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1 Introduction

Let D be an unbounded Lipschitz domain in R? (d > 3) with compact boundary
0D, o be the surface measure on D, and n be the unit inward normal vector
field defined g-a.e. on 8D. We shall iet D denote the Euclidean closure of
D, C(D) the space of real-valued continuous functions defined on D, C(D) the
space of bounded functions in C (D), and C2(R) the space of twice continuously
differentiable real-valued functions defined on RY which have compact support.
The Laplacian in R¢ will be denoted by A. In the following a positive solution
on D means a solution that is strictly positive on D.

In this paper, we study the existence of positive continuous solutions on D
to the following semilinear elliptic equation with nonlinear Neumann boundary
condition:

1
(1.1) EAu+F1(-,u)+g = 0 inD,
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0
(1.2) %+Fz(',u)+¢
(1.3) ]lli_xp u(x)

0 on 0D,

Q,

where g—: is the inward normal derivative of u, F; is a real-valued Borel mea-

surable function defined on D x (0, 3) for some constant § € (0, co] such that
Fi(x, -) is continuous on (0, ) for each x € D and

(1.4) = Uixu < Fi(x,u) < Vix)fi(w) for all (x,u) € D x(0,0),

where U; and V; are non-negative Green-tight functions on D (see Definition 1.1
below), and f; is a non-negative Borel measurable function defined on (0, 3). The
function F, is a real-valued Borel measurable function defined on 8D x (0, 3)
such that F»(x, -) is continuous on (0, 3) for each x € 8D and

(15) = Ua(x)u < Fa(x,u) < Vo(x)fa(w)  for all (x,u) € 8D x (0, B),

where U, and V, are non-negative functions in the class I" to be specified below
in Definition 1.2 and f; is a non-negative Borel measurable function defined on
(0, ). The function g is a non-negative Green-tight function on D, ¢ is a non-
negative function in I" and « > 0. The precise definitions of Green-tightness on
D and of the class I" are made below. However, to give the reader some concrete
conditions to keep in mind, we note that if Uy, Vy, g are in LP(D) with p > d /2
and have bounded support then they are Green-tight on D, and if U,, V,, 9 are
in LP(0D,o0) with p > d — 1 then they are in I'. Here LP(D) (respectively,
LP(0D, o)) is the space of real-valued Borel measurable functions defined on
D (respectively, D) whose absolute pth power is integrable with respect to
Lebesgue measure on D (respectively, surface measure ¢ on 8D).

Solutions of (1.1)—(1.2) are to be interpreted in the weak sense (i.e., in the
sense of distributions). The factor of % appears in Eq. (1.1) only for the technical
reason that our method of proof uses (reflecting) Brownian motion which has
%A as its infinitesimal generator. In order for our theorem on the existence of
positive solutions for (1.1)—(1.3) to apply, we shall need further restrictions on
fi» f2, 9, ¢ and «, which are specified precisely in Theorem 1.2 below. But, for
example, if f;(u) = u™ with.q; > 1 for i = 1,2, and g, ¢, a are sufficiently
small (in a certain potential norm) and at least one of them is positive, then these
conditions are satisfied.

Definition 1.1. A function w is Green-tight on D if and only if w is a real-
valued Borel measurable function defined on D such that the family of functions
{w()/|x — -|972, x € D} defined on D is uniformly integrable in the sense that
w satisfies

: lw)|
. —Ldy b=
o i o [ SR} =0

ACD

and
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[w) -
(1'7) Mlgnoo {jlelg/be |x— |d Zdy _0,

where m denotes Lebesgue measure on R?. Note that the limit in (1.6) is uniform
in sets A C D such that m(A) — O.

It follows easily from (1.6)~1.7) that if w is Green-tight on D then
)
(1.8) |lwlp = sup / P [ (y|dl 5 dy < oo.

It is known [32] (see also [4]) that a Borel measurable function w is Green-tight
on D if and only if Ipw € KJ°, where

. 6D
(1.9) K =<{veK,: lim | sup / ————dy| =0).
¢ M—oco | epd Jiyl>m X —¥|?72

Here K, denotes the Kato class for R¢ which consists of all those real-valued
Borel measurable functions v defined on R? such that

. lv() _
(1.10) lrlff)‘ |:sup /l _;V__i dy} =0.

xERd Jix—y|<r |x -

A real-valued Borel measurable function v defined on R? is in Klo¢ if and only
if 1g3v € Ky for each bounded ball B in R%.

A sufficient condition (see [32]) for a real-valued Borel measurable function
w to be Green-tight on D is that w € LP(D) with p > d/2 and that there is
M > 0 such that

P(lx])
Ix|?

where 1/ is a positive function defined on the interval {M , oo) with |, ;;O s~ l(s) ds
< 0.

To study the Neumann boundary value problem (1.1)—(1.3), we need to in-
troduce the class I" which is an analogue of the Green-tight class but for the
boundary 8D in place of D.

(1.11) [(Lpw)(x)| <

for all |x| > M,

Definition 1.2. A function w is in the class I' = ['(OD) if and only if w is a real-
valued Borel measurable function defined on 8D such that the family of functions
{w()/|x — -|97%, x € OD} is uniformly integrable with respect to the surface
measure o on 0D, ie.,

(1.12) lim { / w (y?i' > (dy)}:
Ay x€3D |x =yl
In (1.12) the limit is uniform in sets A C 9D such that o(A) — 0. It is not

difficult to show (see Proposition 2.1 below) that “x € 9D in (1.12) can be
replaced by “x € D” and therefore if w € T,
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(1.13) lw|lap = Slelg_ /az) hif%\%l_—i o(dy) < oo

Since we assume 8D is compact, I' C LY(8D, o). It is shown in Proposition 2.2
that I" contains all functions in LP(OD, o) for p > d — 1.

The notion of a weak solution of (1.1)~(1.3) can be made precise as follows. Let

of

wbh2(D) = {f e L*(D): ™ e L’(D) fori= 1,2,...,d},

where % denotes the distributional derivative of f with respect to x;. In this

paper, a continuous function u on D is said to be a positive solution of (1.1)-
(12)if u > 0on D, 1z u € WH3(D N B) for any bounded-ball B in R¢, and for
any ¢ € CX(R?) we have

(1.14) %/DVu(x)-Vz/)(x)dx

= [ (P go)uenrr+ 5 [ (Fate,)+ o)) vis) ot
D ' aD

It is known [18] that there exists a unique sy_mmetric strong Markov process
X, {Ps,x € D}) with continuous paths in D and associated Dirichlet form
(WD), &) defined by

(1.15) &E(f,g9) = %/DVf-ngx for f,g € WL3(D).

This process is called normally reflecting Brownian motion on D. To state our
main theorem, we need the following result which is proved in [5].

Proposition 1.1. The transition density function (t,x,y) — p(t,x,y) of X exists
as a continuous function on (0,00) X D x D. Furthermore, there exist constants
¢1 =c1(D) > 0 and ¢y = c{D) > 0 such that

[x —y|?

