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Approximated Solutions of Equations with L! Data.
Application to the H-Convergence
of Quasi-Linear Parabolic Equations (*).

ANDREA DALL’AGLIO

1. — Introduction.

We would like to present in this paper some results about elliptic and parabolic
PDE’s with L' data. In particular we are concerned about recovering a notion of
uniqueness of the solution. We will also show some applications of these results to the
theory of H-convergence of parabolic quasi-linear equations with sub-quadratic and
quadratic growth with respect to the gradient (and indeed this is the problem which
motivated our research).

Let £2 c RY be an open bounded set, N = 2. We are interested in elliptic problems
of the form

(1.1)

Aw) = —diva(z, Vu) =f+h in Q,
{u(m)=0 on 08,

and in the corresponding parabolic problems

% —divae, t, V) =f+h in @=2x(0,T),

(1.2) w(-,0)=w(-) in Q,
wx,t)=0 on I'=90Qx(0,T).

Here the function a(z, £): 2 x RY — RY (the function a(x, t, £): 2 X (0, T) X R —
— RY in the parabolic case) is a Carathéodory function which is strongly monotone and
has a growth of order p — 1 with respect to &, p being a number such that p > 2 — 1/N
(p >2—1/(N + 1) in the parabolic case). The model of @ we have in mind is a(x, §) =
= (&) = |E|P2E, which corresponds to the p-laplacian: A(u) = ~ 4, (u).

About the data, we will assume (in the elliptic case) that the right hand side of the

(*) Entrata in Redazione i 28 maggio 1994.
Indirizzo dell’A.: Universitd degli Studi di Firenze, Dipartimento di Matematica «Ulisse
Dini», Viale Morgagni 67/a, 50134 Firenze, Italy.
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equation in (1.1) is the sum of a «variational» part fe W17 (Q) = (W ?(R))' and a
«non-variational» part h e L' (). We remark that, for p < N, L*(Q) is not embedded
in W12 (Q). For the parabolic problems, we will assume fe L (0, T; W17 (Q)),
h e L'(Q), while the initial datum w will belong to L' ().

The study of linear elliptic equations with L' data has been started by StamPAc-
cHIA (in [St]) by means of duality methods, while in the nonlinear case existence re-
sults have been found by BocCArRDO and GALLOUET in[BG]. More precisely they
proved, for f= 0, the existence of at least a solution (in the sense of distributions)
of problem (1.1) which belongs to the Sobolev space W 9(Q) for every g < q=
= N(p — 1)/(N — 1). The proof of this result is achieved in two steps: first of all an ¢
priori LY estimate on the gradients of the solutions of (1.1) is proved; then the func-
tion k is approximated by regular functions, and the previous step is used to show
that the solutions of the approximated problems converge to a solution of (1.1). How-
ever there is no uniqueness of the solution in the space W7(2) or even in

ﬂ_ WL 4(Q) (see[Se] and [P] for a counterexample), but we observe that it is possi-
bId' to select a solution which is «better than the others», since it is the only solution
which is found by means of approximations: we will call it Solution Obtained as Limit
of Approximations, or simply SOLA. ,

A similar situation holds in the parabolic case. BocCARDO and GALLOUET (in [BG])
proved, if f = 0, the existence of a solution of (1.2) in the space'L?(0, T; W¢ 9(Q)), for
every q < q, where ¢ = p — N/(N + 1) (this bound must be slightly modified for large
p, see Section 4). We will show that the solution of problem (1.2) that one finds by the
approximation method does not depend on the approximation chosen for the non reg-
ular data. Moreover we will prove that if a solution of (1.2) is regular enough (that is,
if its gradient belongs to L?(Q)), then this solution is the SOLA of (1.2). This result,
which is particularly useful in the applications, is trivial in the elliptic case, since,
from the equation, we immediately obtain 2 € W17 (). On the contrary it requires
some effort in the parabolic case, since we have little information on the regularity of
the time derivative.

We will be interested in applying these results to the H-convergence of quasi-lin-
ear PDE’s. Thus it will be useful to recall the definition and the basic properties of lin-
ear H-convergence. For a > 0, § > 0, let I(a, §; 2) be the class of matrices alx) =
= [a;;(®)];,;=1,..,n, Whose elements are L~ (Q) funetions, satisfying

(@&, & = alél?, (@ @& =&

for every e RY, for a.e. xe Q.

Following the notation traditionally used in homogenization theory, we will con-
sider a sequence {a, }..x of matrices in MNM(a, B; 2), ¢ being the element of an in-
finitesimal positive sequence E (the typical case in homogenization theory is o, (x) =
= alx/e), where a(y)e M(a, B; RY) is a periodic matrix with period [0, 11¥).
To every matrix a, we can associate the elliptic differential operator A,v =
= —div(a, (x) Vo).
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DEFINITION 1.1. - We will say that the sequence {a, }..r H-converge to a matrix
ap € Ma, f; 2), and we will write

H
ae —0g

if for every fe H '(Q) the weak solutions u, € H{ (Q) of the elliptic equations
(1.3) Awu,=f inQ,

satisfy

(14) u, —u, weakly in H}(Q), a, Vu, —agVu, weakly in (L2(2)V,

where u, is the solution of Ajuy, =f in Q.

The concept of H-convergence was introduced for symmetric matrices by SPAGNO-
L0 in [Sp1], [Sp2] under the name of G-convergence. Later on, MURAT and TARTAR ex-
tended the theory to nonsymmetric matrices (see [MT]). This type of convergence is
the abstract generalization of the homogenization theory (see [BLP] and [SP]). One of
the main results in this theory is the compactness of the class (a, §; Q) with re-
spect to the H-convergence.

A difficulty one encounters when dealing with H-convergence is the fact that the
convergence of u, to u, is in general only weak in H¢ (£2). This is a source of problems
especially if one tries to study equations with additional nonlinear terms depending
on the gradient, since the weak convergence does not allow to pass to the limit in
these terms. To overcome this problem, a sequence of corrector matrices {p, }.. g is
introduced. This sequence, which depends on @ and {a, }..z, satisfies

p, —1 weakly in (LE2(Q)V°, a,p, —a, weakly in (L2(Q2)",
div(a,p. &) = div(agE) strongly in H 1(R), for every £e RV,

where [ is the identity matrix. The columns of the matrices p, are the gradients of sol-
utions of appropriate elliptic problems. By means of these matrices it is possible to
«recover» in some sense the strong convergence of the gradients. More precisely MU-
RAT and TARTAR proved that

(1.5) Vu, — p. Vug—0  strongly in (L1(Q))N.

In Section 3 we will study the behaviour of SOLA’s of linear equations with L ()
data when the operators H-converge: the main result we will obtain is given by Theo-
rem 3.1, which states that, if a, iao, and k, — hy weakly in L* () then the SOLA’s u,
of the equations A,u, = f+ h, converge weakly in W¢ 1(Q) (for every ¢ < q) to u,,
SOLA of Agug =f+ hy. Moreover we will show that a corrector result of the form
(1.5) holds.
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A similar situation holds for the H-convergence of parabolic operators of the
form

- - _y
Q= e + A Gy div (a, (x) Vv) .
Let us consider the parabolic Cauchy problems:
Fu.=f inQ, Porp=f in @,
(1.6) u, (%, 0) =w(x) in Q, U@, 0) =w(xr) in Q,
%, =0 on I, =0 on I,

For every fe L%(0, T; H™*(R)) and we L%(Q), each of the problems (1.6) has a
unique solution in the space

W0, T; Q) =1{veL?(0, T; H}(2)) such that %% e L%(0, T; H‘l(.Q))}.

The following result extends to parabolic equations the properties stated for elliptic
equations:

ProposiTioN 1.1 (see [CS],[BFM]). - Assume that a, iao. Then, for every
feL?(0, T; H (), and for every we L%(Q), the solutions u,, uy of (1.6) satis-
Ty

a.n u. —uy  weakly in L0, T; HH(Q)),
(1.8) Vau, — p,Vuy—0  strongly in (L2(Q)Y .

The statement (1.7) basically says that the elliptic H-convergence and the parabol-
ic H-convergence, which can be defined starting directly from problems (1.6), coin-
cide (*). The corrector result (1.8) was proved in [BFM].

