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A General Theory of Hypersurface Potentials (*). 

ALBERTO CIALDEA 

Summary. - A general theory of hypersurface potentials in n-dimensional space is proposed. 
Not only smooth densities but also potentials generated either by L 1 functions or by mea- 
sures are considered. 

In the last years methods for solving boundary value problems by means of 
boundary integral representations of the solution have acquired a large interest after 
the advent of the computational methods founded on boundary finite elements. 

While in the case of two independent variables starting from the paper [10] poten- 
tial theoretic methods for the representation of the solutions of general elliptic linear 
partial differential equations have been fully developed (see [12], [13], [16]) in the case 
of n greater then two variables, only very particular results are known for equations 
of order 2m, m > 1. This is due to the fact that in spaces of dimension n > 2 a general 
theory of hypersurface potentials has not yet been developed. The aim of this paper is 
to fill this gap by proposing a general theory of hypersurface potentials in n-dimen- 
sional space. The theory will be expanded not only for smooth (i.e. hSlder continu- 
ous) densities but also for hypersurface potentials generated either by L 1 functions or 
by measures. 

1. - B a s i c  r e s u l t s .  

In this section x = (Xl, ..., x~_ 1) denotes a point of E ~- 1 (n >I 2). We assume 
t e R.  By 3f ~ (R  " -  1 ) we denote the space of the functions which are bounded and 
measurable in R ~- 1 and have a compact support. Moreover we suppose that each 
function of 3C ~ (R ~-1) satisfies a HSlder condition of exponent 2 in the origin 0 of 
R ~-1 ( 0 < ~ < 1 ) "  

(*) Entrata in Redazione il 12 novembre 1992. 
Indirizzo dell'A.: via E. Filiberto 100, 00185 Roma. 
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I. Let K(x; t) e C ~  ~ - {0}) be a function such that 

(1.1) ]K(x;t) I <~C([xl2+t2) (1-~)/2 V(x; t) e R ~ -  {0}.  

Let us suppose 

(i) for any t > 0 the following integral exists 

i K(x; t )  dx= lim I K(x; t )  dx; 
M - - - > ~  

w,-~ Izl < M  

(ii) there exists 7 ~ R such that 

(1.2) ~ K(x; t )dx= y Y t > O 
~ n  - 1 

(iii) for any ~ > 0 
r  

(1.3) lira ] K(x; t)dx = O. 
t - - - . O  + J 

lxi > e 

Then, for any p e ~;~' ( R  ~ - 1 ), we have 

lim f ~(x)K(x; t)dx = 7~(0) + f 
t - o O  + 

R n  - 1 R n 1 

~(x)K(x; O) dx 

where the last integral exists as a singular integral (i.e. as 

Define 

lira ~> ). 
~ 0 +  Ix] 

= r ~(x)K(x; t)dx 7~(0); B(~) = ~ ~(x)K(x; O)dx. A(t) 
d 

R~-~ Ix[ >~ 

Because of (1.2) we may write 

= [ - t )dx - 9(0) I A(t) B(~) 
J 

K(x; t)dx + 

+ ~ ,p(x)[K(x; t) - K(x; 0) ]dx .  
J 

Ixl > 

Observing that 

(1.4) I[~(X) -- ~o(0)]K(x; t)[  ~ C [ ~ ( x )  - V ( 0 ) l ( I x l  2 -4- t2)  ( I-n) /2 ~< C '  [xl 1 - n + ~ ,  

for any fLxed ~ > 0 we have 

lim [ [~(x) - ?(0)]K(x;  t)dx = f [?(x) - ?(0)]K(x;  O)dx. 
t-~O + J J 

Ixl < z Izl  < 

Since K ( x ; t ) e C ~  n -  {0}) and the support  of ~ is contained in a ball 
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{x e ]Rn- ~ l lx I <~ M}, we have 

(1.6) lira f 
t ___~ 0 + 

Ix l  > 

~(x)[K(x; t) - K(x; 0)] dx = 

t o o  + 
~'< Ixl < M  

~o(x)[K(x; t) - K(x; O)] dx = O. 

From (1.3), (1.5), (1.6) it follows that  there exists the following limit and 

lim A(t) = B(8) + | 
t - ~ 0  + J 

Ixl < 

[~(x) - ?(O)]K(x; O)dx. 

On the other hand, because of (1.4), 

lim f 
a--~O + Ixl  < 

[~(x) - ~(O)]K(x; 0) dx = O. 

This completes the proof of the Theorem. 
We say that  K(x; t) is homogeneous of degree ~ if K(~x; ,~t)= p~K(x; t), 

V(x; t) e F~ n - {0}, ~ > 0. We write K(x; t) �9 C~(R n - {0}) if K(x; t) satisfies a uni- 
form HSlder condition on any compact set in F~ ~ - {0}. 

II) I f  K(x; t) e C ~ ( R  n - -  {O}) is homogeneous of degree 1 - n, the conditions (i), 
(ii), (iii) of Theorem I are satisfied i f  and only if(1) 

(1.7) f K(~?; O)d% = O 
I~1 =1 

where d% represents the area element on the ( n -  1)-dimensional unit sphere 

Let us suppose 0 < 8 < M; because of (1.7) we may write 

M 

(1.8) f t)d : f t)d%- 
8 <  Ix[ < M  ~ ]rj I = 1  

M 

a I~,1 = 1  

[K(~?; t/p) -K(r;;  O)]d%. 

If  0 ~< t ~< 1, ,~ i> 8, then 1 ~< 17712 + (t/,z) 2 ~< 1 + 1/82. In other words, (~?; t/,~) be- 

(1) From now on (1.7) must be understood as K( -1 ;  0) + K(1; 0) = 0, if n = 2. 
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longs to a compact set contained in ~:~n _ { 0} .  This implies 

(1.9) ~ - 1  IK(v; t/p) - K(~; 0)[ ~< HtZp -1-)', Vp >i ~. 

