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Sunto. - Si studia il problema deU'esistenza di soluzioni limitate per l'equazione au = f sui do- 

mini  pseudo-SiegelSp = ~ e C~: j~=l !~j 12pj + ~ m  ~Pn -- 1 < 0 quando il dato f e C(~, 1)(Sp) 

soddisfa alla condizione I ~1 k Ifl < + ~ per I ~] --) ~ .  

Summary. - We study the problem of  the existence of  bounded solutions for the equation ~u = f 

I } on pseudo-Siegel domains Sp = ~ e C n : ~,, I ~ j [ 2pj _~ ~ m  ~P~ - 1 < 0 when the data 
j = l  

f ~  C(~, 1)(Sp) satisfies the condition i~lk Ifl < + oo for  I~1 --> oo 

Introduction. 

Let  Sp be the domain 

j = l  

P = (Pl ,  ..., P,~) �9 (Z  § )n. Sp is a generalization of the classical Siegel domain 

{ } S= (~,...,~)eC~: ~ I~jl2+~m~-l<O 
j = l  

and we refer  to it is a pseudo-Siegel  domain. 
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In this paper we deal with the existence of smooth bounded solutions of 8u = fi 
when f is a smooth bounded 8-closed (0,1)-form on Sp. 

Sp is biholomorphic to the bounded pseudoconvex domain 

Ep={(~l, ..., ~n)eGn: ~ [~j'2P2-1<O} j=l 
by B: Ep-~Sp (section 1). Thus we are led back to study 8u = B ' f  on Ep. B ' f  is no 
longer bounded (it has a finite number of singular points on 8Ep) but i f f  satisfies the 
condition 

I~1 ~ Ifl < + ~ 

a s  

]~i--* ~ ,  for k > l + p ~ [ 1  1 , 

'[ I~lPJ j= 

then a bounded solution exists for bv = B *f  such that u = B .  v is bounded, smooth on 

Sp and 8u = f. 
The analogous problem for unbounded domains was first considered in [11] where 

a bounded solution is obtained for a special class of pseudoconvex domains assuming, 
at least, k > 1 and with the additional hypothesis that supp f f3 a~ is compact. 

1 .  - The biholomorphism. 

Let us consider the unbounded domain 

{ } Sp= ~e C~: ~(~) = 2 I~jl 2pj+ ~m~P~-  1 < 0 
j = l  

w he  r e p = (I)1 . . . .  , Pn)e (Z § F :  when p = (1, ..., 1) Sp = S is the Siegel domain 
which is strongly pseudoconvex and biholomorphie to the unit ball B ~ of C ~ by the 
Cayley map. If pj > 1, for some j, 1 <~ j <~ n, Sp is weakly pseudoeonvex. 

Let us take 

E~ = {z ~ a ~ :  r ( z ) =  Izl l  '~1 + ... + ]z~] 2~ - 1 < 0 } ;  

then, for every choice of the pTth roots, the map B: Ep-+Sp given by 

B(zl, .:., z~) = 1 + z p~ zl, ..., 1 + z p~ zn = (Bl(z), ..., B~(z)) 

is defined and holomorphic on G n - (C ~-1 • {ei~l+2~)/P~}), Vk = 0, ..., p ~ -  1, 
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where C ~ x  {e i~1+2)')/~'~} is the holomorphic tangent  space to OEp in z (x)= 
= (0, ..., e i"(1 + 2~)/p~). 

We choose principal roots. B is a biholomorphism and it has the inverse 

b(~l, ..., ~ )  = 2i - ~ ~ '  '" '  2i ~{~ ~ = (bl(~), ..., bn(~)) 

where the pj-th root is the principal one, 1 ~<j ~< n. When p = (1, ..., 1), b(~) is the 
Cayley map. 

