Gulbenkian Founda-
tion.

REFERENCES

[1] P. CoLLI - GRASSELLI, An existence result for a hyperbolic phase transition problem with
memory, Appl. Math. Lett., 5, no. 1 (1992), pp. 99-102.

{21 A. FrRIEDMAN - B. Hu, The Stefan problem for a hyperbolic heat equation, J. Math. Anal.
Appl., 37, no. 1 (1989), pp. 249-279.

[3] J. M. GREENBERG, A hyperbolic heat transfer problem with phase changes, IMA J. Appl.
Math., 38 (1987), pp. 1-21.

[4] S. N. Kruzxov, First order quasilinear equations in several independent variables, Math.
USSR Sh., 10, no. 2 (1970), pp. 217-273.

[5] 8. MazzuLo - M. PaoLINI - C. VERDI, Polymer crystallization and processing: Free bound-
ary problems and their numerical approximation, Math. Engng. Ind., 2, no. 3 (1989), pp.
219-232.

{61 R. H. NocHETTO - C. VERDI, Approwimation of multidimensional Stefan-like problems via
kyperbolic relaxation, Quart. Numer. Anal. Theory Comput., 25, no. 3 (1988), pp.
219-232.

[7] N. V. SHEMETOV, The Stefan problem for a hyperbolic heat equation, Internat. Series Nu-
mer. Mathem., 99 (1991), pp. 365-376.

[8] R. E. SHOWALTER - N. J. WALKINGHTON, A hyperbolic Stefan problem, Quart. Appl. Math.,
45 (1987), pp. 769-781.

[9] C. VERDI - A. VISINTIN, Stefan problem with Cattaneo-fourier conduction law and with
phase reloxation: existence of a solution and numericol approximation, to appear.

[10] A. VISINTIN, Supercooling and superheating effects in phase transitions, IMA J. Appl.
Math., 35 (1985), pp. 233-256.



