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Summary. Based on the conjugate kernel studied in Iscoe et al. (1985) we derive
saddlepoint expansions for either the density or distribution function of a sum
SX )+ +f(X,), where the X,’s constitute a Markov chain. The chain is
assumed to satisfy a strong recurrence condition which makes the results here
very similar to the classical results for ii.d. variables. In particular we establish
also conditions under which the expansions hold uniformly over the range of
the saddlepoint. Expansions are also derived for sums of the form f(X,, X,)
+f(X,, X))+ +f(X,, X,_,) although the uniformity result just mentioned
does not generalize.

1 Introduction

In this paper we will generalize some of the results in Hoglund (1974) to continu-
ous state Markov chains by combining structure results in Iscoe et al. (1985)
with expansion results from Jensen (1987, 1988). We consider a Markov chain
X, X1, X,,... on the state space IE and the sum

(1.1) Sy=foXo)+ Y (X)

for functions fy, f* IE— IR. We then derive saddlepoint expansions for the density
or tail probabilities of S, at points of the form nz. The results may be illustrated
by the following example.

Example 1.1. This example is an elaboration on an example from Cox and Miller
(1965, Sect. 3.12). It has been chosen because it is of some practical interest
and because the calculations can be done fairly easily.

We consider a Markov chain X, =(Y,, W,) on E={1, ..., d} xR with transi-
tion density p;;f;;(w) with respect to the product of counting measure and
Lebesgue measure. Here p;; are the transition probabilities for the discrete chain
Y,. We assume that p;;>0 for all i, j and that there exists a density g and
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constants 0<a<b<co such that ag(w)=f;;(w)<bg(w) for all i, j. Let g,;(s)
—jexp(sw fi;(w)dw be the Laplace transform of f;;. Define Q(s) as the d xd
matrix with (i,jyth element p;; ¢;;(s) and let A(s) be the maximal eigenvalue
with corresponding right eigenvector (ry(s), ..., rs(s)) and left eigenvector
(c1(8), ..., ca(s)). Finally define [;(w) = )»(s)“1 exp(sw) Z ¢;(s) p;;f;j(w) and norma-
lize such that max; {r;(s) }—~1 and Z ri(s) ci(s)=1. i

Considering the sum S, Z ; we derlve in this paper the following approxima-
tions

d A

where m is Lebesgue measure on R, and for s>0

1y P e)= "R o By s (9) )
+0(nY)

with By (u)=u exp (3 u*)(1 — @ (u)), D being the standard normal distribution func-
tion. Here A(s)=logi(s) and y,(s)= (Zc (s)(Zr (s) P(Yy=1)). In general the
approximations (1.2) and (1.3) hold umformly for s in a compact subset of
{seR|{ exp(sw) g(w)dw< oo} and under restriction on the tail behaviour of
g the approximations hold uniformly in s.

We remark here that as compared to the classical formulas for the ii.d.
case, see e.g. Jensen (1988), the only difference is the appearance of the term
Yo(s) in (1.2) and (1.3). This term is due both to the markov dependency and
due to the influence of the initial distribution of X,.

It is tempting to think that (1.3) should always follow from (1.2). However,
it is important to note, as stated in Theorem 4.1 below, that (1.3) in general
can be established under weaker conditions than (1.2). [

We have termed the expansions ‘saddlepoint expansions’ in analogy with
Hoéglund (1974) and with reference to the classical saddlepoint expansions for
sums of i.i.d. variables (Daniels 1954).

However, in the present author’s view it would be better to use a name
like conjugate expansions. This is because the basic ingredient in establishing
the approximations is to shift the approximation problem by the use of a conju-
gate distribution in the ii.d. case, or a conjugate transition kernel in the Markov
chain case. The conjugate kernel is established from the maximal eigenvalue
of a modified transition kernel and the associated eigenfunction, see formula
(2.6) below. This conjugate kernel has been studied for a much more general
setting than here in Iscoe et al. (1985) and by Ney and Nummelin (1987). Having
shifted the problem by the use of the conjugate kernel we need to establish
an Edgeworth type expansion under the conjugate measure. It turns out that
the method in Jensen (1987) is particularly suited for this. When using the results
in Jensen (1987) the main problem left is a study of a characteristic function
for large values of the argument, i.e. we must establish either a Cramér condition
or integrability of the characteristic function.
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Let us also briefly mention the differences that appear when establishing
local limit results like (1.2) and (1.3) as compared to the large deviation principles
established in Iscoe et al. (1985). For the large deviation principle one obtains

the limit of % log P(S,/neA) through a rate function. For the set up here the

rate function is found via the maximal eigenvalue A(s) mentioned above. Taking
the logarithmic limit of the probability means that any factor of order one
is discarded. However, to establish asymptotic relations like (1.2), (1.3) or the
general version (4.3), one needs to take account of not only the maximal eigen-
value, but also the projection onto the corresponding eigenspace. This means
that one has to study the properties of the eigenvector as well.

