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Summary. In this paper, we discuss the rate of convergence in the mean central 
limit theorem for weakly multiplicative systems and apply this result to lacunary 
trigonometric series under probability measures on IR with H61der continuous 
distribution function. 

O. Introduction 

Let { ~i } be a sequence of i.i.d, random variables with mean O, variance 1 and finite 
absolute third moment. According to Berry-Esseen inequality, we have 

I IF , -GoI I~  < c n - 1 / 2 E l ~ l l  3 n e N ,  

where F, is a distribution function of n-  1/z}-, ~= 1 r Gm is that of Gaussian distribu- 
tion with mean m and variance 1 and C is a positive absolute constant. 

V.M. Zolotarev 1,-21] obtained the following result under the same conditions 
on {4,}. 

lim nl/2llF . -  Gol]l < �89 3. 
n---~ o3 

Using these theorems, we can estimate the rate of convergence of II F .  - Go II p to 
0 where pc  [1, oo ]. Limit theorem of this kind is called a mean central limit 
theorem (MCLT). 

MCLT's for various kinds of sequence of random variables have been obtained. 
For example, I.A. Ibragimov I-8] and T. Nakata 1,15] obtained the MCLT for 
a sequence of uniformly bounded martingale differences. 

Recently, L. Paditz-S. Sarachmetov 1,16] proved the MCLT for a kind of 
sequence of weakly dependent random variables, so called equinormed strongly 
multiplicative systems. Before stating this result, we must explain some notions of 
multiplicative systems. 

A sequence {~} of random variables is called a multiplicative system (MS) if 

E ( ~ i , . . . ~ i , ) = O  (r~IN, il < . . .  <i ,) ,  
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and is called a strongly multiplicative system (SMS) if 

E ( ~ : . . . ~ i ~ ) = 0  (reN, il < . . . < i r ,  c~i= 1,2) 

unless all c~i's are equal to 2. {~i} is called an equinormed multiplicative system 
(EMS) if both {~} and { ~  - 1} are MS, and an equinormed strongly multiplica- 
tive system (ESMS) if it is at once an SMS and an EMS. These notions except the 
EMS are introduced by G. Alexits [1], [-2] and have been studied extensively by the 
Hungarian school. A history of this field is thoroughly summarized in F. M6ricz- 
P. R6v6sz [14]. 

Of course a sequence of independent random variables with mean 0 and 
variance 1 is an ESMS and a sequence of martingale differences is an MS whenever 
all the expectations appearing in the definitions of MS's exist. 

Besides, there are important examples of MS's. One of the most important 

among these is lacunary trigonometric sequence. A sequence {x//2 cos(2nnj-~o)} on 
the concrete probability space [0, 1-1 with Lebesgue measure is an EMS if {nj} c N 
and nj+l/nj > 2 ( j ~ N )  and is an ESMS if {nj} ~ N and nj+l/nj > 3( j~N) .  Some 
systems of almost periodic functions under the relative measure can be treated as 
EMS (Cf. Fukuyama [4]). 

The result of L. Paditz@ Sarachmetov is as follows. 

Theorem A. Let {2i} be a sequence of real numbers and 2 be a positive number 
satisfying 

~ 2~=1 and 1;~[_<2_<1 ( ieN) .  
i = 1  

Let {~} be an ESMS satisfying 1~[ __< K( i sN)  for some K > O. Then 

tie - Go IIo~ ~ LK1/421/4 and IIF - Golll 6 LK4/7,~2/7 , 

where F is the distribution function of ~i~=l 2 ~  and L is an absolute constant. 

Putting 2i = 1/xfn(i < n) and 2i = 0 (i > n) in this theorem, we get the ordinary 
MCLT. 

The purpose of this paper is to extend this theorem to the case of weakly 
multiplicative systems (WMS), and to apply it to more general lacunary trigono- 
metric sequences under some singular probability measures on IR. 

