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Summary. The transformations of measures induced by (W+ [ K, ds) with (K )
' 0

possibly anticipating the Wiener process (W) is discussed and a Girsanovtype

theorem under rather weak assumptions on (K,) is derived.

1 Introduction

Let (2, #, P), 2= C,([0, 1]), be the standard Wiener space and W,(w) the canoni-
cal process. We study transformations T: Q — Q of the form

To=w+ | K (w)ds,
0

where the process (K,) may anticipate the process (W,). In the framework of
an abstract Wiener space this problem has been considered by Ramer [9],
and under more general conditions, but still with the assumption of the invertibi-
lity of T and with w-wise assumptions on K (w), by Kusuoka [4], following
earlier work of Cameron and Martin, Gross, Shepp and Kuo. Using the general-
ized anticipating stochastic calculus Nualart and Zakai [8] have studied trans-
formations T which are the limit of a sequence of invertible transformations.

Instead of such an assumption, we impose on (K,) some Novikov-type condi-
tion and suppose that its Fréchet derivative is bounded by a constant which
is less than one. Under these conditions we show that T induces a measure
which is absolutely continuous w.r.t. P, prove the existence of another transfor-
mation A: @ - Q with T(Aw)=A(Tw)=w, P(dw)-a.e., and compute the density
of Po[A] 'w.r.t. P. This will be done on the basis of the extended stochastic
calculus developed by Nualart, Pardoux and Zakai, [6], [7] and [8].

The paper is organized as follows. In Sect. 2, we give a short review on
the notions of derivation on the Wiener space and the Skorohod integral, and
we present some basic statements for transformations inducing absolutely con-
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tinuous measures on (2, #, P). In Sect. 3, we apply Kusuoka’s Theorem to our
problem in the case of a smooth step process (K,), and in Sect. 4, we extend
the results of Sect. 3 by approximation of the process (K,) by smooth step pro-
cesses.

2 Stochastic calculus for transformations

Let 2=C4([0, 1]) be equipped with the supremum norm, % denote the Borel
o-field, P be the standard Wiener measure and W,(w)=w(¢t) the coordinate pro-
cess. For all 1 =£p< + oo denote by L,(Q) the space of the p-integrable random
variables on Q and by ||, its norm.

Let & be the dense subset of L,(£2) consisting of those random variables
F of the form

(2.1) F=f(W(4,), ..., W(4,),

where nelN, feC2(R", and IT={4,, ..., 4,} is a partition of [0, 1] into subinter-
vals. Here W(4)) denotes the increment of the coordinate process on 4;.
If F has the form (2.1), we define its derivative

(2.2) D, F=) <if)(W(A1), e WA, (0), 0st=1.
1

ax;

¥

Then DF =(D, F) is an element of L, ([0, 1] x Q).

Proposition 2.1 D is an unbounded closable linear operator from L,(€2) into
L,([0, 1] x Q). We identify D with its closed extension and denote by ID, , its
domain which we endow with the norm
1 1/2
( {ID,FI* dt)
2

0

[Flly=Fll,+ O

Note that the derivative D obeys the chain rule:

Proposition 2.2 Suppose the F =(F*, ..., F"} is a random vector whose components
belong to D, , and assume that feC}(R"). Then, f(F)eID, ,, and D.[f(F)]

= i (—Q—f>(F) D, Flae [

s\

We now associate to ID, , the space L, ,=L,([0,1],dt; D, ,) of all processes
(K;)=ID, , which are such that

(j} R 1/2
K: ds)

0

-+
2

11 1/2
(j {ID. K ? dtds)
0 0 2

is finite.
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Proposition 2.3 For t€[0,1] we can define a linear continuous mapping from
L, , into L,(Q) with operator norm 1 which to (K\)e L, , associates the Skorohod
integral

t
judes.

o]

This linear mapping is characterized by the following property:
t T
E[f stW;-F]=E[j K, Dsts], Fes. O
0 0

We now introduce the notion of an absolutely continuous and invertible trans-
formation:

Definition 2.4 We say that the mapping T: Q — Q is a transformation, if it has
the form

To=w+ st(m)ds, (K)eL, ([0, 1] x Q).
0

Morcover, we call
(i) the transformation T absolutely continuous, if the measure Po[T]~ ! with

Po[T] '(B)=P{w: TweB}, Be%,

is absolutely continuous relative to P, and,

(i) the absolutely continuous transformation T invertible, if there exists an abso-
lutely continuous transformation 4 with

T(Aw)=A(Tw)=w, P{dw)—ae. [

Note that for any absolutely continuous and invertible transformation T the
measures P, Po[T]™! and P-[A] ! are equivalent.

Before describing properties of absolutely continuous transformations we
present a statement how to reduce the studies of transformations of general
type to those transformations whose shift (K,) is a smooth step process.

Proposition 2.5 Let FelD, ,. Then, for any £>0, there exists a sequence of func-
tionals (F"Y< & with | F—F"||; , = 0(n— o0) such that, for all n,

[ F" o 2l Fll, and

<e¢+

[°e

|

o

1 1/2
(f |D, F"|2 ds)

[

( j ]DsFlzds)m

0

For the proof we refer to the Appendix.

The statement of Proposition 2.5 is extended in Proposition 2.6 to processes
from L, ,, where the role of the elements of & in Proposition 2.5 will be replaced
by smooth step processes.
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A process (K,) is called smooth step process, if there exists a partition I1
of [0, 1] into subintervals A and random variables F,e %, Aell, such that

(2.3) K )= > Fy(w)1,(s), ae.