In Sect. 2 we give the results we need for the conjugate kernel. In Sect. 3
we then apply the results from Jensen (1987), and make the above mentioned
study of the characteristic function. This leads us to the results in Sect. 4. As
appears from Example 1.1 in certain cases the expansions hold uniformly in
the parameter defining the conjugate kernel. Uniformity results are given in
Theorem 4.2 and these are easily derived from the results in Jensen (1988, 1991).

n
Finally, we consider in Sect. 5 an extension to sums of the form ) f(X;,
1

X;_1)- For these latter sums the results are not as complete as for the previous
sums (1.1).

2 The conjugate idea

Let Xy, X,, X,,... be a homogeneous Markov chain on a state space (E,
/) with initial distribution P(X,eA4)=p(A4) and transition probabilities
P(X eA|X,=x)=P(A|x). Our fundamental assumption in this and the follow-

ing two sections will be the existence of a probability measure v on (IE, <)
and constants 0 <a <b < o such that

2.1) av(A)SP(A|x)<bv(4), xclE, Aded.

Defining p(y|x)=

dP(-
*7(‘)11)()’) we thus have a< p(y|x)<b. Let f(-) be a measurable

function from IE to R and define

(2.2) D={seR|(s)= | exp{sf(x)} v(dx)< 0}.
: )

Precisely for se 2 we may define a finite measure P(4|x; s) by

(2.3) P(A|x;s)= [ exp{sf(»)} P(dy|x).

From Iscoe et al. (1985) we collect the following results about the eigenvalue
structure of P(-|-; s).
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Lemma 2.1. For each s€@, P(:|*; s) has a maximal simple real eigenvalue A(s)
with associated eigenfunction r(-; s) and eigenmeasure L(; s), i.e. {r(y;s) P(dy|x;
)= A(s)r(x; s) and jP(Alx s) L(dx 8)=A(s) L(A4; s), such that

(@) r(+; s) and I(+; s) exp{—sf(+)} are uniformly positive and bounded, where
dL(-;s
19 =009
(i) A(s) log A(s) is analytic and strictly convex on int &.
(ii)) r(x; s) is analytic on int & for each xelE
(iv) A'(int @)cint &, where & is the convex hull of the support of f(v),

and equality holds if 9 is open. In the latter case we also have that A(s) — o
as s—=>092. [

We will always normalize »(-; s) and L(-; s) such that

(2.4) n(A)= | r(x;s) L(dx;s)

A
becomes a probability measure, and

(2.5) supr(x;s)=1.

Corollary 2.2. We have the bounds

ad(©)SAOSBI),  FSrixs)s!
and
fslxig e (s }0s(g) . O
Proof. We have
A(s)=A(s) supr(x;s)
—Supfr(y,S)P(dylx )b r(y;s) exp{sf ()} v(dy)Sbi(s)
and

A(s)infr(x; s)=inf {r(y; s) P(dy|x;s)

a(inf r(x; s))¥(s)
Zafr(yis) expls PENZY )
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which give the first two statements. For the third statement we let [,
=infl(x; s) exp{—sf(x)} and let I, be the supremum. Then

x

A(s) L =sup [p(y|x)1(x; s)v(dx) <bfI(x; s)v(dx)

A@s)1,

A(s) 1y =inf fp(v]x)1(x;5)v(dx) 2 a p

which together with (2.4) gives

2
(%) I, ﬂs)é%l1 D)< [r(x; s)l(x; s) exp{—sf(x)} exp{sf (x)} v(dx)=1=1, 9(s).
b\*, . _, a .,y .
Thus I, < ” ?(s)” ' and llg—glzgy $(s)~ ! which gives the statement. []

From the eigenfunction r(-, s) we define a new “conjugate” transition kernel,

29 RUIx)= [ exp{~AG)+5/ )} 7

The invariant probability measure for this kernel is 7 (+) from (2.4), and the
kernel shifts the mean of f(X;) in the following sense (see Iscoe et al. 1985)

2.7 [f (x) me(d x)=A'(5).