I f  ~ e Sp is such that I ~1 ~ ~ then it happens either I ~ I -~ ~ for 1 < j ~< n - 1, 
~ - 1  

and in this case, since 1 - ~ m  ~ > 2 1 ~j 12pj, it follows that I ~j 12pj / I ~Pn I is bounded 
j = l  

and I ~ ] ~  ~ .  Hence one has: 

lim lb , (r  = lira 

for l ~ < r ~ < n - 1 ,  and 

lim (I~nlPn/2) 1 /pr  
!b~([)l ~< Clr-~l-~ I ~ [ - -  ~-~l = 0 

lira bg'~([) = lim bg~(~) = - 1 

therefore lira b(r = (0, ..., 0, e i~1 +2~)/p~) = z (~), for 0 < ~ ~< p~ - 1. 

Characterization of Proper Holomorphic Mappings. Since in[8] the group 
Aut (Ep) of the automorphism of Ep and the proper  holomorphic mappings from Ep 
to Eq are completely described, the explicit expression of the biholomorphism 
B: Ep ~ Sp naturally gives 

1) every automorphism ~ of Sp is conjugate to an automorphism of Ep in the 
sense that ~P = Bo geob for We Aut(Ep);  

2) every biholomorphic map from Sp is given by B o F, with ~g e Aut(Ep);  

3) every proper holomorphic mapping f :  Sp---> Ep is a biholomorphism; 

4) there exist a proper holomorphic map f:  Sp---) Sq i f  and only i f  p /q  = 
= (Pl/ql ,  ..., P~/%) e (Z + )n and it is, up to biholomorphisms of Sq, 

f ( ~ l ,  . . ,  ~n)  -~ (~Pl/ql /% �9 , . . . ,  ~Pn ~ ) ;  

5) every proper holomorphic self-mapping of Sp is a biholomo~-phism. 

2. - T h e  b -prob lem:  t h e  c a s e  w i t h  c o m p a c t  suppor t .  

k We denote by C(p, q)(D) the vector space of (p,q)-forms with Ck-coefficients on a 
domain D, O~<k~< oo, and for f E  k Cip, q)(D) let t f (~) l  = ~ tfis(~)l, l l f l t~  = 
= s u p  I f ( ~ ) l  ,zl =p ~_ " I Jr = q  
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I f f e  c(k0, 1)(Sp) t h e n  for the pull-back F(z) = B*f(~) = ~ Fs(z)dh~ o f f  by B, we 
have s = 

(2.1) F~(z) = 1 + 2 p~ ~ fr(B(z)) , 1 <<. r <<. n - 1, 

r =1 [ -- P--;- 1 + ~g~ 1 + ~ I~(B(z))  + 

1 ) 
1 + 5g ~' 1 + 2~ ~ f~ (B(z)) 

and it is ~-closed if f is 0cclosed; furthermore if U is the solution of the 0-equation in 
Ep then u(~)= Uob(~) solves b~u = f i n  Sp and 

lim [u(~)[-- lim IU(b(~))l = lim IU(z) I. ( 2 . 3 )  t~l - ~  ~ I~l - ~  ~ ~-~ ~(" 

Let us assume that f ~  C(~0,1)(Sp) has compact support, that is suppfA Sp is con- 
tained in a ball B(0, r) and so there exists a neighbourhood B~ of z (~) such that the 
form F = B * f  is identically zero on B~AE--p; m o r e o v e r  F~C~o, 1)(-Ep), 
supp F N OEp ~ 0 and [[F[[~ ~< C[[f[[~. 

On the Siegel domain S, by Theorem 3.2 of[11], the &equation 0u = f h a s  a bound- 
ed solution u e CI(S) which goes to 0 as ]~[--~ oo. 

We prove that this is still true the domains Sp and for the Siegel domain S there is 
a HSlder solution with exponent ~ = 1/2. 

PROPOSITmN 2.1. - I f f E  C~o, 1)(S;) with compact support is ~-closed then there 
exists a bounded and H6lder solution of the equation Ou = f  such that 

l~n lu(~)l = o. 

