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Summary. Consider the set € of all possible distributions of triples (z, k, %),
such that 7 is a finite stopping time with associated mark x in some fixed
Polish space, while # is the compensator random measure of (z, k). We prove
that € is convex, and that the extreme points of € are the distributions
obtained when the underlying filtration is the one induced by (1, ). More-
over, every element of % has a corresponding unique integral representation.
The proof is based on the peculiar fact that EV, , = 0 for every predictable
process V which satisfies a certain moment condition. From this it also
follows that T, , is U(0, 1) whenever T is a predictable mapping into [0, 1]
such that the image of {, a suitably discounted version of 3, is a.s. bounded by
Lebesgue measure. Iterating this, one gets a time change reduction of any
simple point process to Poisson, without the usual condition of quasi-
leftcontinuity. The paper also contains a very general version of the Knight—
Meyer multivariate time change theorem.

1. Introduction

This paper deals primarily with marked stopping times of the form (z, ), where 7 is
arandom time in (0, co) while x is an associated random mark in some fixed Polish
space K, and where the process £,(4) = 1{t < t, ke A} is assumed to be adapted to
the underlying filtration & = (£,) for every set A in the Borel o-field #(K). We
shall always assume that & satisfies the usual conditions of right-continuity and
completeness. Note also that all stopping times in this paper are assumed to be a.s.
finite, unless otherwise specified. By the compensator of (t, x) we shall mean the a.s.
unique random measure 7 on (0, «0) x K, which is such that the process
n{A4) = n({0, t] x A)is predictable while the difference &,(4) — #,(4) is a martingale
for every Ae%(K). Marked stopping times and their compensated versions are
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obviously fundamental, as they form the basic building blocks in marked point
processes and in purely discontinuous local martingales, respectively.

In the special case when & is induced by (z, k), i.e., when & is the smallest
filtration that makes the process £, adapted, one may compute the compensator
explicitly through the formula

t A7)+ [t(dS X A)
= [ sy AS9K), 1)
in terms of the distribution p of (z, k) (cf. Jacod (1979), p. 86, or Elliott (1982),
p. 203). Hence in this case, the distribution of the triple (z, x, %) is uniquely
determined by u, and we shall denote it by P,. We shall also refer to  in this case as
the natural compensator.
In general there is no formula like (1), and the interplay between the filtration
& and the random pair (1, k) may often be quite subtle. Nevertheless, it will be
shown in Theorem 6.1 below that the distribution of an arbitrary triple (z, x, n) has
a unique integral representation as a mixture of measures -P,, in the sense that

Pir,k,)™' = [ P,v(dw) , 2

for some probability distribution v over the space of all possible measures . It will
further be seen that every such measure v may occur in (2), for a suitable choice of
filtered probability space (2, #, P) and of pair (t, x). This means in particular that
the class € of all possible distributions of triples (z, x, #) (defined on arbitrary
filtered probability spaces) is convex, and that the extreme points of € are exactly
the distributions P,.

We pause to remark that our notion of extremal measure differs from the usual
one in the martingale literature, where one considers a fixed adapted process X (or
more generally a set of such processes) on some filtered space (2, %), and studies
extremality within the convex set of all probability measures on £, such that (each)
X becomes a martingale. Though the two notions are obviously closely related, the
results one obtains in the context of fixed processes are rather different (cf. Jacod
and Yor 1977, Lépingle et al. 1981).

In the natural case, the distribution u of (1, x) can be recovered up to time
7 from the compensator #, via formula (1). The same construction applies in the
general case, but yields instead of u a random subprobability measure { supported
by the set (0, 7] x K, which will play a basic role in the sequel. We shall refer to { as
the discounted compensator of (1, k). To get an explicit expression for {, write
ii, = n(K) and {, = {,(K) = {((0, t] x K), and note that the process Z, =1 —(,
must satisfy the Doléans differential equation

dz, = — Z,_dq, Zy=1, 3)
whose unique solution is given by
- exp( - ”t)n Arls t g 0 s (4)

sSt

(cf. Brémaud (1981), p. 338; or Rogers and Williams (1987), p. 29). Here
AR, = ij, — fl,—, while 7° denotes the continuous component of 7. The measure
{ may now be obtained in terms of # and Z as

{(A) = [[Z,_n(dtdx), AeBR, x K). )
A
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We may now give a probabilistic interpretation of (2). As we shall see in
Theorem 6.2, our discounted compensator { can always be extended to a random
probability measure { on (0, o) x K, such that

{=nf and P[(r,x)e|]1=C as., (6)

where 7, denotes restriction to (0, 7] x K. The distribution of {is then unique and
agrees with the mixing measure v in (2). It is suggestive to think of (6) (hence also of
(2)) in terms of first choosing a probability measure { at random with distribution v,
and then picking a random pair (z, k) in accordance with the distribution {. To get
the desired compensator # for (r, ), we may finally take # to be the smallest
filtration that makes the process ((, £,) adapted.

The discounted compensator { of (1, k) plays an important role even in the
context of random time change. Thus if 7' is a predictable mapping from R, x K
into [0, 1], such that the image random measure { T~ ! is a.s. bounded by Lebesgue
measure A, then 7, , turns out (see Theorem 4.3) to be U (0, 1) (uniformly distributed
on [0, 1]). This might be surprising, since the total mass of { is typically strictly less
than one. In the special case when 7 is U(0, 1) with natural compensator #, the
result is essentially contained in Section 5 of Kallenberg (1988). The general
statement is somewhat deeper, mainly because  is not assumed to be totally
inaccessible.

By iterating the mentioned type of transformations for individual stopping
times, one may reduce an arbitrary simple point process £ to homogeneous Poisson
with respect to a suitably transformed filtration, through a random time change
which only depends on the compensator n of £ and on certain randomizations
needed to resolve the possible discontinuities of # at the jumps of . The resulting
Theorem 5.1 extends the classical result of Papangelou (1972) and Meyer (1971} in
the quasi-leftcontinuous case, where # itself defines the new time scale. In general
the appropriate time change is different, which explains the previously noted
deviation from Poisson when # has jumps (cf. Brown and Nair 1988b).

All results mentioned so far are based on a peculiar but extremely useful
moment identity in Theorem 4.1, which states that EV, , = 0 for every predictable
process V on R, x K that satisfies a certain moment condition. More precisely, we
define

1t+
Upx=Vix+= [ [V, 20, xeK, ()
Z, 4 ,

where V is assumed to be such that the right-hand side makes sense, and we prove
that
E\U, | <o implies EV,,=0. (8)

Various primitive versions of this rather incredible fact have been noted earlier in
the context of exchangeable processes (cf. Theorem 4.1 in Kallenberg (1989)). Note
incidentally that a martingale component may be added to the process ¥ in (8), to
yield a similar statement for suitable semimartingales.

In addition to the mentioned results which are all closely related, we include in
Sect. 2 a general multivariate time change theorem, even though the result uses
different methods for its proof. More specifically, we consider predictable trans-
formations which reduce a family of continuous local martingales and quasi-
leftcontinuous point processes to a pair of a centered Gaussian process X and an
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independent Poisson process #, both defined on abstract spaces. The result con-
tains Knight’s classical (1970, 1971) reduction of orthogonal continuous martin-
gales to independent Brownian motions (where the previous one-dimensional
version is due to Dambis (1965) and Dubins and Schwarz (1965)), as well as the
corresponding point process reduction to Poisson, due to Meyer (1971). However,
our present version is more general, since the continuous martingales are not
assumed to be orthogonal, nor are the predictable transformations assumed to be
monotone. The result is rather closely related to certain invariance theorems in
Kallenberg (1988, 1989).

Our proof uses a simplified version of the method in Cocozza and Yor (1980)
based on exponential martingales, which in turn is much easier than the usual
textbook proof (cf. Ikeda and Watanabe (1981), p. 86; or Karatzas and Shreve
(1988), p. 187). Other approaches are suggested by Kurtz (1980) and, in the point
process case, by Aalen and Hoem (1978) and Brown and Nair (1988a). Pitman and
Yor (1986) contains an approximation theorem related to Knight’s result, while
Grigelionis (1971) and Karoui and Lepeltier (1977) prove a representation of
certain marked point processes in terms of a Poisson process. One might also
mention the partially successful attempts by Merzbach and Nualart (1986) and
others to transform a two-dimensional point process to Poisson by means of
suitable ‘stopping lines’.

The mentioned results will essentially appear in reversed order. Thus we begin
in Sect. 2 with the general reduction theorem. Our moment identity (8) and the
related predictable mappings of marked stopping times will appear in Sect. 4, and
in Sect. 5 we consider monotone transformations of (sequences of ) stopping times,
along with their associated filtrations. Finally, Sect. 6 contains a proof of our
integral representation (2) and of the related existence of a random distribution (.
Some technical prerequisites for Sect. 4-6 have been relegated to a special Sect. 3,
in order not to distract the reader’s attention from the main ideas.

Throughout the paper, we shall often use standard terminology, notation and
results from stochastic calculus without explicit references, and in most cases the
reader may consult the texts by Dellacherie and Meyer (1975/80), Jacod (1979), or
Elliott (1982) for details. All random objects are assumed to be defined on filtered
probability spaces (2, &, P) satisfying the usual conditions, and E will then denote
integration with respect to P. To avoid the constant nuisance of extending the
probability space (in applications of Lemma 3.1), we shall always assume Q to be
rich enough to support any randomization variables we may need. Some further
conventions for this paper are to let 1{. . .} denote the indicator function of the set
within brackets, to use I as the identity mapping on any space, and to write a < b
as synonymous to a = 0(b). Finally note that, given any Polish space K, we use
#(K) to denote the Borel o-field in K, write .#(K) for the class of locally finite
measures on #(K), and let .#,(K) be the subclass of probability measures.

2. Reduction to Poisson and Gaussian processes

Our aim in this section is to state and prove the general reduction theorem for
continuous local martingales and quasi-leftcontinuous marked point processes,
mentioned in the introduction. Thus we fix a filtered probability space (2, %, P),
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where the filtration & = (#,) is assumed to satisfy the usual conditions of right-
continuity and completeness. We shall also fix a Polish space K endowed with its
Borel o-field #(K).

By a K-marked point process on (0, co) we shall mean a locally finite, integer
valued random measure ¢ on (0, 00) x K satisfying £({t} x K) < 1 for each ¢, and
such that the process ,(B) = £((0,t] x B), t 20, is adapted to # for every
bounded Be #(K). Note that there exists an a.s. unique random measure & on
R, x K, the so called compensator of &, such that the process £,(B) = &((0, {1 x B),
t > 0,is a compensator of £,(B) in the usual sense for every bounded Be #(K).
Further recall that & is quasi-leftcontinuous iff &(B) is a.s. continuous for every
bounded Be Z(K), i.c. iff £({t} x K) = 0 for all ¢ a.s. For the definition of Poisson
random measures on abstract measurable spaces, we may refer to Kallenberg
(1986), p. 15.