Aell

Proposition 2.6 Let (K)eL, ,. Then, for any >0, there exists a sequence (K3)
of smooth step processes with

1
JIK,—K{[1,ds—>0  (n— o)
0

such that
1 1/2 1 1/2
@ |(fixeeas) | <|(fikpas) | Lana
0 © 0 ©
1 1 1/2 11 1/2
(i) <f §|D,K§’|2dsdt) <e+ (j §|D,Ks|2dsdt) , n=1,2,3 ... [
00 ® 00 o

We now give some direct consequences of the above Propositions. The first
one is a Lipschitz-type statement:

Proposition 2.7 Let T', T? be two transformations with shift process (K}) and
(K?2), respectively. Assume that either

(i) Fe&,or
(i) FeD, ,, and T*, T* are absolutely continuous.

Then,
(2.4 |F(T'w)—F(T?w)

1 1/2
< (f |D, F|2ds)
0

o«

(f IK:(w)~K§(w>|2ds)”2,a.e. O
0

Proof. Under condition (i) the inequality (2.4) can be derived by a straightforward
calculus starting from the special form (2.1) of Fe%.

Let now (ii) be satisfied and choose an ¢>0. Due to Proposition 2.5 there
is a sequence (F") =& with ||[F —F"||, , =0 (n— oo) such that

<e+

e8]

. n=1,2,3,...

o0

(f D)

0

(f D, Flzds)l/z

Clearly,

2.5  |FMT'w)—FYT?w)
(jl D, F"|2ds)1/2

1 1/2
(y |DSF]2ds>
0

1 1/2
< (5 1K3<w)~K3(w)|2ds)

0

oo><§1 K (@)K (w)|2d5)1/2, a.e.

0

g(s—f—
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On the other hand, the transformations T, T2 are supposed to be absolutely

dPo(T)!

continuous. Then, for any § >0, and with the notation I!= 4p

, we have,

P{F(TY—F(TH >0} =E[Iypn—p>5 L1>0(m—>0), i=1,2.
Hence, (2.5) provides, for n — oo,
|F(T' w)—F(T?o)|

1 1/2
g(s+ (j |DsF|2ds)

0
Since £>0 was arbitrary choosen we can pass to the limit ¢ |0 and get (2.4). [

m)(f Kio)-K2Pds] e

0

Proposition 2.8 Let FelD, , and T be a transformation with shift process (Ky)
such that

<+ 0.

0

11 172
(j j]D,KS|2dsdt>
0 0

Assume that either
(i) Fe%,or

1/2
(i) T is absolutely continuous, F (Tw)e L,(£2) and < + 0.

o

o

Then, F(Tw)elD, ,, and
(2.6) D, [F(Tw)i=(D, F)(Tw)+ jl(DS F)(Tw)D, K (w)ds,ae. [
0

Proof. If condition (i) is satisfied, we can suppose that F has form (2.1), and
thus,

F(Tw)=f (o(4)+ | KJ(w)ds, ..., 0(d,)+ | K (w)ds).
Since '
o)+ | K(w)dseD, ,, j=1,2,...,n

4;

we can apply Proposition 2.2 and obtain that F(Tw) belongs to ID, , and satisfies
(2.6). Assume now condition (ii) and, additionally, suppose that F is essentially
bounded. With regard to Proposition 2.5 we find a sequence (F")<.% with
| F—F"||{,, = 0(n—co) such that

IF* | = Fll, and

( 1D, mst)l ’

, n=1,273..

o @

1 1/2
<1+ (j" leFlzds)
0
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If L denotes the density of T, we now get from the dominating convergence
theorem

2

2.7 LF(T)—F"(T)lI3+

! 1/2
<§ [(Ds F)(T)—(D F")(T)|2ds)

2

—0(n—- ).
1

=H{|F—F”|2+ 51|DSF—DS F"|2ds}-L

Thus, making use of (2.6) which is already proved for all F"e¥, we can deduce
that F(T w) is the limit of (F"(T)) in ID; ,. Substituting F" in (2.6) and passing
to the limit we see that (2.6) holds also for FelD, , n L () such that

1 1/2
(j |DSF|2ds)
0

<+,

o0

Finally, we consider possibly unbounded FelD; , under condition (ii). We
choose for each natural n a function ¢,eCj(R') which coincides on [—n, n]
with the identity function and has a derivative ¢,(t)e[0, 1], teR!. Clearly, F"
=¢,(F)eD, , such that

|F"=|F|,
1 1/2 1 1/2
(I|DSF"|2ds) §<§|DSF|2dS) ,ae, n=1273 ..
0 o
Moreover,

F(T)=L,(Q)— lim F*(T),

and
(DF)(T)=L,([0, 1] x 2)— lim (DF™(T).

Since (2.6) is satisfied for all F*, we can pass to the limit there and see that
(2.6) holds also for F. [

The following statement is due to [2], Theorems 2 and 3, and is concerned
with the convergence of sequences of transformations:

Proposition 2.9 Let (T"a)=w+ { K2 (w) ds) be a sequence of absolutely continu-
0

ous transformations such that

(i) the sequence of processes (K%) is convergent in L, ([0, 1] x ) to some process
(Ky), and

. dP-[T"]™!
(ii) the sequence of densities (L” =——[—]—

4P ) is uniformly integrable.

Then, the transformation

To=w+ [ K(w)ds
0
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is absolutely continuous, and the density L of T is the limit of (') in the weak
topology o(L,, L,). [

Thanks to Proposition 2.9 we can state:

Proposition 2.10 Let (T"w:co + | K3 (w) ds) be a sequence of absolutely continu-
[¢]
ous transformations such that

(i) the sequence (K?%) is convergent in L, ([0, 1] x Q) to some (K), and

° n]—1
(i) (Uz%) is uniformly integrable.