We will consider the asymptotic behavior of the SOLA’s of problems of the
form . :

agt£‘+Aeu£=f+ h, 1 Q,
(1.9) Ue(-, 0)=w(*) in Q,
u, (@, 8)=0 on T,

under the assumptions that the linear operators A, H-converge to Ay, and that h, — hy

(*) It is important, however, to emphasize that things can be different if the matrices a,
which define the operators &, depend also on £: in this case the equivalence between the parabolic
H-convergence on one hand, and the elliptic H-convergence for every ¢t e (0, T') on the other
hand, does not hold: see, e.g., [CS],[Sp3],[ZKO].
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weakly in L'(Q). We will show that the SOLA’s of (1.9) converge weakly in
L0, T; W3 1(R)) (for every q < q) to the SOLA of the corresponding 11m1t problem.
Moreover we will prove a corrector theorem for these equations.

A vast class of problems related to H-convergence deals with parabolic quasi-lin-
ear problems of the form

a&t (x)Vu,) + H (2, t, ., Vu,)=f in Q,

U (+, 0) =w(:) in Q,
u (e, t)=0 on I,

(1.10)

where a, iao and {H,} is a sequence of Carathéodory functions. The typical question
in this setting is: does the solutions u, of (1.10) converge to a solution u, of an equation
of the same kind? Since the functions H, depend on Vu,, the weak convergence of the
gradients does not allow to pass to the limit in the nonlinear term. However, if a cor-
rector result like (1.8) holds also for solutions of our quasi-linear equations, then we
can show that, if u, converges to u, weakly in L2(0, T; Hj (R2)), then u, is a solution
of

aT;LtO - diV(ao(x) V'MO) + HO (x’ t, Uy, Vu()) =f in Q’
uo(',0)=W(') in Q,

uy(x,t)=0 on I,

where Hy(x, t, s, €) is the weak L'-limit of H,(x, ¢, 8, p.£). In[BBM] this has been
done for quasi-linear elliptic equations with quadratic growth for H, with respect to
the gradient.

It is important to remark that, if the nonlinear term H, depends on the gradient,
then, even if H, = H does not change with &, the limit funetion H, can be different
from H, as it can be showed by easy one-dimensional counterexamples.

In Section 6 the corrector result for parabolic equations with L! data will be used
to study the H-convergence of quasi-linear parabolic equations of the form (1.10),
where the functions H, (z, t, s, &) are Carathéodory functions with quadratic or sub-
quadratic growth with respect to the variable & More precisely we will consider two
different situations:

_ the case in which the functions H.(x,t, s, £) have sub-quadratic growth
with respect to & and have the same sign as s, but without any growth restriction
with respect to s (case of unbounded solutions);

— the case in which the H,’s have quadratic growth in &, plus some regularity
hypotheses on the data which assure that the solutions of (1.10) are bounded.

The key of the proof is the extension to quasi-linear equations of a corrector re-
sult. The method that we will use to prove such a result is based on the result about
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SOLA’s, since a solution of problem (1.10) can be considered, in particular, as a sol-
ution of the equation

ov _

En +Av=f-H/ 1, u,, Vu,),
in which the rhs. f— H,(x, t, u., Vu,) belongs to L? (0, T; W7 (Q2)) + L*(Q).

A different approach to the problem of uniqueness of solutions of elliptic equa-
tions with L! data has been studied in[BBGGPV] by defining an entropy solution.
During the writing of this paper we were informed that LIoNS, MURAT and BLAN-
CHARD have studied the problem of uniqueness for elliptic and parabolic equations
with L! data, through the notion of renormalized solution (see[LM], [Mu] and
[BIM]).

This paper originated as a chapter of the author’s Ph. D. thesis [D]. The plan of the
paper is as follows. In Section 2 we will introduce the SOLA’s of elliptic equations and
prove that the map % — u which associates to every datum % the corresponding SOLA
in continuous from L!(£2) (endowed with the weak topology) to W3 4(Q) strong for
every g < ¢. In Section 3 we will deal with the behavior of the SOLA’s with respect to
the H-convergence of linear operators. In Section 4 and 5 the same scheme will be ap-
plied to parabolic equations. Finally, in Section 6, we will give two applications of the
theory to the study of the H-convergence of quasi-linear parabolic equations.

Acknowledgements. The author wishes to thank Lucto Boccarpo, LUIGI ORSINA
and FrRaNGoIs MURAT. This research has been supported by the Italian Governement
MURST 40% and 60% funds.

2. — SOLA’s of nonlinear elliptic equations.

In this section we will prove the existence and the uniqueness of a SOLA of an el-
liptic equation with an L' datum, and will study its behavior with respect to the weak
convergence of the datum. Let £ be a bounded, open subset of RY, N = 2. We are in-
terested in nonlinear elliptic equations of the type

2.1) Auw)= —diva(e, Vu)=f+h in Q,

with homogeneous Dirichlet boundary conditions. Let p be a real number such
that

(2.2) 2~ <psEN,

1
N
and let a(x, £): 2 X RY — RY be a Carathéodory function (ie., continuous with re-
spect to &£ for a.e. & e 2, and measurable with respect to « for every & e RY) such that,
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for a.e. x e £, for every & neRY

2.3) a(x, &)-E= alE|?,

2.4a) (alx, &) —a(x, M) - E-m=za|E—yP f2<p<N,

(24b)(a(x, &) — ale, 1)) (E =) = oy €= nl” if2—i<p<2,
1+ &+ |n])P*? N

@5) late, £)] < k@) + BlEP,

where a, a; and g are positive constants, and k(z) is a function belonging to L? ()
(p' =p/(p — 1)). We point out that these assumptions are satisfied, for instance, by
the p-Laplacian operator —A4, (ie. in the case a(x, &) = a(§) = | [P72&). On the
right hand side, we assume

2.6) feW LP(Q), heLY(Q).

REMARK 2.1. — Note that if p > N we have L!(Q) c W17 (), and then the exis-
tence of solutions for (2.1) follows from the classical results on operators acting be-
tween Sobolev spaces in duality (see [L1]); this explains the upper bound on p given by
(2.2). As far as the lower bound on p is concerned, see Remark 2.2 below.

In a general setting, the existence of solutions is guaranteed by the following the-
orem (see [BGD).

THEOREM 2.1. — Let f=0, h e Q). Then there exists a solution u of (2.1), with
ue WEi(Q) for every q< q=N(p—-1)/(N-1).

REMARK 2.2. - The assumption p > 2 — 1/N implies N(p — 1)/(N — 1) > 1. More-
over, assumption (2.5) yields a(x, Vu) e L' (2). If p <2 — 1/N, we have ¢ < 1. In this”
case the solution is not in general in W, (2). A definition of a solution if p <2 ~
—1/N, and the proof of its existence and uniqueness, have been given in [BBGG-

PVL

In order to define a «good» unique solution (SOLA) of (2.1), we shall use the fol-
lowing result.

PROPOSITION 2.1. — Suppose that p = 2. Let f,fe W17 (Q), such that f~fe
e L1(RQ), and let h, h be two regular function (to fix the ideas, suppose that they be-
long to L= (Q)). Let us consider the solutions u, 4 of

2.7 Aw)=f+h, A@ =f+h.
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Then, for every ¢ <q=N(p —1)/(N —1):
2.8) lle = |l w000y < Y\ f=F+h = hllLie),

where ¥ is a positive function such that

2.9 : lim ¥(s)=0.

g—>0"

PRrOOF. — Let us define, for k > 0, the function ¢;(s) = min{(|s| — k), , 1} sign s
(here t, denotes the positive part of ¢) and the set B,= {re Q: k< |u(x) —
—u(x)| <k +1}. We use ¢, (u — #) as test function in (2.7), and we use assumption
(2.4a) to obtain

;[ 19— rde < [ |f=F+ b=l gy - D de < |~ F+ b~ o
By 2

Then we continue as in[BG], Lemma 1, keeping track explicitly of |(f—7) + k —
— &)1 to show that (2.8) holds. It is easy to see that there exist two positive constant
¢, and c,, depending only on a;, N, p, g, and Q, such that ¥(s) <¢;s'/P if
0<s<c,. =

If2 — 1/N < p < 2, the proof of a result of the same type as Proposition 1.1 is a lit-
tle more complicated.

PROPOSITION 2.2. — Assume that 2 — 1/N < p < 2. Let f, f, h, h, u, % as in Proposi-
tion 2.1. Then, for every q < q = N(p — 1)/(N — 1), we have:

lw = @llws. o2y < AQf w1 @y 1Flw-27c2)s [Bll21@ys Mllzicey, ICF~F)+ B =Rl 110 s

where Aisa Sfunction (that depends also on a, ay, q, p, N, Q) that tends to zero when
I(f~F)+h — k10 tends to O and all the other norms remain bounded.