Theorem 2.1. Let M, . .., M, be continuous local martingales, and let £ be a quasi-
leftcontinuous K-marked point process on (0, c0) with compensator &. Fix a o-finite
measure space (S, &, w), along with an abstract space T equipped with a non-negative
definite function p: T? — R. Add a point 0 to S, and consider a family of predictable
processes Up: Q@ x R, » R, j=1,...,d,teT,and V:Q x R, x K > Su {7}, sat-
isfying
fUd[M M]<ow as, j=1,...,d, teT,

UpsUud[M;, M, ] = py as, s, teT,

éV‘lzy as.onS .

||M=.
O ey 8

1

Then n = £V~ is a Poisson random measure on S with intensity u, while

d ®
=Y [UdM;, teT,

ji=10
is an independent centered Gaussian process on T with covariance function p.
Proof. First we conclude from I[t6’s formula that, if M is a continuous local
martingale while J is a quasi-leftcontinuous simple point process with compensator
J, and if u = 0 is a constant, then the processes
Z, = exp(iM, + 3[M, M],), t=20,
Y, =exp(—uJ, +(1—e™Jj), 120,

are local martingales. Applying this to the processes

m d
MO=3 oY

¢
fU.,dM;, 120,
[
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wherec,,...,c,eRandu,, ..., u,eR, areconstants while 4, ..., A,€ ¥ are
arbitrary disjoint sets with finite y-measure, and noting that the resulting processes
Zand Y,,..., Y, are bounded and orthogonal, it follows that the process

N, = exp{iM, + 3[M, M], — Zn: (w;J;(8) — (1 — e_”f)fj(t)}, t=20,
1

j:

is a bounded martingale. Hence EN , = EN, = 1. Since

M, = Z X, J;(00) = n(4,;), j=1,...,n,
k=1

(M, M], = ZZ chckZZ Ui,rhUj,zkd[Mi’Mj] = zzchckpth,tk s
h ok [ h ok

Jo)=([1{Ved}dé=uA,), j=1,...,n,
we obtain
. m n 1 n o
Eexp{l Z & Xp— Z ujn(Aj)} = exp{_izzchckpth,tk— Z (I—e u’).u(Aj)} )
k=1 j=1 Bk i=1
and the result follows. [

We remark that an even simpler proof is available when the space S is
sufficiently nice (Polish will do) while the measure u is diffuse, since we may then
replace the processes Y;, ..., ¥, above by one single bounded martingale

Y,=¢"1{J,=0}, 20,
where

—

L= 1{vedalds tz0,
K

(]

and conclude as before that

E[exp{i; Ckth}; n(4) = O:l = exp{ - %;Z ChliPu,n — H(A)} .

Since obviously En = p, the assertion now follows as in Theorem 3.3 of Kallenberg
(1986).

We mention this because of recent efforts to get a simple proof of the multivari-
ate time change theorem for orthogonal point processes (cf. Brown and Nair
1988a), and also because the same method gives a very simple proof of Theorem 4.3
below, in the special case when the stopping time 7 is totally inaccessible.

We conclude this section by showing how the classical time change theorems of
Knight and Meyer can be deduced from Theorem 2.1. First we take M,, ..., M,
to be mutually orthogonal continuous local martingales starting at 0, and such that
[M;, M,;],, = o as. for each j. Here we choose T= {1, ..., d} x R, and define

Uiji(s) = 6 1{[M;, M;], = t}, Lj=1,...,d, s5tz0,
() =inf{s 2 O; [M;, M;],>¢t}, Jj=1,....d t=0.
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Then
X;(t)=

UjjdM; = [ 1{{M;, M;], S t}dM(s) = M;o1(t) ,

I
O ey 8

M=
Oty 8

i=1

while

d o
zz f Uins U d[M;, M ;] = 5hk_‘. (M. M1, =5 A t}d[M, M ], = duls A 1),
i,j=10
so Theorem 2.1 shows that the time changed processes X ; = M 7; have the same
finite-dimensional distributions as d independent Brownian motions. Moreover,
the X ; inherit the property of right-continuity from the ;, so they must in fact be

a.s. continuous. Thus X ,, . . ., X, are independent Brownian motions, as noted by
Knight (1970, 1971).
Next we assume that £,, . . ., ¢, are mutually orthogonal quasi-leftcontinuous

simple point processes with compensators ¢,,..., ¢, and such that
(f}.(oo) = fj((), o) = oo a.s. for each j. In this context, orthogonality means that
E({HE({t}) = Ofor all ¢ > 0 and i # j. To make this situation fit into our general

framework, we take K={1,...,d}, and put &¢=({,...,¢,) and
E=(¢, ..., &) Nowchoose S ={1,...,d} x R, and define

VOo=3GE@), j=1...,d 20,

) =inf{s20,E6)>t}, j=1,...,d t=0,
Then

ni)=E{s 20 () Sty =¢0t(0),  j=1,...,d 120,
while
E{sz0 )ty =t, j=1,....d t20,

so Theorem 2.1 shows that ,, . . ., 5, are independent Poisson processes on R
with intensity 4. This is the result of Meyer (1971). Our theorem even allows us to
conclude that the two sets of processes X,,..., X;and n,, ..., , are indepen-
dent, whenever the martingales M,, ..., M, and the point processes &, ..., &,
are defined on the same filtered probability space.

Applications of this kind are all very simple from our present general point of
view. With somewhat greater effort, we could also deduce from Theorem 2.1 some
non-trivial representation theorems for stochastic integrals with respect to stable
Lévy processes, but that would bring us too far afield . . .

3. Some preliminaries

In this section we have gathered some auxiliary results which will be needed in
subsequent sections. The idea is that the reader may skip this section on a first
reading, and return to the specific results when need arises. Only Lemmas 3.2 and
3.3 may be of some independent interest, while the others are more technical.

Our first result is the simple coupling lemma from Kallenberg (1988), which we
restate here for the reader’s convenience.
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Lemma 3.1. Let £ and n be random elements in some Polish spaces S and T, such that

¢ 4 [f(n) for some measurable mapping f- T — S. Further assume that y is U(0, 1) and
independent of £. Then there exists some measurable function ' of £ and y, such that

n £ nand &E=f(n) as.

Note that, by enlarging the probability space if necessary, we may always
assume the existence of a randomization variable y with the stated properties. No
further comments will be made on this point.

For the next few results, recall that the notions of stopping time, martingale,
etc., are with respect to a fixed right-continuous and complete filtration # = (#,).
Note also that K denotes a fixed Polish space endowed with the Borel o-field Z(K).
We shall say that a marked stopping time (z, x) is pure, if its F-compensator
remains predictable with respect to the induced filtration and therefore agrees with
the natural compensator in (1.1). The next lemma plays a crucial role in the
construction of the random probability measure { of (1.6).

Lemma 3.2. Let (t,k) be a pure marked stopping time in (0,1) x K with
ess supt = 1, and let U be an adapted left-continuous K-valued process on [0, 1).
Then there exists some left-continuous K-valued process V on [0, 1), such that V is
independent of (1, k) and satisfies V = U a.s. on [0, t].

Proof. Define (n,f), = f(s A t)for any function fon [0, 1) and constants s, te [0, 1).
Letting te[0, 1) and A€ Z((t, 1] x K), we get

Pl(r,x)e A|#,]=E[n4|F] =E[nAlt>t]1{t >t} as,
$0
P{(r,x)e A, n,Ue"} = E[P[(z, k)€ A|#,]; nUe-]
= P[(z, e dlt > (]P{t>t, nUe-} (1)
= P{(t,k)e A}P[n,Ue |t > 1] .
Taking A = (s, 1) x K with se(t, 1), we get in particular
PrUe |t >s]=PlnUe |t > 1], 0st<s<1,

so by the Daniell-Kolmogorov theorem, there exists some left-continuous process
V on [0, 1), such that

P{n,Ve '} =PlrUe |t > (], te[0,1). 2
Taking ¥ to be independent of (z, k), we get from (1) and (2)
P{(r, k)ed,nUe"} = P{(1, ) A}P{n Ve } = P{(tr,x)eA, n Ve }. (3)
Let us now write
1, = max{k2™" < t1,keZ,}, neN .
Letting A€ Z((0, 1) x K), we get from (3) with t = k27",
P{x,,Ked,t,=k2""n Ue }=P{(t, kel 1,=k2 " n. Ve-}.
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Summing over k yields
(Tt 6, 7, U) 4 (e V),
and since U and V' are left-continuous, it follows that
(t, K, ,U) =(z, %, 7, V) .
By Lemma 3.1, there will then exist some random elements 7/, " and V7, such that
(', k', V') é(r, K, V) (e, 6, U)y=(1,k,n. V') as.

It follows in particular that (7', k') = (1, k) a.s., so even V" is independent of (z, k),
and we have 7,U =7, V' as. O

The following uniqueness assertion is part of Theorem 6.1 below and will be
needed for its proof. Note that the corresponding statement for general point
processes is false.

Lemma 3.3. For marked stopping times (1, k) in (0, c0) x K with compensators n, the
distribution of (1, x, %) is uniquely determined by that of n.

Proof. The stochastic intervals {¢t 2 0;7,K = s}, s 2 0, are right-closed and pre-
dictable, so their left endpoints

t,=inf{t 20, n,K=s}, s20,

are predictable stopping times. Since for each s the random measure 7.y is
., -measurable, the restriction of 7, to sets of the form {r. neB} with Be

#B(A((0, 0) x K)) are again predictable stopping times. By the compensating
property of 1, we thus obtain for any A€ %((0, ) x K),

P{(r, x)e 4,1 2 7, . neB} = E[n{(t, x)e At 2 1,}; m. neB] . 4)

Since the 7, are measurable functions of #, it follows that the probabilities on the left
of (4) are uniquely determined by the distribution Py ~!. Now the class of events
occurring on the left of (4) is closed under finite intersections, so by a monotone
class argument, every set in the generated o-field has a unique probability. Thus
Pn~! determines the joint distribution of all random measures

H{(t, k)ed, 1 2 1,y 1, AeB(R, xK), s=0. %)
Now

H{rzoinntn as stnK,

so by taking the supremum in (5) over rational s, we may conclude that even the
random measures 1,(t, k)1 have uniquely determined distributions. The asserted
uniqueness of P(z, , )~ ! now follows by another monotone class argument. [J

The idea of attaching additional marks to a marked stopping time (z, x) by
means of predictable mappings will be useful in Section 6. The next lemma shows
how this affects the compensator.

Lemma 3.4. Let (1, ) be a marked stopping time in (0, ©0) x K with compensator n,
let V be a predictable process on R, x K, and let W denote the random mapping
(&, x) = (t, x, Vi <)t = 0,xe K. Then the triple (z, k, V, .} is a marked stopping time in
R. x K x R with compensator nW ™.
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Proof. The triple (1, k, V; . ) is a marked stopping time, since V, , is #,-measurable.
To see that the associated compensator is given by #W ™', we fix a set Be
#(K x R), and note that

t+
L{(t.x Ve )e[0, 6] x B} = | [ 15(x, V)9, (dsdx), ¢20. (6)
0 K

Here the integrand on the right is a predictable process in the pair (s, x), so the
process in (1) is compensated by the process

t+

J. I lB(xa I/s,x)rl(dex) = ”W_l([o’ t] X B), t g 0 s
0K

and the assertion follows. [

The next result is a simple identity for conditional probabilities which will be
used repeatedly in subsequent sections.