Then, with the notation

To=w+ f K (w)ds,
4]

the convergence of any sequence (F") in probability to some F implies

F(Tw)=1lim F*(T"w), inprobability. [

=0

Proof. Since the densities L' form a uniformly integrable set, there is for any
£>0 a natural M, such that

supE[L'I{L'>M,}]<¢/2.
Then, for any 6 >0,
P{IF(T")—F"T")| 26} =E[I{|F —F"| 25} L] <¢/2+ M, P{|F—F"| 25},

ie.,
P{F(T")— F'(T")| 25} e,

if n is sufficiently large.
Thus, it remains to prove

F(T)=1lim F(T"), inpropability.

Let (G") =& be a sequence which converges in L,(Q) to F and L the density
of transformation T. Then, for any &, >0, there exists a natural k such that

P{|F(T")—G*(T")| 28} + P{|F(T)—G*(T)| 26}
=E[I{|F—G" =z é}(*+L)]
<e+2M,P{|F-G"26}<2e, n=1,2,3,...
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On the other hand, from the Lipschitz condition we can deduce that, for suffi-
ciently large n,

P{IGX(T)—GX(T")] 2z 6}

1 1/2
(j [D, G"|2d3>
0

.

1 1/2
(j|KS—K;‘|2ds)

0

<
~0

0 2

A

.
Therefore,
P{|F(T)—F(T")| =230} <3¢, ifnislargeenough.

This completes the proof. [

3 Computation of the density of transformations with smooth step shift process

In this section we study transformations T: Q — £ of the form

(3.1 Twzw—l—j:Ks(w)ds,
0

where we assume that (K is a smooth step process with

(3.2) cx= <L

o0

11 1/2
(5 §|DIKS|2dsdt>
0 0

We will show that this condition is sufficient for the absolute continuity and
the invertibility of the transformation, and we will compute its density.

TFor this we shall exploit the extended Girsanov theorem of Kusuoka (Theo-
rem 6.4 of [4]).

Proposition 3.1 Let T: Q—Q be a transformation of the form (3.1) with
(K)eL,([0, 1] x ), and suppose that the following conditions are satisfied

(i) Tis bijective. '
(i) There exists a version of (D,K,) such that, for each weQ, (D,K (w)) is a
Hilbert-Schmidt operator from L, ([0, 1]) into itself with

1 2 1

1 f ds=0(jhfdr>, as h tends in
0 0

L,([0,1]) to zero,

(2) hi— (D, Ks<w+ j h, dr)) is continuous from L,([0, 1]) into L,([0, 1]), and
0

Ks(w—l— f-h,dr)—Ks(w)—— j"lD, K (w)h, dt

(3) I+(D, K (w)) is invertible, where I denotes the unit operator from L,([0, 1])
into itself.
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Then, transformation T and its inverse transformation A are absolutely continuous,

dPo[A]!

1 1
=|d.(—DK)| exp{— | stVI/s—lesz ds},
dP ;

2

0

where d.(—DK) is the Carleman-Fredholm determinant of the Hilbert-Schmidt
operator (—D, K). [

The Carleman-Fredholm determinant of a Hilbert-Schmidt operator B from
L,([0, 1]) into itself is defined by the product expansion

d.(B)=T](1—2) exp(4,).

Here the A;'s are the nonzero eigenvalues of B counted with their multiplicities.
In particular, if the operator B is nuclear,

(3.3) d.(B)=det(I — B) exp(trace B).

We now want to apply Proposition 3.1 to transformation T with a smooth
step process (K,) with (3.2) as shift process. Note that for such a (K,) there
are nelN, fi, ..., /,€CP(R") and a partition 0=t,<t,... <t,=1 of [0,1] into
subintervals A;=(t;_{, t;] of the length |4;|=t;—t;_; such that

(34) Ks(w)= Z fj(w(Al)a SR ] O)(An)) IAj(S)a

and

D, K (w)= z 6 f(w(Al), v @A) 14, (0)1,4,(5), weL.

i,j=1

Then transformation T and condition (3.2) take the form

(3.5) To=w+ ifj(co(Al), s a)(A,,))j.IAJ_(s)dS

i=1
with

cZ=sup Z [4,]14 ]( fj(x)) <1.

xeRmj j=1

Lemma 3.2 Transformation T defined in (3.5) satisfies the conditions of Proposi-
tion 3.1. [

Proof. The correctness of this assertion for Proposition 3.1 (ii) follows immediate-
ly from (3.4) and (3.5). For the proof of Proposition 3.1 (i) put

n 1/2
|x|2=(z IAjI_le) ,  x=(X{, ..., x,)ER".
j=1
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Then, for f=(4,|"f1, ---, 4,]"/,)eC,(R" - R"), we can estimate

) —f W2 =cklx—yla,  forallx, yeR".

Since cgx < 1, the mapping f is contractive, i.e., there exists a function Yy C*(R"
— R") which is inverse to ¢ =(@(x)=x+ f(x)). Let now A: Q2 — Q be the transfor-
mation

(3.6) Ao=0w— i fiev(@(4y), ..., 0(4,) [ 14, (5)ds,  weQ.

0
In order to complete the proof it suffices to show
TAo)=A(Tw)=w, wel.
For this denote by I the unit matrix in R". From (3.5) we see that
(Awo(4,y), ..., Aod) =T —fy)w(dy), ..., ©(4,)
=y(w(dy), ..., w{4,)).

Hence,

T(Aw)=Aw+ Zn: fi(Aw(4)), ...,Aw(A,,))j:IAj(s)ds

j=1 0

=w, weld
On the other hand,

(To(dy), ..., Tod,)=e(@(4,), ..., ©(4,)

provides
A(Tw)=Tw— Z‘ (fie)NTw(4,), ..., Tw(4,) j.IAj(s)ds
=w, wel [

From Proposition 3.1 we now know that a transformation T:Q— Q of the
form (3.1) is absolutely continuous and invertible, whenever the shift process
(K,) is a smooth step process which satisfies (3.2). For the presentation of the
density of the inverse transformation A we still have to compute the Carleman-
Fredholm determinant of (— D, K (w)).