Thus from Lemma 2.1 we see, that if 2 is open we can for every e find
an s€2 such that the invariant mean of f(X) under the conjugate kernel is
&

Let us define

P(dy|x).

vo(A)= [ 9(s)”" exp{sf (x)} v(dx)

and
dE(-|x) . V(s) r(y;s)
2. =
@8) P)= " B0 =7 T b1
Lemma 2.3. We have
b

53 _ps(yl>c)§—2
the conditional density w.r.t. vy of X, given (X, X ;) under the kernel P, is bounded
as follows

(ﬂ)6< Ps(x3]X1) Ps(x1]%0) <(2)6
= ~fps(lex) Ps(x|xo) vs(dx) = a

and

3

sup  |B(4]x)— P(Aly)|<

x,yelE, dest

=p<l. O
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Proof. The first statement follows from (2.1}, Corollary 2.2 and (2.8). The second
statement follows from the first. Finally the last statement follows from

(bja* —a/b?) v (4) for v,(A)<a?/b

I}Z(A]X')—I;(AU})Ié{l_(a/bZ) VS(A) for VS(A)éaz/b‘

We want to establish asymptotic relations for the large deviation probabilities
of

2.9) Su=Ffo(Xo)+ 2.1 (X))

where f,: IE —» IR is a measurable function. We want the large deviation properties
to be determined by the kernel and not by the initial measure u, and we therefore
assume throughout that

(2.10) int 2 < {s|(s) = | exp{sfo(x)} u(dx)<oo}.
E

In particular we have two cases in mind, namely f,=0 and f,=f with dpu/dv
bounded between a, and b, 0<a,; <b, < o, the latter condition being fulfilled
for the invariant measure 7, according to Corollary 2.2.

In accordance with the previous notation we introduce a conjugate initial mea-
sure j, by

(2.11) (A =005)"" § exp{sfo(x)} u(dx).
A
We then define a probability measure F, ; on IE"™! by

Q1) B d)=[1(x0, - x)eA) ,(5) " ((’;"’S)HP(dxlxl ) (e xo)

a b . . . .
where -<¢,(s)<— is a norming constant. We have introduced ¢,(s) here in
a

b
order to express the formulae in terms of probability measures, but in the approx-
imations below ¢, (s) drops out. The next lemma gives the basic relations between
probabilities in the original measure and in the conjugate measure.

Lemma 2.4. Let B be a Borel set, then
P(S,&B)=cxp{nA(9)} A(5) @a(s) [ 1(S,eB) exp{—sS,}dF, .

In particular,

P(S,>2)=exp (nA()} 4(5) a(s) | exp{—s(u—2)} S,(B,Ndu),
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and
dS (P

——(z)=exp{nd(s)— Z}u(S)CPn(S)

2 ),

where m is Lebesgue measure. [

Proof.

P(S,eB)={1(5,€B)[ ] Pldx ;- )u(dxo)
1

=oAL L) rixo’S) exp{—sS, }ﬂ{exp[ A(s)+sf (x)]
_r%c(—jc% P(dx;|x;- 1)}#(3)— exP{Sfo(xo)}u(dxo
=exp {nA(s)} A(5) [ 1(S e Bexp {—s5,} rixoys)) ﬁ@(dx [x:- 1) ps(dxo)

=exp{nA(s)} 4(s) @, (s)[ 1(S,e B) exp{—sS,}dB, ;. O

From Lemma 2.4 we see that the next step is to make expansions for the distribu-
tion of S, under P, ;. Expansions for sums of dependent variables have recently
been studied in for example Gotze and Hipp (1983) and Jensen (1989). In the
set up here it is natural to use the ideas in Nagaev (1957), which are explained
in Jensen (1987), where the characteristic function of the sum is studied via
operators. This is essentially an extension of the above eigenvalue structure
to complex values of s. We describe this in the next section.

3 Expansions under the conjugate measure

Let us first introduce a conjugate position and scale by

=[f)vs(dx),  ud={fo(x) u(dx)
and
(31) O-SZ =j‘{f(x)—:us}2 vs(dx)=

where p (d x) is defined in (2.11). The centering y, is used instead of A'(s) because
of its natural connection to the assumptions in Theorems 4.1 and 4.2 that deal
with the density of f(X) under the measure v. We then let B(r) and i (f) be
an operator and a functional, respectively, with kernels

(3:2) explit{f(—us/o ] R(dyl) and r(x;s)explit{fo(x)—n}/o] u(dx).

Furthermore, let M, M, be upper bounds such that

. k
(3.3) j"i(-y%—“ Pdy|x)<M? for xelE and 1<k<d
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and

fo(x)—.u? k
O-S

(3.4) ] udx)sM,, for 1=£k<3.

The characteristic function of S, under the measure F, ; in (2.12) may be expressed
through P(t) and £4,(¢), and we collect a number of results about B(t) in Lem-
ma 3.1. When writing ¢;(-) below we mean a constant dependent only on the
quantities specified in the argument. We recall that p is defined in Lemma 2.3.