PROOF. - Let f(~) = (2i - ~n)hf(~), where h > 0; since the form _P(z) = B ' f  (z) = 
= [2i - (B~ (z)) p~ ]hF(z) = (2i/(1 + zP~ ~ ))hF(z) vanishes on B~, it is C 1 (Ep) and b-closed 
because F is 0-closed. By[3] and[9], there exists a solution U e  C ~ (Ep) of the equa- 
tion 3U = F which is a Hhlder function with exponent ~ = 1/(2 max {pj }). Then the 
function 

U(z )=( l+zPn~)  h 
2---7-- ~(z) 

solves 0U = F and 

i) [U(z)[ <<. ( l + Iz~IP~ ) h 
2 15(z)l  <~ II ~11~, 

fi) lim ]U(z)[ = lim [ l + z ~  '~]a ~ ( , )  ~ ; .  2 h I ~ (z ) l  = o .  
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It  follows that the function u(~) = Uo b(~) is bounded in S~ and by (2.3) it goes to 0 as 
I~i ---> ~ with order h > 0. Moreover for z, z '  ~ E~ one has: 

IV(z)- V(z')] <<. c l z - z ' [  

for a = 1/(2 max {pi }), hence, since b is a Lipschitz function, one gets, for 
�9 

lu( ) - = tUob( ) - Uob( ')l < clb( ) - Cl - 

so u is a-HSlder continuous. 

REMARK 2.1. - When feP'~+~(Sp),,,(o, 1) by[6],for every m e N ,  there is a solution 
U � 9  C~(E---p) of ~U = F, therefore, using the above arguments, one can obtain a sol- 
ution u �9 C "~ (S--p) of au = f such that lim I u(~) = 0. 

3. - Analyt ic  coverings and ~-problem. 

The biholomorphic equivalence between Sp and Ep leads us to find bounded sol- 
utions for b-equation on Ep when the data is singular on the boundary aEp. Since Ep is 

Pn an analytic covering via 7~p: Ep --~ B n, =p (z) = (zip 1 , ..., z~ ), we study the problem for 
a smoothly bounded pseudoconvex domain ~ c C n which is an analytic covering of a 
smoothly bounded strongly pseudoconvex domain D r C n, n >i 2, that  is there exists a 
proper  holomorphic mapping 7:: t ~ - o D ;  assume that 7:�9 C ~ (tg). 

To solve this problem we need an integral representation formula for the solution 
of the b-equation on strongly pseudoconvex domains introduced by Dautov and 
Henkin [2]. To write the integral solution we construct in t~ the kernel as in [10] by 
means of the Henkin function. Following the results of Theorem 9 and Theorem 16 
of[4], for simplicity, we can present  the formula for D strictly convex. 

For  ~, w �9 D let 

~D (~, w) = ~ (~, w) - s(~) 

where s �9 C 2 (/), F~) is a function strictly plm~subharmonic in a ne ighbourhood/ )  of 
n 

defining D, g r a d s  ~ _0 on aD and ~D(~, W)=  ~ (aS(~)/~j)(Wy- ~j) is the Henkin 
j = l  

function of D. From Taylor's formula and strict convexity of D we have: 

2 ~e~D(~, W) >i -- S($) --S(W) + ~'1~--Wl 2 

with ~, depending only on D, hence 

We define, for ~, z �9 ~ ,  

~(; ,  z) = ~D(=(;) ,  =(z)) .  
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For  every w e D, 7~ -1 (W) ----- {Z (1), . . . ,  Z (k) } consists of a finite number  of points in f2 

each of which has its multiplicity mj, 1 <<. j <~ k and ~ mj = M is the branching order 
of =. We consider the set  3 = t 

A S , , =  {[e~9:  I ( - z ( S )  I = m i n { l ~ - z ( ~ )  I, . . . l ( - z ( ~ ) l } }  
k 

so that  t? = U A s w. For fLxed ( e ~,  by Theorem 2.3 in [10], it follows that, for every 
Z e ~  j = l  ' 

k 
(3.1) 17:(0 - 7~(z)l ~ >>- c rI [ ~ -  z(J)le'~, 

j = l  

where 7:(z) = r:(z(J)). 
Taking into account (3.1) and the defining function r = s .  ,~ of f2, we get  the follow- 

ing estimate: 