Computation of d.(—DK): Remark that (—D,K,) given in (3.4) is a nuclear
operator acting on the subspace of L, ([0, 1]) generated by the orthogonal system
{14;1721,,,j=1,2, ..., n}, so that (3.3) gives

(3.7 d.(—DK(w))=det (51-,1-4—|Ai|”2|Aj|1/2%fj(w(A1), et w(A,,)))

xexp{— > lAj|—a%fj(a)(A1), e a)(A,,))}, we.

j=
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The hard problem consists in the computation of the determinant of the matrix

0
(dust 14214, - 9.

For
Px)=(@1(x), ..., P,(x))
=(xy 4] f1(X)s ..o, X+ 14,] fo(X))
denote by [g—z] (x) the Jacobian matrix

|Ajl_1/za§0j
(a(IA,-r”zxo (’“))

of the transformation
(|A1|_1/2x17 '-'>|AnlAI/an)%(lAll_llz(pl(x)a "')|An‘_1/2(pn(x))'

Then, obviously,

do 1/2 1/21
det[ax](x) det(éi,j+|Ai| |Aj| aXifj(x).

do
For the computation of det[

Ep }(x) we need for each t€[0, 1] the mapping

()= +|4, 0 [0, 2| /i (%), ..., %, + 14, N[0, £]] fu(x)),  xeR™

The mappings ¢,: R" - R" are invertible; the proof is analogous to that of the
invertibility of ¢ (=¢,). Let {,: R* - R" denote the inverse to ¢,.

Lemma 3.3 With the above notations we have

det[ ](x)—exp{z j& (f;e l//,)((pt(x))dt} xeR*. [

Proof. Choose for each j=1,2, ..., n any subpartition t;_, =th<t}, ... <tf =
of 4;, and denote by 4] the 1nterva1 (t_1,t]. We put

Gi(x)z(xla- i) ] 1,X+|A If](wtﬂ (x)x]+1,...,x),
k=1,2, ...k, j=12,.

Then, we have

@ (0)=0L(01 -, (... 01 (04, (6L, -1 (... (0201 () ..))) -.)),

so that the form of the determinant

dt[aek]() 14 (13 e
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of the Jacobian matrix of the transformation

(IA1|—1/2x17"':|An|_1/2xn)_)(|d |~1/2X1,. aiA I_llzx) 1
14,1~ l/z(x + 1441 f; (W, (),
IA1+1| Xjt1s oe Jdal” 1/2x)

implies the following relation:

(3.8) det[a ]x)_[:] ]j(1+m ij(fjolﬂti_l)((pti_l(x))>, XER”.

Now fix any j=1,2, ..., n. Since aj—( for oo, (00)) is continuous and bounded
in [0, 1] x R", we get i

2]

lim n(mm et )@ 1(x))>

max|4f] =0 k=1
k

k;
= tim o] X 1l Gt o, )
k=1 e

max (4[>0
K

=exp{f 2 (v, x»dz}

A5

From {3.8) it now becomes clear that the statement is correct. [ ]

If we substitute Lemma 3.3 in (3.7), then we obtain

(3.9) d,(—DK(w))= exp{z § 55 Ureddodo(dy), ..., o(4,) di

J=14;

z f,(w(A) ,(An>)1Aji}.

In order to rewrite (3.9) in terms of (K,) we introduce for each te{0, 1] the
transformation

To—o+ | Lo K@) ds
4]
-<:w+ Y filwdy), ..., w(An))j:IAj,\[o,,](s)ds).
=1 (4]

Since (Ijo 4(s) K;) satlsfles (3.2), T, is absolutely continuous and invertible. From
(3.6) we see that 4,=T,” ! has the form

(B10) Aw=w-=Y fioy (o), ..., w(An))j-IAm[o,l}(s)ds, wef.
=1 ¢}
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Then,
K, (A; w)= Z Siowlo(dy), ..., @(4)) 1 4,(0).

J

Since fjoy,eCP(R"), j=1,2, ..., n, the random variable K (4, w) belongs to &.
Due to (2.2) we can compute D,[K, (4, )],

DK (A, 001= Y, 2 (foh o), ., 0(A) L, 0)
Finally, substituting
(7; C()(A 1)5 trrs T; w(An)): (pt(w(A 1)7 T CU(An))a

we see that (3.9) takes the form
d.(—DK(w))=exp {let [K(A)NT; w)dt— §1Dt K, (w) dt}-
0 0

Summarizing the above results we can state:

Proposition 3.4 Let (K,) be a smooth step process which is such that

<1.

11 1/2
(y “D,Ks|2dsdt>
0 0

feel
Then the transformation

To=w+ [ KJ(w)ds
0

is absolutely continuous and invertible. Its inverse transformation A has the density

dPo[A] !
(11 S
1 1 1 1
—exp{~ | K,dW,— 3] K2 s | [D.[K.(4))(T)~D, K] ds],
0 0 0
where

Y;w=w+§Ks(w)I[0,t](s)dsa At=T£—1> tE[O, 1] D
0o

Remark 3.5 Making use of Proposition 2.8 we get
DK (A, )] =(Ds K)(A; )

(DK ) D, [Ki(As )] dt,  se[0, 1],
0
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Therefore, we can rewrite (3.11) as follows:

dpPo[A] !