ProoF. — First of all, using hypothesis (2.3) and the technique of [BG], we
obtain;

(2.10) IVallgoopy e, |Villasow < e,
for every g < g, where ¢, is a constant depending on a, N, p, | flw-1» @), If w-17 ),

[Allz1, JI2]lz:. On the other hand, if we use the same test functions as in the preceding
proof, by assumption (2.4b) we obtain

de<|[(f=F)+h—hlpg,

/2
alJ' |V(u u)]

—~— 2_
5 A+ |Vu| + |Vu|)*~?
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and so, by the Hdlder inequality,

- [V(u - u)|?
—_— qd =

A+ |Vu| + |Vae])1 2Pl gy <

7 T~ ~ (2-p)/2
< Czl|(f—f)+h—h[]{/12(m[ j(1+ |Vau| + }Vul)qdm} P [ neas B, |~ 972
By

Therefore, using the Holder inequality for series and (2.10)

@.11) JIV(u—ﬁ)|qdm=k§0 j |V(u — )| %dx <

Q

[3

_ + /2
[ I(l + | Vu| + |V54)qdoc](2 mre [kgo[meas(Bk)](?""V"r
g -

P p/2
s @H(f‘f) +h- 5”%2(9) Lgo[meas(Bk)](P—q)/p}

where © is a quantity which is bounded if ||f|lw-1r ), | Flw-1r (0, |21, and
2]z -1(0), are bounded. Let us consider the series on the right hand side of (2.11). If
g*= Ng/(N - q), we have

+
)
k=0

< e|(F=F)+h-hl7

LY@

<

+ o
[meas (B)J* ~ 9P < [meas B)]'P 97 + 3 1

SN (p—fp
—_— f|u—u]q dx <
k=1 k9 (p-o)/p 5

te a/p .. e-o/
< [measQ](”‘q)/p+[k§_:lm] [ﬂu—mq dx] .
: N o]

The series on the right hand side is convergent because the assumption ¢ < g =
= N(p — 1)/(N - 1) is equivalent to ¢* (p — q)/q > 1. Hence (2.11) and the Sobolev in-
equality imply

2.12) j |V — @) |?de <

2

< O(f-F)+h—h|%

L‘(Q)(l + [ j |V(u — ﬁ)lqu]?*@—q)ﬂq].
Q

Now it is easy to check that ¢*(p—¢)/2¢ <1, and so |V(u — @)| gy is bounded.

Suppose now that “fnw-lm’(g); ”f”w-lyi"(sz), ”h“Ll(.Q): and ”E“L‘I(Q) are bounded by
a constant, so that we can drop @. From (2.12), and the inequality s” <s + 1 (s > 0,
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n=q*(p — ¢)/2q), we obtain

[ 1V - ]tde < llr-F + - 1’7,'11,%/12(9){2 +[ 1V~ ﬁ)lqdac}.

e 9
Then, if [|(f—f) + b — k1o is small enough, we have
IV = D zoe < 0 (f = F) + b = Rl g,
and this concludes the proof. ®

THEOREM 2.2. - If fe W17 (Q), h e L (R), there exists a unique SOLA u of (2.1),
with u in W 1(RQ) for every ¢ <q=N(p - 1)/(N - 1).

PRrooF. - Let {%,},.n be a sequence of regular functions such that 4, converges to
h strongly in L!(Q), and let u, € W§'?(£2) be the solutions of the equations A(u,) =
= f+ h,,. By Proposition 2.1 (or Proposition 2.2 if p < 2), applied with f= fit is easily
seen that {u, }, .y is a Cauchy sequence in W3 7(£2), for every q < ¢, and that its limit
in the same space is a solution of (2.1).

Moreover, this solution does not depend on the approximating sequence {,}.
Actually, if {h,},cy and {i,},.» are two sequences of regular functions such that
h, —> h, h,— h strongly in L*(8), and if u, and %, are the solutions in W ?(R) of
A(u,) =f+ hy,, A(id,) =f+ hy, respectively, then {u,}, {7,} converge respectively to u
and #, which are solutions of (2.1). From Proposition 2.1 (or Proposition 2.2), applied
with f=f we easily obtain that u, — @, — 0 strongly in W ¢(R2). Hence, u = i.

Let us suppose that the right hand side of (2.1) is decomposed in a different man-
ner, i.e., that:

(2.13) f+h=Ff+k in @),

with f, fe WP (Q), h, he L'(Q). We remark that from (2.13) it follows that
f-=F=h—heW P (@) NLYRX). Let {h,},cny and {f,},.ny be two sequences of
regular functions such that k, — &, k, — h strongly in L' (). As usual, let us consider
the solutions u,,, @, € We?(R2) of the equations A(u,) =f+ h,, A(iL,) =f+ I, re-
spectively. As it has been shown, %, and %, converge in W¢' 7(2) to % and % respect-
ively, solutions of (2.1). As before, we apply Proposition 2.1 (or Proposition 2.2) to
prove that ¥ =#%. N

The following result tells us that a solution which is «regular enough» is the
SOLA.

THEOREM 2.3. ~ Let fe W 1P (Q), h e L1 (), and let u be a solution of (2.1); sup-
pose that u e WP (Q). Then u is the SOLA of (2.1).

ProoF. - It is enough to observe that ueWeP(Q) implies h=A(u)—fe W 1?7 (Q),
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and therefore we are in the variational setting. ®m

Assume now that fe W17 (), and that {k,},.5 is a sequence of L'(R) func-
tions. Let u, be the SOLA of

N(p-1)

@14)  Aw)=f+h, u, € W 4(Q) for every g <q= N7

In the following theorem we will prove a continuous dependence result with respect
to the weak-L! convergence of the right hand side of (2.14).

THEOREM 2.4. — If h, —hy weakly in L*(Q), then
u, —uy strongly in We1(RQ), for every q<gq,
where uy s the SOLA of A(ug) =f+ hy.
PRroOF. — For the sake of simplicity, let us suppose that p 22, If 2 -1/N<p <2

the proof is the same, the only difference being the use of Proposition 2.2 instead of
Proposition 2.1. For ke N, define the function

(k  ifs>k,
2.15) T.(s)=4{s i |s| <k,
—k fs< -k,

and consider the solution u*e W}P(Q) of A(urF)=f+ T,(h,). Since, for every k,
T, (k) e L= (Q)c W17 (Q), for every ¢ and k there exists a unique solution #*. Now
take [ > k. Applying Proposition 2.1 to u/ and uf, we see that |u)— uf|wieq) <
< Y(|Ty(h,) — Te(h)|L10) for every ge (1, @). On the other hand, we can write

Ty (ko) = T (R 110y S |he = Th (B |1y S J [he | dax .
{Ihe| > &}

Since the functions &, are equi-integrable, the right hand side can be made arbitrarily
small, uniformly with respect to ¢, if we choose k large enough. It follows that el -
~ uf|lwp o2y < W), where {,.} is a sequence of positive numbers that converges to
zero as k tends to infinity. If we let / tend to + ®, we obtain [ju, ~ u)||ws.e@) < P7s)-
By (2.9), this implies that the convergence of u* to u, in W} ?(Q) as k — + » is uni-
form with respect to g, that is

(2.16) dm sup o, = ol o) = 0.

Since |Ty(h,)| <k, for every fixed k it is possible to find a subsequence of
{Tp(h)}eer, still denoted by the same symbol, and a function y, such that

g0

217 Ty(h,) —=1vy, *-weakly in L~(Q).
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Moreover, by means of a diagonal argument, we ecan assume that (2.17) holds for every
ke N. An immediate consequence of (2.17) is that

k e—0

(2.18) uf —> uf strongly in WP (Q), for every ke N,

where %{ is the solution of A(uf) = f+ y,. We remark that, in general, we do not have
vy = Ty (hy). However, v, — hq strongly in L () as k — . Indeed, by the weak lower
semicontinuity of the norm, we have:

7o = villie < lim inf I, ~ Ty (Rl (@) < sup f lhe| <7y .

P el > Ry
By (2.18), since %, is a SOLA, this implies that
2.19) w25, strongly in W (Q), for every ¢ <g.

Now we can write
e = wo lwp 0oy < ot — wl waoacoy + 0l — uf llwp ooy + ug — wollwg ocay -

By (2.17) and (2.19), the first and third term can be made arbitrarily small if we choose
k large enough. Once we have fixed k, we will use (2.18) and the fact that ¢ <p to
choose ¢ so that the second term is as small as we want. The proof of the theorem is
then finished. =™

3. — H-convergence of SOLA’s of linear elliptic equations.