(3.2) ]~(~,z)] ~ C o  ] r ( O - r ( z ) t  + ] S m ~ ( ~ , z ) [ - r ( z ) + c r I  [ ~ - z ( J ) [  2mj 
j = l  

for z ~ e ,~ -~ @(z)). 
Let  us consider the functions ah(~, z) = [1 - (~(~, z)/~(~, z))2n] h, for h I> 0, and 

= ~(~, z, ;~) = ~(p(O/~(~, z)) + (1 - ~ ) ( ( ~ -  2)/[~ - z[2), where, by Lemma 1.3 

in[10], P(O = (Pl(~.), . . . ,  Pn(~) i s  such that ~(~, z) = ~D(T:(O, ,=(Z)) = ~ pj(O 
n s j = l  

( z j -  ~j). Take the forms o~(~)= A d~.i, ~o(~+ z ) =  ~ p ( ~ +  z), where  ~ p ( ~ +  z) 
i = 1  p = 0  

is a (p, 0)-form in z, an (n - p ,  0)-form in [, and co'(~) = ~ ( -  1)~-1~i A . d ~ i :  using 
i = 1  3 ;~z 

the same techniques as in [2] one can prove the following 

PROPOSITION 3.1. - Let F e C(~, q)(f~), 0 ~ p ~< n - 1, 1 <~ q <<. n, 8-closed such that 
r( z )h - l F( O has integrable coefficients. Then the (p , q -  1)-forms 

I --:zl @- 

+ I F ( ~ . ) A ~ a h ( ( , z ) A o / ( ~ ) A o ~ p ( [ + z ) ]  
(~, X) ~-O x [0, 1] 

for  h >1 1 and z ~ f~, are solutions of the equation ~U = F and U e C(~, q 1) (f2). 

REMARK 3.1. - The Proposition is still true under the weaker hypothesis that F is 
a (p, @-form with regular measure coefficients on the domain f ) r  C n. 
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By the definition of a~(~, z) and calculating 3~a~(~, z), Proposition 3.1 implies the 
following integral representation formula for the solution of the 3-problem on t2: 

(3.3) 
! r(~.)~F([) Age(I, z) + 

g h ( z ) - - C n ,  q ~ ( ~ , z ) h [ ~ _ z l 2 n - 1  

f r(~) ~- ~F(~) A Dr(I) A '~'(~, z) I r(~)~F(~) A qJ'([, z) + . . . . . . . . . . .  + 

where Cn, q = ( ( -  1)q(n - 1)!)/(2~ri) ~ and r z), ~b'(~, z), ~b"(~, z) are forms with coeffi- 
cients in C ~ (t2 • t2) ~ L ~ (t) • t)). 

If F e C(~,q)(t~), q I> 1, satisfies the following condition: 

there exists ~ e R, ~ < 1/M, such that 

sup I r ( 0 l : [ I F ( 0 1  + I r ( ~ ) l - ~ / ~ ' I F ( ~ )  A Dr(~)l] < + :r 

then r(~)h-ZF(~) has integrab!e coefficients for every h i> 1 and (3.3) yields 

I Uh(z)l ~C,~,q[ f 
k~t2 

[~(~ ,  z ) [ h [ ~  - Z[ 2 n - 1  
+ 

f I r( ~)~-1-~+ 1/2M dV(~) f l r( ~)1 ~-~ dV(~) ] + + 
~ I~(~, ~) lh+~l~-  ~1 ~ -~  i~(~, ~)]~+~l~- ~t~-~ ~et2 

(where dV is the Lebesgue measure). Therefore, in this case, to get bounded sol- 
utions for the ~-equation we estimate integrals of type: 

[ r( ~) l ~ dV(~) 
I~,b,~ = i~(~, Z ) l b l ~ _  zl ~ . 