(3.12) T

1 1 1 1 s
=exp{—stdWs‘§fods—j thKSDS[K,(AS)](TS)dtds}.
0 0 00

The purpose of this equation is that here the right-hand side can make sense
also in the case, where (K,) is not a smooth step process. []

4 Absolute continuity of transformations. General case

We consider now the transformation

4.1) Ta)=a)+j.KS(w)ds
0

for processes (K €L, , such that

<1.

o8

4.2)

11 172
(j [lD,Kslzdsdt)
0 0

We will see that condition (4.2) is sufficient for the absolute continuity of T.
In order to deduce the invertibility of T and to compute its density we will
need an additional Novikov-type condition on (K).

Proposition 4.1 Let T: Q— Q be a transformation of the form (4.1) and assume
(4.2) to be satisfied. Then T is absolutely continuous. [

Proof. Due to Proposition 2.6 there exists a sequence (Kj) of smooth step pro-
cesses which converge in L, , to (K,) and are such that

<1.

o0

c¥=sup
n

11 1/2
(f j|D,K;‘|2det)

0 0

From Proposition 3.4 we know that the transformations
T'o=w+ [ Kl(w)ds, n=1,23, ...
0

are absolutely continuous and invertible, the inverse transformation A" of T"
has the density

1 1 1t
@3 r=exp] - [K1dW—3[ (KD ds—] | D, K D, [KEADNT) dsdi.
0] 4] 00
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where

T o=0+ [l Ki@)ds and A7=(T)"".
o

In order to apply now Proposition 2.9 and to conclude to the absolute continuity
dPo[T"]7!

of T, it is sufficient to show that the sequence ($”= qp > of densities

is uniformly integrable or to check the stronger condition

sSupE[Z" | In £"]<+0o0  (cf. [5]).

Since ™(T") =L and E[£"| In #*|]=E[|Iln #*(T")[]= E[|In I?[], this condi-
tion is equivalent to

sup E[|In '] < + co.

Obviously, (E [

1 1
Rz dw 42 f (K2 ds
0 0

]) is bounded. Thus, it remains to estimate

Oty

t
[ DK} D, [KH(ADNT") dsdt.
0

For this recall from (3.10) that K7(A} w)e &, so that Proposition 2.8 provides
44) D, Ki(w)=D,[(K{ANT" w)]
t
=D, (Kgo AT )+ | D, (Ko AIT" ») D, Ki(w) du.
]

Consequently,

(fl jllD (K2 ADY(T" w)|?ds dr)ll2
00

1/2

1

)1/2 “1-ck

(j f D, K:(w)|2dsdr)
(jl [ 1D, Kr(w)2ds dr
2

é

<+

Setting r=1 in (4.4) and using the last result we obtain

45) (f § DKz AT P dsdr)

<(1+

1 /!¢ ‘ 12 1
{ JID, KX w)?dsdr] =1+
T—c}/\; o

1—c}’
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From here it is easy to see that
g

For our further studies let us fix any (KjeL, , which satisfies (4.2) and assume
that there exists a ¢ >1 such that

[ (DK D,[K:<A¢)](7;")dsdt|])
00

is bounded. [

(4.6) E [exp {% f K2 dsH< + a0

We want to prove the invertibility of the corresponding transformation T with
shift process (K,). For this we need an approximation of (K,) in L, , by a
sequence of smooth step processes satisfying (4.2) and (4.6) uniformly, in order
to pass in Proposition 3.4 to the limit. This will be established in Lemmata
4.2-4.7 and the main result will be presented in Theorem 4.9.

Lemma 4.2 For the process (K)eL, , with (4.2) and (4.6) there exists a sequence
of smooth step processes (K3) approximating (K,) in L, , such that

11 12
(4.7) cE=sup (f MHDtKg‘]stdt> <1
n 1o o S
and for some q>1,
q 1
(4.8) supE[exp {5 { (K;‘)st}}< +oo. [
n 0

Proof. For each natural m we set
¢Qm(u)=max {min{u,m}, —m}, ueR".
Then, clearly, (¢,,(K,)) converges in L, , to (Ky),
lon(KN=IK, and D[, (KJ=ID. K|, ae.

From Proposition 2.6 we now can deduce that the processes (¢,,(K,)) can be
approximated in L; , by sequences of smooth step processes (K{*") such that

11 1/2
sup (j j!D,K;"’"lzdsdt> <1
n,m (V¢ 0
and
1 1/2 1 1/2
sup (jIK;'"”|2ds) < (j qom(KS)st) , m=1,23 ..
n 0 w© o @
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Hence, we can choose a diagonal sequence (K7“"™) which converges in L, ,
to (K ) and satisfies the inequality

E[exp {%jl(K;n,n(w)zdSHglJrE[exp {%ffﬂm(Ks)zdsH,

[

m=1,2,3, ...

Clearly, this sequence of smooth step processes has the required properties. []

Together with the process (K)eL, , let us fix now a sequence of smooth step
processes (K" which approximates (K) in the sense of Lemma 4.2. To these
processes (KZ) we associate the absolutely continuous and invertible transforma-
tions

T" w=w+ | Ki(w) I, 4(s)ds,
0

and we denote their inverse transformations by A7. Then, for each te[0, 1],
A? is absolutely continuous and has the density

[T

(49) Bi=exp{ - | K1QW,—3 § (K37 ds— | ] D, KE DLIKEATNTY) dr ds).
0 0

00

In order to show the invertibility of T, we want to apply Proposition 2.9 to
the sequence of transformations (47). For this we need some auxiliary results:

Lemma 4.3 Under the above assumptions there exists a p>1 with

<+ 00.

sup || L |,
n,t

Then, in particular, the family L, t[0,1], n=1,2,3, ..., is uniformly integr-
able. []

Proof. Let >0 be such that ¢ <1—¢g and (1—¢)g> 1. Set

(1—¢)q )
(1—e?q+e/

- (I-9’g

’