(1.16)  p@,x,y) < d/ze p( ot

) forallt >0, x,y €D.

Let G{x,y) = fooop(t,x,y)dt, the Green function for X. Then G(x,y) is finite

and continuous on D x D, except on the diagonal. Furthermore, there exists a
constant ¢ = c¢(D) > 0 such that

(1.17) G(x,y) < forallx,y'eD.

I |d e — vld—2’

For a non-negative Borel measurable function w defined on D and a non-negative
Borel measurable function ¢ defined on 9D, write

(Guw)x) = / G(x,y)w(y)dy forallx €D,
D
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and

GP)(x) = / G(x,y)¥(y)o(dy) forallx € D.
aD

The notation ||-{|« will denote the supremum norm of a real-valued function over
its domain of definition. Note that by Proposition 1.1, for a Green-tight function
w on D and a function 9 in I, |Gw|le < cllwllp < o0 and [|G¥llee <
¢ [¢llap < oo.

We now formulate our existence theorem. For A € (0, 1), let

(1.18) Cr = sup{ee(o,ﬁ):(sup f‘—(”> 1GVi oo
0

<y<e Y

Here sup® = 0 and 1/0 = +oo. The factor 1/2 appears in front of |G V3|eo
in (1.18) only for a technical reason which becomes clear in (4.9) below. We
shall only consider situations in which C, > 0 for some A € (0, 1). Note that
in the special case where f;(u) = " with ; > 1 fori = 1,2, or fi(u) = u and
[GVi|loo + %HGVzHoo < 1, then Cy > 0 for some A € (0, 1).

Theorem 1.2. Suppose that either g > 0 on a subset of D of positive Lebesgue
measure or ¢ > 0 on a subset of 8D of positive o-measure or a > 0, and
1Gglloo + 2 |G lloc + < (1 = XNYC» for some X € (0, 1) such that Cy > 0. Then
the boundary value problem (1.1)—(1.3) has a positive continuous weak solution.

In general, uniqueness may not hold for the solutions found in Theorem 1.2
(see the remark following Corollary 1.3 below). However, if Fy(x, u) and F5(x, 1)
are monotone decreasing as functions of u € (0, 3) for each x € D and x € 3D,
respectively, we show in Sect. 4 that there is uniqueness of continuous bounded
solutions to (1.1)—(1.3). (It is implicit here that a solution u takes values in (0, 3),
so that Fi(-,u), F5(-,u) are well defined.)

In order to keep the exposition as concrete and transparent as possible, we
have not attempted to optimize the bound on ||Gglles + 3[|Gdlloo + v, the space
of Green-tight functions on D, or the class I'. In fact, in the Definition 1.1 for
Green-tight functions and in the Definition 1.2 for the class I", one may replace
the kernel |x —y|>~¢ by G(x,y), the Green function for the reflecting Brownian
motion on D. Theorem 1.2 remains valid with these modifications.

Special cases of Eqs. (1.1)—~(1.2) arise in pattern formation in various models
in mathematical biology (see the introduction to [1] and the references therein)
and in Riemannian geometry in connection with the problem of conformal defor-
mation of metrics for manifolds with boundary (cf. [12], [13}). More precisely,
for the latter, let M be a Riemannian manifold with smooth boundary, having
metric % and dimension d > 3. Let k& denote the scalar curvature on M and
h the mean curvature on the boundary M. (If (M, &) is a Euclidean domain,
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then £ = 0.) The Yamabe problem in Riemannian geometry asks whether, given
smooth functions K and H defined on M and M, respectively, one can find
a Riemannian metric & on M which is pointwise conformal to & such that
(M, %) has K as its scalar curvature and H as its mean curvature on the bound-
ary. If one writes & = u*/@~2 % then (cf. [13]) the above deformation problem
is equivalent to the existence of a positive solution for the Egs. (1.1)—(1.2) with

d-2 d-—2
1. F = - = d+2)/(d-2)
(1.19) 1(x,u) 4(d_1)k(x)u+4(d_l)K(x)u ,
(1.20)  Fa(x,u) = _d4-2 gzh(x)u + d- 2H(x) ud/@-2

¢ =0and A = Ag, the Laplace-Beltrami operator on (M, %). Escobar [12],
[13] has studied the problem of conformal deformation of metrics for compact
Riemannian manifolds with boundary. In contrast, our Theorem 1.2 is for an
unbounded Lipschitz domain D with compact boundary. Since g =0 and ¢ = 0,
for the conformal deformation problem, we need to specify o > 0 in order for
our Theorem 1.2 to give sufficient conditions for conformal deformability of the
Euclidean metric on D. As a simple example of applying Theorem 1.2 in this
case, we have the following corollary for deforming the mean curvature on the
boundary of the exterior of a ball of radius a > 0. In this case, h = —1/a, k =0
and for simplicity we take K = 0.

Corollary 1.3. Let D = {x € R? : |x| > a} witha > 0 and d > 3. For any
H € IP(OD, o) with p > d — 1, there exists a metric & on D which is pointwise
conformal to the Euclidean metric and such that it has zero scalar curvature in
D and mean curvature H on 0D.

Remark. The metric & found in the proof of Corollary 1.3 has a limiting value
at infinity of « times the Euclidean metric, where o > 0. Even if one fixes the
value of «, there may be more than one metric & with this limiting value and
the other properties described in Corollary 1.3. Indeed, for a = 1, d = 3 and
H =1, it is shown in Sect.4 that for « sufficiently small there are two different
rotationally invariant metrics & satisfying the aforementioned conditions.

There is a wealth of literature on solutions of semilinear elliptic equations.
However, we have not been able to find results that entirely subsume ours.
Most of the existing literature employs analytic methods for solving semilinear
equations, such as variational methods or methods of sub- and super- solutions
(see e.g., [1], [2], [23], [24] [26], [30], and the references therein). On the other
hand, it is well known that one can solve certain linear elliptic equations with
boundary conditions by running suitable diffusion processes (see e.g., [8], [10],
[211, [25] and [27]) and there are a few works on the use of probabilistic methods
for solving semilinear elliptic equations (see e.g., [4], [11], [16], [17], [20], [25]
and [32]). The methods used in these works basically fall into the following four
categories.
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1. Measure-valued branching processes have been used to solve equations of the
form (1.1) with Dirichlet boundary conditions and F;(x,u) = —w(x)u?, where
w is non-negative and bounded, and p € (1,2] (see e.g., Dynkin [11]).

2. A probabilistic potential theoretic refinement of the analytic method of sub-
and super-solutions has been used where Fj(x,u) = F;(u) and u F;(u) < 0 for
i = 1,2 (see Glover and McKenna [20] for the case D = R, and Ma and Song
[25] for bounded domains with boundary conditions).