Lemma 3.5. Fix a probability space (Q, o/, P), let ¥ and # be sub-o-fields of o/, and
consider an atom G of % and a set Ae o/ with A < G. Then

PLA|#]

1,1{P[G|#]>0} as., (7)

(with the convention 0/0 = 0).

Progf. Since
E[P[A|% v #7;G] = P(4\G) =0,

both sides of (7) vanish a.s. on G°. Next we write H, = {P[G|#] = 0}, and note
that

E[P[A|9 v #];H,] =P(AnH,) S P(GnH,) =E[P[G|H#];H,]=0.

Thus P[A}9 v #] = 0 as. on H,. It remains to prove (7) on G\ H,. Now any
% v #-measurable subset of G\H, has the form G H, where He s with
H < H§. It is hence enough to show that both sides of (7) have the same integral
over G n H, which is seen from

PLA|#] _ | PLA4]#] ) _ .
E[W GmH] = E[ﬁP[G[%] P[GI%],H] = E[P[A4|]; H]

=P(AnH) =P(ANGnH)=E[P[4|9 v #];Gn H].
O

Next we state without proofs a couple of simple technical results needed for the
proof of Theorem 4.6, for which no reference could be found in the literature. Both
statements may be proved by straightforward monotone class arguments.

Lemma 3.6. Let V be a predictable process on R, x K, and let ¢ be a finite
predictable stopping time. Then the process V(o, ) on K is #,_ x %(K)-measurable.

Lemma 3.7. Fix a probability space with a sub-o-field %, let & be a locally finite
random measure on K, and let X be an R ,-valued and 4 x B(K)-measurable process
on K. Then

E[fXdE9] = XdE[¢|9] as.,
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where E[£|¥9] denotes the a.s. unique measure valued version of the process
E[¢A|¥9], Ac B(K).

We conclude this section with two technical lemmas, where certain sets con-
sidered in the proof of Theorem 6.2 below are shown to be measurable. As before,
K is an arbitrary Polish space endowed with its Borel o-field, and .#,(K) denotes
the class of all probability measures on K. For the first result, write
S(a,b) = (a,b) x [0,1] x R, x K.

Lemma 38. For each se(0, 1], let B, denote the class of all measures p on S(0, 1),
such that whenever a, b, ye[0,1],t 2 0, and ve M ,(K) are such that a < b £ s, and
p=4x 06, x 8 xvonS(a,b), then u has the same form on S(a, (b v y) A s). Those
sets B, are measurable.

Proof. Fix se(0, 1], and note that B, = M B, ;, where B, ; is the set of all measures
with the stated property for fixed a and b. Here the intersection extends over all
a and b with 0 £a < b <, but the formula remains true if we restrict the
intersection to rational g and b. This is because every non-empty interval (a, b)
contains a similar interval with rational endpoints. It is thus enough to prove that
B, , is measurabile for fixed a and b.

Let us then introduce the classes A, of measures y with the stated product form
on S, ,, where re(a, 1] is arbitrary, and write A, = 4/~ A N 4}, where A4, and
A;" are the sets of measures with degenerate projections from S, , onto coordinate
spaces 2 and 3, respectively, while A, is the set of measures with projection of the
form A x v onto (a,r) x K. Then 4} and A;" are expressible in terms of suitable
moments of order 0, 1 and 2, and are therefore measurable. To see that even A4, is
measurable, we may write it as the intersection of the sets {v, = v,} over rational
te(a, r), where v, denotes the normalized projection on y from S, ; onto K. This
shows that each set A, is measurable.

For any pe A,, the degenerate value of y in the product formula may be
expressed in terms of moments of order 0 and 1, which shows that y =y, is
a measurable function of yu on A4,. By putting y, = 0 for ue A4;, we may extend y, to
a measurable function on the entire measure space. Writing b, = (y, v b) A s, it is
easy to verify that

Biv=A4,nJ ({rh,}n4),

r>b

and this clearly remains true if the union on the right is restricted to rational r > b.
The desired measurability of B, , now follows from the measurability of the sets 4
and the functions b,. [

r

Lemma 3.9. For any bounded measure p on [0,1]* x R, x K, define
y,(s) = sup{ye[0, 17; u([0,s] x [y, 1] x R, x K) > 0}, se[0, 1],
t,(s) =sup{te R ; u([0, s] x [0,1] x [1, ) x K)> 0}, se[0,1].
For each se(0, 1], let C, be the class of measures u as above, such that
#(y,r+) 11 < [0, 1] x [0,1,(r +)]1 x K) =0,  re[0,s), )

Those sets C, are measurable.
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Proof. First we show for fixed s that y,(s) and ¢,,(s) are measurable functions of p. It
is then enough to show for measures m on R that sup(suppm) is a measurable
function of m, which is obvious from the relation

{me 4 (R); sup(suppm) < x} = {me 4 (R), m(x, c0) = 0}, xeR.

Approximating from the right by step functions, it follows that even y,(r+) and
t,(r+) are measurable in u for fixed r€(0, 1). Keeping r fixed, we next approximate
y,(r+) and t,(r+) from above by functions y; and f; taking values in the set
{k27", keN}. Then y}, | y,(r+) and £} | t,(r+), so by dominated convergence,

#((y, 11 % [0,1] x [0, 3] x K) = u((y,(r+), 11 x [0,1] x [0, 2,(r+)] x K} . o)

Since the y}, and ¢}, are again measurable and take only countably many values, the
left-hand side of (9) is measurable in u, so the same thing is true for the expression
on the right. This proves the measurability in (8) for fixed r.

From this follows the measurability of the sets C;, defined by (8) but with
r restricted to the rational numbers. To complete the proof, it remains to show that
C;= C,. Let us then take pueC; and fix re[0,s). Choose rational numbers
ry, r3,...with s>r, | r. Since y,(r+) and t,(r+) are non-decreasing and
right-continuous, we get y,(r,+) | y,(r+)and t,(r,+) | t,(r+), so by dominated
convergence,

0 = u((y,(rp+) 11 x [0, 1] x [0, £,,(r, +)] x K)
— u((y,r+) 11 x [0,1] x [0, £,(r+)] x K) .

which shows that the relation in (8) remains true for r. Hence ueC,. O

4. Moment identities and predictable transformations

Our plan in this section is first to prove in Theorem 4.1 the basic moment identity
(1.8), from which the predictable reduction of a marked stopping time to U(0, 1)
will be deduced in Theorem 4.3. The latter result yields in particular some simple
but extremely useful tail and moment estimates for { and 5. The concluding
Theorem 4.5 is a multivariate extension of Theorem 4.3.

All random objects in this section are defined on a fixed probability space
equipped with a right-continuous and complete filtration & = (%,). Until further
notice, we fix a Polish space K with associated Borel o-field #(K), and consider
a marked stopping time (z, k) in (0, o) x K with compensator 5 and discounted
compensator {. Recall how { was constructed from # in (1.5) by means of the
Doléans exponential process Z of (1.4), which in turn arose as the unique solution
to the differential equation in (1.3). As before, we shall use 77 and { to denote the
projections of # and { onto (0, o). Recall also how a measure valued process (1,)
was associated with the random measure # via the formula #,(4) = n((0, t] x A),
and similarly for (#,), ({,) and (¢,).
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Theorem 4.1. Let V be a predictable and a.s. {-integrable process on R, x K, such
that [ Vd{ =0 as. on {Z, =0}, and let U be given by (1.7) (with the convention
0/0 = 0). Then the process

t+
M, =U_t{t<st}— [fUdy, 20, (1)
0

exists and satisfies M =V, .. If we further assume that E|U, ,| < oo, then M
becomes a uniformly integrable martingale, and we get EV, , =0. In that case
also EM*? < E|V, |? for any p > 1.

Here the main assertion is the fact that E|U, .| < co implies EV, , = 0, but the
remaining statements are useful to obtain multivariate extensions of this result. In
fact, assume that (1,,x,), ..., (1, k,) are marked stopping times with compen-
sators 1y, . . ., fy, such that the martingales 1{7; < t} — #;(t) are orthogonal, and
let ¥, ..., ¥V, be predictable processes on R, x K with associated processes
U,,...,U,as defined in (1.7), such that

EiUj(rj, k)l <0 and EVj(r, k)P <0, j=1,...,4d, )
for some constants p,,..., p,> 1 satisfying py' + ... + p; ' £ 1. Then the
corresponding martingales M,, ..., M, from (1) are again orthogonal and

boundedin L, , ..., L,, so even their product is a uniformly integrable martin-
gale, and we get

Ef[ V() =0. 3)

i=1

Note that the orthogonality condition is automatically fulfilled when
7, < ... < 17, A special case of the mentioned result is contained in Theorem 4.1
of Kallenberg (1989), where the 7; are independent and U(0, 1), while # is
essentially the generated filtration.

For the proof of Theorem 4.1, and in fact already for the definitions of { and U,
we need some basic properties of Z.

Lemma 4.2. The process Z is a.s. non-increasing with
Z2z0 and Z,_>0 as., 4
while the reciprocal process Y = 1/Z satisfies
dY,=Y,dq, aslongas Z,>0. )]
Proof. From (1.4) it is clear that the statements in (4) are equivalent to
47<1 and t=2inf{r20;47, =1} as., 6)

and (6) follows easily from the definition of # by means of the predictable section
theorem (cf. Jacod (1979), p. 76, or Liptser and Shiryayev (1978), p. 240).
Next we may integrate by parts to see that, as long as Z, > 0,

0=d(Z,Y)=2,_dY, + Y dZ,.
Combining this with (1.3) yields
d¥,= - YY,_dZ, =YY, Z, _d7, = Yd7,,

as asserted in (5). O
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Proof of Theorem 4.1. From Lemma 4.2 and (1.5) it is clear that # < {/Z__ as.,
which shows that V' is also a.s. #-integrable. From (1.7) and the hypothesis on V, it
is further seen that |[U — V| < (Z,_) ' [{ [V]|d{ < oo, so even U is ass. n-integrable.
Letting ¢ be such that Z, > 0 and writing Y = 1/Z, we get by (1.7) (applied twice),
Lemma 4.2, and Fubini’s theorem,

tt r+

f 1= vian="T von T vac="Tar Tiva
0 0 0

0 0

r+ 1+
= [[Vey(Y, = Yo )dloy = Upx = Vi — [ [ Vdn,
0 0
which shows that
t+
Vix=U.,x— [[Udn, )
[¢]

Adding this to (1.7) and letting ¢ T 7, we get in particular
[fudp=vY,_ [|Vd. 8)
¢ 0

Let us next assume that Z, = 0. By (1.7) and the hypothesis on V, we get

T+

ijdC=0:ULx_Vr,xs (9)
and from (8) and (9), °

T+ T—
ffudyp= [jUdn+ [[Udy
0 0 {r]
T— T+
=Y_ [V + [[Vin=Y. [ [Vd=0=U..~ V...
0 [l 0

This shows that (7) holds for t = ,evenif Z, = 0. From (1.7) it is then clear that (7)
is generally true.
Putting t = r and x = x in (7), we obtain

Vie= U”~tj+fUdn=Mr=Mm.
0
Noting that U is predictable and assuming E | U, .| < oo, we get E || |U|dn < oo, so
in this case M is a uniformly integrable martingale, and hence
EV,.=EM_=EM,=0.