In this section we will study the behavior of the SOLA’s of linear elliptic equations
with L!(Q) data, with respect to the H-convergence of the operators. In this section
we will restrict ourselves to the linear case, and will therefore assume p = 2. We will
assume that {a,} is a sequence of matrices in IM(a, B; Q) such that a, iao (see Sec-
tion 1). Let p, be the correction matrices associated with a,. We assume that

(3.1) 1Pl @y < e

This regularity hypothesis, which has been considered also in[BoM1],[BD],
and [BBM] and is satisfied, for instance, in the case of periodic homogenization, can be
weakened by using a different corrector technique, as in [BBDM]. We have the fol-
lowing result.

H
THEOREM 3.1. ~ Let fe H (), and suppose that a, — ay and that {h,}, .z is @ se-
quence of L1 (Q) functions such that h, — hy weakly in L*(R). Let u, and wu, be re-
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spectively the SOLA’s of the equations A u, =f+ he, Aguy =f+ hy. Then

e—0
(3.2) u,—=1uy weakly in Wi 1(RQ),
3.3) Vau, — p,Vag <= 0 strongly in (LI(Q)Y,

for every q < q=N/(N —1).

PROOF. - Let us define T)(s) as in (2.15), and consider the solutions u} e Hj (£2) of
the equations A, u* = f + T} (h,). Using Proposition 2.1 as in the proof of Theorem 2.4,
we obtain

kk~—>+co
€

8.4) ) u, strongly in Hg (), uniformly with respect to e.

Then we extract a subsequence such that T, (k,) converges *-weakly in L~ (2) to a
function y, for every k e N. Therefore by the standard properties of the H-conver-
gence, for every fixed k& we have

-0
(3.5) uk—=uf weakly in WP 91(Q),
(3.6) Vult — p, Vuf int ) strongly in (L1 ()Y,

where uf e H} () is the solution of Aguf = f+ y,. Moreover, as in the proof of Theo-
rem 2.4, one can check that y, — kg strongly in L'(Q) as k— + . This yields

k— +o

(8.7 ul'—> u, strongly in W} %(Q).
Let ¢ e W17 (Q). We can write
(o, we ~ uohw-1.00, wioe) | < [@llw-rr @ llue — ullwaaey +

+ (¢, uf = udhw-rv @, wro@| +olw-ro@llus — uollwpoce -

By (3.4) and (3.7) we can choose k so large that the first and third term of the right
hand side are arbitrarily small. Once we have fixed k, we can use (3.5) to conclude that
the second term tends to zero as ¢ tends to zero. Hence, (8.2) is proved. The proof of
(8.3) is similar. Indeed we can write

Ve, = 0, Vool g1 < [|Vat, — Val [ s appe +

+H|Vak — p, Vud | oy + 10 ll@ = @2l Vg — Vg @@y -

Hence, using (3.1), (3.4), (3.6) and (3.7) one shows that Vu, — p, Vuy — 0 strongly in
(LY ()N . Since ||Vu, — p, Vg || za(ay is bounded for every q < q, (3.3) holds true, and
Theorem 3.1 is proved. =
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4. — SOLA’s of nonlinear parabolic equations with L' data.

The aim of this section is to extend to parabolic equations results of the same kind
of those proved for elliptic equations in the preceding sections. Let QcR" be a
bounded, open set, N = 2. Let T be a positive, real number. We will denote by @ the
cylinder 2 X (0, T), and by I' = 3Q x (0, T') the lateral surface of Q. If t € (0, T') we
will define @, as the cylinder Q x (0, t). We will suppose that p is a real number such
that:

o 1 _ NN +2)
N+1 T N+1

(see Remarks 4.1 and 4.2 for an expanation of these bounds).
Let a(x, t, £): 2 x (0, T) x RY — RY be a Carathéodory function such that, for
almost every (z, t) e , for every &, neR",

4.2) alx, t, £) &= al&|P,
43a)  (ax, t, &) —alw, t, ) (E-mza|E—n|? H2<sp<+,

|&— 7|2
VL |E]+ ]2

(4.1)

(4.3b) (alx, t, &) —alz, t, M) (E—n) = a

1

2= 5

<p<2,

(4.4) la(z, t, &) < K(z, ) + B|&E|P 1,

where o, a; and 8 are positive constants, and k(x, t) is a function belonging to
LY (Q). ,
As in the elliptic case, we define the differential operator A(u) = — diva(z, ¢, Vu).
We are interested in the study of parabolic problems of the following type:
Ly aw=f+h inQ,
45 u(-, 0) = w(-),

u(x,t)=0 on I.
We will assume the following hypotheses on the data f, &, and w:
feL? (0, T; W t?(Q), hel'(Q), weL'(Q).

It is well known that if the right hand side of equation (3.5) belongs to
LP (0, T; W17 (2)) and the initial datum  is in L?(£2) then there exists a unique
solution % belonging to L” (0, T; W3 ?(£)) (see [L]). On the other hand, if the data are
LY(Q) functions, or even bounded Radon measures, existence results for these non-
linear problems have been proved by BocCARDO and GALLOUET in [BG]. In that paper
it is proved (in the case f = 0) that, if % and w are bounded Radon measures resp. on @
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and £, then there exists a solution % of (4.5) such that

(4.6) weL1(0, T; Wh1(Q)) for every g<q=p — N]i -
REMARK 4.1. — We note explicitly that the condition p > 2 — 1 /(N + 1) implies that
p—NJ/(N —-1)>1, so that we always have g > 1.

REMARK 4.2. - In[BG], as in the proof of Proposition 4.1 below, the Sobolev embed-
ding W 4(Q) c LT () (where q* = Nq/(N — ¢)), which holds for ¢ < N, is used. If p
is larger than N(N + 2)/(N + 1), then p —~ N/(N + 1) > N, and so the condition ¢ < N
it is not automatically satisfied. However, in this case, using the embedding
W 1(Q)cL=(2)if g > N, one could repeat every proof changing the bound ¢ < p —
— N/(N + 1) with the (slightly stronger) bound g < (p — 2 + \/p? + 4)/2. Hence, for-
mula (4.6), and all the statements below, can be modified removing the upper bound
on p in (4.1) and choosing

N p-2+Vp2+d

N+1’° 2

g =min|p —

Anyway, all we will need to remember about ¢ is that ¢ > 1 and that p > ¢>p — 1, so
that, by means of (4.4), a(zx, t, Vu) e (L1 (@)Y .

As in the elliptic case, we are interested to the definition of solutions as limit of
approximations, or SOLA’s. The first step is to give the parabolic counterpart of
Propositions 2.1 and 2.2.

_ PROPOSITION 4.1. ~ Let f, fe L' (0, T; W7 (2)) be such that f - fe L*(Q). Let h,
h, w, w be regular data, and define u, i as the solutions of problems (4.5) and

%—"Z CA@ =F+E inQ,
@) (-, 0) = ("),

(e, )=0 on I,
respectively. Then, for every q < q
IV = D@ <4,

where A depends on ”(f—f) +h = kg, llw— @l e, “f”LP’(o, T; W-bP Q)
I e 0.2 wrr ey 1Bl 1oli@, lwllie, 1@llii@, @ ai, N, p, g, and Q.
The dependence of A on the various norms is such that, if |(f—F) + b — hll 1 +
+lw — || 10) tends to zero, and all the other norms are bounded, then A converges
to zevo.
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Proor. — We follow the method of [BG). Let &£ > 0, and consider the truncation

8

functions T, (s) defined as in (2.15), and the function ¢,(s) = le(o)da. For

0
7€ (0, T), we use the function T (w — %) x o, », (t) as test function in (4.5), (4.7); we eas-
ily obtain

[ o1~ )@, D) da ~ [ 91w~ D)) o +
2

Q

+ f [ae, t, Va) — a(x, t, ViD)]V(u — i0) dx dt =

BﬂnQr

= [(f-F+h-DT@-Dded<|f-F+h-Flq.
Q
where, for k € N, we have defined B, = {(x, 1) e @: k < |(u — %), t)| <k +1}. By

means of hypotheses (4.8a), or (4.3b), and since |s| —1/2< ¢, (s) < |s|, we ob-
tain:

(= @), Dlprg SIfF~F+h—Ilpg + |w— g + —%—meaSQ.

Since this estimate holds for every 7 e (0, T), if we define o = ||f~F+ h — k|11 +
+ ||w — %] 11 (o), we can write:

~ 1
4.8) ”’M/ - ’LL”Lw(O’ T: LY(RQ) S0+ —2-meas9 .