P and fix any pe(l,

Then, pp'cE <1 and
pp (gp —1)<q.
p—1

Obviously, we have

i1 t 1/p’
@10 | uzéeﬂlE[exp{—pp' [ K2 dW,—3(pp)* | (K:)st}]
0

0
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where

(4.11) ¢y =sup

n

1t
[ [1D, K D [KH(ANN(TM| ds dt
00

0

=1+

< 4 00.
1—ck +

Here we have used (4.5) in the last line. From the above assumption for pp’
we see that the transformation

T o=0+pp | K}(©) Ip4(5) ds
0]

is absolutely continuous and invertible. Due to (4.9) its inverse transformation
A? has the density

t T
(4.12) B:=exp{—pp' [ KrdW,—3(pp)* | (K2 ds
0

0

t s
~p)? [ § D, KEDIKHADIT dr ds).
00
Moreover, (4.5) gives

1 ¢
o 1
(4.13) H(pp’)zf VIDy KD [Ki(ANNTdsdt|| 14— <+
oo o l—pp'cg

Finally, substituting (4.12) and (4.13) in (4.10) we get the existence of a real
constant C such that

p—1

1
|2 2<CE [eXp {g [ (K ds}]T
0

Now the correctness of the statement follows immediately from (4.6). O

Lemma 4.4 For each t€[0,1], the sequence (K5(AY))) is convergent in L,([0, 1]
x ). [

Proof. Fix any t€[0, 1]. Since 4} is the inverse to T", it has the form

Al w=w— | Ki(A} @) Ijo,4(s)ds.
0
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Consequently, Proposition 2.7 permits to estimate
1 1/2
E| (K8t - Kr(amPas]
0

=

11 1/2
(j j|DtK;’]2dsdt)

0 0

t 172
E[J" 1K:(A?)—K;"(A:")|2ds]
0

e8]

1 1/2
+E[§!K;‘(A{")—K;”(A;")l2ds] , nm=1273 ..,
0

and from (4.7) we obtain

2

1 1/
| (ke—kepast]
0

1 12 1
E| (ksan—kruppas| s L

0 —Ck
nm=1273, ...

We now can derive from Lemma 4.3 and (4.8) that the right-hand side of the
above inequality tends to zero, if n,m—co. Hence, the sequence (K?(A4Y) is
convergent in L,([0,1]x Q). [

Denote by 7; the transformation
To=w+ |Ig406) Kw)ds, te[0,1],
0

which is absolutely continuous due to Proposition 4.1. We now state:
Proposition 4.5 Let te[0, 1] and denote by (K) the limit of (K%(A") in L, ([0, 1]
x Q). Then the transformation

A;o=w— [ I, 4(s) K(w)ds
0

is absolutely continuous and inverse to T,. [J

Proof. Since the absolute continuity of A, follows immediately from Proposition
2.9, Lemmata 4.3 and 4.4, it remains to prove that A4, is inverse to T,. For
this note that by making use of Proposition 2.7 we can estimate

J P{IKL(A)— K2(47)> &} ds
0

2¢¢ [ o MR LCH
<2 E| (1K~ K2R ds| | Lo ods L)
0 0

where L, denotes the density of A,. As we have established in Lemma 4.4,
the right-hand side of this estimation tends to zero, for any £>0, i.c.,

K(A)= lim K§(47)=K,.
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But, this relation implies itamediately
T4, 0)=A, 0+ | K (A, 0) I, n(s)ds=w, ae.
0

On the other hand, if ¢ C}(R?), then the proof of Proposition 4.1 and statement
Lemma 4.4 allow to apply Proposition 2.10 to the sequence (F"=¢@(K:(A})

of random variables and to the sequence (];" w=0n+ f Iio,q(s) K (w) ds) of trans-
Oformations. This yields 0

P(K)T)=L,(Q)— }gl}c @ (K5 AT
=L, (@)~ lim ¢(K5)=o(K,).
Hence,
K,=K(T),
and

A(Tw)=To— |l ) K(Tw)ds=w, ae [0
0

It remains only to compute the density of the transformation A,. For this we
still need the following auxiliary statements:

Lemma 4.6 For each t€[0, 1], the process (K5 (A})) converges in L, , to (K (4,)).
Proof. Since F=K} belongs to & and the shift process (K7 (47) Ijy ,(r)) of A7
is a smooth step process, Proposition 2.8 can be applied to compute D, [ K7 (A4})].
This yields
(4.14) D, [KiA} w)]=(D, K”)(A" )
- f (D, K)A] ) D, [Ki(Af w)]du, 7 se[0,1].
0

Hence,

(4.15) <§ i |D,[K:(A;’>J|2drds)”2§ L
oo 1—c¢

A renewed estimation in (4.14) with substitution of (4.15) gives

(4.16) E[J" i IDy[K;'(Am—D,[K;"(A:")]Pdrds]m
00

2—c¢

=

||/\

11 172
[I 1D, KX AD— (D, KF)(AM))? drds] .

Thus, by virtue of Proposition 2.10 it suffices to show the uniform square integra-
bility of (DK")(A" in [0, 1]* x Q in order to conclude that D[K"(A})] converges
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in L,([0,1]*> x Q). For this note that due to Lemma 4.3, for some g>1 and
some real C, it holds

11
supE[f JUD, KYADPI{D, K)A) |z M} dr ds]
n 00
=supE[(f1 jllD, KIPI{|D,K|zM} dr ds) L';]
n 0 0 .