It is, however, rather difficult to explain briefly the notion of WMS. We can find 
various definitions of WMS in I. Berkes [3-1, F. M6ricz [13], W. Kratz-R. Trautner 
[20] and K. Fukuyama [-5], [6-1, but they are all different from each other. Only 
thing they state in common is that expectations appearing in the definitions of MS's 
are not necessarily exactly equal to 0 but are nearly 0 in some sense. 

To state the definition of WMS in our sense, we must prepare some notation. 
Put 

br . . . . . .  ~ = E(~h . . .  ~ ) ,  ~ . . . . . .  r = E((r -- 1 ) . . .  (~r -- 1)) and 

fill . . . . .  ir = E((r -- 1 ) . . .  ( ~ 2  __ 1)). 
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We introduce infinite dimensional vectors Br,/~, and/~r by 

Br = (bi . . . . . .  ir)i, <.. .  <~r' Br = (~  . . . . . .  i.)i, <-..<i~ and B~ = (~  . . . . . .  ir)i, <.. .<i. .  

Let li B, I1~, II/~ I1~ and II/;, I1~ be l~-norms of these vectors, i.e. 

IIB, Ila = .~. rbq . . . . .  i~l]  
i l  < <it 

and so on. 
We say that a sequence {~} of random variables is a (6, B)-WMS if 

(0.1) IlBrll~/" <= Br ~-l/~ IIEIll/= __< Br 1/2 and II/~lll/r < Br i/2 (reN).  

Roughly speaking, (6, B)-WMS is a sequence of random variables such that {r 
{ ~ _  ~ - 1} and {r - 1} are all nearly MS. Of course it seems to be more natural 
to assume that {r and {r - 1} are nearly MS because it is a convenient way to 
extend the notion of EMS, and our definition may be seen an artificial and minor 
extension of this natural one. We believe, however, that this extension is essential 
because it enables us to apply this notion to lacunary trigonometric series with 
more general gap conditons than that stated before. 

Anyway, we are in a position to state our first theorem. 

Theorem 1. Let  {~i} be a (6, B)-WMS, {2~} be a sequence o f  real numbers and 2 be 
a positive number satisfying 

(0.2) ~ 27 = 1, 
i = l  

(0.3) 

]kiP___<B2 and 2<=1 ( i ~ N ) ,  

12,~il ~ B2 ( ieN)  

for  some 6 e [1, 2) and B > 1. Then the series ~i~= 1 2i~i converges in probability and 
its distribution function F obeys the following estimates. 

1t F -- Go II oo < L B  22(1/4) ̂  (2zl/3) and [1F -- Go lit < L B  32(2/7) ̂  (4d/5). 

Here L is an absolute constant and A = 2/6 - 1. 

From this theorem, we can derive the next corollary which plays an important role 
in the rest of this paper. 

Corollary. Let  B > 1 and r e [ l ,  2). Suppose that a double sequence {2.,i} of  real 
numbers and a sequence {4.} of  positive numbers satisfy 

~ 2 2 1  = 1, 12.,~1 < B2. and 4. < 1 (n, iCN), 
i = 1  

and an array { ~., i} o f  random variables satisfy the following conditions. For each 
n e N ,  {~.,i}i~N is a (6, B)-WMS and 

12n,~.,il ~ B2. (n, ieN) 
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holds. Then we have 

HEn - Go[[~ < LB2,~(nl/4) A(2A/3) and IIF, - Gol[1 < LB3}~(2n/7)^(4A/s) (n~N), 

where F, is the distribution function of ~ i~  1 2,, i~n, i. 