By Doob’s inequality, we further get for any p > 1,

EIM*|P <EIM |7 = E|V, |7 o

We now have the tools to prove the first main result of this section.

Theorem 4.3. Let T be a predictable mapping of R, x K into some probability space
(S, &, m), such that {T~' < m. Then P{T, e} =m.

Proof. Fix Be %, and define
I/t,x':lB(];,x)_mea tgoa XEK>
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and note that V' is bounded and hence {-integrable. By the hypothesis on T, we get

t+

[ [vde= j+ [1,(T)dL —mB [ dE < (T~ 'B — mB(1 — Z) < ZmB , (10)
0 0 0

and repeating the argument with B replaced by B (which only changes the sign
of V), we get instead

— tfj Vd( < Z,mB° . (11)
0

If Z, =0, it follows from (10) and (11) that the integral on the left if zero, so
V satisfies the conditions in Proposition 4.1. Defining U by (1.7), we obtain from
(10) and (11),
- 1 é 1B(Tt,x)— 1 = Vt,x_ ch é Ut,x é Vl,x + mB = 1B(Tt,x) g 11
so |U} £ 1. Hence Proposition 4.1 yields
P{T, .eB} = EV, . + mB = mB,
and since B was arbitrary, this shows that T , has distribution m. O

The last theorem can be used to obtain bounds for the distributions of Z,, Z, _
and #_. Such estimates could also be obtained from the integral representation (1.2).

Corollary 4.4,
(a) P{Z  <s}<s<P{Z <s}, sef0, 17,
() 1—t<Pl,z}se ™, (20
(¢) Elf,|” is bounded by some absolute constant c, for every p > 0.

Proof. Let y be U(0, 1) and independent of &, and eniarge the filtration so as to
make the process 1{r <t,ye-} adapted. Then (r, ) becomes a marked stopping
time in R, x [0, 1] with compensator 7 x A. Define a predictable mapping T from
R, x [0,1] to [0, 1] by

T..=1—-2,_ —xA4Z,, teR,, xe[0,1], (12)

and note that ({ x )T~' = ion[0, 1 — Z,]. Hence Theorem 4.3 shows that T, ,is
U(0, 1), and part (a) follows from the fact that, by (12),

Zrél_z,7§Zz~ - (13)
Next we get from (1.4) for any t = 0,

—logZ,=ﬁ§~Zlog(l—AﬁS)gﬁﬁJrZAﬁs:ﬁ,gl—Z,,

st sEt

so using (13) and the fact that 494 < 1, we obtain
I,sq=f_+1=1-logZ_<1-log(1~T,,).
We thus get (b) by writing
1 -t<P{. 2t} sP{l—log(l - T, )2t} =P{l~T,,<e' "} <e' .
Finally, we may obtain (c) from (b) by writing

Elf /7= [ P{I7)? 2 s}ds < [exp(l —s'P)ds=pefe *x* ldx <o . [
(4] [¢] 0
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We remark that part (¢} of the last corollary may also be obtained by the
following direct argument, suggested by a referee. First note that it is equivalent to
prove the assertion with M, in place of 7,, where M denotes the martingale & — #.
Then write

EM? =E[M,M], <1+ E).(47) <1 +Ep =2, (14)

and proceed by induction over p = 2", ne N, using the Burkholder-Davis—-Gundy
inequality to obtain

EM?" < E[M, M]?" S E(1 + Y (47,2)*" < E(1 + 7,)*"

= EQ2 — M) £27712%" + EM?").

Let us illustrate the usefulness of the last corollary by mentioning a few
applications. First we note how the result can be used to prove a law of the iterated
logarithm for simple point processes. Define ¢(s) = (2sloglogs)*/? for s = e, and
write a, S b, for positive a, and b, to mean that limsup(a,/b,) < 1. Let & be a simple
point process on (0, o), and denote its compensator by #. Then, with probability
one, &, — oo iff §, > 0 as t - oo, and in that case

lét - r’t| SCQS(Q) ~ C(]b(?],), t— 0, (15)

where c is an absolute constant. (One may e.g. take ¢ = 2.) This follows by a rather
straightforward application of the Skorohod embedding thecorem and the law of
large numbers of martingales, as stated in Hall and Heyde (1980), pp. 269 and 36,
respectively, where the required uniform conditional moment estimates may be
obtained from Corollary 4.4 (or from (14) for the second moment to get ¢ = 2).

Though results like (15) might be available in the more general context of
martingales with bounded jumps, the present version of the statement seems to be
less known. Note in particular that the equivalence of £, > « and 5, — oo general-
izes Lévy’s conditional version of the Borel-Cantelli lemma. Note also that (15)
implies &, ~ #,, which is known in discrete time (cf. Neveu (1972), p. 152). Finally,
(15) holds trivially with ¢ = 1 when & is quasi-leftcontinuous, since in that case
Eon~1is a unit rate Poisson process.

As another application of Corollary 4.4, we note that our integrability condi-
tions E|U,, ] < co and E|V, .|? < oo in Theorem 4.1 may be replaced by similar
conditions involving {. More specifically, let ¥ be any predictabie mapping from
R, x K to R,. Then EV, , < oo, provided that E[[ V?d{ < oo for some p > 2. The
observation is particularly useful when the filtration is the natural one, since { is
then bounded by the distribution u of (r,x), and the condition becomes
j'j EVPdu < oo. The resulting version of Theorem 4.1 should be compared with
Theorem 4.1 in Kallenberg (1989).

To prove our claim, note that, by Hélder’s inequality with p~' + ¢~ ' =1,

EV,x S (EZ}ZH)VUEZ,_ VP, )P (16)
Under the stated condition on V' we obtain
EZ VI, = Ejj‘ Z,_VEdy .= Ejj’ VP! < o0 . (17

By Corollary 4.4(a), it is further seen that

L 1
EZIZi<[s' s =r—< . (18)
0 2—-¢q
Thus the right-hand side of (16) is finite, and the assertion follows.
As a final application of Corollary 4.4, we discuss the proof of the existence of
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a compensator associated with an arbitrary stopping time (and then, by iteration,
of a general point process). Here the easiest approach, due to K.M. Rao, involves as
the only technical difficulty a proof that a certain family of random sums is
uniformly integrable (cf. Ikeda and Watanabe (1981), p. 37; or Karatzas and Shreve
(1988), p. 25). Now those sums turn out to be of the form #,(t,) for certain
approximating stopping times 7, with associated compensators #,, so their uniform
integrability is immediate from Corollary 4.4. Realizing this makes Rao’s already
simple proof even more transparent. Note that no circular reasoning is involved,
since the discrete version of our corollary is elementary and doesn’t require the
general Doob—Meyer decomposition.

We conclude this section with a multivariate version of Theorem 4.3. For
motivation, note that if the marked stopping times (z;, k;) are such that their
associated martingales in Theorem 4.1 are (strongly) orthogonal, and if 7,, 7,, . . .
are predictable mappings into [0, 1] satisfying {;7; ' < 4 a.s., where {; denotes the
discounted compensator of (t;, k;), then the random variables Tj(t;, k;) are inde-
pendent and U(0, 1). Without orthogonality the statement fails, but we show how it
can be saved by a suitable modification of the compensators, as long as the t;
remain a.s. distinct,

Theorem 4.5. Let (1., k), . . ., (14, k;) be marked stopping times in (0, o0) x K with
compensators 1, ..., 1, and assume that t,,..., 1, are as. distinct. Put
. = (- x K) for each k, and define the random processes and measures

-1

k-1 k
pt) = U o+,  A@=1-Y 47,0,

=1

ndrd) = 29 0 @), iy = e x K) (19)
Pk(t)
Zilt) = exp( — @) [T (1 = A7i(s)

{i(dedx) = Zi(t—)mi(dedx) ,
(with the convention 0/0 = 0 in (19)). Further assume that T,, . . ., T, are predictable

mappings from R, x K to [0, 1], such that {;T; * £ 1 a.s. for each k. Then the
random variables T, (1, k,) are independent and U (0, 1).

Before proceeding to the proof, we note that #7, . . ., n; are a.s. well-defined,
since p,(t) = O implies p,(t) = O for all k and ¢, outside a fixed P-nullset. In fact,
each § =4, +...+0, 1is a simple point process with compensator

S« =1y + ... + k-1, and the relation g, (t) = 0 is equivalent to &, {t} = 1, which
implies &, {t} = 1. Note also that the processes Z; are well-defined and non-
increasing, since 47, < 1.

Proof. Fix Borel sets B,,..., B, < [0,1], and define for t+ =0, xeK, and
k=1,...,d,
I/;((ta x) = lBkO T;((ta x) - ;~Bk »

+

Zuﬂgjmdﬁ, (20)

M (1) = Uty i) {r, St} — [ [ Updny . 21
0

Ult, x) = V,(t, x) +
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As in the proof of Theorem 4.3, we note that |U,| <1 for each %, and that
the integral in (20) equals O when Z,(t) =0. It follows as before that
Vi, 1) = M, (c0).

We need to show that the processes M, are uniformly integrable martingales.
To see this, we note that the random set {¢t = 0; 4(7, + ... + 7,), > 0} is predict-
able, and hence is covered by the graphs of some predictable stopping times
6.,05,..., Where the latter may be taken to be finite and distinct. Write
D = U[og,], and note that #;, = 5, on D. Furthermore, each U, coincides on D*
with a predictable process

Uilt, ) = Vi(t, x) + (U, = Vi)(e—=), 120, xeK.

Thus the processes

i+

M) = j 15.dM, = Ui(zy, x,)1{1,€[0, t]\D} — IIIDCdenk, t=0,

are uniformly integrabie martingales.

Forfixed ke {1, ..., d} and a finite predictable stopping time o, we next define
Fo-=F,-vall, ..., & 1}, where ;= 1{1; =0, K€ -}, and show that
E[AM,(0)|#,-1=0 as. (22)

Let us then write
AM (o) = j Uplo, )dé, — jUk g, )dm({c} x ). (23)

From Corollary 1.45 in Jacod (1979) it is clear that E[&,|#,_] = n,({c} x ') as
so by our Lemma 3.5, we get

k-1
1{0*11, o Tk-s Y, o) < 1}

i=1

- k; ’71'{0'}

PI&IF,-1=ml{o} x ) =m({o} x ).

(24)

Thus (22) will follow from (23) by Lemma 3.7, if we can only show that the process
U,(a,-) on K is #,_ x %#(K)-measurable.

To see this, we conclude from Lemma 3.6 that the process V,(o,-) is
F,_ x B(K)-measurable. Moreover, the processes Z; and ”1[0 G Vidli are
adapted and of bounded variation, so their left-continuous versions are predict-
able, and hence their left-hand limits at ¢ are %, _-measurable. It remains to show
that both processes have %, _-measurable jumps at ¢. But this follows easily from
the mentioned measurability of ¥, (o,), plus the fact that n;({o} x ) is F,_-
measurable by (24). This completes the proof of (22).