3. An implicit probabilistic representation coupled with Picard iteration or a
contraction mapping has been used to solve parabolic and (degenerate) elliptic
semilinear equations where the coefficients are assumed to be at least Lipschitz
continuous (see e.g., Freidlin [16}, [17]).

4. An implicit probabilistic representation together with Schauder’s fixed point
theorem has been used to find positive solutions to equations of the form (1.1)
with Dirichlet boundary conditions (see Zhao [32], Chen, Williams and Zhao
(4D.

Both methods 3 and 4 use an implicit probabilistic representation, but method
4 uses the potentially broader mechanism of Schauder’s fixed point theorem
rather than a contraction mapping argument. In this paper, we adapt method 4 to
the case of Neumann boundary conditions. Our approach also heavily uses the
theory of Dirichlet spaces. Of course, Schauder’s fixed point theorem has been
used before in solving partial differential equations. It is the combination of an
implicit probabilistic representation and Schauder’s fixed point theorem which is
new and we find appealing. In particular, it allows us to deal with a Lipschitz
boundary and to allow semilinear terms that may be locally unbounded in x.

Before proving Theorem 1.2, we develop some preliminaries concerning the
class I" and probabilistic representations of solutions of linear Schrodinger equa-
tions with possibly singular potential terms and Neumann boundary conditions in
unbounded Lipschitz domains. This we do in Sects. 2-3 below. The idea of our
method of proof of Theorem 1.2 is as follows. Suppose that « is a positive con-
tinuous solution of (1.1)—(1.3). Then u solves the linear Schrédinger boundary
value problem

1

(1.21) EAu+qu+g = 0 in D,
0

(1:22) —“4ku+¢ = 0 ondD,
on

(1.23) Jim u(x) = o,

where v -

(1.24) _hGw o RGw

u u

Let ¢g* and " denote the positive parts of ¢ and & respectively. Then, provided
that ||Gg*|loo + 3||GK*|leo < 1, the solution of (1.21)«(1.23) has an (implicit)
probabilistic representation in terms of reflecting Brownian motion on D (see
Lemma 3.3). If we denote this representation by 7u, the idea of our method
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is to define a suitable space A of positive bounded continuous functions on D
such that 7 maps A into A and has a fixed point there. It then follows that such
a fixed point solves the original Egs. (1.1)-(1.3). The full proofs of Theorem
1.2 and Corollary 1.3 are given in Sect.4, as well as a uniqueness theorem for
solutions to (1.1)—(1.3) under the condition that Fy(x,u), F,(x,u) are monotone
decreasing in u. Some extensions of the results in this paper are listed in Sect. 5.

For convenience, throughout this paper, all functions are extended to be zero
off their domains of definition and are still denoted by the same symbols, unless
otherwise specified. In the sequel, we use v* and v~ to denote the positive and
negative part of a real-valued Borel measurable function v, respectively; that is,
v* = max{v, 0} and v~ = max{—v, 0}.

Acknowledgement. We would like to thank J. F. Escobar and P. Li for helpful discussions on the
problem of conformal deformation of metrics.

2 The class I"

In this section, we present several equivalent definitions for the class I” and then
we give a sufficient condition for functions to be in this class. Let B(x, r) denote
the open ball in R? centered at x with radius r. In part (c) of the following
proposition, A is Borel measurable. We omit the proof of this proposition, since
it is a straight forward exercise in real analysis.

Proposition 2.1. Suppose w is a real-valued Borel measurable function defined
on OD. Then the following four statements are equivalent:

(a) wis in the class I';

(b) w satisfies:

lim { sup / _iw_(y)d_l-_z a(dy)} =0,
rl0 \xedp JopnB(,r) [x —y|

b o [ ) o

(c) w satisfies:

(d) w satisfies:

lim sup/ ——hﬂ—(y?,[_ga(d)’) =0.
10 | L cp JaDNB(x,r) lx ~
Proposition 2.2. I7(0D,0) C I' forp >d — 1.

Proof. Suppose w € LP(0D, o) with p > d — 1. Since 8D is compact and D
is Lipschitz, there exists 7o > O such that for each fixed x € 0D, there is a
coordinate system (y’,t) € R~! x R under which x has coordinate (0,0) and
there is a Lipschitz continuous function 1 : R?~! x R with Lipschitz constant
M (independent of x € D) such that
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DNB(x,ro)={y =0",1) 1t > ¥ )} NB(x,r).

For 0 < r < ro, let Uy = {y' € R : (', (")) € OD N B(x, r)}. Clearly,
U Cc{y eR!: |y|<r}. Thenfor g=p/(p — 1),

lw(y)|
————— o(dy)
Jé;)ﬁB(xﬁ)(x __y[d—Z
1/p 1 1/q

< w)IP a(d )) (/ ——— U(d)’)>

(/BDOB(x,r) l l Y 8DNB(x,r) l-x - yl(d—Z)q

1 INVSYV. W, /4
< lleU(am( . W(lﬂvw(v ) dY)
1 1/q
241/2¢ R 2 |

< (A +MAHYH |l ey </|y’|<r @D dy )

_ 1/q _
( i dil) wil %y (L+ MY [fw]|ppapy r 3502,
e

where wy_, is the surface area of the unit ball in R4~!. Thus w is in I" by
Proposition 2.1(b) since 1 — Z—:% >0. 0O

Let

CD)=queCD): lim u(x)=0,,
xEE

endowed with the topology of uniform convergence on D. For any Green-tight
function w on D and p in class I, let

(2.1) Ay = {v:D — R, v is Borel measurable
and |v(x)| < |w(x)| for all x € D},
{¢: 8D — R, 1 is Borel measurable
and |¢(x)| < |p(x)| for all x € D} .

(2.2) A,

Proposition 2.3. For any Green-tight function w on D and p € I, the families
of functions GAw = {Gv : v € Ay} and GA, = {Gy: ¢ € A,} are relatively
compact in C(D).

Proof. Tt follows from (1.17) that for each y € D,
2.3) l1lim G(x,y)=0.
xEB

For any v € A,

2.4) 'llim |Gux)| < Illi / G(x,y)|wy)ldy =0,
X|— 00 X[—oa D

xeD x€D
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and so the limit in (2.4) is unifogzl for v € A,,. It is clear that GA,, is uniformly
bounded by cflw|p. For x,z € D, v € Ay,

(2.5) |Gu(x) ~ Gu(z)| g/ |G(x,y) — Gz, y)||lwi)|dz.
D

By the continuity of G(-,-) off the diagonal of D x D, (2.4) and the uniform
integrability of {G(x, - Jw(-), x € D}, the right member of (2.5) can be made as
small as we like by choosing |x —z| sufficiently small (but independent of x and
z). Hence GA,, is equicontinuous on D. Thus GA,, is a family of functions in
C(D) that are uniformly bounded and equicontinuous on D, and have a uniform
limit of zero at infinity. It follows that GA,, is relatively compact in € (D).
Similarly, one can show that G/L, is relatively compact in ¢D). O