Lemma 3.1. There exist constants c;(+) such that,

(i) For |t|<c (ML, p) the operator B(t) has a maximal eigenvalue I (t), with
|1—A,(t)|<(1—p)/3 and with a one-dimensional eigenspace, and the remaining
eigenvalues are bounded by (1+2p)/3. Letting E, ,(t) be the projection onto the
eigenspace corresponding to A(t) and P, ,(t) the projection onto the eigenspace
for the remaining eigenvalues we have

fexp{it(S,—np,— i JfodPp,
= 0,(5) " {A,0)" B(0) B, 1 () + £4(6) B B, ()} {r(-39) '}

(i) For |t|<c,(My, p)<c,

1

& OB P20 (97

14+2p\*
é 3(M§,P)(*—3—g>

(iii) For |t|]<c, (M3, p)<cy,
logfls(f)=i'f\’§1(s)———tzCz(S)——.t3 L) +og s t4C4(S)+w05(M )l

where |w|< 1 and also |{;(s)| Scs(M3, p)
(IV) FOT ItI<CG(MSOa Mss9 p)<cla

1
As(t) Ps,1(t){r('35)_1}=‘/0(5)+it7’1(5)“§t2 V2(5)+wgc7(Ms0, M, p)it}?

b
where || <1 and also |y;(s)| S— ¢ (Mo, M3, )

v) Cz(s)g%, where (,(s) is given in (iii). [

Proof. The properties (i)(iv) are simple generalization of results in Jensen (1987).
Writing hy(x)=(f(x)—p,)/0, and E,_for the mean when the initial distribu-
tion is 7, and the transition kernel is B, we have {,(s)=n,(h,) and

(35) CZ (S) = Tcs(hf)_—‘ {ns(hs)}z + 2 i Ens {hs(Xn) - Tcs(hs)} {hs(XO) - ns(hs)}

1 n—1 2
=lim;Eﬂs[ 5 {hs<Xi>-ns(hs)}] -
0
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Since dB(-|x)/dv,=a/b* =0 we may write X;=¢; %;+(1—¢;) V., where P(g;=1)
=1-—P(g;=0)=a, %; has the distribution v,, ¢; and %; are independent of X,_,,
and conditionally on X;_, the variable V, has the distribution (1
—0)TH{R(*|x;-1)—av,(*)}. Then we also have hy(X;)=e;h(%)+(1—¢)hy(V)
and

n—1 n—1 n—1
(3.6) Y hX)=h(Xo)+ Y eh @)+ Y (1—&) h(V)).
0 1 1

Conditionally on (g, ..., &,—1, Vi, ..., V,—) the variance of (3.6) is greater than
g +...+¢,-, according to (3.1). Thus the variance of (3.6) is greater than a(n—1)
and (3.5) is greater than «. []

The relation of A(t) to the previous eigenvalue A(s) is A,(t)=A(s+it/o,) exp(
—itugoy)/A(s) and therefore

3.7 L) ={A' ()~ p}/o, and (i(s5)=AV(s)/al, j=2
where A(s)=log A(s). The eigenvector corresponding to A,(t) is given by

r(y; )=r(y;s+it/o)fr(y;s),

where r(y;s+iu) is the analytic continuation of r(y;s). The projection B ()
can be expressed through r(+;s) and I(-; s+it/c,), where the normalization (2.4)
is used also for complex arguments, as

3.8) (B, 1(®) 2)x)={[20)r(y; )l(y; s+it/o)v(dy)} re(x;0).

The formula (3.8) follows from the fact that if & is an eigenfunction with eigen-
value A, =+ A,(t) then

Infh(X)r(x; 5)I(x; s+it/o)v(dx)

= 15100 expl it~ S oxplof ) P10} v 0 x5+ £ i

os
=2Ofh()r(y; 9, s+it/a)v(dy),

which shows that [h(y)r(y; s)I(y; s+it/a)v(dy)=0. From (3.8) we have in partic-
ular that if f, =0 then

B9 o=@ B &{r(-;97 Hi=o={[10x; 8)v(dx)} {7 (x; 5) po(dx)}.

The proof of an Edgeworth expansion usually involves two steps (see Bhattachar-
ya and Rao 1976): a suitable expansion of the characteristic function for small
values of the argument and suitable bounds on the characteristic function for
large values of the argument. For the distribution of S, under P, the first
step is achieved with the results in Lemma 3.1. We now turn to the second
step.

We first consider socalled Cramér conditions. Define

(310)  A®)=fexplit{f(x)—u}/o.]v.(dx) and &,(x)= sup [k().

itlzc
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[(96 5s(c)+{1 _(%)6}]%]. .