7et2 

By the definition, ~(~, z (j#) = ~(~, z), Vj, 1 <. j <, k, hence (3.2) and the property of 
Aj, w imply that 

k 
Io, b, c -<C~z f Ir(~)l~ 

s=~ j,o [[r(;) - r(z(S)) I + t~m ~(~, z(~))f - r(z (~)) + c ] ; -  z (5) [~M]b [r z(S)i~ 

LEMMA 3:1. - Let M >I 1 and 

Ja, b, c ---- 
~ [[r(~) - r(z)[ + I~m~(~, z)[ - r(z) + c[~- z[2M] 6 [~-- Z[ c 



126 E.  BARLETTA - C. PARRINI: B o u n d e d  so lu t i ons  f o r  ~-problem~ etc. 

Then  J~, b, c is  bounded  f o r  c = 2 n  - 1 i f  a - b + 1 > 0 a n d  f o r  c = 2 n  - 3, 2 n  - 4 i f  

2 M ( a -  b + 2) + 2 ( n -  1) - c > 0. 

J~, b, ~ ~< C l o g (  - r ( z ) )  f o r  c = 2 n  - 1 i f  a - b + 1 = 0 a n d  f o r  c = 2 n  - 3, 2 n  - 4 i f  

2 M ( a -  b + 2) + 2 ( n -  1 ) -  c = 0. 

PROOF. - F o r  the  s ake  of s implici ty  we  can a s s u m e  t h a t  d iam (t~) < 1. 

Choose,  as usual,  coord ina tes  t l ,  . . . ,  t~ wi th  tl = r (z)  - r ( D  I> 0, t2 = ~ m ~ ( [ ,  z), 

and t = ] ~ -  z I, ~ = - r ( z )  so t h a t  we  have  

I r ( ~ )  - r ( z ) l  - r ( z )  = [t~[ + 

t he r e fo re  

Ja'b'c ~ f 
{tl < 1 

t l + E > O  

(t l  + s)adtl  ... dt~ 

EIt~l + It21 +~+c l t l ~ i ] b l t l  ~" 

One can use  po la r  coord ina tes  tl = ~  cos r t2 = p cos r sen  r and  following [2] we  pu t  

sl = su ,  s2 = s(1 - l u [ )  wi th  sl = cos r  s2 = Icosr so t h a t  dsldS2 = - s d s d u  fo r  

0 <~ su  ~< 1. T h e r e f o r e  one ge t s  

f 
0~<p,s~<l  
- l ~ < u ~ < l  
~su+z>O 

(~SU q- $)as~2n- 1 - c 

(~s + z + r2M) b 
dp ds d u  . 

W h e n  c = 2n  - 1, one t akes  ~s = ~v, which implies  s d ~ d s d u  = r  and wi th  

the  me thod  o f [2 ]  one ge t s  Ja, b,c bounded  for  a - b + l  > 0 ,  Ja, b , c~<Clogz  if 

a - b + l = O .  

W h e n c = 2 n - 3  o r 2 n - 4  one pu ts  2 n - l - c = m + 2  get t ing:  

1 1 1 

f ( ; s u  + e )a ~s du  <. 
0 0 ( ~ S  -~- ~ + c~2M) b 

- -  ~ / , z 8  

1 1 

< . C l f S m d ~ f s ( ~ s + r  

o o 

I f  a -  b + 2 I> 0 then  

1 
Ja, b,c ~< C2 ] P~[(~  + ~ + cp2M) ~-b+2 

0 

- (~ + ep2M)a-b+2]dp <~ 

1 1 

J 
0 0 
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I f a - b + 2 < 0 t h e n  

1 
J~, b, ~ ~< C~ I ~m[(~ + cp2M) a-b+2 -- (~ ~ ~ + cp2M)a-b+2]d~ <~ 

0 

1 1 

~ C,I~m($..~ c 2M)a_b+2d~ ~ C~ f [(c)1/2 M ]m+2M(a-b+2) 

0 0 

where  one uses  the  HSlder  inequali ty ( A + B )  p<~C(A p + B p ) ,  p E R ,  p>10. 
Hence  

J~b,, ~<C'~ 1 +  
b + 2 ) + m + l  _(c)O 

which is bounded  when  s --~ 0 if 2M(a  - b + 2) + m + 1 > 0, m = 0, 1. 