3 Reflecting Brownian motion and linear elliptic equations

Recall that the reflecting Brownian motion (X, {P,,x € D}) on D is a symmetric
continuous strong Markov process on D that is associated with the Dirichlet form
(WHA(D), &), (cf. (1.15)). This process X behaves like a free Brownian motion
in the interior of D and is instantaneously reflected at the boundary of D in the
inward normal direction n. Indeed, under each P,, x € D, we have the following
Skorokhod decomposition for X (cf. [3]):

!
G.1 X, =X+ W, +/ n(X,)dL; forall t >0,
0

where W is a d-dimensional Brownian motion starting from the origin and L is
a continuous increasing additive functional of X which increases only when X
is on @D. The process L is called the boundary local time for X and has Revuz
measure % o. For any non-negative Borel measurable function 1) defined on 8D,
it is known from Theorem 3.2.3 and Lemma 5.1.4 in [18] that

b 1 1.
(3.2) E* [/ Tﬁ(Xs)dLs] == / G(x,y)p)o(dy) = 7 Gy(x),
0 2 Jap 2

where E* denotes expectation under P;. It is well known, especially for bounded

domains, that one can solve certain linear elliptic equations with boundary con-
ditions by running suitable diffusion processes (see e.g., (8], [10], [21], [25]
and [27]). In connection with this, the following four lemmas may be known
to experts. However, we could not find proofs for them in the literature and
so for completeness we provide proofs here. Denote B(0,r) by B, and define
D, =D NB,. Let 7, =inf{r > 0: X, ¢ B}, the first exit time of X from B,.

Lemma 3.1. Suppose r > 0 such that 8D C B, and ¢ is a bounded Borel
measurable function defined on OB,. Then hy(x) = E* W(XT, )] is a continuous
bounded function of x € D N B, which is harmonic in D,, hy € WH%(D,) for any
0 < a < r such that 0D C B,, and hy satisfies %} = 0on 8D in the distributional
sense. If v is continuous on OB,, then hg is continuous on D, with h = ¢ on OB,.
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Proof. Tt is clear that hg is a bounded function on D, with ||Ag]lce < [|%]lco. We
extend g to be zero off D, and still denote it by hg. Then it can be readly shown
that (P;ho)(x) = E* [ho(X,)] converges uniformly for x € D, to ho(x) as ¢t — 0,
for any 0 < a < r such that B, > dD. By Proposition 1.1, P,hg is continuous
on D and hence kg is continuous on D N B,. When 1 is continuous on B, that
ho is continuous on D, and equals v on OB, follows from the same argument

as that for the Brownian motion case since 0B, is regular (cf. [10], p. 247).

Since X behaves like a Brownian motion inside D, the strong Markov prop-
erty of X reveals that £ is harmonic in D, (see, e.g., [7], Chapter 4). In particular,
hyis C®in D,.Let 0 < a < r be such that 3D C B,. To see that by € W12(D,),
we proceed as follows. Let W)*(D,) be the closure in (WH2(D,), &°) of the
set of restrictions to D, of all C°(R%) functions having compact support in By,
where &7(f,g) = %fDa Vf -Vgdx + fDafgdx. By Lemma 5 of [5], there is a
constant ¢z > 0 such that

(3.3) Wfll2 < e3 |VFll2, forf € WhA(D,).

Thus the inner product &* is equivalent to & on W)*(D,) and therefore
W.12(D,) is a Hilbert space with respect to &2, Now let /iy be a smooth function
with compact support in D, such that iy = hy on 8B,. By the Riesz representation
theorem there is a unique g € W12(D,) such that

1 -
(3.4) g“(gl,¢)=%/l) Vo 'de:i/p b Aodx, Vo€ WD),

Hence g, is a function in W)*(D,) that weakly satisfies Agy = ~Ahg in D,
and —9— = 0 on OD. Therefore g, = g1 + kg is a function in W2(D,) that
weakly satisfies Ag, = 0 in D, and 22 52 = 0 on OD. Notice that g admits a
quasi-continuous version on (D N B,)U {6} by Theorem 3.1.3 of [18], which we
still denote by gi. Then by Theorem 4.3.2 of [18], we have lim;_,., 1(X}?) =
0, P.-as. for quasi-every (q.e. in abbreviation) x € D N B,. Let {@n}n>1 be
a sequence of real numbers in (0,a) that increases to a, and let S, = 7,, A n,
where 7,, = inf{t > 0: X(t) ¢ B, }. Then {S,},> is an increasing sequence
of stopping times relative to {9 };>¢ that announces 7,, where {%};>¢ is the
filtration generated by X. Then by (3.4), Theorems 5.2.2 and 5.3.2 in [18], and
Doob’s stopping theorem,

1[5 .
(3.5) {gl(Xsn) — 1(Xo) + 3 Ahy(X,)ds, F,, n > 1}
0

is a martingale under P, for q.e. x € D NB,. Note that by (3.4) and the analogue
of Lemma 4.4.2 of [18] (the a = 0 version) for the transient Dirichlet space
(WI(D,), &), we have that

g1(x) = %Ex [/0 ’ Ai:lO(Xx)dS]
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for g.e. x € D N B,. Since kg is a smooth function with compact support in D,,
Abhy is Green-tight on D. Thus by (1.17), for q.e. x € D N By,

1 S i
l9100)] < B [/ ]Ahol(Xs)ds] < %HAhoHD < co.
0

Hence g, is bounded on D N B, and so is =g + ho. On the other hand, by
Ito’s formula, (3.1) and Doob’s stopping theorem,

Sn

(3.6) {EO(XS,.) — ho(Xo) — —;- AhyX)ds, F,, n > 1}
0

is a martingale under P, for each x € D. Thus by (3.5)<(3.6),

{9:(Xs,) = 1Xs,) + ho(Xs,), F,, n > 1}

is a bounded martingale under P, for q.e. x € D N B,. Therefore for q.e. x €
D N By,

g0 = lim E* [1(Xs,) + ho(Xs,)]
E* [ho(X:,)] = E* [hoX;,)] = ho(x). D3

Lemma 3.2. Suppose that w is a Green-tight function on D and p € I'. Then the
equation

3.7 %Ahl +w = 0 inD,

(3.8) % +p = 0 on 0D,
On

(3.9) |l|im hix) = =,

x€D

has a unigue bounded continuous weak solution on D which is given by the for-

mula
3.10) mEx) = E* [/ w(Xs)ds] +E* [/ p(X,)dL,} +y
0 0
1
- [ 6oy +5 / G, Y)p()o(dy) +7,
D oD
forall x € D.

Proof. We first prove the uniqueness. Suppose that u is a bounded continuous
weak solution on D for (3.7)~(3.9) with w = p = v = 0. Then by (4.1) and
Theorem A2 in [19], for g.e. x € D, under Py, u(X) is a bounded local martingale.
By the martingale convergence theorem and the transience of reflecting Brownian
motion X on D, we have for q.e. x € D,

u() = lim E* [u(X,)] = E* Ll_iglo u(X,)] = 0.
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Hence # = 0 m-a.e. on D and since u is continuous, x = 0 on D. This proves
the uniqueness.