By the definition of D, we may write

fldM_ZAM,‘ Mo, <1}, 120, (25)

.o j=1

and using Corollary 1.45 in Jacod (1979), it is seen from (22) that each term on the
right is a martingale. Since |U,| £ 1, we further obtain from (21) and (24),

EY Mo ) SEY (1t =0} +ilo)=2Y Pln,=0,} <2,  (26)
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so the series in (25) converges in L, for each ¢, and the sum is uniformly integrable
in t. Thus the integral on the left is a uniformly integrable martingale. Since the
same thing was shown to be true for the integral M over D¢, even the sum M, must
be a uniformly integrable martingale. Since |[M,(00)| = |V, (7, 5, )| < L, it follows in
particular that M¥ <1 as.

We proceed to show that the product M; = II;M; is a martingale for every
non-empty index set J < {1, ..., d}. Through repeated integration by parts (cf.
Lemma 5.6 in Kallenberg (1989)), we get

M) =3 | Mys—)dM;(s) + 3 Y My (s—)[] aMy(s), t20,
jeJ O Is<t iel

where the outer summation in the last term extends over all subsets I = J of size
= 2. Here the integrals in the first sum on the right are clearly martingales. Since
the 7; are a.s. distinct, the inner sum in the second term equals

2 o, < t}Myi(o;—)[] 4M (o)), 27

iel

and to see that each term in (27) is a martingale, it suffices as before to show that

E[MJ\I(G_)H 4M (o)

iel

fa_:l =0 as.,

for every finite predictable stopping time o. Here the first factor on the left is
#,_-measurable and may be ignored. Letting k be the largest index in I and
defining %, _ as before, it is then enough to show that

E[HAM.-(J)

iel

97[#] =0 as.

But this follows from (22), since 4M,(0) is clearly &, _-measurable for every i < k.
To obtain the martingale property of M, it remains to notice that, by (26) and the
fact that |M,| < 1 for each £,

o0

EY

j=1

@ d
<S2PEY Y AMo) S d < .

j=1i=1

MJ\)(UJ-—)H AMi(Uj)

iel

The martingale property of M, yields
E}Il(leo Tt k) — AB)) = El—g Vit x;) = EM ,(c0) = EM,0) =0,
€ je
and it follows by induction over |J{ that
PjﬂJ{Tj(rj,Kj)ij}= HJ).BJ., Je{l,...,4d}.
e je

In particular, the relation for J={1,...,d} expresses the fact that
Ti(ty, k) oo s Ty(y, k,) are independent and U(0, 1). O
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5. Random time change

The main result of this section is our extension in Theorem 5.1 of the classical time
change reduction of quasi-leftcontinuous simple point processes to homogeneous
Poisson. For motivation, let £ = Z 0., be an a.s. unbounded simple point process
adapted to some filtration &, and let # denote the compensator of £. Assuming that
0<rt <1, <...,wemay apply the previous time change results to 7,,7,, . . .,
to obtain a sequence of independent exponentially distributed random variables,
which may then be combined to form a Poisson process. Unless £ is quasi-
leftcontinuous, we need in addition a sequence of independent U(0, 1} random
variables k|, k,, . . . independent of . The resulting time change process T then
becomes

T=ni— Y logl—dn)— Y log(l—rdn,), ¢20. (1)
s<tEs)=0 J=¢00,4
Note that T, reduces to n, when the latter process is continuous.

A reﬁned version of the classical result states that the image process i is Poisson
with respect to a suitably time changed filtration &, in the sense that & becomes
—adapted with compensator 4 (cf. Theorem 10.33 in Jacod (1979)). This is the
version of the classical result which we shall extend below to arbitrary point

processes. Let us then define the left- and rightcontinuous inverses of T by

=inf{t 2 0; T, Z s}, R, =inf{t 2 0; T, > s}, s=0. 2)

and recall that the classical choice is to take £, = F, for each s. In the general
case, we introduce for each s = 0 the extended filtration

FO=F val{n (T}, 120, (3)
where the operator n; denotes restriction to [0, s], and define
G =F , F.=9%., s=0. 4

Theorem 5.1. Let & be an a.s. unbounded F -adapted simple point process on (0, o0)
with compensator n, let k,, k5, . . . be i.i.d. U(0, 1) and independent of &, and define
T,L, R, F and # by (1)(4). Then £T ™! is % -Poisson, and (to motivate (4)) L, is an
F 9-predictable stopping time for each s. In the quasi-leftcontinuous case, T, and
reduce to the classical choices n, and Fg._.

A lemma will be needed for the proof.

Lemma 5.2. Let (1, k) be a marked stopping time in (0, 0} x (0, 1) with discounted
compensator of the form { = [ x 1, and define Z, = 1 — {,. Further consider a stop-
ping time $ < 1 and an Fy-measurable random varlable o = 0, and write

Y,

t

i

~logZ,, T...= —log(Z,_ +x4Z), t=20, xe(0, 1),

i

L=inf{t20,a+ Y, 2s} +o0-1{axs}, s5s20.

5

Then each L, is a predictable stopping time, and the random variable 6 = o + T
satisfies

Plo>s+h|F, _,6>s]=e" as on{a<s} sh=0. (5)
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Proof. Write u for the exponential distribution on R, with density e *, and define
for fixed s = 0 and Be Z(R.),

Vt,x = (IB(T;x - YLS") - MB)I{LS é 1A T}s t; 09 XE(O, 1) .

Since (T ' <y, wegetfort nt= L,
t+ t+
fivdr= [ fOu(T - Y, ) —uB)dl = {(T'(B+ Y.,-)—(Z,- — Z,)uB
0 Ls—

= CXP( - YLs— ).“‘B - (ZLS— - Zr)l"B = Zzl‘B .

Hence the process U in (1.8) satisfies U < 1 — uB + uB = 1. The same argument
with B replaced by B yields — U £ 1 — uB° + uB° = 1, s0 in fact |U| < 1. Note
also that the integral in (1.8) equals zero when Z, = 0, as required.

Since a > s implies « + Y;__ <'s, we may choose B=(s+ h—a— Y} ., o),
so that

Voe={Ty>s+h} —expla+ Y- —s—h)I{L;,StA1} t20x€e(0,1).
(6)

We shall prove below that L  is a predictable stopping time and that the process
V is predictable on R, x (0, 1). Theorem 4.1 then shows that the process M in (4.1)
is a uniformly integrable martingale with M _ = V, . Choosing an announcing
sequence of stopping times 7, T L, and noting that M, = O for t < L, we obtain by
optional sampling and martingale convergence,

0=EM, =E[V. |# 1-E[V | FL,-]1 as
Hence the limiting variable vanishes a.s., and we get
Plo>s+h|F,-]=expla+ Y- —s—h) as. on{L <1}, hz0.

Thus (5) follows by Lemma 3.5 plus the fact that « < s < ¢ implies L, < 7.
To see that each L, is a predictable stopping time, we note that the process

Yi=Y +0l1{9<t,a<s}, t=0,

is predictable, since Y inherits its predictability from Z, while the processes
1{$<t,a<s}and a1 {9 <t,a < s} are both adapted and left-continuous. From
the fact that ¥, =0 for t £ 3, we get

L ,=inf{t 20; Y; = s}, 520,

so L is the left endpoint of the predictable interval I = {t = 0; ¥; = s}. It remains
to notice that I is closed, since Y’ is right-continuous on (3, o), while L, > 3
because Yy, = o.

To see that the process V in (6) is predictable, we note first that T has this
property. By the predictability of the stopping time L, it remains to show that the
event {L; < t} and the random variables « and Y, _ are %, _-measurable. But this
follows from the predictability of Y and L, the stopping time properties of $ and z,
and the fact that 3< L. [

By a similar argument, or by applying Lemma 5.2 with « = 0 and transforming
the time scale, we obtain the following result which will be needed later.
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Lemma 5.3. Let (1, k), { and Z be such as in Lemma 5.2, but define instead
L .=1—2Z,_ —xA4Z, t=>0,xe(0,1),
=inf{t 20,1 - Z, = 5}, sef0, 1),
and put 0 = T, . Then

AB
PlceB|F, -,0>5]= 1—s as., BedB((s, 1]), sel0,1).
Proof of Theorem 5.1. Put 6, =1, = 0 and g, = To1,, neN, and define for each
neZ ., the process

AT,
TW=g,{t>1,} — | log(l—dn,), t=0, (7
IAT,+

where

jlog (1 —dn)= vjdnﬁ— Y log(l — 4n,) .
seA

Writing v = ¢T 1[0, 5], it is easily verified that the process T' = T™ is F©-
predictable. From the fact that {77! is unit rate Poisson, as explained at the
beginning of this section, it is further clear that 6, < s < 0,47 a.5.,50 7" = T on the
interval (t,, 7,41), while 77 2 T, . Writing L; = inf{t = 0; 7/ > s}, it follows
easily that L; = L_ > 7, a.s.,, and since 7" is right-continuous on (z,, o), L, is a.s. the
left endpoint of an % ®)-predictable closed interval. Hence L, is an # “-predictable
stopping time.

To prove the last assertion, assume that ¢ is quasi-leftcontinuous, i.e. that # is
a.s. continuous. Then R, < L1, for all s = 0 and h > 0, so

lg/,fR c gg(s%—h) c ,97(5-”') =% h
B Re s s

and therefore #_ « 9, = #,. To get the reverse relation, we note that
R (ET™Y) = (g, )T € Fo,
and further that for all t = 0,

An{t<L}eF, < Fr,, A€F,
Thus
An{t< L}eFr, AeFY,
which shows that
G =Fp). T, .

Hence we get

!g-fs:gﬁ S Fr,, = Fr,
as desired.
To prove that ET7! is % -Poisson amounts to showing that the process
= ((T™"), — s is an % -martingale. By right-continuity of M and reverse mar-
tmgale convergence, it is enough to show that M is a ¥-martingale on (0, o), and
since M is %-adapted, we may clearly replace ¢ by any larger filtration 4'. In
particular, we may replace %, by % = #, v ¢{n,E}, s 20, where E =3 & )
and define ¢’ accordingly as in (3) and (4). Note that = is then % '-adapted with
compensator n x A. Dropping the primes, we may assume instead that = is adapted

to # with compensator n x 4, and prove that M is a ¥-martingale.
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We shall prove below that
Plo,41>s+hl%]=¢e"" as, ssh>0, {8)

where g, = Tot, and v = ET7 1[0, 5] as before. Considering any finite union U of
disjoint intervals I; = (s;, s; + h;1, j = 1, .. ., n, to the right of 5, we get from (8) by
successive conditioningon %, , . . ., %,

PET'U=0|94]= P[ (n) {¢T711; =0} %]: ﬁ e h=e"* as.
j=1

i=1
Fixing s > 0, this will then hold simultaneously outside a fixed nullset for all
U determined by rational endpoints, and since T~ is a.s. simple, we may
conclude by Theorem 3.3 in Kallenberg (1986) that 7! is conditionally unit rate
Poisson on (s, o0), given %,. This yields in particular the desired martingale
property of M.
To prove (8), we note that v is ¥-measurable, and further that a.s. v =n iff
6, < s < d,+,. Thus it suffices to show for any fixed neZ, and s, h > 0 that
Plon+1 >s+hl9]=e"" as.on {0,<s<0n41}- 9)
Defining 7 as in (7) and putting
Li=inf{r 20, T" 2 s} + w0 1{0, = s}, (10)
we note as before that L= L; on {0, <s < 0,+}. Since even L is an F©-
predictable stopping time, it is hence equivalent to prove (9) with &, replaced by
F (,f’_ , or rather to take (10) as our new definition of L,. Writing« = 6,,0 = 6,44,
T = 1,4, and kK = K, 1, we may then conclude from Lemma 5.2 that
Plo>s+hlF,_,o0>s]=e" as.on {a<s}.
In the same notation, (9) becomes
Plo>s+hl4]=e™ as.on {a<s<oa},

so we need only show that the restriction of 4, to {« < s < ¢} is contained in
F1.— {0 > s}. (The restrictions of the two o-fields are in fact equal.)