I f  2 M ( a -  b + 2) + m + 1 = 0 we  ge t  J~,b,~ ~< C l o g s .  

Now it follows 

THEOREM 3.1. - Let t~ r C ~, n >! 2, be a smoothly bounded pseudoconex domain, 
let r~: t~ ---) D be an analytic covering with branching order M on a smoothly bounded 
strongly pseudoconvex domain D r C ~, and 7: ~ C ~ (-~). 

Let  F �9 C(p, q) ($2) be a-closed. I f  there is a �9 R such that ~ < 1 / M  and 

(3.4) sup I r (~ ) l~ [ IF(~) l  + Ir(~)l-1/2MIF(~) /~ ~r(~)l] < + 

then there exists U e C(~, q_ 1)(t~) N L(~, q_ 1)(t~) which is a solution of the equation 
~ U = F .  

PROOF. - The  funct ions U~ (z), defined by  (3.3), a re  C~,q _ 1 (t~) and solve ~ U  = F ,  

for  h />  1. Hence  (3.4) give in tegrals  of  type  Jh - ~, a, 2n - 1, Jh - 1 - ~ § (1/2M), ~ + 1, 2n - 3, 
J h - ~ , h + ~ , 2 n - 4 -  Since a <  1 / M  and h ~  > 1 apply ing  L e m m a  3.1, it follows t h a t  

Jh - ~, h, 2~ - 1, Jh - 1 - ~ + ( 1 / 2 M ) ,  h + 1, 2 n  - 3, Jh - ~, h + 2, 2~ - 4 are  bounded  when  r(z)  --) O. 

REMARK 3.2. - When F has bounded coefficients, (3.4) is satisfied for every ~ such 
that 1 /2M <. ~ < 1 /M.  

The condition (3.4) is sharp. F o r  this we give two examples.  Wi th  the  f i rs t  one we  

point  out  the  significance of  the  behaviour  of  the  ~-closed (0, 1)-form F at  the  bound-  
a ry  of the  domain.  The  second one shows tha t  the  condit ion on the  exponent  a < 1 / M  
is sharp.  
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Both examples are taken in the unit ball B~c C2; obviously in this 
M = I .  

1) Let  us take the (0,1)-form with C ~ coefficients in B 2 

case 

dzi 1 
F(Zl, z2) - (1 + z2)Z ' -2 < ~ < 1 

then 

( 1  - ]z  I 12 - I z212 )  ~ (1  - ]z  21 a)  
Ir(z) l~lr(z) l  = ~< ~< 2~11 + z21 ~-z 

I1 + z21 z ]1 + z21 z 

which is bounded for/~ ~< ~ < 1, while 

i r ( z ) l ~ _ l / ~ l F ( z ) A ~ r ( z )  I = ( 1 -  [z l l  2 -  Iz212)  = ~/21z21 
]1 + z21 ~ 

~<2~-1/211+z21~ z-1/2 

which is bounded for ~ t> ~ + 1/2 > 1. 
Hence the condition (3.4) is not satisfied. The function 

V(z) - 
(1 + z2) z 

is a solution of ~U = F,  but it is not bounded and U~t LP(B 2) for p > 6/(2~ - 1). One 
can prove as in [7] that  U(z) is the unique solution of the ~-equation which is orthogo- 
hal to the holomorphic functions in L 2 (B 2 ) so that  any other solution V of ~U = F can 
be decomposed as V = P(V) + U, where P is the Bergman projection of the ball. In 
this case P maps L p into itself (cf. [14]), so it follows that  if V is a bounded solution 
then we would have U =  V - P ( V ) e L P ( B 2 ) ,  which is not possible. Hence the equa- 

tion bU = F has no bounded solution. 