Proof. The conditional density w.r.t. v, of X, given (X, X ,) under B, can, accord-
ing to Lemma 2.3, be written as

Lemma 3.2. We have

sup [ exp {i¢(S,—m,, — K)o} dB, |<

ltize

6
(5) +at
where ¢(-)=0. Therefore, with E; denoting mean values under B,
6
B11) B exp it 06 - miedixo, %01 5(5) {1 ~(5)

When conditioning on X,, X,_,,... under P, the variables X,_;, X,_3,...
become independent with the same conditional density as under B,. Thus we
may use (3.11) [n/2] times to get

|f exp {it(S,—nu,—pu)/o}dp, sl<[< ) lﬁ(t)l+{ (Z) H["/Z]

and the result of the lemma follows from (3.10). []

We next turn to integrability properties of the characteristic function. Let
1 < & <2 be a fixed number such that t=¢/(& — 1) is an integer. Let m be Lebesgue
measure and define,

{01l

(3.12) hy(z) = -

(z) and |k ={[h(2)*dz}',
where we implicity have assumed that the density h(+) exists.
Lemma 3.3. We have

j |j exp{it(S,,—nus—,ug)/as}dP Idt

e b

Proof. From the Hausdorff-Young inequality we have

(3.13) (JIE,[exp{it(f (X 1) =)/} [0, X, 1 AL
X)— s

e LGRS

dm

1

! <ol )( ) e,

4
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where in the last step we have transformed the result of Lemma 2.3 to the
density of (f(X)— ug)/o,. Using the same conditional argument as in the proof
of Lemma 3.2 we get from (3.11) with a={(a/b) 5,(c)+ {1 —(a/b)®}}"*1~~

j. l_[ exp{it(S,,—nus—uf)/as} dBt,sIdt

lt]>¢

<o | ET[IE[exp{it(f (X))ol a1 Xars Jdt

lt]>e¢ 1

<oE ﬁ(flEs[exp{it(f(xzo—us)/as};xu-l,xz,-ﬂjrdr)”f

<oc[(2n)( ) 1.

where we used (3.13) in the last step. [

4 Results

In this section we first write down the main approximation formulae in this
paper and then give theorems stating their validity. Let

4.1) zg=nA(s)+ ul

with pf given in (3.1). Using the coefficients in Lemma 3.1 the third order Edge-
worth expansion for the distribution of S, under B, , is

R e R {ao¢(x)—-‘};{a1+éaz(x2—1)}<p(x)

1 1 1
+;{ 20 X (=X 30) o g (x4 107 —15x>}<o(x)

+ Error},

where

%=70(s) ay=yi(s)o /A" ()  ay=po(s) A (s)/ A" (s)*?
o3 =72(5)05/A"(s)  as=po(sNAD(s)/A"(s)*?)?
oy =70 (5) 4D () A" (5 +47,()(0/4" (5)"*) AP (5)/ A" (5)2.

The corresponding expansion for the density is obtained by differentiation.
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Combining the expansion (4.2) with the formulae in Lemma 24 we get,
for s>0,

(4.3) P(S,>zy)= exp{nA (8)—zs} A(s){Is|)/nA" (s)} ~*
e Bo(ﬁs)+ﬁ{al Bu(B)+g Ba(h)}
1(1
#1423 BalB)+ 3 24 BulB)-+5 25 Be(B)) + Error}

where B,=|s|(n4"(s)"/* and the functions By(*), ..., B¢(*) are given in Jensen
(1991). For s<0 (4.3) is an approximation to P(S,<z). For the density we
get,

4.4) dfi"rfqp) (zo)=exp {nA(s)—zz} A(s){2mnA"(s)} ~/?

. +_1_ ._l +}_ _.i +E
o " 2063 8064 24065 ITOY |.

Theorem 4.1. Assume that the distribution f (v) has a continuous component w.r.t.
Lebesgue measure, then the error term in (4.3) is O(n~%?) uniformly for s in
a compact subset of int 9.

Assume that the density ho(+) exists and | hol < o0, see (3.12), then the error
term in (4.4) is O(n~2) uniformly for s in a compact subset of int @. [

Proof. We first note that for M? in (3.3) we can, according to Lemma 2.3, take

f(x)_l'ts

a

k

= i v (d x).

(4.5) M!=— max {

a“ 1sk=d

s

It is well known from the theory of Laplace transforms that this quantity is
bounded for s in a compact subset of int &. Similarly, we have that M, is
bounded for s in a compact subset of int & on using (2.10).

Using Lemma 3.1 and Lemma 3.2 we see that to establish that the error
term in the Edgeworth expansion (4.2) is O(n~>?), we must show that J,(c)
is bounded away from 1, where d,(c) is given in (3.10). To show this we prove
that the opposite is wrong. Assume that J, (c) — 1 for j — co, where s; belongs
to a compact subset of int 2. This means that |¥(s;+it;/0,)/9(s;)| > 1 for some
|t;|>c. We can assume that 5;— seint 2. Since f (v has a continuous component
we must have that |t;| » co, but this implies that lim sup|V(s+it/o)/V(s)| is not

|l = o0
strictly less than 1, which is in conflict with Riemann-Lebesgue Theorem.