11 qall/q
<C, supE[(j [ 1D, K2?I{|D, K} =M} drds)] ., M>0,
» 00

n

and that due to Lemma 4.2 the right-hand side of this estimation tends to zero,
as M —oo0. On the other hand, in Lemma 4.4 we have already established that
(K3(A47)) converges in L, ([0, 1] x ©) to (K,(4,)). Consequently, (K (4,))eL, , and
(Ky(A) =L >~ lim (K5(47). O

Lemma 4.7 The process (D,[K (A,)]) has a version for which the function
(t—D,[K(4)]eL,(Q)) is continuous, for r,se[0,1]. O
Proof. If we pass in (4.14) to the limit, then we get

(4.17)  D,[K(4)]=(D, K)A,)— J"t (D, K)A) D, [K(4)]du, ae.

From this equation and condition (4.2) on (K,) it becomes clear that it suffices
to show the mean-square continuity of t+—(D, K,)(4,) in order to conclude to
the correctness of the statement. This mean-square continuity we want to verify
by Proposition 2.10. For this we only have to check that

(i) the family (K (4,)) of the shift processes of the transformations 4, is continu-
ousin L,([0, 1] x Q) and

o -1
(i) the set of the densities (Lt:%

ap ) is uniformly integrable.
From Proposition 2.9, Lemmata 4.3 and 4.4 we see that

(4.18) L=o(L,,L)—lim I, te[0,1].

Hence, the uniform integrability of the set {L},t€[0,1],n=1,2,3, ...} (cf. Lem-
ma 4.3) implies (ii). For the proof of (i) we apply Proposition 2.7 to estimate

1 1/2
E[“K,(AS)—K,(A,)IZdr] ,  S<t.
0
Since

A;o=w— I, K, (4, 0)dr, ae,
o]
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we obtain
1 1/2
E| V1K (40K, (4)2ar]
0

zex{r Lf |K,(At)|2dr]”2+E[ Of |K,(AS)—K,<At>|2dr]”2}.

Thus

i 1/2 1 ' 12
E[f IKr(As)—K,(At)IZdr] =7 E[] |K,|2dr-L,] ,
0 s

L—cg

and if we consider (4.18) and Lemma 4.2, then we have for some p, p'>1 with

%—%— » =1 the following estimation:

1 1j2
(4.19) E[f 1K,(As)ﬁK,(A,)|2dr]

0

1 1/2 ¢ 2P
< (suan':|,,) -E[(MK,IZdr)] .
—Cg n,t s

But from condition (4.6) we now can deduce that the right-hand side tends
to zero, if [t —s| — 0. This completes the proof. [

Remark 4.8 Due to Lemma 4.7 we can define the process (D,[K (4,)]) by

(4.20) D,[K(A,)]=L,()—hmD,[K(4)].

By passing in (4.17) to the limit f+—r we see that (D, [ K (4,)]) and (D, [K(4,))(T}))
belong to L,([0,1}1*x 2. T

Remark 4.8 gives sense to the right-hand side of (3.12) also in that case, where
(Kg€eL, , is not a smooth step process. Thus, we now can formulate the main
result:

Theorem 4.9 Let (K)eL, , such that

(5 i Ib, Ks|2dsdt)”2

0 0

(i)

<1,

w0

and

1
(i) thereis a q>1 with E[exp {% f Kszds}]< + 0.
0

Then, the transformation

To=w+ | K(w)ds
0]
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is absolutely continuous and invertible. Its inverse transformation A has the density

@.21) Lzexp{ jK dW—Eijds—jl fD K,D,[K, (A)](T)dsdt}

where

Tw= cu+j1[o,] VK (w)ds and A,=T '. [

Proof. In Proposition 4.5 we habe already shown that the absolutely continuous
transformations T;, te[0, 1], are invertible. Hence, we only have still to compute
the density L of A.

Let (K?) be the sequence of smooth step processes we have associated to
(K;) by Lemma 4.2, and keep the notations introduced above. Since due to
(4.18) L is the limit of the uniformly integrable sequence (L) in the weak topology
o(Ly, L), it suffices to prove

1 ¢

jK dw,+ - [szs+§ [0, K, Di[K,(4))(T) ds
—L,(Q)— 1im{jK;'dWs+§ [ (KD ds
n—> 0 0 0
1
+ 1 1 D, KD IKIADNTY) ds def.
o0
Since (K7) tends to (K,) in L, ,, the problem reduces to the proof of
11 1/2
(422) E[j DK, z)](Tt)—Dt[KZ(AI‘)](T,")IZdSdt] -0,
0 0

as n—oo.
In order to verify (4.22) we deduce from (4.17) for ¢t —r by substitution of
T, w that

(4.23) D, [K(4))(T)=D, K,— f D, K D,[K,(4))(T)du, ae.
0

Analogously we obtain

(4.24) D,[Ki(ADNTM=D, Ki— [ D, K; D,[Ki(ANN(T)du, n=1,2,3, ...
[¢]

From here we sce

1
S0 =1
w_l_cl,léy n 32:3’ s

(I [ 1D, [K?(A7) ](T")Pdrds>m
0 0
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and so we can derive from (4.23) and (4.24)
11 1/2
E| [ §10. 0K, (401~ D, LKEAD(EE)?dr ds|
0 0

2ok 11 1/2
S4—5—-E[§j!D,K{—D,Kﬂ2drdﬁ .

_(IMCI#E)Z 0 0

Clearly, the right-hand side of this estimation tends to zero. Therefore, (4.22)
is true. This completes the proof. [

Appendix

The proof of Proposition 2.5 will be carried out in two steps. For the first
step fix any partition

H={0=ty<t,<..<t,=1}
and put
A;=(t; .t |dil=t—t;—, j=L2 .., n

Let #™ be the og-field on Q generated by W(4,), ..., W(4,), and " the o-ficld
on [0,1] x £ generated by all step processes I, W(4)), i,j=1,2 ..., n. Denote
by u the product measure of the Lebesgue measure and the Wiener measure
P on [0,1]x 2, and by E,, its expectation.
Moreover, we need the notion of the Sobolev space W, ,(R", A7(0, B)) of
2
is integrable

n
measurable functions ¢: R”— R such that |[p(x)*+ )]
i=1

0
—_ X
A%, P(x)
w.r.L. the mean zero Gaussian distribution with covariance matrix B.