To see this, recall that &, is generated by the sets A N {t < L,} with Ae F® and
t = 0. Hence its restriction to {& < s < o} is generated by the sets

Anft<L}in{a<s<o}, Ae#,t=20, an
and
{nET Ne }n{t<L}n{a<s<oal, t=20, (12)

Here the former class generates the o-field
Fr-n{a<s<o}cF,-ni{o>s],

so it is enough to consider the class in (12). Comparing with (11), it is clear that we
may omit the set {t < L } in (12), and prove instead that

{(n(ET Ne jn{a<s<oleF, _n{a<s<a}. (13)

But on {o < s < 0}, our present L, from (10) agrees with the original version from
(2), and moreover 77 '[s] = 0, so we get

(T ) =n, (T ) = (n,-OT 'eF,
and (13) follows. O
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The remainder of this section is devoted to an extension of Lemma 5.3 to the
context of marked stopping times, a result needed for the proof of the integral
representation in Sect. 6. The assertion is easy to believe but surprisingly hard to
prove, so the reader might skip to the next section on a first reading.

We return to the notation and conventions of Sects. 1 and 4. Thus (1, k) is
a marked stopping time in (0, oo} x K with discounted compensator {, as given by
(1.4) and (1.5) in terms of the ordinary compensator 7, and we have Z, =1 — [,
where {, = {([0, t] x K). Moreover, L is the left-continuous inverse of 1 — Z, as
defined in Lemma 5.3. Recall that 7, denotes restriction to [0, s] or [0, s] x K, and
write 7 for projection onto R, . Given a process T on R, x [0, 1], we define the
process T x I on R, x Kx [0,1] by (T x 1), ,, = (T}, X).

Proposition 5.4. Let (7, k) be a marked stopping time in (0, c0) x K with discounted
compensator {, define Z and L as before, let y be U(0, 1) and independent of &, and
put ¢ = T, ,, where

I,,=1-2Z,+y4Z, t=0, ye[0,1].

Let 4 be the right-continuous filtration generated by the o-fields %,  and the
process 1{c < s, k€ }. Then the pair (o, k) has discounted %-compensator

{'=n(( x T x D7) (14)
To appreciate this result, note that the discounted compensator of ¢ equals
C={nt=n (¢ x AT H=mn,1,

as predicted by Lemma 5.3. Thus the discounted (but not the ordinary) compen-

sator is transformed by the same time change T as the stopping time itself.

Proposition 5.4 merely states that this remains true in the presence of marks.
We shall base our proof of Proposition 5.4 on two rather technical lemmas.

Lemma 5.5. Let 1, x, {, Z and L be as before, and put 6 = T, where T =1 — Z.
Denote by % the right-continuous filtration on [0, 1] generated by the o-fields #, _.
Then (o, k) is a marked stopping time in [0, 11 x K with discounted compensator
=T x D™t Writing I = {'(- x K) and L} = inf{r = 0; {] = s}, we further have
the identities

{,=o0, Ci;=CLS, T{sz0,+s}=0.
Proof. Let n denote the compensator of £ = d, ), and put
=T x ) =840, n=nTxD".

We shall show that &' is adapted to 4 with compensator n'. To this aim, we first
note that 7, < s iff t < L, so that for any se[0, 1],

¢'([0,8) x ) =&([0, L)) x ), 7'([0,8) ) =n([0, L) x-). (15)

Here the random measures on the right are measurable with respect to % L- <%,
since the processes ([0, 1) x ) and ([0, ¢) x-) are #-predictable, while L, is an
Z -predictable stopping time. By the right-continuity of ¥, it follows that even
E'([0, 5] x-) and #'([0, s] x-) are ¥,-measurable, which means that £’ and #" are
adapted to 9.
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Nextwe fix 0 <r <s<t,andlett,,1,,...beasequence of # stopping times
announcing the & -predictable stopping time L,. Since £ — # is a uniformly integr-
able # martingale measure, while L; and L, are & -predictable stopping times, we
get from (15) by optional sampling,

ELE — n')s, ) x ) #,, 1 = EL(E — m(LLy, L) X ) F,,1=0 as.
By martingale convergence, it follows that
B[ —n)ls. t) x )| FL,-1=0 as.,
and replacing r by ' €(r, s), we get
E[( = n)([s, 1) x )14, ]=0 as..

Since E(¢’ 4+ #')([0,1] x K) =2 < <0, we finally obtain by dominated conver-
gence,
EL(& —n)(r,s] x)|4]=0 as.,

which means that £ — x’ is a (measure valued) ¥-martingale.
To see that 4’ is ¥-predictable, conclude from the definitions of #/, T and L that,
for any s€[0, 1] and A e Z(K),

An(A) = n{t, x)eR, x A; T, =s} = A (A)-1{T° L, =s} . (16)

If 47y, > 0 for some s with T> L = s, there must exist some rational §' (0, s) with
L, = L, so Anf’ is supported by the countable set

{ToLy;seQn(0,1), ToL,>s}.
From (16} it is further seen that
A”,TeLs = Ar’Ls’ SE(O, 1) . (16’)

Since the continuous component of ' is automatically %-predictable, it thus
remains to show that, for every fixed se(0, 1), the process

Aanl{S< ToLsér}, re[09 1]3

is %-predictable. To see this, we note that To L e %, .. < %, by the # -predictabil-
ity of T. The restriction g, of T° L, to the set {T> L, > s} is then a ¥-predictable
stopping time > s, and it remains to notice that

an  eF _cYc9 _ .

To see that the discounted compensator {’ of (¢, k) equals {(T x I)~!, conclude
from (16) that each atom of 7’ is the image under T of a unique atom of 7. This
shows in particular that 7' = 7T~ . Since moreover T~ '[0, s) = [0, L,), we get

Z;_=exp(—A) [T —dm) =exp(— 75 ) [T (1 = 47) = Z, - .
r<s t<L
Writing T = T x I, we thus obtain
{'(dsdx) = Z,_n'(dsdx) = ZLs_nT_l(dsdx) :

Since clearly :
LoT =1, t=20 ae 7, (17)
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it follows that for any A€ ([0, 1] x K),

C’(A)Z _[ZLS“’/IT (d.SdX j‘ ZL(T) "’(dtdx f Z 7] dtdx)
A

J {(drdx) = (T dsdx) = (T74(4)

T-'A A

as asserted.
To prove the final identities, note first that

O ={T"'0,6]=0{t20;T, <0} =

-~
1
Q

Next we note that, for any s > 0,

G=0r0,s]= {7 (\[0,w) = ([0, L,) = inf T(L,—).  (I8)

Now we have for s in the range of 7,
s=TL)=TL,—)=u, u>s,

since in this case L, > L_ for u > s. Hence by (18), {'= T, = T, for all ¢t > 0, and it
follows that

(is200+s)=l{t200-T+ T} ={(D)=0.
To prove the second identity, we note that
LinT, =T°L, 520, (19)
In fact, we get for r < To L
Iro,n=_{[0,L)=T(L,~)<r<T-L,<s,

soL.=r,andasr T To L, we get Ly = T L. Conversely, assuming that L, < oo
and letting r > To L, we get L, > L(T°L))2 L, so

I0,1z00,n=C00L)={[0,L]=T"L,Zs,

whence L; <r,and asr | T L we get L; < T L. It remains to notice that (19) is
trivially true when L, = co. From (19) we conclude by the definition of L that

LoL;< L, s=0. (20
It is now easy to show that
T,<L, iff t<L, t=20 ae (. 2n

In fact, ¢ < L, implies 7, < ToL, < L; in view of (19). Conversely, using (18) and
(20), we get from T, < L,

t=LeT,<LoL;=1L, t=20 ae (.
By (21) we obtain for any 4 e #(K),
{u(A) = ([0, L] x A) = {{(t, )eR, x 4 T, < L}
={{{t,x)eR, x A;t £ L} =, (4). a
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Lemma 5.6. Let (t,x) be a marked stopping time in (0, c0) x K with discounted
compensator { satisfying {, =7 and {{t 2 0;{, % t} =0, define Z and L as before,
and assume that the process CL: is F-adapted. Write

Tt',y:t-!_yAZt’ tgoa ye[O,l],

let y be U(0, 1) and independent of %, and put ¢ = T, ,. Denote by 4 the right-
continuous filtration generated by # and by the process 1{¢ < t, ke }. Then the pair
(0, k) has discounted %-compensator (= n,(({ x )T x I)~1).

Proof. Since {{t 2 0;{,+t} =0,wehave T, ,= 1 — Z, + yAZ, for {-a.e. t=0 and
for all ye[0,1], so ={rn'=n({xHT"Y)=n,A  Moreover,
o=1+4+y4Z.=1—-2Z +y4Z , so Lemma 5.3 shows that ¢ has discounted ¥'-
compensator n,A = {’, where %’ is the right-continuous filtration generated by the
o-fields %, _ and by the process 1 {o < s, k€ }. Now s < L_ in the present case, so
9. < ¥, and therefore even the discounted %-compensator of ¢ equals 7. It

remains to show that the ¥-compensator #' of the pair (o, k) equals
dnix=Yd{ ., t20, xekK, (22)

for some process ¥ on R, since the discounted 4-compensator must then be of
the same form but with another process Y/, and projection onto R, yields ¥ =1
ae. (.

To see this, we first consider the restrictions of 7 and ¢ to the & -predictable set
S={t20,Z,_ =t}. ForteSwehave Z, =t and 4Z, = 0, so 1€ S implies ¢ = .
Note also that t + geS may occur only if y = 1, which is a.s. excluded. Thus
{teS} ={0eS} ={o =1} as, so it is enough to show that the #- and
%-compensators of (t, k) agree a.s. on the set S x K. But this is immediate from
Lemma 3.5.