To get from the Edgeworth expansion (4.2) to the approximation (4.3) we

write the integral in the formula in Lemma 2.4 as

s)/nA"(s) }O exp{—s|/nA"(s)u} {H,(u)— H,(0)} du,
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where H,(+) is the distribution function of (S,—z,)/]/n4"(s) under B, ;. To get
(4.3) we then substitute (4.2) for H,(+). This will however give an error term
which is O(n~!) and not O(n~3?) as stated in the theorem. To get the better
error estimate we have to include one more term in the Edgeworth expansion
(4.2) so that the error term there becomes O(n~2).

For the second statement in the theorem we use Lemma 3.1 and Lemma
3.3, so that we must show that ||A|l; is bounded for s in a compact subset
of int 2. This can be shown by using the argument in the proof of Lemma
7 in Jensen (1991). [

The results in Theorem 4.1 is a generalization of the classical saddlepoint approx-
imation for sums of i.i.d. variables to the setting of Markov dependent variables.
We now turn to uniformity results for the case where s —»35=sup{s|seZ}. In
the classical setting this has been studied recently in Jensen (1988, 1991). As
appears from the proof of Theorem 4.1 above, under the fundamental assumption
(2.1) on the Markov chain, validity of the expansion has been reduced to proper-
ties of the distribution of f under v. Intuitively then uniformity of the expansions
will hold if the classical saddlepoint approximation holds uniformly for f(v).

We say, that a density ¢q(x) on R has regular right tail, if it is defined for
x <Xx*, say, and for some x,<x* satisfies one of the following three conditions
for all x,<x<x*,
(1) g(x)=c(x) exp(—h(x))
where h(x) is convex and there exists 0 <c; <c, < oo such that ¢, <c(x)<c,;
(i) x*=o0 and g(x)=A4x*"*I(x) exp(—1x)
where o, T>0 and /(x) is a slowly varying function at infinity;
(ili) x* < oo and g(x)=a(x*—x)*"(x*—x)
where o >0 and /(x) is a slowly varying function at zero.

Theorem 4.2. Under the assumptions

(i) fo=0,0rfo=fand a, <Z—'l:<b1,

(ii) the density ho(*) of (f(X)—uo)/oo under v exsists and |[hy| < oo for some
1<é<2,

(iii) ho(+) has regular right tail,

we have that the error terms in (4.3) and (4.4) are uniformly of order O(n™2)
ass—S§. []

Proof. We must show that M, M, and ||h,|, are bounded as s— 3 and that
J,(c) is bounded away from 1. The conditions on M¢, |||, and &(c) have
been proved in Jensen (1988) for the right tail behaviour (i) and (iii) above
and in Jensen (1991) for the log-concave density. The condition on M, follows
either trivially if f, =0 or from the bound on M?if f,=f. [

We note here that the condition on f; is needed because o2, which is the
variance w.r.t. v, appears in the Definition (3.4) of M,,.

Example 4.3. Let us return to example 1.1 and see how the general set up gives

the results stated in (1.2) and (1.3). We let the measure v have density zli— g(w)
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with respect to the product of counting measure and Lebesgue measure, where
we assumed ag(w)=<f;;(w) < bg(w). Since we are considering the sum X1, where
X;=(Y,, W) we have f(y, w)=w. The condition on h, in Theorem 4.1 therefore
simply becomes [g(w)*dw< oo for some £>1, and similarly assumption (iii)
of Theorem 4.2 says that g(+) has a regular right tail. The form of y,(s) follows
from (3.9). O

5 Sums of the form ) f (x;, x;_,)
1

In this section we will change the point of view from that of Sect. 2-4 and
consider instead sums of the form

(5.1) Su=fo(Xo)+ 2./ (Xi, Xi-1)

where f(+,*) is a measurable function from [E? - R. Instead of the Definition
(2.3) of P(A]|x; s) we use now

P(A|x;5)= | exp{sf (v, x)} P(dy|x),

and the eigenfunction and eigenmeasure are defined as in Lemma 2.1. We start
by an example to illustrate that the general results of the previous sections
do not hold here.

Example 5.1. Let IE=(0, 1), P(dy|x)=m(dy) and

2y for 0<x=4%
y for L<x<1’

16, x)={

Then the eigenvector r(x; s) can for s>0 be written as

1 0
where
rsz(zz—z)_l[%z—]/g-i—%ﬂ—{(%z—]/z—l—%)2+2(22—Z)(ﬁ—1)}”2]
~2V2 734 a5 s> o0
with z=exp(s). Also

sA()=%(z—1)+3r,(z?—2)~27 1223  as 5 0.
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This in turn implies that the conjugate kernel asymptotically behaves as

0 0<y=3, x=3%
Ps('lx)( 1~ sexp{2s(y—1)} F<y<l, x=4
dm V% sexp{s(—H} 0<ysh x>

0 i<y<l, x>3%

for s — co. Thus for x <1 P(-]|x) becomes concentrated close to + and for x>1
B(-| x) becomes concentrated close to 1. Therefore

sup [E(4]x)—E(A4]y)|—>1 as s—> o0

x,y,4

in contrast with the previous result in Lemma 2.3.
Also we find that 4'(s)/A(s) » 5/4 as s — co, whereas the support of f(X{,Xo)
is (0, 2) in contrast to the result of Lemma 2.1 (iv). []

Because of the dependency on x in f(y, x) we shall have to assume bounded-
ness of f and only prove an analogous version of Theorem 4.1. We assume
the existence of a constant M < oo such that

(52 |f3,x|EM forall x,ye[E and |f,(x)) <M forall xelE.