Forr > O with 8D C B,,set X/ =X; if t <7, and X] = § if t > 7,, where 6
is a cemetery point which is added to D NB, as a one-point compactification. Any
function v defined on DNB, is extended to (DNB,)U{6} by setting 1(5) = 0. Let
WL(D,) and &” be defined in the same way as W)%(D,) and &* in the proof of
Lemma 3.1 but with r in place of a. By Theorem 4.4.2 of [18], (W}%(D,), &")
is the Dirichlet space associated with the process (X", {Py, x € Dn B.}). Note
that L. -, can be viewed as a positive continuous additive functional of X" whose
corresponding Revuz measure is %0 (see {15], Theorem 2.22). Define

(G p)(x) = 2E* [/ p(X,)dL,] , x€D.
0
For x € D N B,, by (3.2),
167 pl)] < 2E* [ i lp(x.c)uL.v} < &1l < cllpllon < oo,
0

Thus G’ p is bounded and therefore L*-integrable on D,. By the strong Markov
property of X,

(3.11) Gp(x) =G p(x)+E* [Gp(X-)], x€D,.

By Propositions 1.1 and 2.1, Gp is a bounded continuous function on D. Hence
by Lemma 3.1, g,(x) = E* [G P, )] is a bounded continuous function on D,
that is harmonic in D,, %9,1—‘ =0 on 8D and g; = Gp on OB,. In particular, this
implies through (3.11) that G"p is a bounded continuous function on D,.

By using Lemma 1.3.4 of [18], it can be shown that G"p € W'2(D,) and that
for ¢ € C*(R%) with compact support in B;,

1}

1 ~ 1 - I
(B.12)5 [ V(G p)x) - Vip(x)dx = lim— [ (G"p(x) — P,G" p(x))ih(x)dx
2 D, t—0 ¢ D,

/ px)Y(x)o (dx).
aD

Since (3.11)~(3.12) hold for any r > 0 such that 8D C B,, Gp weakly solves
the following equation

(3.13) AGp) = 0 inD,
(3.14) M+2p = 0 ondD,
on

(3.15) leliin Gpx) = o0.

xeD

The last property follows from the definition of the class I" and the estimate
(1.17).
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Similarly, it can be shown that Gw is a continuous bounded function on D that
weakly satisfies

(3.16) %A(Gw) = —w in D

(3.17) 9(Gw) 0  ondD,
on

(3.18) ’l'im Guw(x) = 0.

x€D

Thus combining (3.13)-(3.15) with (3.16)—(3.18), we see that the function A
given by (3.10) solves Egs. (3.7)~3.9). O

Lemma 3.3. Suppose that q and w are Green-tight functions on D, k and p are
in I, and v is a real number. When ||Gg*||oo + 1|GK |00 <A < 1,

(3.19)
hy(x) = E” [/ e(t)w(X,)dt:( +E* [/ e(t)p(X,)dL,] +7E* [e(00)], x €D,
0 0
where
(3.20)

t t
e(t) = exp (/ q(Xs)ds +/ K(Xs)dLs> , t€[0,00],
0 0

is the unique bounded continuous solution of the following (reduced) Schridinger
equation with Neumann boundary condition:

1
(3.21) iAh2+qh2+w = 0 inD,
o
(3.22) a—nz-+fch2+p = 0 ondD,
(3.23) lim hGx) = 7.
Hose
Furthermore, for x € D, hy satisfies
(3.24) () = h)+ / GO0 () dy
D

1
+§/ G(x,y)k()h(y) o(dy),
aD
and when w, p and v are non-negative,
1 | B -
629 0<mw s 1 (16wl t 3160l 7).

Remark 3.1. Tt will be shown below under the given conditions on g and & that
e(00) = lim,_, o, e(2) exists P,-a.s, for each x € D.
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Proof. We first show the uniqueness. Since the equations are linear, for this it
suffices to show that a bounded continuous weak solution # of (3.21)—(3.23) with
w = p = =0 is identically zero. Such a solution # is in W12(D N B) for each
ball B in R?, and for each 1 € C2(R%),

(3.26) % / Vi(x) - Vib(x)dx + / A Y(x)g ™ (x)dx
D D
+ [ AR o)
aD
1
= [ a5 [ atoweon o)
D aD

Let (Y,{Qx,x € D}) be the process on D obtained by killing X according to the
Revuz measure g ~dx +%n“a(dx); that is, for any non-negative Borel measurable
function f on D,

E® [f(¥)] = E* [exp (— / g~ (X)ds — / FF(Xs)dLs)f(Xz)}.
0 0

Let ¢ denote the life-time of ¥ and 6 be the one-point compactification of D.
Then Y; = 6 for ¢t > ( and we use the convention that any function f defined
on D is extended to D U {6} by taking f(6) = 0. The left hand side of (3.26)
is the Dirichlet inner product for the pair (4,v) with respect to the process
Y, {Qs,x € 5}) (cf. Proposition 3 of [14] and the Appendix of [19]). Thus by
Theorem A2 of [19],

t t
{ﬁ(Yt)+/ q+(Ys)ﬁ(Ys)dS+/ K (Yo )a(Ys)dLs, 120}
0 0
is a Q,-local martingale for m-a.e. x € D, where L is the positive continuous

additive functional of ¥ with associated Revuz measure %a. Denote by G(x,y)
the Green function of Y. Clearly, G < G on D x D. Thus

IA

327 E% UO !q*(Ys)a(mus] 20 /D Gx,y)a"()dy

12 loo 1GG ™ loos

IA

and

o0 - 1 A
(3.28) E® [/ lK'+(Ys)ﬁ(Yx)ldLs:| < ;la lloo / G(x,y)s" (y)o(dy)
0 oD

1. .
< lalle IGA" o
Combining the above with the fact that # is bounded on D, we conclude that

{ﬁ(Yt)+/ q+(Yx)ﬁ(Ys)ds+/ KN (YR(Y,)dLs, t20}
0 0
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is a uniformly integrable martingale under Q, for m-a.e. x € D. Thus for m-a.e.
x €D,

i1

i

a(x)

1
lim E% [ﬁ(Y,)+ / gt (Yo)a(Yy)ds + / m*(Ys)ﬁ(Ys)dis]
t—o0 0 0

o0

]

E% [tlim a(Yy) + / gt (Y)i(Y,)ds + / n*(Ys)ﬁ(Ys)d[A,s]
- 0 0

E< [/oo g (¥:)a(¥,)ds +/ ﬁ+(Ys)ﬁ(Ys)d1:s] :
0 0

Combining this with (3.27)—(3.28) and the hypothesis of the Lemma, we have
for m-ae. x € D,

. X 1 )
8669 < s (16" o + 516l ) < M

This implies that ||#{|oc = O and therefore & = 0. The uniqueness is thus proved.