Next we state its applications to lacunary series. Here we assume that a prob- 
ability measure P on f2 = IR 1 satisfies 

(0.4) P { [~o, co + hi ) =< Mh" (co e f2, h > O) 

o r  

(0.5) IP(u)l < Mlul -p/2 (uelR), 

for some M > 0 and p e (0, 1] where/3 is the characteristic function of P. 
There are important examples satisfying (0.4) or (0.5). According to 

oO n F. Hausdorffl-7] the law o f ~ , = l a  r,, where 0 < a < 1/2 and {rn} is a Rademacher 
sequence, satisfies (0.4) with p = (log 2)/(log l/a), and R. Kershner [11] proved that 
(0.5) does not hold ifa = 1/3, 1 / 4 , . . .  N. Wiener-A. Wintner 1-20] proved that there 
exists a singular probability measure satisfying (0.5) for each p e (0, 1). 

R. Kaufman [10] showed the following theorem. 

Theorem B. Let P satisfy (0.4). For x > O, let F, be the distribution function of 
n-1/2~y.= 1 x/-2cos(#o)). Then for almost all x > 2 with respect to the Lebesgue 
measure, 

Fn --* Go pointwise as n ~ oo. 

After that S. Takahashi [17] obtained the following theorem. 

Theorem C. Let P satisfy (0.4), {aj} be a sequence of real numbers satisfying 

A ~ = a ~ + . . . + a ~  oo and a ,=o(A , ( Iog logA~)  -1) a s n ~  oo, 

{fl3} satisfy the following condition which is called Hadamard's gap condition; 

i l l > 0 ,  f l - ~ - l > q > l  ( j e N ) ,  
J 

{T j} be an arbitrary sequence of real numbers and F, be the distribution function of 

A~ l~=la jw/ -2cos ( f l j t co+ Tj). Then, for almost all t~IR with respect to the 
Lebesgue measure, 

Fn ~ Go pointwise as n ~ oo. 

Recently S. Takahashi [19] proved the following theorem. 

Theorem D. Let P satisfy (0.5), {a j} satisfy 

A 2 = a  2 + . . . + a  2 ~  oo and an=o(A , )  a s n ~  oo, 

{flj} satisfy nadamard's gap condition, {T j} be an arbitrary sequence and Fn be the 

distribution function of A~ 1 ~ =  1 a~x/2 cos(fijco + 7j). Then, 

F, --* Go pointwise as n ~ oo . 
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The last three theorems are central limit theorems for lacunary trigonometric 
sequences with Hadamard's gap under some measures on the real line including 
a class of singular measures. In this paper, we extend these to the case of 
Takahashi's gap, that is to say, 

(0.6) ill>0, --fl~l>l+cj-~ ( j ~ N ,  f o r s o m e e > 0 a n d 0 < c ~ < � 8 9  
J 

As to Theorem B, we extend it to the case that the sequence of frequencies is {x~(~)} 
satisfying 

(0.7) q ~ ( 1 ) > 0 , ~ b ( j + l ) - q S ( j ) > d j  -~ ( j 6 N ,  f o r s o m e d > 0 a n d 0 < c ~ < l ) ,  

in which {x r satisfies Takahashi's gap condition xO(J+~)/xO(J)> 1 + (d log x) j  -~. 
In what follows weare  concerned with the case in which the sequence {a j} of 

coefficients satisfy 

A ~ = a ~ + . . . + a ] ~ o o  and a , = o ( A , n - ~ ( l + a l o g n )  -1) a s n - - * o o .  

Under this condition, we can take a sequence {p,} of positive numbers and 
a positive constant C satisfying 

(0.8) #, --* 0, A,#,  T oo as n ~ oe and 

m < 1, la.[ < Cl~,A,n-'(1 + c~logn) -1 (n~N).  

We have the following three theorems. 

Theorem 2. We assume (0.4), (0.7) and (0.8). Let F, be the distribution function of 
~ j= 1 ajx/2 cos(x'~(J)a) + Yj). Then, for almost all x > 1 with respect to the 

Lebesgue measure, 

(0.9) IIF.--Golt~L~/4 and IIF.-GoIII~L~ff/7 (n~N). 

Here L is a positive constant depending only on x, ~, d, r C, p and M. 