Therefore the limit 

M 

lim f K(x;t)dx= lim f~-~d~ f 
M ~  M ~  

~< Ixl <M ~ l~TI =1 

[K(v; t/~) - K(V; O)]d% 

exists and it is finite. On the other hand 

f K(x; t)dx 
Ixt < 

is finite (t > 0) and therefore condition (i) is satisfied. Moreover from (1.8), (1.9) it fol- 
lows that 

i I 
<<-Ht~ f P-I-~dP f d% =H' t~ -~ ,  

171 =1 

H '  being a constant independent of t and t; then (iii) is satisfied. Condition (ii) holds, 
because 

f K(x;t)dx= f p~-~d~ f K(p~?;t)d%=t~-~f~n-~d~ f K(~w/t;1)d% 
R~-I 0 I~1 =1 o I~1 =1 

and, by making the substitution ~ = ~t, the last term is equal to 

f f K(x;1)dx. 
0 Irj[ = 1 F n -  1 

Conversely, since 

M 

f [K(v; t/~) -K(V; 0)]d% 

condition (i) and (1.9) imply that 

lim log M f K(V; 0)da~ 
M - - ~  T 

I~1 =1 

Mf + log -~- 

I~l =1 

K(~; 0)d% 

is finite. This is possible if and only if (1.7) holds. 
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We remark that (1.7) is just  the well known necessary and sufficient condition for 
the existence of the singular integral 

f ~(x)K(x; O)dx 
Rn - 1 

(see e.g. [1], [2], [3], [15]). 
The next Lemma gives 

satisfied. 
a simple sufficient condition under which (1.7) is 

III) I f  h(x; t ) e  C I ( p ~ .  n -  {0})  is even (i.e. h ( - x ;  - t )  = h(x; t)) and K(x; t) = 
= Oh(x; t)/Ot, then (1.7) is satisfied. 

If h(x; t) is even then K(x; t) is odd. Thus (1.7) holds, because K ( - x ;  O)= 
= - K(x; 0). 

In order to unify the study for n = 2 and n/> 3, it will be convenient to consider 
the following definition. We say that h(x; t) is essentially homogeneous of degree ~ if 
h(x; t) is homogeneous in ease a < 0 or, if :r is an integer I> 0, h(x; t) has the form 

h(x; t) = hi(x; t) log~/Ixl  2 + t 2 + h2(x; t), where hi(x; t) is a homogeneous polyno- 
mial of degree a and h2 (x; t) is homogeneous of degree a. 

The next Theorem provides a necessary and sufficient condition for some kernels 
under which (1.7) holds. 

IV) I f  h(x; t )~ C2(F~ ~ -  {0}) is essentially homogeneous of degree 2 - n  and 
K(x; t) = Oh(x; t)/Ot, then (1.7) holds i f  and only i f  

(1.10) f /l~h(~o)dZ~ = 0 
I~1 =1 
oJn>O 

n - 1  
where A2 represents the Laplacean ~ 02/ax~ + 02/Ot 2, and d22~ represents the area 

k = l  
element on the n-dimensional unit sphere I~o I = 1. 

We remark that, obviously, if h(x; t) is essentially homogeneous of degree 2 - n, 
then K(x; t) is homogeneous of degree l-n. Let D be the domain {(x; t ) l l  < lxl 2 + 
+ t  2 < e  2, t > 0 } . W e h a v e  

f zl2hdxdt = - f ~h d2 a~ 
D aD 

v being the inward unit normal to 0D and dE the area element on 0D. If X = (x; t), 
R = IXI, o~ = X/R ,  we have 

h(X) = hl logR + R2-~h2(~o) ; ah 
aR 

(1.11) = R - l h l  + (2 - n ) R  1 -~h2(oJ) 
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(where hi is a constant if n = 2 o r  h I = 0 if n I> 3). Thus 

e 

+ f -~dx- f ah 
8v 

OD 1 I~1 = 1 IX I = 1 IXI = e 
t > 0  t > 0  

e 

1 171 = 1  ta] = 1  
~ n > O  

[hi + (2 - n) h2(oJ)] dE~ - 

- f [ e - l h l + ( 2 - n ) e l - n h 2 ( ~  = f 
I~1 =1 ]71 =1 
~on>O 

K(V; 0 ) d % .  

On the other  hand 

e 

D 1 I~1 = 1  
~on>O 

A2 h(R~o) ds ~ = 

e 

1 Io~l =1 I~1 =1 
O.~n>O con > 0  

A~ h(oJ) d2~.  

Consequently 

f A2h(oJ)dZ~=- ] K(~?;O)d% 
I~l = 1  t~1 = 1  
r 

and the conclusion follows immediately. 
Now we are in a position to calculate the constant y of Theorem I for the kernels 

we are considering. 

V) I f  h(x; t ) e  C2(R ~ -  {0}) is essentially homogeneous of degree 2 - n and it 
satisfies (1.10), then 

(1.12) 

t'h I- I A2h2(~)logl~2tdz~ n=2, 
I~1 =t 
~ 2 > 0  

y =  
[(2 - n)h(~) - A2h(~)log I~1]~o~  n ~> a ,  

/1< =1 
[ OJn>O 

where 7 = f K(x; t)dx and K(x; t) = 8h(x; t)/at. 
R n  - 1 
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Define BM = {(x; v)[ Ixt ~ + ~ < M s + ts ;  v > t}, ~+BM = {(x; v)[ [xl s + z s = 

= M  s + t2; z i> t}. We have 

(1.13) I Ashdxd t  = - I ah d2 = - I K(x; t ) d x -  f ah d2 
av 8v " 

B M OBM ] x I < M ~ + BM 

Le t  us introduce the spherical coordinates in the  following way  

Xh = ,Z~T h Sin ~ 

t = ~COS~, 

h = l , . . . , n - 1 ,  

where  $ e [0, 7:], ; I> 0 and V = (Vl, . . . ,  ~7~-1) varies on the (n - 1)-dimensional unit  
sphere  if n t > 3 ,  and V l = - + l  if n = 2 .  