For the existence, by the linearity of (3.21)-(3.23) and by considering A, for
(w*, p*,v*) and (w—,p~,v~), we may assume that w > 0, p > 0, and v > 0.
Since

(3.29) sup E* [ / gt (X;)ds + / m*(X:)dLSJ < I|Gq+]|oo+ll|éfi+“oo
<€D 0 0 2
< A<l

e(oo) is well defined and is finite P;-a.s. for each x € D. In the course of the
following proof of (3.25), it will become apparent that &, is finite. Let /; be the
function given by (3.10) and

! t
e.() = exp (/ g (Xs)ds +/ Ii+(Xs)dLs> , fort>0.
0 0
It follows from (3.29) and Khasminskii’s lemma (see [9] or [29]) that

1
sup E*[e4(00)] £ ——.
x€D " I— /\

Using ordinary calculus, Fubini’s theorem and the Markov property of X, we
have for x € D,

ha(x) — i (x)

E* [/oo(e+(t) - 1)w(Xt)dt:| +E* [/Oo(e+(t) - D p(Xz)dL:]
0 0
+yE*[e4(00) — 1]

E* [/w (/ g (X;)e(s)ds +/ n*(Xs)e+(s)dLs> ’w(Xt)dt]
0 0 A

+E* [ / " ( / q*(Xs)e(s)ds + f ﬁ+(Xs)€+(S)dLs) p(X:)sz}
0 [\] 0

IA

A
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+YE*[es(c0) — 1]

= E* [/ €+(S)q+(Xs) (/ w(X;)dt + /oo p(X;)dL, +7> db‘]
0 5 4

+E* [/Oo e (8) KT (Xy) (/00 w(X,)dt + /oo p(X,)dL, +"'y> dLs]
0 s s

E* [/ e+(S)q+(Xs)h1(Xs)dS] +E* [/oo e+(s) H+(Xs)h1(Xs)dLs]
0 0

71|00 E* [£4(c0) — 1]

A
< m”hl lloo-

IA

The equality in the third last line (especially for the second expectation) follows
from an optional projection theorem (see [28], Theorem 28.7) and the Markov
property of X. Thus by noting that s, > 0,

1 1 1 .
330) slen < 15 Wil = g5 (Il + 315000 +1 )
Now we are going to prove that the function h, defined by (3.19) satisfies the

implicit Eq. (3.24). Using ordinary calculus, Fubini’s theorem, and the Markov
property of X, we have

o) — hy ()
=E* [/000 e(s)w(X,)ds + /O°° e(s)p(X;)dL; + 7e(oo)] — hi(x)
B [ /O " lets) - Dy ds + fo " (els) — (K, Ly + 7 (e(00) — 1>]
3.31) = E* [[)oo e yw(X,) </0s e(t)_l (gX)dt + K,(X,)dL,)) ds]
+E* [/O"o e(s)p(Xs) (/os e(t)“1 (gXy)dt + H(X,)dL,)> dLs]
+yE* K /0 ~ ety (gX,)dt + ﬁ(X,)dL,)) e(oo)]
(332) =E* [ /0 ~ e ( /t % e X, )ds + /t " e(s)pX)dLy + 76(00))
(q(Xp)dt + n(X,)dL,)]
(3.33) =E* {/000 hh (X)) (g(X,)dt + K(X,)dL,)]
= [ ceaommdy+3 [ 6o @)

where for the equality in (3.31) we used that fact that e(¢)™! (g(X,)dt + (X,)dL,)
is the exact differential of —e(¢)~!, and for the passage from (3.32) to (3.33) we
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used an optional projection theorem. Since ghy is a Green-tight function on D
and khy € I', hy is a continuous function on D by the above identity and Lemma
3.2. Furthermore by Lemma 3.2,

1
u(X)=/G(x,y)£I(y)hz(y)dy+§/ G(x,y)s()ha(y)o(dy)
D ap

satisfies
1
(3.34) 5Au+qhg = 0 inD,
(3.35) Qz+nh2 = 0 on 0D,
on
(3.36) lim #(x) = 0.

Note that A, is the solution of (3.7)—~(3.9). Combining this with (3.24) and (3.34)-
(3.36), we see that h; is a weak solution of (3.21)—(3.23). O

The following lemma, which is used in [6], is a generalization of Lemma 3.3
under a weaker assumption on 4.

Lemma 3.4. Let g be a real-valued Borel measurable function on D such that
q* is Green-tight on D and 1pq~ € K°°. Assume the remaining conditions in
Lemma 3.3 hold and ~y = 0, then the conclusion of Lemma 3.3 still holds.

Proof. Without loss of generality, we may assume that w > 0 and p > 0. The
same argument as in the proof of Lemma 3.3 up to (3.30) shows the unique-
ness and that the function A, defined by (3.19) with « = 0 satisfies (3.25). The
identity (3.24) can be proved in the same way as that in Lemma 3.3, except that
in the passage from (3.32) to (3.33), we first apply Fubini’s Theorem and the
Markov property of X to the integrand with respect to the non-negative integrators
gt (X)dt + k¥(X,)dL,; and g~ (X,)dt + K~ (X;)dL, respectively, and then take their
difference which is permitted under the assumption that || Gg* oo +3 |G £ loe < 1
and the fact that s, > 0 is bounded.
Since Ay > 0, it follows from (3.24) that for x € D,

1. 1.
(3:37) G(g ™ h)(x) + 5G (K™ h)X) < hu(x) + G(g m)(x) + 5G(n*h2)(x).

Because 4, is bounded on D, g*h, is Green-tight on D and k*hy € I'. Thus by
Lemma 3.2, vy = G(g*h2) + 3G (k% hy) satisfies

(3.38) %Av1+q+h2 = 0 in D
(3.39) O thy = 0 ondD,
on

(3.40) lim v = 0,
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Put v; = G(g~hy) + —12-(~}(_n“h2). By (3.37) and Lemma 3.2, v, is a bounded
non-negative function on D with

(3.41) lllim m(x) < Illim h(x)+ |llim v1{x)=0.

x€D xeDd x€D

By the strong Markov property of X, we have for any £ > 0 and x € D,
_ 1. _
(342)  wx) = G(g h)x)+ EG(IBM hy)(x)
1.
+E* [G(ln;q'hz)(XTkH EG(IB;n_hz)(Xn)] )

where 7, = inf{t > 0:X, ¢ B} and B = R?\ By. Since |X,,| > k on {rx < o0}
and G(lB‘fq—hz) + %G(l};‘f&—hg) < vy, it follows from (3.41)-(3.42) that g, =
G (15,9 hy)+3G (15,5~ hy) converges uniformly on D to v, as k — oo. Note that
Ig.x~ € I" and 1p,q9~ is a Green-tight function on D for all £ > 0 since g~ €
Ké"c. Therefore by Lemma 3.2, for large k such that 8D C By, g is a bounded
continuous function on D with %Agk +1g,47h2=0in D, ani +K~hy=00naD.
In particular, v,, the uniform limit of g; as k — oo, is continuous on D. On the
other hand by Lemma 3.1, m(x) = E* [G(1:q ~h)(Xr,) + 16 (1pe ™ ho)(X )]
is a continuous function on D N By that is harmonic in D N B; and %} =0 on
D in the distributional sense. Therefore v, = g + m; (for each k > 1) weakly
satisfies the following equations:

(3.43) %Av2+q_h2 =0 D,
8
(3.44) %m‘hz = 0 ondD.