If we choose @ (u — %) (defined as in the proof of Proposition 2.1) as test function, we
obtain:

[ 91 = @, TH ~ [ 91l - D) de +

Q 2

+ j[a(x, t, Vi) — alw, t, ViD)]-V(u — @) dadt < ||f—F+ b — k|1, »

By,
8§

where we have defined vy, (s) = J(pk(a) do. Since 0 < y,(s) < |s|, using again (4.3a),
or (4.3b), we get )

4.9) alj |V(u — @)|Pdwdt <o if p=2,
By
|V(u — @) | . 1
4.10 dedt<o if2- <p<?2.
@O o] e ¢ N+1 P

By,
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If p =2 from (4.9), by the Holder inequality, we obtain

J[V(u—ﬁ)!qdwdt= j |V(u—ﬁ)[4dxdt+k§1 j |V(u — i) |7dw dt <
Q By -

By,

+
< a7 ¥ (meas Q)P VPP 4 q[UPQUP kz (meas B,)\?~9/P <
=1

k=1 krr-9/pr

1o _ (p-0)
< clgq/”[1+ > ——1——[ J |u-—u|’dwdt}p q/p},

By

where » = (N + 1)g/N. Let us study the right hand side. By means of the Holder in-
equality for series:

+ o 1 =y (p-9)fp vati (p-ofp 5 _.___._]' o
kgl pETEET BJ’ |w — %|"dadt S Qj lu — u|"dedt 12'1 Lrp—ofp ’
)

By the hypotheses on r and ¢, we easily obtain that »(p — ¢)/q > 1, so that the latter
series is finite. Hence

4.11) f|V(u—ﬁ)|4dxdtsczgq/p{1 +[ [ |u—ﬁ|rdxdt}”°"q)”’].
Q Q

Since 1 <r<g*, the interpolation inequality implies that, for almost every
te (0, T),

v S | =@, Olfa I — D), DlErle

l(w — @)+, t)
where 6 € (0, 1) is such that 1/r =8 + (1 + 6)/q*. By simple calculations, 78 = ¢/N,
(1 — 0) = gq, so that

T
[ lu—alrdwdt < [l =, Ol ~ ), Ot dt <
Q 0

T
= H(u - ﬁ)||%/°{v(o, T;LI(Q))jll(u —u)(-, t)“?ﬂ‘(!)) dt.
0

By (4.8) and the Sobolev embedding we deduce:

meas Q )Q/Nf
2

jlu—alrdxdtscs(ng |V(u — @) |2 dadt .
Q

Q



224 ANDREA DALL’AGLIO: Approximated solutions of equations, elc.

Inequality (4.11) can be rewritten as

(a(p ~ O)/N; (r-9

[ 19 = Drdzdt < 0|1 + (Q + —“9%9—) O (V- ledwar | i
Q q

Since (p — q)/p < 1, the left hand side is bounded. Moreover, if ¢ is small enough, we
have

j \V(u — @) |"dwdt < c;0%7
Q

where c; is a positive constant that depends on @, a, N, p, ¢. This concludes the proof
of Proposition 4.1 in the case p = 2.

If 2-1/(N+1)<p<2, the proof is slightly more complicated. As first step,
using the techniques of [BG], we obtain for « and #,

(4.12) IVull ooy < e, ||Vl gagy < ¢ for every ¢ <gq,

where cg s a positive constant that depends on ||f||zr o, r; w-1# @y, |llzr@» [z
Q, a, N, p, and ¢, while ¢; depends on the norms of £, & and i in the same spaces. Using
(4.10) and (4.12), we have

- _ |V(u—ﬁ)|2 ~1\¢(2 - p)/2
Bf |V(u —a)|"de dt —J A5 [Val 1 [V " L+ [Vu| + |Va| )@ - PRdedt <
k k
Vi — i)|2 q/2 T2 -
<|] |V(" u;[ s dwdt| | [+ |u|+ | V|- P/C -0y dt @0
k(1+|u|+|u|) 5, |

(2-g)2

’

. -
< (i)‘” [+ vl + Vil -e -0 do dt

a,
By

and, going on as in the proof of Proposition 2.2,

- @-p)/2} 1= P/2
J |V(u—ﬁ)|qudtchg’1/2[ J(l +|Vu| + |Vul)qda;dt} kzo[measBk](”"q)/” .
Q Q -

By (4.12), the quantity J (1 + |Vu| + |Vit| ) dw dt is bounded by some positive con-

. Q ~ ~
stant @, depending on ||f“m’(0, T; WLo' @) “f“m’(o, T, W-LP(Q))s “h“Ll(Q)’ “h”Ll(Q)’
w210y, and |%l|,1), so that

+ o /2
j |V(u — )| 9dadt < cg@V2 Lgo[meas B )7~ q)/p] )
g =

The series that appears in the right hand side can be studied exactly as in the case
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p = 2, obtaining

+ p/2
kgo[measBk](P TP < (1 + [l - ﬁ”g%—’ (TI‘);)/Z?{%Q)) IV(u - u)flg(;’(é)@ﬁ) .

By (4.8), this implies:;
IV = D)o gy < 01 0072 (1 + (1 + @)~ 2V [ V(o — )| fig @)

Since ¢(p — 9)/2 < q, |V(u — @)|guqy is bounded by a constant (depending on

“f“m’(o, T, Wb 7(Q) ”f“LP'(O, T; W™L2'(Q)» “h”Ll(Q)a “E”LI(Q): “w”Ll(Q), ”ﬁ)HLI(sz), a,a, N,
p, ¢, and Q). If o is small enough, and all the other norms are bounded, then
[V(u = %)o@y < €12 Vo, and this concludes the proof of Proposition 4.1. ™

THEOREM 4.1. — There exists a wunique SOLA wu (which belongs to
L0, T; Wi 9(RQ)) for every g < q) of problem (4.5).

PROOF. — Consider two sequences {h,}, .y and {w,}, .y of regular functions such
that h,—h strongly in L*(Q), w,—w strongly in L'(R). For neN let
u, € LP(0, T; W3P(Q)) be the solutions of problems

ag;,, +Aw) =f+h, inQ,

(4.13) U, (-, 0) = w, (+),
u, (@, ) =0 on [I.

Applying Proposition 4.1 to these problems, we deduce that the sequence {u,},.yis a
Cauchy sequence in W' 9(Q), for every q < q. Hence u, converges in this space to a
function u, which is a solution of problem (4.5). Indeed, it is easily seen that u satisfies
the equation in the sense of distributions in @ (and obviously satisfies the boundary
condition on I'). To pass to the limit on the initial condition, we recall the estimate
lnllL= 0, 7 210y S €1, Which implies [y [|z= @, 7; w-17(2) < ¢z, for every r < N/(N -
~1). On the other hand, by (4.13) we obtain ou, /3t = f+ h, — A(u,), and so

{+0 A

M,
| 5 @

<

e, (8 + 8) =y ()| w-1.7(2) = } u
wohr@)

t+4

S J (”f(S)HW-“(sz)“'“hn(s)uw*“(m+_HA(un)(S)HW*vT(9))dS~

t

If we choose 7 < g/(p — 1) (note that this implies that » < p’, r < N/(N — 1)), and use
hypothesis (4.4), then the last integral can be made small (uniformly with respect to 7
and ¢) if 6 is small. It follows, by a generalization of the Ascoli-Arzela theorem (see,
e.g., [Si), that {u,},.y is relatively compact in C([0, T1; W™ "(£)); hence u, con-
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verges to u in this space, so that u, (-, 0) tends to u(-, 0) in W~"7(Q); this implies
that u satisfies the initial condition u(-, 0) = w(-).

Now, let {,},en and {@,},.y be a different approximation of » and w respect-
ively. As we have shown before, the solutions %, of the parabolic problems with data
k,,, ®,, converge in L1(0, T; W () to a solution % of (4.5). Applying Proposition
4.1 t0 Uy, — 1y, we have that ||u, — @, |Ls¢, ; Wi 20y — 0, and so u = 7. If we assume to
have a different decomposition of the right hand side of equation (4.5), ie., if f+ h =
= f+ I, where f,fe L¥ (0, T; W17 (Q)), and k, h e L*(Q), the solution found by any
approximation is again the same, as it is shown by reasoning as in the proof of Theo-
rem 22. W

Our next step, which is of fundamental importance for the applications, consists in
proving that a solution of (4.5) which belongs to L?(0, T; W&'?(£)) is the SOLA of
(4.5). The proof of this fact is more complicated in the parabolic case than in the ellip-
tic one, mainly because the time derivative du/dt of a solution does not belong to any
«classical» dual distributional space, since (as it can be seen from the equation) it is
the sum of a term belonging to the dual space L? (0, T; W17 (Q)), and a term in
L*(Q). Due to this fact, it is not clear how to treat the term containing the time
derivative du/dt after multiplication by a test funetion. Lemma 4.2 below will show
what happens of that term if T (u) is used as a test function.