Theorem 3. We assume (0.4), (0.6) and (0.8). Let F, be the distribution function of 
A ; l ~ ] = l a i x / ~ c o s ( f l j t c o +  Yi). Then, for almost all t~lR with respect to the 
Lebesgue measure, (0.9) holds. Here L is a positive constant depending only on t, c~, c, 
ill, C, p and M. 

Theorem 4. We assume (0.5), (0.6) and (0.8). Let F, be the distribution function of 
A,-I~j=" 1 ajx/~cos(flja~ + yj). Then (0.9) holds. Here L is a positive constant 
depending only on a, c, B1, C, p and M. 

If we put a = 0, Takahashi's gap condition is reduced to Hadamard's one, and 
the condition on {ai} is reduced to that of Theorem D and is weaker than that of 
Theorem C. Of course Theorem B is a special case of Theorem 2. Hence our results 
are extensions of original ones, and moreover they assert the MCLT which has the 
central limit theorem as its corollary. 



164 K. Fukuyama 

1. Proof of Theorem 1 

First we prepare some lemmas. 

Lemma 1. (1) ~ = i  2~i converges in probabili ty as p ~ ~ .  
P P 3 (2) ~,=~ ~2~2 and ~,=~1~,,~,1 converge almost surely as p --+ ~ .  

(3) Put  Mp = ~ =  i 2ibi where p = 1, 2, . . . , ~ .  Then we have 

(1.1) IMpl < B2A ~, 

(1.2) E 22(~ 2 - 1) < 24B422. 
i=1  

(4) Tp(z) = I~L, (1  + x / -2 -1z2 , { , )  converges in probabili ty as p ~ co if  z E C  and 

Izl -<_ (2B2) -1. 

P r o o f  (1) We prove that ~=12,{~ converges in L2-sense. First we note that 
iJB, IIz < NB, Jla < B" holds. Put 

E 2,r = 22 + ~'. 22 ' -1  ~' + Z 2 2 , ~  + 2 ~' 2q2i=bq.,= 
i=l  i=l  l~_2i-- l <m l<-2i<_m l<i i  <i2 <m 

= 2 + ~ + ~ + 2  2 �9 
1 2 3 4 

Using Schwarz's inequality and estimating/2-norm by l~-norm, we have 

2 ~-<- 2 ,1.2,-1.,] it bi 5- 2 21,_, ll&li,_. 
_ ' = 1  l < - 2 i - l < . m  l < 2 , - l < m  _ _ 

~3 is estimated in the same way and as to ~4,  we get 

~=< E 22, 222 ~ b,1.,2 < ,~2 ][B2 Hi2 �9 
I < i l < i 2 < r n  I \ l < = i l < i 2 < m  ) ,=l  

These estimates imply L2-convergence of the series. 
(2) They are proved in a similar way as (1). Indeed, we have 

because of(0.1) and 12,1 < 1. By (0.3), we have [2,r < B222~2. From these, almost 
sure convergence of Y'~= i 12,~d 3 is clear. 
(3) Using H61der's inequality, we obtain 

,=,2 i2,1 , Ib,i) II , 

where e is the dual of 6, i.e. 1/e + 1/6 = 1. 
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Next we prove (1.2). By Minkowski's inequality, 

E 1/2 2~(~ 2 1) < E , / 2  z 2 z 2 _ -- /~2i-i(~2i-i -- I) + E I/2 = &/(~2i 1) 
i = 1  i=1 i 

= E i  + E2 . 

Expanding E~, we have 

E 2 <  ~. 2z4 i_ lE~ ,_ l+  ~, 224,_1+2 E z z i ~ , ,  22 i i  - i / ~ 2 i 2 -  , " 

i =  1 i =  1 i l  < i2 

Estimating in a similar way as (1) and (2), we get (1.2). 
(4) Let log w denote the principal value, i.e. IImlog wT < ~r. Since I x / - ~ z i i ~ i }  

< IzlB2 < 2 -~, we have ]log0 + ~--~z2g~z) - ~---lz2zr < IN/~z,~i~il 2. 
P Since Z~=I 2gr and Zz=122~ 2 converge in probability as p ~  ~ ,  so does 

~i=1 p log(1 + ~ - l z 2 i ~ i )  also. Thus we can conclude that 
Tp(z)=exp(~'~'=~ log(1 +.J~-i-z2~r converges in probability as p ~  ~ if 
lzl _-< (2B2) -~ [] 

We denote the limit of Tp(z) by T~(z).  