Set t ing u = t(M 2 + t2) -1/2 and recalling (1.11), we have 

f a_hdZ = 
av 

0 + BM 

~ r a c o s  u 

o [~I =1 

[ ( M  s + t 2 )-1/2 hi + (2 - n)(M 2 + t 2 )(1-n)/2 h2 (~ sin ~; cos -3)]- 

�9 ( M  s + t 2 ) ( ~ - 1 ) / 2 d %  = _ 

a r c c o s  U 

o I~I = i  

[hi + (2 - n ) h s ( v s i n ~ ;  cos-$)]d% 

and then 

lira f 
M-- ->  ~ 

a+BM 

~/2 

ahd~ a~ = -  fsinn-2VdZ f 
0 l~l = 1  

[hi + (2 - n )  he (vs in~ ;  c o s ~ ) ] d %  = 

=-f 
I~1 =1 
OJn > O 

- rzhl I n = 2 ,  

[hi + (2 - n)h2(oJ)]dZ~ = ( n -  2) h(o~)d2o~ n >I 3.  

I~l =1 
w n > O  
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On the other hand 

(1.14) 

arccos u ~ / M  2 + t 2 

f~2hdxdt~-fsinn-2~d~f ~n-ld~f 
B M 0 t/COS ~ [ ~7 [ = 1 

~12h(~r;sin~; p cos-S) d% = 

arccos u ~/M 2 + t 2 

] sin~-2~d~ f p-ld~ I 
0 t/cosZ I~[ = 1 

A2h(vsin~; cos~)d% = 

aricos 
U I = - log u sin ~ - 2,~ d~ 

o I~1 = i  

zl2h(vsin~; cos~)d% + 

+ 
arccos u 

0 IV] = 1  

,,_4 2 h(v sin ~; cos ~) da~. 

We may write 

~ric~ u I 
log u sin ~ - 2 ,~ d~ 

o I~I =1 

/12h(vsin~; cos~)d% = (ulogu) 1 

arccos u 

f ~(~) d~ 
o 

where 

~(~) = sinn-2~ I A2h(vsin~; cos~)d%. 

Ivl =1 

Since, by assumption, 

~/2 

0 I~] = 1  
~ n > 0  

A 2 h(co) d2~ = O, 

we have 

1 lim 
u - . ~ 0  + 

arccos u 

o 

~(~)d~ = - lim 
u ---~ 0 + 

+(arccos u) 

"Vrl -  U 2 

- ~ ( = / 2 )  

and then 

lira (u log u) 1 
u ---, 0 + 

arccos u 

I ~ ( ~ ) d ~ = 0 .  
o 
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From (1.14) it follows 

~/2 

lim fA2hdxdt=fsinn-2~loglcos3id~ f 
M - ~  

A2h(vsin~; c0s~)d% = 

I~1 =1 
con>0 

/]2 h(~o) log [o)~ td2~. 

Now (1.12) follows from (1.13). 
As far as the kernels ah(x; t)/Sxj are concerned, the situation is different. 

VI) I f  h(x; t ) e  CI(F~ ~ -  {0})is  essentially homogeneous of degree 2 -  n, the 
fiznctions Kj(x; t )=  ah(x; t)/axj ( j  = 1, ... , n -  1) satisfy (1.7) and 

(1.15) 

h 2 ( 1 ; 0 ) - h 2 ( - 1 ; 0 )  n = 2 ,  

•J=1 I h()7;0)~jd~, n>13, 
LI~i =i 

where ~.j= f K s(x; t) dx. 

If n = 2, we have 

ah2 ( ah2 
K ( - 1 ; 0 ) + K ( 1 ; 0 ) = - h l +  ~x - 1 ; 0 ) + h l + - ~ - x ( 1 ; 0 ) =  

1J Lax ' -~x (1; o) -5- J L-~-x -x; o) + 3x 

= - h ~ ( - e ;  O) + h2(e; 0) + h2( -1 ;  0 ) -  h2(1; 0) --- 0; 

M 

I K 1 ( x ; t ) d x =  ~ ah ~x(X; t)dx = h(M; t) - h ( - M ;  t) = ha(M; t) - 
Ix I < M  - M  

- h ~ ( - M ; t ) = h 2 ( 1 ; t / M ) - h 2 ( - i ; t / M ) - - - ~ h 2 ( 1 ; O ) - h 2 ( - 1 ; O )  (M---> +~o). 

In order to obtain (1.7) if n I> 3, it is sufficient to observe that Kj(x; O)= 
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= (~/~xj)[h(x; 0)] and apply a known result (see e.g. [1],[15]). Moreover 

I Kj(x;t)dx= f h(x;t)xj/[xldx= f h(M)7;t)~TjM~-Zd% = 
Ixl <M Ixl =M Ivl =1 

= ~ hOT; t/M)~Tjd%-+ r| hOT; O)vjd% (M-+ + :r 
Ivl =1 Ivl =1 

REMARK. - If h(x; t) is even, then yj = 0 (j  = 1, ..., n - 1). 