The remaining part of (0,7] may be decomposed into disjoint intervals
Ij=(ay, B;]oflength ; — ;= Z, — Z; = — AZ;. Since the «; with I, + ¥ are
exactly the jump times of the #-adapted process 1 — Z o L, we may choose the « ;to
be a.s. distinct stopping times. Writing

Bi=a;+ AZ-L),  pi=L({B} x)=4C),, jeN,

it is further seen that both f; and p; are %, -measurable for each j. In particular,
even the f§; are stopping times, and the intervals I; are #-predictable. Note also
that as. {t = f;} = {rel;} = {o€l}}, since {, =1 while y + | as. It remains to
prove (22) on each inteval I,.

Dropping the subscripts, we thus consider a stochastic interval (. 8] with an
Z,-measurable . Redefining « and f to be co when « = §, it is seen that § becomes

predictable, and we may write
p=Plt=B ke |F;_1=Plt=f, ke |F] as. (23)

Recall that as. {1 = f} = {re(x, f]} = {o€(o, f]}, and that 6 = f — y(f — a) on
{tr = p}. Write G for the restriction of ¢ to the set {t = §}. Since the latter is
% ,-measurable, (6, x) is another marked %-stopping time, and & is a.s. restricted to
(2, B {0}, so the compensator 7 of (G, k) is a.s. supported by the predictable set
(o, 8] x K. It remains to show that # = ¥ x p a.s. on (o, ] x K for some random
measure y on (x, f].

To see this, we are going to prove for any fixed s < t that the random measure
P[6 <t,xe'|%] is as. proportional to p on the set {x <s< B A ). Using
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Deoleans’ L;-approximation theorem for continuous compensators {cf. Rogers and
Williams (1987), p. 373), which applies since o and hence also & is totally inaccess-
ible, we may conclude that 7 has the stated form on every interval («,, ], where
a, = inf{k27" > o; ke N}. It only remains to let n — oo, in order to get the result on
(e, f.
To prove the statement about P{é < t, ke |¥%,], we note that by Lemma 3.5,
PG Stke (4] _PIE<tre|F]
Pl6<14] =~ PLE<tZF]

as.on {sel[a f A o)}.

Expressing the event {§ < ¢} in terms of 7, o, f and y, and conditioning on
F, v a{1,a, B}, it is clear from the independence of y and # that
Pl =t ke |F] Plr=xke|F]
P[6<1l#]  Plt=pI#]

as.on {sela, f A1)},

so it suffices to show that
Plt=8 ke |#£]=p as.on {se[afA1)}. (24)

Let us then choose an announcing sequence of stopping times f, for f, put
fn= B, v o, and define «, =(s v o) A f,. Then % and %, agree on the set
{s=ua,} = {se[a, fr]}, so by (23),

Plt=pxe|F]=Plt=pxe|ZI=p as.on {selopl},
and (24) follows as we let n > c0. [
Proof of Proposition 5.4. Define T = ¥, where Y =1 — Z, and let # denote the
right-continuous filtration generated by the o-fields %, _. Then Lemma 5.5 shows
that the pair (%, k) is a marked stopping time in (0, 1] x K with discounted
compensator y = {(¥ x I)™!. Writing § = y(* x K)and L, =inf{r 2 0; 3, = s}, it
is further seen that

Zf:fs ZI;:CLsa Z{SEO,ZSZ’:S}:O
In particular, the second of these relations shows that 77 is adapted to Z.
Next we write Z; = 1 — ,, and define

T.,=t+y4Z, 120, ye[0,1].
Noting that Le Y, =t for ¢ outside the # -predictable set

A= U {t>nZ, =2},

re@
we get in view of (16'),
Ty, v=Y,+yAZy =Y, +yAZ, , =Y, + yAZ,=T,,, teA ye[0,1]. (25)
Since {(A) = 0 and therefore T€ A as., it follows that ¢ = i, a.s. Note also that

4 agrees with the right-continuous filtration generated by % and by the process
1{o <s,ke}. Thus Lemma 5.6 shows that the pair (o, x) has discounted
%-compensator

U= x AT x 1)) = m,(C x YT x ) x )71,
which by (25) agrees with the expression in (14). [
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As we have seen, much of the technical difficulties in this section arose from the
fact that we insist on working with right-continuous transformations of our
processes and left-continuous mappings of the associated filtrations. Reversing this
(as in Jacod (1979), p. 321) gives a smoother theory, which unfortunately doesn’t
seem to apply here, for various reasons.

6. Integral representations and random distributions

In this section we retain the framework and conventions of Sects. 1 and 4. Thus we
consider arbitrary marked stopping times (z, k) in (0, o) x K with compensators
n and their discounted versions {. Qur aim is to establish the previously announced
integral representation for the distribution of (z, k, ), as well as the equivalent
extension of { to a random probability distribution for (7, k).

As in Sect. 1, we shall write P, for the distribution of (z, x, #) when (z, k) has
distribution g, while 5 is the compensator of (t, k) with respect to the induced
filtration. Here u is an arbitrary element of .#,((0, oo) x K), the space of all
probability measures on (0, co) x K. Recall that .#((0, co) x K) is endowed with
the o-field generated by all projections m+> m(B) for arbitrary Be £((0, «0) x K).
We may now state the main result of the paper.

Theorem 6.1. Let (1, ) be a marked stopping time in (0, c0) x K with compensator 1.
Then

Pz, x,m) " = [ P,v(du) 1

for some probability measure v on # ((0, o) x K), and v is uniquely determined by
Py 1. Moreover, any measure v as above may occur in (1).

For the last statement, we emphasize that the underlying filtered probability
space (Q, #, P) is not regarded as fixed. To state the equivalent extension theorem
for discounted compensators, recall that a random probability measure on
(0, 0) x K is a random element in the space .#,((0, o0} x K). As before, we write
7, for restriction of such measures to the subset (0, ] x K.

Theorem 6.2. Let (z, k) be a marked stopping time in (0, o0) x K with discounted
compensator (. Then there exists (on a suitable extension of the probability space)
some random probability measure { on (0, 0} x K, such that a.s.

{=n{ and P[(r,x)e-|{]=C. )

Moreover, PL ™ is uniquely determined by P{ ™', and it agrees with the measure v in
Theorem 6.1.

To provide motivation, we shall first establish the equivalence between (1) and
(2). The existence of the random measure { in Theorem 6.2 will then be established
via some further lemmas.

Lemma 6.3. Let (z, k, {) be a random element in R, x K x MR, x K). Then
P(z, 15, 0)" " = [u{t, x)e R, x K;(t, x, mp)e- }v(dp )
for some probability measure v on 4 (R, x K), iff
(=nl and P[(t,0)e |{1=( as. @)



196 Q. Kallenberg

for some random probability measure on R, x K. In that case v = P{™ 3, and v is
uniquely determined by P{ ™1,

Proof. Assume that (4) holds for some random probability measure Zon R, x K,
and define v = P{~'. We then obtain (3) by writing
P{(r,x, e} = P{(t, i, n,0)e-} = EP[(z, x, n,{)e|{]
= EC{(t, x)eR, xK; (t, x, r,0)e"} (5)
= [p{(t,x)eR, x K; (t, x, mu)e- }v(dy) .

Assume conversely that (3) holds for some probability measure v on
A (R, x K). Choose random elements ' in .#,(R, xK) and (7', k') in R, x K,
such that P’ "t = vand P{(7, x)e-|{'] = {’ a.s. Proceeding as in (5), it is seen that
the distribution of the triple (', ’, n_.{’) is given by the right-hand side of (3), so
(', m, C )= < (t.x,{). By Lemma 3.1, we may then choose another triple
(4R &= (r ', ('), such that (£, m:0) = (t,x () as. In particular we get

(t, x, C) £ («',x,{') and nr( { as, so (4) follows. Note also that
Pl =Pl ' =v.
To prove the uniqueness of v, write ¥, = {,(K) and Y = g,(K) and define

t
L =inf{t 2 0; ¥, > s}, Lssz{th;YIgs}, se[0,1).
Next choose the random variable o to be U(0, 1) and independent of {, and put

=L, Then (4) shows that (¢, {) = (¢, {), and since clearly # = g(o, {) for some
measurable function g: [0, 1) x #,{R, x K} > R_, there exists by Lemma 3.1

some random pair (¢, {’) < (6, ), such that (g(¢’, {’), {') = (z, {) a.s. In particular,
(a7, 5 ") < (o, f) and g(o’, 4 )=t a.s. Thus ¢ may be chosen such that in addition
t =1L, as. Then as.

Plo=steB|(]= A{xels 1]; I:xeB}

o
=I(1{S§ A e
A4Y,

B t

:E[( <7 ijsm_qu});feg
4Y.

T

1{¥,_<s< }>i{xe[0 1; L edt}
3

1{ _<s<Y} as (6)

and since ¥ = Y as. on [0, 7], we get

Plo=s|t,{1=1{s< Y,_ }+

Note also that 7 = n,lason{s< Y} Usmg these facts and the independence
of ¢ and £, we get for any s€[0, 1),

(1 —s)P{n;le} =P{ozsn;le }E[P[o 2 sl{ <] n; le ]
=P{s£Y,._, nLCe-}+ EL(Y, —5)/4Y; se(Y,_, Y], m L€ ]

Since t 1s as. the last point of increase of Y, the right-hand side 1s uniquely
determined by P¢ ™!, and hence s0 is the dxstributlon of T, for each se [0, 1). The
same thing is then true for v = PZ1, since np {1 fass T 1. O
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Weaker versions of Theorem 6.2 are established in the next two lemmas.

Lemma 6.4. Let (1, k) be a marked stopping time in (0, o) x K with discounted
compensator {. Then there exists some random probability measure { on R, x K,
such that ~ ~ R

{(=n{ and Plre|{]={rn"' as. 7

Proof. Put Y, =1—Z,={, = {,(K) = {([0, t] x K) as before, and define
L,=inf{t 2 0; Y, = 5}, D,=(YeL)_, se[0,1),
1.,,=Y,_ +ydY, (T x Dy, v,y = (T3, X), 120, xek, ye[0,1].
Introduce a U(0, 1) random variable y independent of %, and define
o=T,,, x=Cx)YTxDn", t)

so that y becomes a random measure on [0, 6] x K with yz~!' = 4 on [0, ¢].
Letting ¢ denote the filtration generated by the o-fields #; _ and the process
1{o < s}, it is further seen from Lemma 5.3 that ¢ is U(0, 1) and a pure ¥ stopping
time, in the sense of Sect. 3.

Next we note that the processes L, D, and y, are non-decreasing and left-
continuous, in case of y with respect to the weak topology for measures on K. Note
also that L, and D, are #;__-measurable, the latter because of the predictability of
Y. Even y, is in fact &, __-measurable, as may be seen from the formula

Y, —
mm=@m~2{5%qmwua<m, AeB(K).

s s

Thus the processes L, D and y are adapted to 4. By Lemma 3.2, there exist some
left-continuous processes L, D and ¥ independent of g, such that a.s.

L,=L, D,=D, f§.=y, se[00]. ©)

Conditioning on the event {o = s} for arbitrary se[0, 1), it is seen that the
processes L, D, and j, are a.s. non-decreasing, and further that j_ is a.s. continuous.
By a standard extension argument, we may then define a random measure ¥ on
[0, 1) x K, such that a.s. 3,(4) = ([0, s] x A)for all se[0, 1) and A€ Z(K). From
the conditioning on {¢ 2 s}, it is also seen that =~ = 1a.s., and in particular that
2([0,1) x K} =1 as.