Thus combining (3.38)-(3.41), (3.43)~(3.44) and Lemma 3.2, we see that hy =
hy +v; — v, is a bounded continuous function on D which is the weak solution
of (3.21)-(3.23) with v=0.0

4 Semilinear elliptic equations

Proof of Theorem 1.2. Let A € (0, 1) be as in Theorem 1.2. Let
e 0]
(4.1) vi(x) = E* [/ el(t)g(Xr)dt]
0

+E* U 61(t)¢(Xt)st] +aE”* [e1(c0)],
0

where

4.2) ey(t) = exp (—/0 Un(Xy) ds —/ UZ(Xx)de) .
0
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Since the Green function G(x,y) is strictly positive on D x D, it follows from
the conditions on D, g, ¢ and o that the function

E* [/Oo g(X,)dt:l +E* [/m ¢>(X,)dL,] +a
0 0

1
=/G(x,Y)g(J’)dy+5/ G&x,y)p()o(dy) + o
D ap

is strictly positive for all x € D. Combining this with the fact that ¢;(z) > 0
for all ¢+ > 0 (since ||GU oo < 00 and 1GUz]l00 < o0), we see that v; is well
defined and strictly positive on D. Let

49 4={uea® v zus 5 (16l 166l o) }.

Foru € A, let

) Fol -
4.4 Qu=£1‘(u’—u) onD, Fuu=i(u’—u)— on AD.

Then by (1.4)-(1.5), (1.18) and the assumptions of Theorem 1.2,

4.5) -U,<q, < sup fl(y) Vi=V, onD
0<y<Cs Y

and

4.6) — Uy <k, < sup j:(y_) =7V, ondD.
o0<y<Cyx y

Yor u € A, define
t L
4.7) e, (t)=exp (/ q,(X;)ds + / nu(Xs)dLS) for all ¢ € [0, o0],
0 0
and for x € D,

4.8y (Tw(x) = E* [/ eu(t)g(X,)dt:I +E* {/ eu(t)¢(X,)dL,]
0 0
+aE* (e, (o0)].

Clearly, Tu > v;. Since

@9 1Gglllw + 316K llo < 16Vt an + 316 Prloe < A,
it follows from (3.25) of Lemma 3.3 that for all x € D,

(4.10) T < 1 (IIGglloo + 216l +a) -

Thus TA C A. By (3.24),
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@.11) Tu@) = he)+ / G 06, Y)u () Tu(y) dy
D
#3 [ GO0 o).
8D

By (4.5)-(4.6) and (4.10), we have

1 1 . N
(4.12) |qu()Tu(x)| < — (|ng”00+‘2‘“G¢||oo+a) (U1 + W) ),

1—-X
xeD,
1 1, ~ _
(4.13) |k (x)Tu(x)| < T (||Gg|lOo + EHGQS[]OO + oz) (Uz + Vz) (x),
x € 0D,

and so g, Tu is Green-tight on D and k,Tu is in I". It then follows from (4.11)-
(4.13) and Proposition 2.3 that TA is a family of functions in A which is uni-
formly bounded and equicontinuous, and all functions there have limit o at
infinity. Hence T A is relatively compact in C,(D) with respect to the uniform
norm || - ||oo. Suppose that u and {u;}5S, are in A such that ||ug — u]jec — O
as k — oo. Since Fi(x,u) and F»(x,u) are continuous in u for each fixed x,
qu. — qu in D and x,, — &, on 0D pointwise as k — oo. Since

t t
e,(t) < exp (/ Vi(X,) ds +/ Vz(Xx)dLs) for all # € [0, oq],
0 0

by (4.8), Lemma 3.3 and the Lebesgue dominated convergence theorem, as
k — 0o, Tu; converges to Tu pointwise on D and therefore uniformly, by the
equicontinuity. Thus T is a compact and continuous mapping from the nonempty,
convex, closed bounded set A C C,(D) into itself. By Schauder’s fixed point
theorem (cf. [31]), there is a function uy € A such that Tup = ug. It follows from
(4.8) and Lemma 3.3 that ug solves (1.1)—(1.3). O

Proof of Corollary 1.3. We seek a positive continuous solution u of (1.1)~(1.3)
with F] =g=¢ =0 and

d—2u+d—2
2a

Fa(x,u) = H (x)u?/4-2,

If we further require that u be such that 0 < u < g8 < 1, then (1.4)—(1.5)

hold with Uy = 0, Vi = 0, fi = 0, o(u) = u, Us(x) = 4525%472H~(x) and
Va(x) = 42 + 452 6%/4=2 1 *(x), for x € OD. Let '

hx)=G (l) (x):/ G(x,y)a 'o(dy), forx eD.
a 8D

Then A, is clearly a radial function, i.e. h1(x) = 1¥(|x|), where by using Eqgs. (3.7)-
(3.9) we see that 1) satisfies
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(4.14) P"(r) + d ; 11/)'(r) = 0 forr>a,
4.15) ¥'(a) + % = 0,
(4.16) lim ¥(r) = O.

The solution of these equations is given by

This implies that

16Valleo < S5 2 hulloo + 52 NGH oo = 14452 g2 Gl
Since H € I'(OD) (see Proposition 2.2), by choosing 3 sufficiently small, we
can ensure that 1+ 4523%?=2|GH"||os < 2. Then there is A € (0, 1) such that
1+ 4523%/4=2||GH*||oo = 2\ and in this case C) = 8 > 0. Then by Theorem
1.2, for any positive number o < (1 — A)3, Egs. (1.1)(1.3) with Fi, F5, ¢ and ¢
as above, have a positive continuous solution u on D = {x € R? : [x| > a} with
values in (0, 5). O

In general, uniqueness may not hold for the solutions found in Theorem 1.2.
Indeed, as we illustrate below, there may be more than one metric & as described
in Corollary 1.3 with a prescribed limiting value at infinity of o > O times the
Euclidean metric. Consider the semilinear equations for this problem with d = 3,
a =1 and H = 1. Then we are seeking a positive continuous solution u of
(1.1)~(1.3) with F; = g = ¢ = 0 and Fp(x,u) = %u + %u3. We shall focus on
radial solutions, i.e., u(x) = ¥(|x|), and so 9 > 0 should satisfy:

4.17) ' () + %w'(r) = 0 forr>1,
. 1 1

(4.18) Wb+ 59+ 390 = 0,

(4.19) rl_i}m Ww(r) = o

The solution of Eqs. (4.17) and (4.19) is 9(r) = ¢r ~! + a. For (4.18) to hold, ¢
should satisfy (c +a)® — ¢ + o = 0. A straightforward calculation shows that for
each fixed o € (0, 5175), this equation has two real positive solutions ¢. Hence
there is more than one positive solution 1 for (4.17)—(4.19).