The final result is given by the following Theorem 

VII) Let h(x; t ) e  01(]~ n -  {0})  be essentially homogeneous of degree 2 -  n. 
Let us set K(x; t) = ah(x; t)/at, Kj(x; t) = 8h(x; t)/axj ( j  = 1, . . . , n  - 1). For any 

~ ~ (R~ - 1 ), we have that 

lira ~ f ?(x)Kj(x; t)dx = yj~(O) + I ~(x)Kj(x; O)dx (1.16) 
t ___, 0 + 

R n  - 1 ] ~ n  - 1 

where the last integral exists as a singular integral and •j are given by (1.15). 
I f  h(x; t) E C2(R ~ - {0}) satisfy (1.10) then for any ~ e :)C~(R ~-1) 

(1.17) lim I ~(x)K(x; t)dx = ~,~(0) + I ~o(x)K(x; O)dx 
t.---~O + 

• n  - 1 R n  1 

where the last integral exists as a singular integral and y is given by (1.12). 
Moreover i f  h(x; t) is even, then it satisfies (1.10). In this case the constants in 

(1.16), (1.17) are 

~,j = 0 ( j  = 1 , . . . , n -  1), 

f _ 1 A2 h2 (o~)log i o2 idZo, n = 2 ,  7:hl 21r~l !1 
~.= 

1 f [(2-n)h(~o)-A2h(~o)log I ~ l ] d Z ~  n i> 3. 
. J  

I~l =1 

This Theorem follows immediately from the previous ones. 
It is worthwhile to remark that the cases of logarithmic and Newtonian poten- 

tials, i.e. h(x; t) = log(Ixl 2 + t 2) if n = 2, = (Ix[ 2 + t2) -'#2 if n >1 3, in which the ker- 
nels K(x; 0) --- 0 are not singular, are very special. In the general case, while the sin- 
gular integrals 

I ~(x)Kj(x; O)dx 
~ n  1 
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exist for any h(x; t) essentially homogeneous of degree 2 - n, the integral 

f ~(x)K(x; O)dx 

may fail to exist, even as a singular integral. An example is given by h(x; t)= 
= t(Ixi 2 + te) (1-~)/2, K(x; O) = Ixl  1 - n  

2. - B o u n d a r y  values  o f  some potent ia l s  wi th  HSlder c o n t i n u o u s  density.  

Let ~ be a bounded domain of R ~ such that its boundary Z is a Lyapunov 
manifold, i.e. Z has a uniform HSlder continuous normal field of exponent 
( 0 < ~  1). 

By C ~ (2:) we denote the space of all the continuous functions satisfying in 2: a uni- 
form HSlder condition of exponent L 

The aim of this section is to study the boundary values of the integral 

f ~(y) a-~kh(x - y)dzy 
Z 

where x = (x  I . . . .  , xn), y = (Yl, .-., Y~), h(x) is even and essentially homogeneous of 
degree 2 - n. 

VIII) I f  K(x)ECI(F~ ~ -  {0}) is a homogeneous function of degree - m  
(m ~ N), then there exists a constant I' such that 

(2.1) IK(x ) -K(y )  I <~FIx-y  I ~ I x l - l -h l y t  a-m Vx, y e R n - { 0 } .  
h=o 

We may write 

K ( x ) - g ( y )  = I x I -mK(x / I x l ) -  ly]- '~K(y/ ly l )= 

Ixl-'~[K(x/Ix]) - K(y/ ly l  )] + K(y/Iyl  )( Ixl-m _ lYl-m). 

The result follows from the inequalities 

! K ( x / I x l ) -  g ( y / l y t )  t <~ Cllxlxl  -~ - y l y t - l  l = 

= 6  2 I (x  -- y ) i x I - I  "~ y ( I x l  - 1 -  l y l - 1 ) l  ~<2C 1 1 x - y l / I x l ;  

m-1 m-1 
Jxl- -lYl-  ] = f Ixl- -lYl-  ] Ixl- lyl +l- - < I x - y l  Ixl-h- lyl 

IX) Let h(x) e C~(F~ n be an essentially homogeneous function of degree 2 - n .  
We suppose h(x) even, i.e. 

(2.2) h( - x) = h(x). 
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Let ~ ~o be the inward unit normal vector to Z at the point Xo e Z. I f  ~ e C ~ (Z), then 
the singular integral 

(2.3) f z(y) ~ h(xo - y) day 
Z 

exist and 

(2.4) lim f~(y) a -~oh(x -y )dzy :  y(Xo)p(xo)+ f'~(y)~9~-h(xo-y)dzy 
x "-> Xo G'VXo 
x ~ VxO Z Z 

where 

(2.5) 

1 A2 he (oj)log [oj.~0 !dZ" 7:hl 2 f 

7(Xo) = r I~1=1 

~-t j [(2 - n)h(oJ) - A2h(oJ)log IoJ'~ol ]dZo~ 
H =1 

n = 2 ,  ' 

n ~ > 3 ,  

(the dot denotes the scalar product in R ~ ). The limit relation (2.4) is uniform with re- 
spect to xo. 

Let  (2"1, . . . ,  2 " n  - 1, Vx o) be an orthonormal system and consider the coordinate sys- 
tem (V; t ) =  (Vl, . . . , r j~_ l ,  t) with the origin in Xo, corresponding to the basis 
(z~, ... ,  2"~ _ ~, v~o). Let  Zd be the par t  of Z which admits the representat ion t = ],(rj), 
with (2) 

(2.6) ~,(~7)eC~+?'(Bd), y ( 0 ) = 0 ,  g r a d y ( 0 ) = 0 ,  IIgrad~(~7)llC~(Bd)<~G, 

where Bd = {V e A n-  1 I ~ d} and the constants d, G are independent of Xo. 

Let  t~ be such that for I x -  Xol < t~ 

(2.7) ] f ~(Y)[~-~-~oh(x-Y)- a-~o~oh(x~ dzyl <~" 
Z - Z  d 

t~ can be chosen independent of Xo. 
n - 1  n - 1  

Since x = x o + t v x o ,  y = x o +  ~ Vhrh+Y(V)~xo, we have x - y = -  ~ V~vh+ 
h = l  h = l  

+ (t - y(~))~xo. 

(2) By Ilfllc~(Bd) we mean: max lf(x) l + sup [If(x) - f(y)l/[x - Y l ~ 1, where max and sup are 
taken in Bd and in {(x, y)Ix, y ~ Bd, x ~ y} respectively. 
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(2.8) 

Let us introduce the functions: 

] h~o(~; t) = h - r ~ ' ~  + t~o ; 
h = l  

K(V; t) = ~-~h~o(V; t) .  