Our next aim is to establish the a.s. relations

Li=L=1, y1=4%, selaVY], (10)
LAL >t s>7Y,. (11)

We then note that 7 is a.s. the last point of increase of ¥, and that y > 0 a.s. Using
the definition of L,, we thus obtain L, = 7 a.s. on {se[o, ¥,]} and L = o as. on
{s > Y.}. To prove the remaining relations in (10) and (11), we may first assume
that 4Y, = 0. Then (10) follows from (9), and to prove (11) we need to show only
that L, > tfor s > ¥,. Now 4Y, = Oimplies L, = L, < L, = tas.forall s < g,50 if
L = 7 for some s > o, then o must be the left endpoint of an interval where L is
constant. But this is a.s. excluded by the independence of ¢ and L, since there are
only countably many such points for a fixed L.
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Turning to the case when AY, > 0, we note that
Dy =inf{t 25 L, > Ly, }, se[0,0).
From (9) it follows by conditioning on ¢ that also
Dy, =inf{t=s L, > L.}, s€[0,1).
Comparing these relations and using (9), we get
inf{tgs;l:,>Ls+}=inf{tgs; L>Lg.}, se[0, ).

Now 47, > 0 implies a.s. that L, = 1 for all sufficiently large s < g, so for any
such s, R
inf{t2sL,>t}=inf{t2sL,>1}=Y, as.,

which shows that L satisfies (10) and (11) as.

To prove the second part of (10) when AY, >0, we note that y, increases
linearly on every interval where L is constant. By conditioning on o, we get the
same property for the processes § and L. Since L is constant on (Y,—, Y.], and since
L = L as. on the same interval by the relevant parts of (9) and (10), it follows that
both y, and y, increase linearly on the mentioned interval. Moreover, y and j agree
a.s. on the as. non-empty subinterval (¥,_,c]. Thus y = 7 a.s. on the entire
interval. This completes the proof of (10) and (11).

We may now define the random probability measure { on R, x K by

{=#LxD7", (12)
where (L x D .= (is, x). Noting that
LoT,,=t, (t,eR, x[0,1] ae (rn'x i,
and using (8)—(12), we get for any t€[0, 7] and A € #(K),
£(4) = 7{(s, x)e[0,1) x A; L, <t}
=y{(s;x)e[0,1) x A; L, < t}
= x D, x, Y)eR, x A x [0,1]; Lo T, , < 1} = {,(4)

which shows that { = { as. on [0, 7] x K. Since { = 0 on (1, ) x K, this proves
the first relation in (7). To prove the second one, we write

Plre|{1=P[L,e|{]=E[P[L,e-|{, L1101 =E[AL 1]
=E[(pn YL Y =E[ln Y= Cnt O

Lemma 6.5. The random measure { of Theorem 6.2 exists when 1 is totally
inaccessible.

Proof. Choose { asin Lemma 6.4, and introduce some random elements 7’ in (0, o)
and «’ in K, such that

Pl(7,x)e-1{1={ as. (13)
Then (', {) = (¢, {), so by Lemma 3.1 there exists some triple (7", k", {") = (', x,0)

with (", {") = (1, f) a.s. But then (z, k“, f) 4 (t', ¥, f), so (13) remains true for the
pair (z, k"), which shows that we may take ¢ = tin (13). We shall prove below that
the pair (z, k') has ¥-compensator #, where % is the right-continuous and complete
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filtration generated by 5 and (t, «'). Then Lemma 3.3 yields (z, ¥/, ) < (t, k, ), so
there exists by Lemma 3.1 some triple (7, &, f ) 4 (t, ¥, f } with (%, &, nff )=(1,x ()
a.s. In particular, nrf ={ as. and (f, Kk, C ) 4 (t, K, (f), so (13) remains true for the
triple (z, , ). Thus (2) holds with { replaced by (.

To see that the %-compensator of (r, k') equals #, let us fix a t >0 and

a measurable function f: (t, 00) x K — R, and write 47 = a{n,{, 7 > t}. Using (13)
and Lemmas 3.5 and 4.2, we get a.s. on {1 > ¢},

E[ffdn|%] = E[{[ £ «Z; " {(dsdx)|%;]
= E[fffi.<Z: 2 1{s < 1}{(dsdx)|%:]
= E[[[f.xZs ! P[s < 1l v > 1]{(dsdx)|9¢ ]
= E[[[ /.2 *{(dsdx)|92] = Z7 'E[[fd{|%0] ,
where Z, = {((t, o0) x K). Hence by (13) and Lemma 3.5,
E[f(r. ¥)|9¢] = E[E[f(z, &) (T > 1] 92] = E[Z7 ' [fdl|92] = E[ [ fdn|9:] ,

a.s. on {r > t}, which shows that the measure valued process 1{t < t,xe-} — 1, is
a martingale with respect to the induced filtration. By right-continuity, the martin-
gale property extends to the filtration ¢, and it remains to notice that # is adapted
continuous and hence %-predictable. [

Proof of Theorem 6.2. In view of Lemma 6.3, it suffices to prove the existence of .
Let us then put ¥ =1 — Z, and note by Lemma 3.4 that the discounted com-
pensator (" of the marked stopping time (z, k') == (z, Y., 7, k) equals the image of
{ under the mapping (¢, x} — (¢, ¥,, ¢, x). Assuming the assertion to be true
for (r,%), so that there exists some random probability measure (' on
R, x [0,1] x R, x K satisfying

¢=nl and P[(r,k)e|{1=C as.,

it is clear that the projection of " onto R, x K satisfies (2). It is thus enough to
prove the assertion with « replaced by ¥ and K by K':=[0,1] x R, x K.
Let us then define

];;J’:},t_yAY;v tgoa ye[oal]a (14)

let y be a U(0, 1) random variable independent of &, and put ¢ = 7, ,. Then
Proposition 5.4 shows that, under a suitable choice of filtration ¥, the pair (o, k')
becomes a marked stopping time with discounted compensator

=n,({x NTx D), (15)

where (T x I),,,,, = (T,,,, x) as before. In particular, the discounted compensator

t,ys
of o equals ’ _
(nl=n,(({x AT YY) =n,4 as., (16)

so g 1s U(0, 1), pure, and totally inaccessible. Hence there exists by Lemma 6.5 some
random probability measure {" on R, x K’ with

U'=n and P[(o,K)e-|{']=C as. (17
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Projecting this onto the time scale and noting that by (16) also
{n"'=n,A and P[oe|d]l=1 as.,
we may conclude by the uniqueness assertion in Lemma 6.3 that
fnl=) as. (18)

Combining this with (17) yields P[oe- |&'] = A a.s., which shows that ¢ and  are
independent.

From (14) and (15) it is clear that, if {' = {'(w) is of the form 4 x 6, x 9, x v
on some non-empty rectangle (a,b) x K', then Y,_ Sa<b=<7Y,=y and
{({t} x -) = v, so {’ must have the same form on (a, y A ¢) x K'. This shows that
{'eB,, where the sets B, are defined as in Lemma 3.8, and from (17) we then obtain
4 eB as. on {6 = s} for every se(0, 1). By the measurability of the B, and the
1ndependence between o and ', it follows that £’ e B, as.forevery se(0, 1), and then
also for s = 1. Now it is clear from (14) that, for a su1table random measure v on K,

Cx T xI)"'=4xdy xdxv on(Y,-,Y,]xK',
and combining (15) and (17), we get
m, 0 =m(C x T x1)™") as., (19)

so ' has a.s. the same representation on (Y,_, o] x K'. Since & € B, as,, the latter
representation extends a.s. to (¥;-, ¥.] x K’, so (19) extends to

ny = x T x D™ as (20)

Let us next define the functions ¢, and y, and the sets C; as in Lemma 3.9, and
note that for r < g, the function f,.(r + ) agrees with the right-continuous inverse R,
of Y, while y;(r+) = Yet,.(r+)= Y°R,. It follows that for any ¢ < t,.(r+) and
xe[0, 1],

];.x é },z é YotC’(r+) = yC'(r+) >
SO
(Tx D™ (ypr+) 1] x [0,1] x [0, t(r+)] x K) = &,

and therefore {'e C, by (15). Arguing as for the sets B, we may conclude that
{'e C, as. In particular,

C((y=(c+), 1] x [0,1] x [0,£:(c+)] x K) =0 as.

Now the independence of {' and ¢ implies that y- and t- are a.s. continuous at o,
and moreover 7 is a.s. the last point of increase of Y, so we get a.s.

to(o+) = tz(0) = tz2(0) = 1, yalo+) = yz(0) = yelo) = ¥, .

Hence ~
J'(Y,, 11 x [0,1] x [0,7] x K) =0 as. 21)

Let us now define { = {'h~" where h(s, y, 1, X):= (, y, 1, X), and conclude from
{17) that

Pl(z, Ve |{] = E[P[h(o, ) 1T =E[Zh 41 =0 as
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Since ho (T x I)is merely projection of R, x K’ x [0, 1] onto R, x K, it is further
seen from (20) that

ay YVt =U x WTx D™ *h™ ' ={ as.,
so by (21) we get as.

nl=Ch™ ¢ (0,71 x K)) = (h™ (1)~ ([0, 11> x [0, ] x K))
C(h™ (1) ([0, .1 x [0, 1] x [0,7] x K))
= (ny,C’)h'l(' N[0, t] x K'))=n{=C(.
Thus  has the required properties. [

Proof of Theorem 6.1. In view of Theorem 6.2 and Lemma 6.3, it remains to show
that any probability measure on .#,((0, «v) x K) may occur as the distribution of

{in (2). But given any such measure v, we may take { to be a random probability
measure on {0, o) x K with distribution v, and let 7 and x be such that
P[(z,x)e" 151="_C Choosmg Z to be the filtration generated by the process
G 1{t S t,xe-}), t >0, it is clear that (t, k) becomes a marked stoppmg time in

(0, 0) x K, whose compensator is given by (1.1) with u replaced by £. Hence the
discounted compensator of (, ) equals 7,(, and (2) follows. [

Let us finally remark that, although Lemma 6.4 was stated and proved for
arbitrary marked stopping times (, ), it was only used in the special case when 7 is
totally inaccessible. Likewise, Lemma 3.2 was proved for marked stopping times,
but it was only applied in a markless situation. Finally, we proved the uniqueness
assertion in Lemma 6.3 without taking advantage of Lemma 3.3. The resulting
redundancy in those three cases was intentional. Indeed, we feel that there ought to
be a simpler way of proving Theorem 6.1, where the rather awkward time change
arguments of Sect. 5 are avoided. The redundant arguments might be helpful to
a reader who wants to search for one. In this connection, note that Lemma 6.4 (in
its present generality) gives a direct proof of Theorem 6.1 for stopping times
without marks. The same lemma could be used to prove the general result in
discrete time, by a method mimicking the proof of Lemma 6.5.
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