L e m m a  2. I f [z [  < (8B22~)  -1  and p < ~ ,  then 

(t.3) IET,(z) - t -- x / / ~ z M z ,  I <= lOB4~Z~lzt 2, 

(1.4) IETp(z)- 11 _-< 3B2AAIz l ,  

(1.5) IETp(z)l < 2 .  

P r o o f  First we prove (1.3). We have by H61der's inequality, 

IETp(z) - 1 - ~ - l z m p l  < 

< 

< 

~, ]zlrl,;Lil . . . ~#l lbq,  .,i~l, 
r = 2  i l <  . - -  < i t  

z 
r = 2  ii  < " "  < # ( .)1,0 

x ~ ]2Bri/~l- '~ ~, Ibi, . . . . .  i , l }  
r = 2  i ~ < " - < #  

r =  2 i~ < " "  < i ,  

x( 
Using the idea of W. Kratz-R. Trautner [12]; 

1 

i, < " "  < i, i l  . . . . .  i r  
a rc  d i f f e r e n t  

f r o m  e a c h  o t h e r  

l( )r 
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and (0.1), we have 

Since [zl < (8B22~) -1, we finally get IETp(z)- 1 - ~ - l z M p l  <(1/.,~)14B2z2AI2. 
Because o f ( H )  and (1.3), we have IETp(z) - 1] < B22alz ] + 10B42-~lz[ 2 < 3B22~]z]. 
(1.5) is clear from (1.4). [] 

Lemma 3. l f  selR, Is[ < 3(32B22) -1 and p = 1, 2 , . . .  , o~, then 

(1.6) E e x p ( s ~ 2 2 ( ~ - l ) )  < 4 " i = 1  

Proof. Suppose p < co. Let t e n  and ltl _-< (16B22) -*. In a similar way as in the 
proof of (1.3), we have 

P 
E H (1 + 4t~2i_1(~2i_1 -- 1)) 

i=1  

=< ~' ~T(,=O 1 '4x~B2 trl12212~ )l/2 ( ~ (x/2Brl/2 " B~ [' 21/" )- 2" ) 

< 2 .  

Since we have [4t22~_1({2,_, - 1)] < 4[t]222,_1(]1{2~_,1] 2 v 1) < 4BZ22[t] < 4 -1, 
applying exp(x - x 2) < 1 + x (ix[ < 2 -1, xelR) ,  we get 

( ~ 1~2i-1('2i-i- t'--i6t2 ~ )~i-l(~2i-1 1) 2 ) E exp 4t 2 2 
i=1  i = l  

P 
< E H (1 + 4t22,_,({2,_~ - 1)) 

i=1  

< 2 .  

Because of 

P P 
16t 2 Y, L2~-~(~2~-~4 2 - 1) 2 < 16t2,~2B2 ~ 2~-~]~z-~ - li 

i=1  i = i  

P 
_-< Itt~ ~ 2 2 

i = l  

P 
< It12 ~ 2 2 _ " ~ 2 1 - 1 ( ~ 2 i - 1  1) + 8 - 1  , 

i=1  

we have E e x p ( ( 4 t -  { t [ 2 )~= ,  2 2 , _ , ( { 2 , _ 1 -  1) )<  4. For  given s satisfying jsf 
< 3(32B22) -1, let t satisfy 4t - it{2 = 2s. Then It I < (t6B22) -1. Thus we have 

proved E exp(2s ~v=,  222i_ ,(r _ 1)) < 4(p < oo ). This inequality is also true 
if we replace 2 i -  1 by 2i. Using these inequalities and Schwarz's inequality, we 