We remark  that  h~0 (7; t) belongs to C ~ (R  ~ - { 0}), it is essentially homogeneous of 
degree 2 - n  and K(V; t) satisfies condition (1.7), because of (2.2) (Lemma III). 
Since 

we have 

h(x - y) = K(V; t - y(V)) 
~ Y x 0  

f ?(y)~-~o~oh(x-y)d%= I ~(v)K(v; t -  y(v))dv, 
~a !~,1 < d 

V 
where ~b(V) = 91Xo 

(IV] ~>1), we ha~e 

n- 1 ] 
+ ~ ~h~h + ~'()7)~0 

h = l  

that  

(1 + lgrady(v)[2) l /< Defining ~(V) : 0 

(2.9) (1 + G2)l/211iOltL~(m ; I(P07) - cP(O)I <~ G[lg]lc~(z) ]~71 ~' 

Moreover 

f .~(y) 8-~oh(x-y)dzy= f ~(v)[K(v; t -y (~) )  - K(-~; t)]dv+ I ~07)K(v; t)drj. 
L~d Rn - i Rn I 

Setting F(v) = K(V; t + v) - K(V; v), we have 

iK(~;t - ~'(V)) -KOT; -~'(~;)) - K ( ~ ;  t) + K(V; 0) I = 

= I F ( -  Y(7)) - F(0)I = i F ' ( -  zY(V))I IY(~7)I ( z e  (0, 1)). 

On the other hand, F'(v) = Kt(v; t + v) - Kt07; v), and from Lemma VIII  

IF'( - ov(v)) l  = [ g t 0 7 ;  t - ~ y ( v ) )  - g t ( v ;  - ~ Y 0 7 ) ) l  ~ Ptlvl- -1, 

where P is independent of t, V, xo. But (2.6) implies l Y(V)I ~< GIr l  1+~ and thus 
!K(v; t - Y(V)) - K(r~; - y(V)) - K(•; t) + K(V; 0) I < FGtlvl ~ - ~- 1 Thus, recalling 
(2.9), 

lira f ~(v)[K(~; t - y(V)) - K(r~; t)]d~7 = f ~P(v)[K(~; -V(rj)) - K(V; O)]d~ 
t - . 0  + 

~Rn 1 ]%n - 1 

uniformly with respect to Xo. 
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h~o(V; t) satisfy all the conditions of Theorem VII  and then 

(2.11) tim f ~(v)K(v;  t)&7 = r (xo)~(0)  + I ~(r~)K(v; 0)d~ 
t - - ~ 0  + 

]~: 'a  - 1 ] :~n  - 1 

where 

],(x0 ) = r I,,,I = 1 

1 j [(2-n)h~o(co)-zl~h~o(oJ)logIco~l]dY,~ n ~ 3 .  
I~1 =1 

Since 

(2.12) f r  
I,;I > ~  

= .[ r -r(V))- K(V; 0)]dv + I O(v)K(v; 0)d~ 

it follows that  there exists 

~---~ 0 + 
I~t > 

~(v) K(~; - r(~)) dv 

i.e. there  exists t h e  singular i n t eg r~  

Sincehxo(~o)=h[-:~:o~h%+oJ~Vxo], 

+ ~ n v xo, we obtain 

(2.3). (2.4) follows from (2.7), (2.10), (2.11). 
n - 1  

by making the substi tution ~ = - ~ cohvh + 
h = l  

I hxo(~)dZ,o= I h(DdZ~; 
t,ol =1 lgl =1 

zl2h~o(~)log Io, nl d~o~-- I zl2h(Dl~ I~.,,~1 d~.  
J 

In order to complete the proof, taking into account (2.7) and (2.10), we need to 
show tha t  the limit relation (2.11) is uniform with respect  to Xo. If  we denote 

f ~(v)K(~); t)dv - y(xo)~(0) ;  B(~, xo) = I ~(v)K(v;  0)&7 A(t, XO ) 
Rr~-i ]r,I >~ 

J 
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we have 

A(t, xo)-B(g, xo) = [ [~(V)-~(0) ]K(v;  t)dv-~(O) f K(~; t)d~ + 

+ [ ~(v)[K(v; t) - K(v; 0)1 d~. 

Taking r < d, because of (2.9) and Lemma VIII,  we may write 

I ~(~)  - ~(0)][K(~; t) - K(v; 0)]d~ I ~ 
I~1 <x 

< GI[~I]c~(,) f I~{ )' {K%; t) - K%; O)ld~, 

I~{ <e 

l eP(o) f K(v; t)d,7 [ < 

+co  

4(1+G2)l/2II~[IL~(~ ) f ~-ld~ f 
e I~,l =1 

] f r t)- K(:~; 0)]d~7] ~< 

~< (1 + G2)l/zll~llz~(z) I ILK%; t)  - K ( ~ ;  0)lid)7 ~< 

~ <  t~1 < M  

~< Izl <M 

Since all the constants in the last inequalities are independent of Xo, it follows 
that  

lira A(t, xo) = B(~, xo) + [ 
t .-.., 0 + J 

l~] < e 
[q}(~7) - ~(O)]K(~; O)d~7 

uniformly with respect to xo. 
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Let  us consider now the tangential operators 

MI~ = ~(Xo) ~k(xo)-g-~x ~ (i, k = 1, . . . , n ) .  

X) I f  h(x) satisfy the hypothesis of Theorem IX  and ~ e C ~ (2,), then 

- = M~ o [h(xo - y ) ]  d ~  ( i ,  k = 1, . . . ,  n ) ,  
x e v ~  2 

where the last integral exists as a singular integral. The limit relation is uniform 
with respect to Xo. 