Having made this assumption we can relax the fundamental assumption (2.1)
and assume that for some integer m=1 there exist constants 0 <a<b < oo and
a probability measure v such that

(5.3) av(4) < P™(A|x)<bv(A).

We also assume that P(-|x) is absolutely continuous w.r.t. v and write p(y|x)
dP( ]x)

(y). This is the set up in Kim and David (1979) where large deviation

results are considered.

The results of Lemma 2.1 still hold except that in (i) the statement is for
I(-;s) and in (iv) only the statement A'(R)<int & is true, where % is the
convex hull of the support of f(v® P(-|+)). The conjugate kernel is defined by

(5.4 BA1)= | exp{ =4+ (9} ] ry ’Si P(dylx)

and the Eq. (2.7) becomes

(5.5) AS)=J{1(y,x) B(dy|x) ny(d x).
From (5.2) and the proof of Lemma 2.3 we easily establish the following bounds.

Lemma 5.2. Let r;>0 be a continuous function such that ry<r(x;s)<1 for all
x€lE. Then

(1) exp{—|s|M—A(s)}r, p(y|x) Sp(y|x) Sexp{[s| M —A(s)} rs ! p(y]x)

(i) [exp{—[s|M— A(s)}r]"‘av(A)<P'"(A|x)<[exp{|slM A($)}rs 1]mbv(A4)
(iii) {GXP(—ISIM)T} Polx1]Xo, X3) S ps(xy [ X0, X2)

= {exp(ls|M)ry 1} Po(x1]xg,X2)
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s(x2'x1)ps(x1'x0)
(2| x) ps(x|x0) v(d x)
@iv) sup [R™(A[x)—-R"(AIYI=[b>—a® {exp(—|s|M)r}*"1/b* =p,. [

x,yelE, de o

where py(x1|Xg, X;)= 0

The formulae in Lemma 2.4 are still valid, and because of (iv) in Lemma 5.2
we can study the characteristic function of S, under B, in the same way as
in Sect. 3. In this section we let u be as in (3.1) and define

us=A'(s) and oZ=A4"(s).

In (3.3) f(y) is replaced by (v, x) and M¢, M, are bounded for s in a compact
set because of (5.2) and because of the analycity of A(s). The results of Lemma
3.1 (i)+iv) arc unchanged except that p is replaced by p, and b/a is replaced
by r;'. In particular in order to prove Theorem 4.1 in the set up here we
must establish results similar to Lemma 3.2 and Lemma 3.3.

Lemma 5.3. Assume the existence of constants &,, ,>0, z, <z, and sets A, Be o/
such that

{ P2(B|x)v(dx)Ze,

and such that f (x,, X,)+f (X, X,) has a continuous component under P(+]xy, x,)
with density

d{f(xzf)“'f('axo)}{PHXO, xz)}
dm

h(z|xg, x5)= (2)ze,

for z,<z<z, and for (xq,x,)€A X B. We then have that there exist continuous
functions &, (s), &,(8), ¢(s)>0 such that

|§ exp{it(S,—nus—u3)/o3dR, |
S {29 (=22} o091 =l sy (7

where g(t)=(z,—2,)" ' [{exp(itz;)—exp(itz))}/(0). [

Proof. Let g(t|xq, x,)=|E[exp {it(f(xs, X ) +f (X1, x0))} X0, x,]|. Then from the
assumptions

e28()+(1—g)  for (xo,x5)edxB
<
g(tlxo, x5) ={1 otherwise

and
a? a?
(56) E{g(t|Xm:Xm+2)|X0=X2m+2}§{82 g(t)+(1_82)} F‘gl +(1 —F‘gl)’

where we have used that the conditional density of (X ,,, X1 ) given (Xo, X 5,0+ 2)
is greater than (a?/b?)p? (X, + 2| X,), Which follows from (5.3). Now let g (t|x,, X;)



Saddlepoint expansions for sums of Markov dependent variables 197

be the corresponding characteristic function for the kernel E. Then in (5.6)
the coefficients will depend on s, -

g1(s)=e, [exp{—Is|M—A(s)}rJ?%  ey(s)=e;[exp{—Is|M—A(s)}r]*
and
a(sy=alexp{—|sIM —A(s)}r]",  b(s)=b[exp{|s|M—A(s)}r; *]"
where we have used the bounds in Lemma 5.2.