2) Consider the C ~, (0, 1)-form on B 2 

- zi dzl - z2 
a ( z l ' z 2 ) - ~  1 - ] z l l  2 -  [z2[ 2 1 - ] Z l [  2 -  [Z2[ 2d~2" 

Then ]r(z)[ [G(z)[ is bounded and G ( z ) A  ~r(z) = 0. So condition (3.4) is satisfied 
for ~ = 1, but in B 2 the C ~ function 

U ( z ) = l o g ( 1 - [ - ] Z l [  2 -  ]z2[ 2) 

is a solution of ~U = G which is not bounded. Moreover there is no holomorphic func- 
tion H(z) such that  V(z) = U(z) + H(z) is a bounded solution of bU = G: in fact if there 
exists such an H(z), the function W(z) = (1 - IZl 12 - Iz212)e H(~) is bounded by below 
in a neighbourhood of aB ~ so that  e -H(~) is a holomorphic function which goes to 0 as z 
goes to aB2: this is impossible by the maximum principle. 
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4. - The existence of  bounded solutions.  

Now we assume that  f e  C(~, 1) ( S p )  and 

]f(~)[_~ 1 when i ~ [ - ~ ~ 1 7 6  

This condition implies, for each components f i  of f ,  that  there exists a constant C~ such 
that 

(4.1) IWl~lfr(W)] ~ C~ as ]wI ~ ~ ; 

from section 1 it follows that, for ~ = B(z), 

[ ~  1 ~/~ 
s : l  IB~(z)12+ IB (z)l J If,(B(z))l < 

for z --+ z ()). 
n - 1  

Since 
8=1 

~< iz,,  
s = l  I1+ z3~12/,, + 4  ~/;~ [ 1 +lZnz~lx/p- Ifi(B(z))[ <<.C~ 

[z~ [2p~ < 1 - [z~ [2;~ then the function 

nil Zs2 ]kJ2 E zp, 12/p, +41/p~ [z~12 
s = l  1 1 +  l1 + zs 2/p" 

goes to infinity as the function [1 + z~'[ -k/p` when z-- )z  (~), so [fi(B(z))] goes to 0 
with the same order as [ 1 + z~" I k/pn, Vr, 1 <<. r <<. n. 

Pn - 1 

The (0,1)-form F ( z ) =  B* f ( z )  has C~-smooth coefficients on E p -  [J B(z (~), 3), 
)~=0 

where B(z (~), ~) is a ball with center in z (~), radius a suitable 3, 0 < ~ < 1 and from 
(2.2), (2.3), one has: 

(4.2) IFr(z)[ - 
[f~ (B(z))l 

[1 + zP~r[ 1/p~ 

for z ~ z (~), 1 ~< r ~< n - 1 and 

< CrI1 + Z~" 1 (k/P" >- (l/p,) 

n - 1  
(4.3) IFAz)] ~ ~ p" Izrl [ZnIP" 1 [f~(B(z))I 

r=l p-~ ll +z~'l 1§ lf~.(B(z))i +21/p" [1 +zs 1+(1/p-> ~ 

n - 1  

~] c~ ; n  li + ~,'I ('/~'>-(~/~> + 2~/P'C. 11 + z.~~ ~<~ '>/~'~- ~ 
r =  1 P r  
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LEMMA 4.1. - Let  r(z) be the defining func t ion  of  Ep,  M = ~=lpj and Po = 
J 

= rain {Pl ,  . . . ,  P~ }. I r E  ~ C(~, 1) (Ep)  is the f o rm  defined above and it satisfies (4.2), (4.3) 

for  k >I p~/Po then 

(4.4) sup  Ir(z)l~[IF(z)l + Ir(z)l-~/~MIF(z) Adr(z)l]  < + 
ze  E~ 

for  ~ = m a x ( 1 / 2 M ,  1 - [(k - 1)/p~]).  
Pn - 1 

PROOF. - Using  the  previous  notat ions ,  when  z e E----p - U B(z  (~), ~), the  condit ion 
�9 ) t = 0  