If  i = k or vi (Xo) = ~k (Xo) = 0 the result  is trivial. Otherwise let (z l ,  . . . ,  z~_ ~, v~o) 

be an orthogonal system, where vi = ( r i l ,  . . . ,  zl~) is given by ~lk = - ~i(Xo), zli = 
= ~k(xo), Vlj = 0 i f j  ~ i, k .WehaveM~[h(x  - y)] = K(V; t - ] , (V)),whereK(v; t) = - 
- ( a / a ~ ) h x o ( ~ ;  t) and h~o(~7; t) is given by (2.8). Now the result  follows by using the 

same arguments employed in Theorem IX. 

XI) I f  h(x) satisfy the hypothesis of Theorem IX  and ~ e C ~ (S), then 

lim I ~(y) hxk (x - y) d% 
X--~X 0 
X~V~OZ 

= v k (Xo) y(Xo ) ~(Xo ) + I ~(y) hxk (% - Y) d%, 
Z 

(K = 1, ... , n) 

where the last integral exists as a singular integral and y(Xo) is given by (2.5). The 
limit relation is uniform with respect to Xo. 

This Theorem follows immediately from Theorems IX, X because 

_ ) ~ _ _  a a (xo)~ + ~ vi(Xo) ~i(Xo vk(Xo) axk v k 
i = 1 ~ X k  

REMARK. - In the Theorems of this section we have considered only the case in 
which x tends to Xo while remaining on Vxo. I t  is obvious how these results have to be 

modified if x tends to Xo while remaining on - vxo. For  example, the relation in Theo- 

rein XI becomes 

J~o I v(y)hx~(x - y)d% = - ~ (Xo) y(Xo) ~(Xo ) + i ~ ( y )  hxk (Xo - Y) d % ,  

(k = 1 , . . . , n ) .  

We remark  also that  since all the limit relations obtained in this section are uni- 
form, then they continue to hold if x tends to Xo while remaining in t9 or in F~ ~ - 

( see[ l l ] ,  p. 269-271). 
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3. - B o u n d a r y  values  of  some potent ia l s  wi th  integrable  density.  

In tMs section we want to study ~he boundary behavior for potentials with more 
general densities. Specifically we shall prove that  the formulas we have found in pre- 
vious sections hold almost everywhere, when ~ e LP(~:) (p > 1). 

We recall that  xo is a Lebesgue point for ~ if 

lim d 1-~I  I~(x) - ~(x~ = O. 
d ---~ 0 + 

Zd 

It  is very well known that  the set in which this condition is not satisfied is a set of zero 
Lebesgue ( n -  1)-dimensional measure. 

Let  f(x) be a function defined in t~ (in R ~ -  ~)  and xo E Z. We say that  the 
limit 

lira f(x) = L 
X ---~ X O 

is an internal (external) angular boundary value if, given ~ e (0, 7:), x tends, to Xo 
while remaining in the set 

A {x e R ~ I(x - x0 )" v~ 0 > 0, Ix - x012 - [(x - x0)" ~xo ]~ ~< [(x - x0) "~zo ]2 tan 2 (a/2)},  

(~A {xeP~ ~ I (x -xo) .v~  < O, Ix-xol2-[(X-Xo)'Vzo]2 <<.[(X ,Xo).V~o]2tan2(~/2)}) . 

This means that  x belongs to a ,~circular cone,  with the vertex at xo, the axis coincid- 
ing with v~0 and the plane angle at  the vertex equal to ~. Moreover L has to be inde- 
pendent of ~. 

The idea of proving formulas like the next ones in Lebesgue points was used for 
the first time in[7] (see also[8],[9]) and later used in more general situations 
(see[14], p. 293-300). 

XII) I f  h(x) satisfy the hypothesis of Theorem IX, ,~ ~ L 1 (2) and xo e 2 is a 
Lebesgue point for 9, then 

(3.1) l i m l f ~ ( y ) ~ - ~ h ( x - y ) d % -  f x-~x~ l~  Z-ZJx-~o~ = ~(xo)~(Xo) 

where Zr~_xo I = {~eY'I I~.-xot <~ IX-Xol} ,  ~'(xo) is given by (2.5) and the limit 
must be understood as an internal angular boundary value (a). 

If  ~(x) -= 1, the limit relation (2.4) holds and it is uniform with respect to xo. This 

(3) The idea of the proof is substantially the one contained in [14] (pp. 293-298), but with some 
modifications. 
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implies the following internal boundary value: 

I a h(xo - y)d%} y) dzy - av--~o 
2? - Z l ~ o  I 

= ~(Xo)~(Xo) 

for any ~. Then in order to obtain the Theorem, it will suffice to show that 

where Z(y) = ~(y) - ~(Xo). 
Let d be such that (2.6) holds. If I x -  xol < d, then 

(3 .2 )  [ Z ( y ) ~ h ( x - y ) d : r y - f Z ( y ) a - ~ x o h ( x o - y ) d ~ y =  
2 2-Zlx-~ol 

2-Z '  d 

+ I X(Y)[a-~o~oh(x-Y)-a-~oh(xo-y)]d% + I z(Y)a-~o~oh(x-y)dzy �9 
Z d - Z  Ix_x0 ] ~lx - ~0J 

It is obvious that 

(3.3) x-~xolim I Z ( y ) [ a - ~ o h ( x - y ) - a - ~ o h ( x o - y ) ] d ~ y = O .  
,~ - 27d 

As far the second term in the right hand side of (3.2) is concerned, let us observe 
that, by using the same notations of Theorem IX and setting t = Ix - Xo I, x = Xo + 

n- -1  
+ ~ ~hzh + tvxo, ~ = (~1, ..., ~-~-1) we have in view of Lemma VIII 

h=l 

I l - = - - - h ( x - y ) -  h (xo -Y)  = - t -  

n - I  
< ~ / ' t  E [ I  r] - -  ~[2 q_ ( t - -  y ( ~ ) ) 2 ] - ( l + h ) / 2 [ l ~ 1 2  "~- y2()7)](h-n+1)/2 

k = 0  

<<. nFt[l~ - ~I 2 + (t - ~,(V))2 ]-1/2 ]~711-n. 