We now state:

Lemma A.l Let FeD, ; and put F*=E[F|#™]. Then, F*eID, ,, and
(A1) DF*=E,[DF|9"].

Moreover, there exists a e Wy ,(R", /°(0, B)), B=(|4,|6,,), such that

(A2) Fr=o(W(4,), ..., W(4,). O

Proof. We first assume that Fe&’, ie, there exist a partition of [0, 1] into
subintervals 41, ..., 4,,, a function feCy’(R™) and a natural m such that

(A3) F=f(W(4)), ..., W(4,).

Foreach k=1,2, ..., m, denote by ot , ..., ¥ those reals for which the function

(A.4) g=14— 3 aily,
j=1
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is orthogonal to I 4, ..., I, in L,([0, 1]), and set

(AS) (P(xla s xm):E[f(xl—'_jgl(t)dVVta Tees xm+§gm(t)dvvt)]

Then obviously, pe C? (R™) and

(A.6) F"zq)(Z af W(dy), ..., Y oF W(Aj)),
j=1 =1

i.e., (A.2) holds for Fe&. Substituting

fe® dW=W(A)— ¥ o W(4)
ji=1
in (A.3) we can deduce

DF = Z (axk )(éloc} w4,

n

+[g, () dW, Z oF W(d,)+ [ gn(0) ,)~{io€l}IAj+gk},

Z j=1
so that (A.4) and (A.5) now yield
(A7) E,[DF|9"]

{zn: i 1+ jgk(t)dt}.

Using again (A.4) in the last line,

fade=3 [gur)1,,()de=0,

i=10

we get from (A.6) that the right-hand side of (A.7) coincides with DF.

Now, in the second step, let FelD, ,. Then there exists a sequence (F)) = %
which tends to F in ID; ,. Put F'=E[F;|#"]. Then, due to the first step, DF
=E,[DF;|9"], and passing to the limit j—oco shows that F*eID, , and (A.1)
holds. Moreover, there are ¢;'s of Ci°(R”") such that

F}n:(Pj(W(Al)a "t W(An))z ]:1: 2: 3s

Hence the convergence of (F) in ID, , is equivalent to the convergence of (¢))
in W ,(R", A7(0, B)). This completes the proof. []
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We can prove now Proposition 2.5: Let FelD; , and fix any ¢>0. Assume
that (IT,={A41, ..., 47}} is an increasing sequence of partitions such that

max |47 -0, as n—oo,
i=1,2,00m

and put
F,=E[F|ZF"], n=1,23,..

From Lemma A.1 we see that

1l oo Z N F 1] o

1 1/2
(j |DSF|2ds)

0

and

, n=1,23, ..

e}

1 1/2
<j |DSF,,[2ds>

0

é ’

o)

Hence, it suffices to prove Proposition 2.5 for any FelD, , of the form

{A.8) F=o(W(4,, ..., W(4,)),

where II={4,,...,4,} is a partition of [0,1], peW, ,(R", /' (0, B)) and B
:(le\;le. glrjs)t assume additionally that ¢ has a compact support. Then we choose

any nonnegative function ye C¥ (R") with compact support such that [y (x)dx
=1 and define the C§ (R")-functions

1
ou) = 0 (¥ o= dy h>0,

which converge to ¢ in W, ,(R", A" (0, B)). If we now put
Fh:(ph(W(Al)a SRR ] W(An)): h>0’

it is not hard to see that the so defined sequence (F,)=.% tends to F in D, ,
as h—0, and

HFhi‘wé”FHoo:
and

=

=]

, h>0.

Thus, it remains to consider FelD, , given in the form (A.8), where ¢ does
not have a compact support. Let yeC$(R") be a nonnegative function with
a compact support and assume

1 1/2
(mmm%ﬂ
0

1 12
(f |DSF|2ds>
0

Y(x)=1, for |x|=<1, and 0=y (x)<1, forall xeR"

Then we put

ont1= (14 (%)



Anticipative Girsanov transformations 237

and

Fk:gpk(W(Al)r'“’W(An)); k:1>2=39“'
Obviously, | F| tends to F in D, ,, F, has the form (A.8), where ¢, has a compact
support

[ Fllo S Fllos
and

1 172
( i |Dst|2ds)
0

é ‘

1 1/2
<e+ (j |DsF|2ds)
0

oo}

1 1/2
(y D, F|2ds>

0

# I Lsup( 3 |5

1/2
1A,-|)

[co)

>
0

for all k’s which are large enough.
But, for those F’s we already know that they can be approximated in the
required manner. [

The proof of Proposition 2.6 can be reduced to Proposition 2.5, if we approximate
(Ky)eL, , by the step process

o1
K=Y — [ K.dr-I, (s
(=2 g ottt

for a partition [T={4,, ..., 4,} of [0, 1], since

() (K tendsto(K,)in L, , if (IT) is monotonically increasing such that | 1|
=max |4,/ —0,and

1/2 1 1/2
(i) |(§|K”12ds) < (1x2a5)
0 &y 0 0
and
11 /2 11 1/2
(f 1D, K”]stdt> g‘ (j" j|D,K5|2dsdt)
00 © 0 0 o

In order to complete now the proof of Proposition 2.6 we only have to approxi-

mate m { K, dr in the sense of Proposition 2.5. [
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