(4.4) is obviously satisfied; when  z e Ep N B(z ()~ ~) we have: 

= - ~< ( 1 -  IZnI2P~) ~-a/2p~)= 
s = l  

= [(1 + Iz~lP-) (1  - lz~lP-)]  1-(1/2p~) ~< 2I-(1/2p~) I1 + z3'~l 1-(~/~'~) 

for  l <<. r <<. n -  l and 

(4.5) Ir (z ) l  = 1 -  ~ Iz , , . l~ ' ' r< 1 - I z ~ , l ~ " ~ < 2 1 1 + z ~ ' ~ l .  
" r = l  

B y  (4.2) and (4.3) we  ge t  

n 

(4.6) IF(z)l = E IF~(z)l ~< Cll + z ~ t  [(k-1)/pd-1 , 
r = l  

n - 1  

(4.7) IF(z)Adr(z)l <~ E [Iz~12p~-llF~(z)l +P, Iz, I2P'-~IF~(z)I] + 
r , s = l  

r ~ 8  

n - 1  n - 1  

+ [ F ~ ( z ) l  E PrlZr]2Pr-I+P~IZ~I 2p~-1 E [Fr (z)  l ~< 
r = l  r = l  

~< c2 I1 + z ~  I r (k- 1)/pol - (~/2,o) = c2 I1 + z ~  I E(k- 1)/pn] - (1/2po) 

W h e n  z c Ep N B(z (~'), ~) we have  

I r ( z ) l  ~ [ I F ( z ) l  + I t (z)  I - 1]2M I F(z ) A dr(z) ]  ] = 

= l r(z)l ~ IF(z) l + Ir(z) l ~- (U2M) IF(z)/~ dr(z) l <. 

~< 2 ~ cl 11 + z p~ I ~ - 1 + [(k - 1 ) / p ~ ]  _{_ 2 ~ - ( 1 / 2 M )  C 2  I 1 + z~ ~ I ~ - ( 1 / 2 M )  + [ ( k  - 1 ) / p n ]  - (1/2po) ,~ 

< 2 ~ - (1 /2M)c3[  1 + Zpn~ [~ + [ ( k  - 1)/pn]- 1 

and this is bounded  because  a >I 1 - [(k - 1) /p~] .  

W e  can p rove  the  following 
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[I I f  f e  ~ (Sp) is ~-closed and such that PROPOSITION 4.1. - Let M = .= lpj. C(o, 1) 

1 

with k > 1 + p ~ ( 1 -  l / M ) ,  then there exists a bounded solution u e C ~ (Sp) of the 
b-equation bu = f. 

PROOF.-  Le t  B: Ep--*Sp be the biholomorphism of section 1 with its inverse 

b: Sp--,  Ep. Since k > 1 + pn(1 - l / M )  is obviously grea te r  than Pn/Po, Vpl, ..., pn, 
then the (0,1)-form F = B * f  verifies the hypothesis of Lemma 4.1; moreover  there  
exists ~ e R ,  with max { 1/2M, 1 - [(k - 1)/p~]} ~< ~ < 1 / M such that  (4.4) continues 
to be true. Hence Theorem 3.1 gives a bounded solution U e  C a (E2) of bU = F,  so 
the function u(~) = U o b(~) e C ~ (Sp) is a bounded solution of the a-equation bu = f 
o n  Sp. 

REMARK 4.1. - We note that when k > 1 + Pn, using the same techniques of the 
proof of Proposition 4.1, one gets a solution which goes to 0 as I~1 ~ ~ .  

REMARK 4.2. - For the Siegel domain S, M = 1 and ~ >1 2 -  k. Hence i f  
f e  C~o, 1)(S) is b-closed and verifies the condition of the Proposition 4.1 then the 
b-equation bu = f has a bounded solution for k > 1. By the example in[11] it follows 
that in S this condition is, in a certain sense, sharp. 
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