On the other hand, since we are considering an internal angular boundary value, we 
have I~1 ~< t tan(~/2) and, because of (2.6), I]'(~)1 ~< Gd~ I~1. By elementary argu- 
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ments(~), it follows I~1(1~1 ~ + t~) -~/~ < sin (a/2), Iv(v)l(Ivl  ~ + r~(v)) -~/~ ~ Gd~(~ + 
+ G2d2;~) -1/2. Thus  

[4.v + tr(v) l [ (  I~l ~ + t~)(fvl  ~ + ~,2(v))]-~/e ~ sin (a/2)  + Gd;(1 + G2d~) -~/~. 

We m a y  chose d in such a wa y  

fl - sin ( a /2 )  + Gd~'(1 + G~ d ~ )  -~/~ < 1. 

This implies 

(3.4) I t / -  ~1 e + (t - r ( r / ) )  e = lel ~ + Iv l  ~ + t z + ] ,z (~)  - 2~.r ;  - 2t~,(r;) I> 

I~1 ~ + Iv l  2 + t 2 + r 2 ( v )  - 2/~[(1r ~ + t ~ ) ( I v l  ~ + ~2(~) ) ] -~ /~  i> 

>i (1 - / ~ ) ( } ~ ]  2 + [r]] 2 + t 2 + -y2 (~7)) I> (1 - / 3 ) ( ] r ] l  z + t 2) 

and then  

[K(~7 - $; t - r (~))  -K(~? ;  - r(~7))] ~<-F' t( IVl 2 + t~) -~/2 Ivl ~ -~ 

F'  being a cons tan t  independen t  of  ~7, t and Xo. Moreover  

~;d- 21~-Xol 

= 

=1 f ~(v)[K(v - ~; t - V(V)) - K(v; -r(V))]dv I <~ F '. 
t< Ivl <d  

where  

t< J~l <d 

d 

I~(v ) l t ( Iv l  ~ + t2) -1/2 I~11-~d~7 = F' f tr + t2) - l /2p1-~d~ 
t 

'rt--1 1 
~(~) = z Xo + 2 ~h~'h + Y(~)~o (1 + ]gradr(~)12) 1/2, 

h = l  

(4) If  a, b >i 0 and k > 0 are such that a <~ kb, then a 2 + b 2 i> a2(1 + k -2) and therefore 
a(a 2 + b2) -1/2 ~< k(1 + k2) -1/2. 
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Since xo is a Lebesgue point for 9, we have 

(3.5) lira ~1-nr = 0 ; 
O-->O + 

we may suppose that, given z > 0, d is such that pl-~r r V~ e (0 ,  d]. This 
implies 

e 
f tr + t 2 ) - U 2 p 1 - n d p  = [tr + t2)-1/2~1-n]~:=d _ 

J~ = t 

t 

d 

- f tr + t2)-a12~-~ [t 2 _ n(~2 + t 2)] d~ <<. tr 2 + t 2)-V2 d 1 -n + 
t 

d 

+r + f @(p)(~2 + t2)-a/2~-~[t 2 + n(~ 2 + t2)]d~ <~ 
t 

d 

~< (1 + 2-1/2) s + sf tp(p2 + t2)-3/2(2n + 1)d~ ~< 

g 

r + 2 -I/2 + (2n + 1)] ] t(~2 + t2)-Id~ <<" s[1 + 2 -1/2 + (2n + 1)7ff4]. 
t 

Therefore, given s > 0, there exists d~ such that 

(8.6) Z(Y) h(x - y) - 

Z d - Z I z - x o l  

f o r O <  JX-Xol < d < d ~ .  
Recalling (3.4), we may write 

2 lz -  xol I~l < t  

k f + ( t -  < k(1 - - ~ ) ( 1 - n ) / 2 t l - n  f 
I~1 <t I~1 < t  

Because of (3.5) we have 

lim fz(y)~-~fo~oh(X-y)d%=O. 
X .--> X 0 

2ix ~ol 

The result follows from this relation and from (3.2), (3.3), (8.6). 

XIII) I f  h(x) satisfy the hypothesis of Theorem IX, ~ e L 1 (Z) and xo s 2: is a 
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Lebesgue point for 9, then 

Z - Z i x _ ~ o  I 

f 
These relations follow from Theorems X, XI and they are proved in the same way 

as Theorem XII. 

XIV) If  h(x) satisfy the hypothesis of Theorem IX, ~ e L p (2:) (p > 1), then 

2, 2; 

lira f ~(y)M~ko[h(x-y)]dzy= f 
X-->X 0 

Z Z 

ik ~(y)M~o[h(xo - y)]d%;  

lira t ~(y) h~k (x - y) day = % (xo) y(xo ) ~(%) + ~ ~(y) h~, (xo - y) dzy 
X ---> fr 0 

Z Z 

almost everywhere on Z, where r(Xo ) is given by (2.5), the limits must be understood 
as internal angular boundary values and the integrals on the right hand sides exist 
as singular integrals. 

At first let us show that 

] p(y) ~ h(xo - y) dzv 
2 

exists almost everywhere as a singular integral. This follows form (2.12), because the 
singular integral 

~)(~7)K(v; 0)dr  

exists almost everywhere in view of a classical Theorem of Calderon and Zygmund 
(see [4]). Then Theorem XII implies the fit'st limit relation. The other two relations 
are proved in a similar way, by using Theorem XIII. 

REMARKS. -- In the Theorems of this section we have considered only internal an- 
gular boundary values. It is obvious how these results have to be modified for exter- 
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nal angular boundary values. For example, the last relation in Theorem XIV 
becomes 

2imo f ?(y) h~k (x - y) d% = - v k (Xo) 7(Xo ) ~(Xo ) + f ~(Y) h~ k (xo - y) d%. 
Z 

In sections 2, 3 for sake of simplicity we have supposed 2: is the boundary of a do- 
main. But it is evident from the proofs that the limit relations we gave continue to 
hold in the interior of a compact bordered Lyapunov manifold. 