We begin by recalling an useful approximation lemma, that can be found in [BMP]
(for p = 2) or [G] (in the general case); although in these works the initial datum o is
supposed to be in LP(Q), the proof works also under the weaker hypothesis
weL'(Q).

LEMMA 4.1. - Let u e L (0, T; W} P(R)) be o function such that du/dt = a; + a,
in the semse of distributions, with a;eL” (0, T; WP (Q)), and ar,eL'(Q);
suppose that u(-, 0) = w(-) e L*(2). Then there exists o sequence {u,},.n of func-
tions such that u,, Ou,/dteLP(0,T; WP (Q)) (note that this implies that
u, & C([0, T); Wy ?(2))),

u, —u strongly in LP0, T; WFP(2)),  u,(-, 0)—w(-) strongly in L1(Q),

B — ot apeL? 0,7 W (@) + L1Q),

where

al—a; strongly in LP (0, T; W™ b?(Q)), al—a, strongly in L(Q).

LEMMA 4.2. — Suppose that ueLP(0, T; W3P(Q)), and that u/dt=a; +
+a,eLP (0, T; W L7 () + LY (Q), u(-, 0) e LY (Q). Then ¢ (u(-, t)) e LY(Q) for
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every tel0, T], and

(ay, Tp(u))g + fasz(u)dacdt = quk(u(T))dx - jm(u(o»dx,
Q Q fo]

s

where ¢, = I T.(o)do and (-, *)q denotes the duality pairing between L7 (0, T;
o
W-LP () and LP(0, T; Wa?(2)).

PRroOF. —~ Let {u,} be the approximating sequence given by Lemma 4.1. Since u,, is
«regular»,

@14  {a?, To(un))g + j al T, (u,) dewdt =
Q

=J' 5;? Ty (w,)dxdt = j¢k(un(T))dm— I¢k(un(0))dx.
Q o o

Since T} (u,) — T, (u) strongly in L? (0, T; W¢P(R)) and *-weakly in L * (Q), af — a;
strongly in L¥ (0, T; W17 (Q)), and a} — a; strongly in L*(Q), it is possible to pass

to the limit in the Lh.s. of (4.14). To finish the proof, we only have to pass to the limit in
the rh.s. To this aim we introduce the functions

2, (t) = [ oiu, (@, ) de,  2(t) = f¢k(u(x, 1) de .
2 Q

We will show that z, — z uniformly (and therefore pointwise) on [0, T']. First of all we
observe that z, — z strongly in L1(0, T'). Indeed

T T

(1w = dldt < [ [ 104 Cunta, 1) ~ prCue, )| dwvdt,

0 0 2

and the last term tends to zero as n — + o by the Vitali theorem, since ¢,(u,) con-
verges to ¢,(«) in measure on Q, and |¢;(u,) — ¢ ()| < k(|u,| + |u]). Let 0 <
<t <t <T, and define @, = 2 X (t;, t;). For every n e N we have, since u, is
«regular»:

|20 (82) = 2a(B1)] =

j L (3, 1)) — @ (i (a2, )] et

Q

b
f (at @), Tp () w17 (@), wroy Ot | +

iy

f J 8_;4; (2, t) Ty (u, (2, £)) da dt

P

<

+ j 'ag(w, t) Tk(un (.’)0, t))'dxdt $ Clla;LnLP'(tl’tZ; W—I,P'(Q)) + kl]ag“LI(Qtl,tz) .
Qtl,tz
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Since the last term is small (uniformly with respect to ») if ¢, and t, are close enough,
the functions z,(t) are equi-continuous (and obviously equi-bounded, since z,(0) =

= j ¢ 1 (u, (0)) doe converges to J ¢ (w) dx). By the Ascoli-Arzeld theorem, the sequence
2 2]

{z,} is relatively compact in C(0, T']). This, together with the convergence in
L1(0, T), implies that z, tends to z in C([0, T]). ™

THEOREM 4.2. ~ Let fe LP' (0, T; W 2P (Q), he LY(Q), we LY(RQ), and let u be o
solution of (4.5) in the sense of distributions such that u e L?(0, T; W ?(2)). Then u
is the SOLA of (4.5).

PROOF. — Once again, suppose that {%,},.x and {w,},.y are sequences of regular
functions that approximate % and w respectively. Let u, be the solution of (4.13). As
we have seen, u, converges in L7(0, T; Wi 7(RQ)), for every ¢ < g, to a function v,
which is the SOLA of (4.5). We are going to prove that 4 = v. Formally, the idea is to
use the function Ty (% — u,,) ¥, »H(t) as test funetion in (4.5) and (4.13). The function
u — u, satisfies the hypotheses of Lemma 4.2, since u — u, e L?(0, T; W3 ?(2))
by the hypothesis on u, and (3/3tNu —u,) = —(A(u) — Alu,)) + (h~h,)
eL? (0, T; W bP(2)) + L' (Q). By Lemma 4.2

— (A — Ay, T1 (it — u) ), + [ (h = h) Ty (u ~ u,) dee dt =
Q'[

= [¢1( ~w)@)dr ~ [ ¢, - w,) do.
0 2

Since the first term is negative, we obtain

f¢1((u —u,)(D)) dee < f(h — b)) Ty (u — w,) dedt +

Q Q@

+ f¢1(w —w,)dx < [[B — k[l + lw — wallzi ) -
Q

Hence lim ngl((u — 4, )(1))dx = 0 for every te (0, T). It is easily seen that this
n— + ®
o)
implies that u, converges to u in measure. Hence, 4 = v, and the proof is com-

plete. =

In view of the applications of the following section, our next step will be to study
the behavior of the SOLA’s of parabolic equations if the right hand side converges
weakly in L'(Q).
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THEOREM 4.3. — Let fe L7 (0, T; W17 (Q)), w e L'(R2), and suppose that {h,}..z
is a sequence of functions in L1 (Q) such that h, — ho weakly in L*(Q). Let u, and u,
be the SOLA’s of the problems

a;‘; +A@w)=f+h, inQ, %““;9 +Am) =f+hy inQ,
ue(" 0)=’M)(), uO(',0)='W('),
u (2, t)=0 on I, u (2, £)=0 on I,

respectively. Then u, — uy strongly in L9(0, T; W 9(Q)), for every q <q.
PRrOOF. — Let ke N, and consider the solutions u* of the problems

duk
ot
uf (-, 0) = T (w)+),

ub(x,t)=0 on .

+A(ub)=f+ Ty(h,) in @,

Since the right hand side of the equation belongs to L7 (0, T; W17 (2)), it is well
known that there exists a unique solution u* e L? (0, T; W3 ?(Q)) for every k. To con-
clude the proof, it is enough to follow the lines of the proof of Theorem 24. =

5. - H-convergence of SOLA’s of parabolic equations.

Our next step will be, as announced, the study of the H-convergence of operators.
We will assume that p = 2 and that the operators are linear. Moreover, we will re-
quire that the matrices a, that define such operators depend only the space variable x.
We define A,v = — div(a, (z) Vv), and suppose that a, — a,. Under these hypotheses
the convergence (1.7) and the corrector result (1.8) hold. Aim of Theorem 5.1 below is
to prove for the SOLA’s an analogous result if the r.h.s. of the equation is weakly con-
vergent in L!(Q). To prove this result, we will need an easy preliminary remark.

REMARK 5.1. — If {f.}..z and {&.}..r are two sequences such that f, — f, strongly
in L2(0, T; H1()), h, —hy weakly in L2(Q), and if w e LZ(£), then the solutions
e, o€ L2(0, T; H} (2)) of

5 P
;‘; +Au,=f+h, inQ, —;‘t—°+A(,u(,=f,,+h0 in Q,
u£(0)=w, u()(o):w’

satisfy u, — wu, weakly in L2(0, T; H} (R)), Vu, — p, Vuy— 0 strongly in L(Q). To
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prove this, we introduce the solutions z, of the auxiliary problems

oz, .
§+Asz£=fo+h0 in Q,
u (0) = w.

By Proposition 1.1, z, —u, weakly in L2(0, T; H}(R)), and Vz, — p, Vi, — 0 strongly
in (LY (Q))N. Since u, ~ 2z, converges to zero strongly in L2(0, T; H{(R)), our state-

ment is proved.