To get from (5.6) to the result of the lemma we first condition, in the evalua-
tion of the mean value under B, on X' =(X,, X, 1, ... Xyom> Xpome2s oo
Xn~2m—2)7 XZ:(Xn—~2m—3a ""Xn~3m—3> Xn—3m~5= "'aXn—4m~—5)a and so on.
We then get the bound

nf(2m+3)j—1 ¢
(57) E{ I—[ gs(‘ Xn~m—j(2m+3)>Xn*m—z—j(2m+3))}

j=0 s

[nj(2m+3)]— 1 £
=E[ H E{gs(o__ Xn—m—j(2m+3)7Xn-m-Z-j(2m+3))
5

j=0

o]

where X/ is the first and last variable in the vector X’. The result of the lemma
now follows on combining (5.6) and (5.7) and putting c(s)=a(s)?/b(s)>. O
Define

(0= sup ¢(0) and 6.(0)={52(95( - )+1—ez(s)}c(s>el(s)+1—c(s)sl()
ltl>c
with the notation from Lemma 5.2.

Lemma 5.4. Assume that f(x,, X,)+f (X, Xo) has a density under P(+|x,,Xx,)
and that the assumptions in Lemma 5.3 hold. Also assume that for some 1 <(<2
with t=£/(E—1) an integer we have

{ {J h(zlxo, x,)°dz} P2 (d x5 | x0)v(d xg) = ¢ < 00.
E2 R

Then
[ Ifexp{it(S,—np,— )/a}d Slde
It|>é5 ( )[n/(2m+3)]—1:(27.c)(2 é) a {01 c(s)} |
Proof. Using (5.7) we have, with i,(j)=n—m—j2m+3) and i,()=n—m—2
—j(2m+3), the bound

[ exp{it(S,—np,—pd)/o}dB,|dt

jt{>c
—1
t
éés(c)[n/(2m+3)]—f j" E{n gs(~ X, s 120))}(11‘
; [}
Jt]>c Jj=0 s
é&s(c)[n/(szrs)]_rEl:H {jgs( 11(1)5 lz(])) dt}l/{l
i=0 Os
-1

< 5 (c)mi@m+3n= f(zn)(z ? o, E HE{(jh(z]Xil(j),Xiz(j))fdz)”él)?j“}]
So(cfremt AT ‘(27r)(2 ”")0 e e®,

where in the last step ¢(s) is the constant from the proof of Lemma 5.3. []
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With the bounds established above and in Lemma 5.3 and Lemma 5.4 the
proof of Theorem 5.5 below is similar to the proof of Theorem 4.1.

Theorem 5.5. Assume that the conditions in Lemma 5.3 hold. Then the error term
in (4.3) is O(n"3/) uniformly for s in a compact set.

Assume that the conditions in Lemma 5.4 hold. Then the error term in (4.4)
is O(n~ 2) uniformly for s in a compact set. T[]

Example 5.6. Let us again return to example 1.1 and relax the conditions on
the densities f;;(w). We simply let all the f;’s be the uniform density on the

interval (0, 1), and consider instead the sum S,=[] gy.y, , (W), where g; iw)
i=1
is a real function on (0, 1) for i,j=1, ..., d. The situation in Example 1.1 is
then obtained by taking g;;(w)=F;'(w), where Fi;=f;;. The formulas from
1

Example 1.1 still hold on setting ¢, (s)= | exp{sg;;(w)}dw.
0

We now consider the assumptions of Lemma 5.3. The function f(x,, x;)
=f((y2,w2), (¥1,w,)) becomes here g, , (w,), and we take the measure v to
be v(k,dw)=d~'. We make two assumptions.

Namely first that there exists (k, ), such that if Wis uniformly distributed
on (0, 1), then Z=g,,(W} has a continuous component with density h(z) greater
than ¢ for z; <z<z,. Secondly we assume that for some ve(0, 1) and >0
we have |g,,(Ww)—g,. () <(z,—z,)/4 for lw—v|<d. Then, with the notation of
Lemma 5.3, we take A={k} x(0, 1) and B={k} x(v—9, v+ ). Simple calcula-
tions show that

f PZ(BIX)V(dx)ZZ P 20pd !
A i

and since f ((k, wa), (I, W) +f (I, W), (k, wo)) = g1c(W2) + g (W) we find
h(z|(k, wo), (k, w2)) Z h(z — g1 (W2)) Prt Dix {Z Pri pik} ot

Z &Pk Pk {Z pkipik} -t

for z; + g1 (V) +(2,—21)/4 <2<z, + g4 (v) — (2, —z;)/4 and |w, —v[<d. [T
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