4. - B o u n d a r y  values  o f  s o m e  potent ia l s  genera ted  by measures .  

The next Theorem provides the boundary behavior of potentials of the following 
kind 

(4.1) ] h~ (x - y) dlz~ 
Z 

where ~ ~ M(2:) is a measure defined on the family of all the Borel sets of Z. The ap- 
proach we follow is the one introduced in [9] and considered in some other particular 
cases in [5], [6]. 

In order to study the boundary behavior of (4.1) it will convenient to introduce 
some (,parallel, surface to 2:. Let ~(x) be a unit vector defined and continuously differ- 
entiable on Z such that ~(x). v~ >t p > 0, (for the existence of such a vector, see [11] 
pp. 273-275). Let Zp be the surface % = x  + ~(x), x ~ Z ,  where I~1 ~< Po (P0 small 
enough). 

XV) I f  h(x) satisfy the hypothesis of Theorem IX and ~ ~ M(Z), for any 
fE  C~(R ~) we have 

lira f  yfd § 
p__~O +- 

Z~ Z Z ~ Z 

Where 7 is given by (2.5). 

Let ~ > 0 and f ~  C~(Rn). We may write 

I f(% ) h~k (% - y) d ~  = ] f(x~ ) h~ (% - y) da=~ - 
~" Zp 

Z Z 
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From Theorem XI (see Remarks at the end of section 2) it follows that 

lim I f (x )h=~(x -y_~)d%=-  lira [ f (x)h~(y_~-x)da~= 
~---~0+ ~ ~-->0+ 

= v~(y)7(y)~(y) + ff(x)hxk(x - y)dax 
Z 

uniformly with respect to y e 2:. In order to obtain the result we have to show 
that 

(4.2) o 

uniformly with respect to y e 2:. 
Let ( Z l ,  . . .  , 2" n _  1 ,  Vy) be an orthonormal system and consider the coordinate sys- 

tem (7; t) = (71, ..., 7~-1, t) with the origin in a fixed y e Z ,  corresponding to the ba- 
sis (Zl, ..., Zn-~, vy). Let Zd be the part of 2: which admits the representation t = 7(7), 
where Y(7) satisfy (2.6). We have 

(4.3) Ix -y+p~(x)12>~H(Ix-y i2+~2);  

I x - y + ~ ( y ) 1 2 > ~ H ( I x - y l e + p  2) V X e Z d  

H being a positive constant independent of y (see [5], p. 196). 
We denote by 2:p, d the part of 2:~ which admits the representation % = x + ~(x),  

x e2:d. Let {ci~(p, 7)} (i = 1, ... , n -  1 ; j  = 1, ... ,n)  be the matrix whose elements 
are cij(~, 7) = ~ij + ~(a~j/a~7~) ( i , j  = 1, . . . ,n  - 1), cij(p, 7) = aT/aT~ + p(a~/aTj) 
( j  = 1, ..., n), where ( ~ ,  ..., ~n) are the components of ~ with respect to the system 

[{ ? (~1, . . . , m - i ,  vy). If Hp(7) = det ~ cih(~, ~)%(p, 7) , we have d% = Ho(7)d7 
h = l  

(on 2:d), d ~  = H~ (7) d~ (on 2J~, d). Therefore, considering H~ (7) as a function of x e 2:a 
(which we denote by H e (x)), we may write 

(4.4) f f(x~)h~k(%-y)d%- ff(x)h~k(x-y_~)d~= 
Z~, d Zd 

Since 

rF H~(x) 
f (x)]hxk(%-Y)dax + I f ( x ) [ h x k ( % - Y ) -  hxk(x -Y-~)]dax. 

Zd 

H~ (x) f(x) I l f(x~) No (x) 
H~(x) 

If(x~) - f(x) l No (x) If(x)l  IH~(x) - H0(x ) i  - - + ~  
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and IH~(x ) -  Ho(x) I = O(,z) (5), in view of (4.3), it follows that  

[f( H~(x) ] X~)Ho(x ) f (x )  h x k ( x ~ - y ) = ( 9 ( , o ) ' l x ~ - y ] l - n ) = ( 9 ( ~ z / 2 1 x - y [ 1 - n + z / 2 )  

this relation being uniform with respect to y e Z. It  follows 

(4.5) lira§ f l f ( x~)  HP(x) ] p-~o J [  ~ f (x )  h~k(x ~ -  y ) d ~ =  0 
2g 

uniformly with respect to y e X. 
Moreover because of Lemma VIII  and (4.3), we have 

n-1 
Ihxk(x~ - y) - hxk(x - Y-~)I <<.Qx~ - y - x + Y-,:I h~o Ix~ - Y1-1-h ix  - Y-~I h-~+ 1 < 

r '  I - l( Ix - y l  2 + 

Thus h~k ( x~ - y) - hxk ( x - y_~ ) = 0( ~ 1/2 ix _ y [ 1 - ~ + 1/2 ) and this implies 

_ [f(x)[hx~(X~ - y) - h~k(x - y-~)] dzx = 0 (4.6) 
~--*0 X~ 

uniformly with respect to y e Z. 
Finally observing that  

lim f f ( x ~ ) h ~ k ( x e - y ) d % ~  f f ( x ) h x k ( X - Y - ~ ) d % = O  
p _ , O  + 

Z -  Z~, d Z -  Zd 

uniformly with respect to y e Z, from (4.4), (4.5) and (4.6) it follows (4.2), i.e. the 

Theorem. 
In the same way we may prove the result if p < 0. 

(5) The derivative of H e (7) with respect to ~ is bounded. This implies the relation in the text, 
which, on the other hand, may be proved by direct calculation. 
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