Despite the lack of uniqueness in general, we do have the following theorem.

Theorem 4.1. Suppose, in addition to the conditions in Theorem 1.2, that F1(x, u),
F3(x,u) are monotonically decreasing as functions of u € (0, ) for each fixed
x € D and x € 8D, respectively. Then any bounded continuous weak solution of
equations (1.1)—(1.3) is unique.
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Proof. Suppose that u; and u, are two different continuous bounded positive
weak solutions on D of (1.1)~(1.3). Without loss of generality, we may assume
that D = {x € D : uy(x) > up(x)} is nonempty. Then D is a relatively open
subset of D and & = u; — uy satisfies:

1l

(4.20) %Aﬁ(x) Fi(x,u) — Fi(x,u1))>0 inDND,

4.2 % = Flx,u)— Fylx,u) >0 on dD N D,
(4.22) ll‘im ax) = 0 if D is unbounded.

€D

Thus for any 1 € C2(IR?) such that ¢ = 0 in a neighborhood of D \ D,

%/Vﬁ(x)-vlﬂ(ﬂdx = —/D(Fl(x,uz(x))—Fl(x,ul(X)))iﬁ(X)dx
D

(4.23) —l/ _(Fa(x, up(x)) — Fa(x, ui (x))) lx)o(dx).
aDnbD

2
Let (X, {Py, x € D}) be (normally) reflecting Brownian motion on D and let
T=inf{t >0:X, & 15}. Clearly, #(X;) = 0 with the convention that X, = §
and 4(6) = 0. It follows from (4.20)—(4.21), (4.23) and Theorem A2 of [19]
that {#(X;n,), t > 0} is a bounded P,-submartingale for m-a.e. x € D. Thus for
m-ae. x €D,

a(x) < lim E* [4(X,r)] = E* [4(X,)] =0,

Thus by continuity, 2 < 0 on D= {x eD:i> 0}, which is a contradiction.
O

5 Extensions

It can be seen from the proof of Theorem 1.2 that if g and ¢ are allowed to
take negative values, by prescribing o > 0 to be sufficiently large, we may still
obtain positive solutions for the Eqgs. (1.1)-(1.3). The functions g and ¢ can even
be be replaced by measures (cf. [20], [25]).

In this paper, we assumed that D is an unbounded Lipschitz domain with compact
boundary. This assumption ensures that the Green function for %A on D with
zero Neumann boundary condition exists and is controlled by the Newtonian
potential |x —y|?>~?. Our method would work for D, a bounded Lipschitz domain,
whenever (1.1) can be written as

1
(§A+H> u+Fi(-,u)+g=0 inD

and the spectrum of %A+H with zero Neumann boundary condition lies strictly
in the negative half-line, where H is a function in X ‘f"c. In this case, the Green
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function of %A + H exists on D and is bounded above and below by constant
multiples of the Newtonian potential |x — y|>~¢ (cf. [22]).

Suppose that U is an unbounded Lipschitz domain with compact boundary
and A is a closed subset of U such that D = U \ A is a regular domain. Set
I = 0D\ A and I, = 0D NA. Note that if x € I, then x € U . The method used
in proving Theorem 1.2 can be easily modified to find positive solutions for the
following semilinear elliptic equation with mixed boundary conditions:

B.1) %Au+F1(-,u)+g = 0 in D,

5.2) %+F2(-,u)+¢ = 0 on I,
on

(5.3) u = ¥ on b,

B4 lim u(x) = aq,

where g, ¢, a, Fy, F, are the same as before, ¢ is a non-negative continuous
function on 1. The only difference in solving the above mixed boundary value
problem is that we run a Brownian motion in D that is reflected on I; and
is absorbed on I,. For this, let (X,{P;, x € U}) be the (normally) reflecting
Brownian motion on U with local time process L, and denote by G the Green
function of X. Let 7 = inf{# > 0 : X, € L}, the first hitting time of I, and let
X7 =X, fort <7 andX;” =¢ fort > 7, where 6 is a cemetery point. Denote by
G* the Green function for the process (X7, {Py,x € D \ L,}). Clearly G* < G.
Suppose ¢ and g are Green-tight functions on D, & and ¢ are in the class I’
for I, 4 is a bounded continuous function on I3, and « is a constant. Then,
whenever [|G*q*|loo + 3G*£*|lc < 1, the solution of the counterpart linear
elliptic equation with boundary conditions:

(5.5) —;:Au +qu+g = 0 inD,

(5.6) @+/~cu+¢ = 0 on Iy,
On

5.7 u = P on I,

(5.8) lim u(x) = a,

jx] > o0
x€D

exists and is given by:

(5.9) u(x) = E* [ /0 i e(t)g(X,)dt] +E* [ /0 Te(t)qS(X,)dL,J
+E* [Y(X;)] + aE™ [e(T)]

for x € D, where

INT INT
e(t) =exp (/ q(X;)ds +/ K(Xs)dLs> , t=>0.
0 0
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Using the right hand side of (5.9) to define the mapping T instead of using (4.8),
the proof of Theorem 1.2 carries over to give a positive solution of Egs. (5.1)-
(5.4). We leave the details to the interested reader. We only remark here that in
solving semilinear elliptic mixed boundary value problems, D need not necessar-
ily be unbounded with compact boundary. In fact, D can be a bounded regular
domain provided that it can be expressed as U \ A where U is a bounded Lips-
chitz domain and A is a closed subset of U such that I, = D N A has positive
capacity. In this case, the Green function of the Brownian motion in D that is
reflected on I; and killed upon hitting I, is bounded above by a multiple of
|x ~y|*~4. The latter estimate can be derived by proving a Sobolev inequality in
a similar manner to that in [5] (see especially Lemma 5 and Theorem 1 there).

The resuits of this paper can be extended to second order uniformly elliptic
operators of divergence form with conormal derivative boundary conditions in
place of the Laplacian with normal derivative boundary condition, by using the
corresponding reflecting diffusion process instead of reflecting Brownian motion.

In this paper we only allowed nonlinearity in the zero order term in (1.1).
By using a change of measure transformation (Girsanov theorem), it is possible
to study nonlinear elliptic equations where nonlinearity also occurs in the coeffi-
cients of first order derivative terms. We shall address this problem in a separate
article.

When « is zero, it is possible to relax the condition on the lower bound for
Fi in (1.4). The condition that Uy in (1.4) is Green-tight on D can be replaced
by the condition that 1,U; € K é"f. The proof of the existence result is then a bit
more involved. For this we refer the reader to Theorem 5.1 in [6].
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