THEOREM 5.1. — Let fe L2(0, T; H™Y(Q)), we L' (RQ), and let {h.},.x be a se-
quence of functions in L' (Q) such that h, — hy weakly in L1 (Q). Assume that {a,}, g
is a sequence of matrices in Ia, §; Q) which H-converges to a matrix ay. Let p, be
the correction matrices for a,, and suppose that ||p,||¢ = @n? < c. Let u, and u, be the

SOLA’s of the problems

ou, . Ju,
& tAu =f+h i Q, —at—" + Aty = f+ by
(-, 0) =w(-), o (-, 0) = w(-),
U (x,t)=0 on I, ug(x,t)=0 on I,
respectively. Then
(5.1) u, —uy weakly in L1, T; WE1(Q)),
(5.2) Vu, — p.Vug—0  strongly in (LUQ))",

for every q<q=(N+2)/(N +1).
PROOF. — Let us consider the solutions %’ of the problems

k )
%fiﬂ +Aub=f+T(h) i Q,

uf (-, 0) = Ty (w)-),

uk(w,t)=0 on I.

Then, as it is easily checked by Proposition 4.1,

kk—>+m

in Q,

uf —= u, strongly in L?(0, T; W§ 9(£2)), uniformly with respect to e.

By diagonal selection, it is possible to extract a subsequence such that, for every fixed
keN, T.(h)—n, *weakly in L*(Q). By Remark 51, we have, for every k:

uf 2%y weakly in L2(0, T; HE(Q)),

Vul — p,Vulé <=3 0  strongly in L*(Q),
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where uf is the solution of

Buk ‘ .
WO +Agug =f+y, inQ,

ug (-, 0) = T (w)(),
uf(x,t)=0 on I.

On the other hand, as k— + », y, — hy, Ty (w) — w strongly in L(Q), L*(2) re-
spectively and this implies

w5y, strongly in L0, T; Wh9(R)).
At this point it is possible to proceed as in Theorem 3.1 to prove (5.1) and
52). =

6. - Some applications: H convergence of parabolic equations with nonlinear
first order terms.

This section will be devoted to some applications of the theory developed in the
preceding sections to the H-convergence of parabolic equations with nonlinear first
order terms. The study of the elliptic problems of this type as been carried out
in[BoM1], [BD], [BBM]. All these papers are based on approximation results with
correctors (see [MTY]), that are used in order to identify the weak limit of the lower or-
der terms. We will follow the same scheme, that is, we will prove that a corrector re-
sult also holds for the solutions of our nonlinear parabolic problems. The main idea of
the proof is to consider the nonlinear lower order term as a datum, and to think the
solutions of the original problems as solutions of linear problems with data in
L2(0, T; H™*(2)) + L*(Q). The basic remark is that, due to their regularity, the sol-
utions we consider are the SOLA’s of these problems with non regular data.

Throughout this section, we will assume that {a,(x)}, .z is a sequence of matrices
in (e, B; ) such that a, LN a,. We will denote by A,, Ay the linear elliptic operators
associated to a,, a, respectively. Let p, be the correction matrices associated to a,. We
agsume that

6.1 Il =@ < e -

The following proposition, that has been proved in [BoM1] (see also [BBM]), is the
main tool that will allow us to pass to the limit in the nonlinear term, as soon as we
have obtained a corrector result for the solutions.

ProposITION 6.1. — Let {H.}..p be a sequence of Carathéodory functions
H,(x,t 8 &): 2%(0,T)XRXRY—R. Assume that H, is such that, for every



232 ANDREA DALL’AGLIO: Approximated solutions of equations, etc.

s, §eR, for every &, EcRY, for almost every (x,1) e Q,

62) |H. (%158 8) — He(x,t,5 8] b (sPA + [E]771+ [E]""HIE-E],
6.3) |H, (2, t, s, &) — H(x, t, §, )| <by(|s — DA+ [E]N,

(6.4) |H,(x,t,0,0)| < ¢,

where ¢y >0, 1 <y <2, and by, by are conlinuous, positive, increasing funclions,
with, by (0) = 0. Then there exists a subsequence (still denoted by the same symbol),
and a function Hy(x, t, s, &) which satisfies ((6.2)-(6.4) for ¢ = 0 (up to a multiplica-
tive comstant) such that, for every seR, for every & e RY

(65) Ha(xa t1 S, peg)—AHﬂ (ﬂ}', t, S’ E) wea’kly ’Ln LI(Q)-

Moreover, if {2,}..r IS a sequence of functions such that z,— z almost everywhere in
Q llzllL=@ < ¢z, and if ¢ e (LE(Q)Y, then

(6.6) H.(x,t, 2, p.¢)—Hy(x, t,2, ¢) weakly in L(Q).

We remark explicitly that, even if the functions H, do not change with ¢, ie., if
H,=H for every e, the limit A, given by Proposition 6.1 is, in general, different
from H.

6.1. — First application: H-convergence of gquasi-linear parabolic equations with
first order terms with sub-quadratic growth (unbounded solutions).

We are going to study the following sequence of parabolic problems:

ou,
ot

(6.7) ’ll/s(',O):'bU('),
u, (2, t)=0 on I

+Aeu’s+gs(x’ t, uuvue) =f in Q,

We will assume that fe L2(0, T; H 1(Q)), w € L?(Q), and that g, (x, t, s, £): 2 X
X (0,TYXRXRN >R are Carathéodorz funetions such that, for almost every
(x,t) e Q, for every s, §e R for every £, EcRY:

(6.8 g.(x,t,88)s=0

(6.9) g.(x, t, -, E) is an increasing function,

610) lg.(,t, 5, 8) = g.(a, b5, D S b (JsPA+ [E] 71+ |87 D]E - &,

(6.11) 19, t, 5, §) — g (@, £, §, E)] < be(|s —SDA+ |E]").

In (6.10) and (6.11), yis a real number such that 1 < y < 2, b, and b, are as in the state-
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ment of Proposition 6.1. We remark that no growth restriction is assumed with re-
spect to s.

REMARK 6.1. — Condition (6.8) implies that g.(z, t, 0, £) = 0 almost everywhere on
&; hence, by (6.11),

(6.12) lg9:(w, 2, 8, &) < b2 ({8 + [£]7),

for almost every (x, t) e @, for every se R, for every £ R".

Under these hypotheses, we can apply Proposition 6.1 to the sequence {g,}, and
extract a subsequence such that, for every ¢ e (L?(Q))", for every bounded sequence
z, in L*(Q) which converges almost everywhere in @ to a function z, we have
9:(x, t, 2, P ) —g0 (2, t, 2, ¢) weakly in L1(Q). It is easy to prove that the limit
function g, satisfies sign and monotonicity conditions similar to (6.8) and (6.9).

Before giving the results of this section, we have to specify in which sense a fune-
tion % is solution of (6.7).

DEFINITION 6.1. — We will say that a function u, is a weak solution of problem (6.7)
if u,e L2(0, T; H3(2)), 9.(u,, Vu,) e L' (Q), u.9.(u., Vu,) e L' (Q) and

a;;s +Au, +g,(u,, Va) = f  in @(Q),

(6.14) ue(+, 0) = w(-).

(6.13)

Note that from (6.13) we obtain du, /0t = (f — A, u,) — g. (., Vu,) in the sense of
distributions, and the right hand side belongs to L2(0, T; H 1(2)) + L' (Q). This im-
plies that u, e C([0, T]; W~27(2)) for » small enough, so that the initial condition
(6.14) makes sense. The existence of a weak solution of problems of type (6.7) has been
proved in [BoM2].

H

Assume that a, — a,, and that hypotheses (6.8)-(6.11), and (6.1), hold. Let us con-
sider a sequence {#.},.p of weak solutions of (6.7). Using Lemma 4.2, we ob-
tain:

J'(pk (u, (e, T)) daz = j 1 (w(@)) da — (A s~ Ty ()Y g — j g, (u,, Vu,) Ty (u,) dac df .
2 Q

Q2

If we let k& tend to + «, the right hand side converges to

% j 'w,zdm - <<A8u2 ’—f7 u£>>Q - Jge(ug, Vue)usdxdt
2 Q

(we have used (6.8), the fact that u,g, (u,, Vu,) € L1(Q) and the dominated conver-
gence theorem to study the last term). Hence, by the monotone convergence theorem,
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since ¢ (u,) increases to uZ/2 as k tends to infinity,

—;— [ 1o, D2 de - % [ 1wt |*der + (A, = £, ) + [ geCue, Vuu dodt = 0.
Q o] Q

In particular, using the ellipticity of the matrices:

a||u8||%2(0, T; HI (D) + Jge (%3, V’l,l;é) ’M/de dt <
Q@

1
s ||f“L2(o, T; H~ (@) Hue”Lz(O, T Hi@) T E“'w“Lz(g)-

This implies, by (6.8), that
(6.15) el 220, 7; m3con < €1

and

1
(6.16) J'!]e (e, V) u dwdt < [ fllnzo, 7 mronl%ellzzo, 7 mpon + 3 w2 < ¢ -
Q
Moreover, we can prove that the sequence {g, (., Vu,)},.p is relatively compact in
L1(Q) weak. To see this, using (6.8), (6.12), (6.15) and (6.16), we obtain, for every mea-
surable set F cQ, and for every m > 0,

J lg.(u,, Vu.)| dedt = f lge (u,, V)| dee dt + f |9 (ug, Vi) | d dt <
F

E N {jus| €m} En {{u| >m}

< by(m)(meas E + (meas E)' ~72||Vu, || L2 gy) + —,,}L— Jge(ug, Vu,) u dedt <
Q

< by(m)(meas E + (meas E)' ~12¢]) + % )

Since m can be chosen arbitrarily large, this implies that {g.}..z is equi-integrable,
hence weakly compact in L'(Q). Therefore there exist uqe LZ(0, T; Hj(£2)),
heL'(Q) such that (up to subsequences) u, —u, weakly in LZ(0, T; Hj(Q2)),
g.(u,, Vu,)—h weakly in L*(Q).

THEOREM 6.1. ~ The function w, is solution of the problem

%ftg + Aguo + go (@, £, ug, Vig) =f  in Q,

%o (%, 0) = w(x),
Uy(,t) =0 on I,

6.17)

where g, is limit of g, in the sense of Proposition 6.1.
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Proor. — We apply the theory, developed in the proceding sections, of SOLA’s of
equations with L! data. Indeed, the solutions u, of (6.7) can be viewed as solutions of
the problems

a;‘; +Au,=f+h, inQ,

U, 0) = w(-),
u(x,t)=0 on I,

where we have defined %, = — ¢, (u,, Vu,). The right hand side of these equations is,
as we have seen, the sum of a term belonging to the «natural» space
L2(0, T: H1(£)), and of a term g, (u,, Vu,), which is weakly convergent in L*(Q).
Moreover, and this is the main point, u, belongs to L2(0, T; H¢(£)), so that, by Theo-
rem 4.2, it is the SOLA of this equation. Thus, we can apply Theorem 5.1 to
obtain

u, —u weakly in L0, T; W3 4(2)), Vu,—p,Vu—0 strongly in (LI(Q)),
for every q < ¢, where # is the SOLA of

%“ +Au=Ff-h inQ,

u(z, 0) = w(x),
w(z,t)=0 on[I.

This implies that % = u. Moreover, since ||Vu, — p, Vi || z2@yv < ¢s, then
(6.18) Vau, — p,Vug—0  strongly in (L9(Q))¥, for every ¢ <2.

Now we only have to identify . We will use the corrector result (6.18) to show that
h = go(uy, Vuy). To prove this, remark that, as a direct consequence of Proposition 6.1,
we have

(6.19) 9: (Ty (w,), e Vug) — go (Ty (up), Vug)  weakly in L1(Q), for every keN.
Using (6.1), (6.10) and the Holder inequality, we obtain:
lge (Th (), Vat) = g (T (), pe V)| gy <

< bl(k)f(l + | Vu |71+ |2 Vo |7 =) |V, — p, Vi | dc dt <
Q

(y—-1/2
< by (k)[j(l + | Vu, |2+ |p. Vug |2) d dt 7 Ve, — p, Vatg | 218 v <
Q

= Cg bl (]i:)“V’LL‘9 - P: Vuo ”(L2/<3 RUCHAE
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Since 2/(3 — y) <2, by (6.18) the last term vanishes as ¢ — 0. This, together with
(6.19), yields

(6.20) 9. (T, (), Vi) — go (Ty, (uo), Vag)  weakly in L'(Q), for every ke N.
Therefore, for every ke N, we have, by (6.9):
llgo (Tr(u0), Vu)llz1 g < lim inf lge (T (we), V)| 11y <

< hmi(r)lf “gs(us’ VME)HLI(Q) <tw.

If we let & tend to infinity, the monotone convergence theorem implies that
go (g, Vtg) € L1(Q). Moreover, if ¢ € L (Q), we can write:

6.21) j L9 (s, Vat,) — go (g, Vo)) it dt

Q

< [ 1geue, Vi) =g (T ), V)| | 9| d
Q

+ | L0 (T, Vo) = go (D), Vo) g dvdit | +

Q

+ [ 190 (Tiue), Vo) = go s, V)| 9] der .
e

Let us study the first term of the right hand side of (6.21). Using the hypotheses on g,
and (6.17) we get:

J|gg(u£,Vus)—ga(Tk(us),Vus)HMdmdtS j |g. (e, Vu,) | |@| dedt <
Q {lu:| >k}

< l¢llz=@

erllollz=@
k k ’

fgz (uea V’M/s)usdx dt <
Q

Since g, enjoys the same properties of g, (i.e., the sign eondition and the monotonici-
ty), we can write for the third term:

J ‘go(Tk(%o), Vay) — go(ug, V%o)t Igf)ldxdt S ll¢lle<Q> J’ | g (ug, V)| decdt .
Q {lu] >k}

Both these terms can be made arbitrarily small if k is large enough. Hence (6.20) and
(6.21) imply that the weak limit of g, (u,, Vu,) in L*(Q) is g (%, Vo). Finally we note
that it is possible to prove, as in [BD], that go(ug, Vug) ug € L1(Q), and so u, is a weak
solution of the problem according to Definition 6.1. This concludes the proof of Theo-
rem 6.1. ®
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6.2. — Second application: Quasi-linear parabolic equations with quadratic growth
(bounded solutions).

Let H,(2,t,8,&): 2x(0,T) xR xR be a sequence of Carathéodory functions
satisfying (6.2)-(6.4), with y = 2, and

(6.22) [H (x,1, s, E)] Sc(1+ [E]?)

for some ¢y > 0.
Let fe L>(0, T; W1 *(£)). Let us consider the problems

a;;a +Au,+ H, (2,8, 4, V) =f i Q,

u,(x, 0) =0,
u,(x, ) =0 on I.

(6.23)

In this case, the nonlinear term has a quadratic growth, so that we assume more
regularity on the datum f. However, we no longer need the sign condition on H,.
These equations have been studied by various authors (see, e.g.,[BMP], [Mo], [OP],
[G]). The following result has been proved in[OP].

THEOREM 62. — For every fived ¢ there exists a solution wu,eL™(Q)N
NL20, T; H} (2)) of problem (6.23).

Moreover, as a consequence of the proof of Theorem 6.2, we have the following
estimates:

”%”L“(Q) <6, ”ue”LZ(O, T, Hp@) S G2,

for some positive constants ¢; and ¢, independent of e. Hence, up to subsequences we
can assume that

u, —uy  weakly in L*(0, T; Hg(2)), and *-weakly in L”(Q).

Using the theory of SOLA’s, we can show the following result:

THEOREM 6.3. — The function uy is a solution of

2,
_;’;;2 +A0u0+H0(.’E, t’ Ug s VuO) =f in Q’

ug(x, 0) =0,
Uy(x,t)=0 on I,

where H, is limit of H, in the sense of Proposition 6.1.
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PRroOF. — As in the preceding application, we can consider the functions u, as sol-
utions of the equations

ou,
ot

where h, = H,(u,, Vu,). The function %, belongs to L2(0, T; H}(R)), and so, by
Proposition 4.2, it is the SOLA of (6.24). To apply the theory developed in the preced-
ing section, we have to show that the sequence {H,(u., Vu,)} is weakly relatively
compact in L*(Q). To see this, we use the following Meyers type regularity result for
these quasi-linear equations.

(6.24) +Au,=f-h,eL%0,T; H1(2)) + L' (Q),

THEOREM 6.4 (see [GS], [B]). ~ There exist a real number p > 2, and a positive con-
stant cg such that

[V, e @y < s -

By means of Theorem 6.4, it is easily seen that the funections H.(u., Vu,) are
bounded in L1*°(Q) (6 > 0), hence relatively compact in L*(Q) weak. Thus, it is pos-
sible to extract a subsequence such that H, (u,, Vu,)—h weakly in L'(Q). By Theo-
rem 5.1, u, is the SOLA of the equation

Ju

—at—o‘ + AO U :f— h.
Our last step consists in the identification of k. Again by Theorem 5.1, and by Theo-
rem 6.4, it is easy to prove that

Vu, — p,Vug— 0 strongly in (L2(Q)" .
Starting from this corrector result, we deduce (exactly as in[BBM]) that
H,(x, t, u,, Vu,)—Hy(x, t, ug, Vitg)  weakly in L*(Q),

and this concludes the proof. =
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