. P have (1.6) for p < oo. We can write (1.6) in the form E e x p ( s ~ i =  1 22{/2) < 
4 e x p ( s ~ = , 2 1 a ) ( p  < oo). By monotone  convergence theorem, it remains valid 
f o r p =  or.  [] 
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Lemma 4. For teIR, It[ _-< (16B22 (1/2) ^ A ) - I  and p = 1, 2 , . . . ,  co, we have 

(1.7, E e x p ( t i 2 i ~ i ) < 4 e x p ( 2 t 2 i 2 { )  ~=1 

Proof Suppose p < ~ .  By Schwarz's inequality, 

E e x p ( t i ) ~  412i)~2~2 i = i  i = 1  i = 1  

= E1 x E 2. 

Since ]212~i[ _< 2[t[2B < 8 -1, using (1.5), we have Ei = < E1/ETp( - -  x f ~ 2 t )  =< 2. 
By (1.6), E2 < 2 exp(2t 2 ~,~= i 22) < 2e212. Thus (1.7) is proved for p < oo. Thanks 
to Fatou 's  lemma, we see that (1.7) is also valid in case p = ~ .  [] 

Lemma  5. I f  Iz] < (8B22 (1/21 ̂  4)-1 and lira z[ < (64B22 (i/2) ^ 4)-1, then (1.3), (1.4) 
and (1.5) hold for p --- ~ .  

Proof Since Tp(z) converges to T~o(z) in probability,  if {Tp(z)}p~N is uniformly in- 
tegrable, limp_~ETp(z) = ETo~(z) holds and (1.3), (1.4) and (1.5) remain valid for 
p - -  ~ .  Thus it is sufficient to prove L2-boundedness  of {Tp(z)}p~. Using 
1 + x < e x and ]1 + x//--~z,~i~i[ 2 = 1 - 2(Imz)2i~i + 1z1222~ 2, we have 

E[Tp(z)[ 2 < E e x p ( - 2 ( I r a  z)i=ii 21~i+ [z] 2 i=li 2242) 

~E1/2exp(--4(Imz) i "~i~i)E1/2exp(2]z[2 ~ ~2~2) i = 1  

Since 4[Imz[  _< (16B22 (Ira ^~)-1 and 2[z[2 _< (32B421^ 24)-1, we can apply (1.6) 
and (1.7) and conclude E[ Tp(z)[ 2 ~ 4 exp([z[ z + 32(Im z)2). [ ]  

If [w[ =< 2 -1, e ~ = (1 + w ) e x p ( 2 - i w  2 + r(w)) and [r(w)] __< [w[ 3 hold. Thus, in 
case [z[ __< (2B2)-1, we have 

) F.(z) = ET~(z)exp - - ~  2~ ~ + r(x/~---lz2~,) , [r( ~ f f  lz2~,)[ < [z2~r 3. 
i = 1  i = 1  

Lemma 6. If[z[ <= (8B22 ~ ^ 4)-1 and Jim zl _-< (64B2) - i ,  then 

IF(z) - GM~(z)I <= 13B32[zl 3 + 22B421 ^ (2~/[z[2. 

Proof Dividing into two parts, we have 

[;(z)  - GM~(z)[ < l/~(z) - e-~/2ET~(z)[ + ]e -~:/2 I[ET~o(z) - e x p ( ~ -  lzMo~)[ 

=11 +12 .  
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First we estimate 12. Obviously, fe-Z2/2f < e ~m~)~/2 < 1 + 2 -1~ Because of (1.1), 
(1.3) and IzM~l =< 8 -1, we have 

[ET~ (z) - e x p ( ~ -  lzM~)[ 

< [EToo(z) - 1 - x~zMooJ 

+ I1 + , / - 2 5 ~ / ~  _ e x p ( , / ~ i z M ~ ) l  

10B422JIz[2 -]- 2 -  l lzMo c ]Zet~M~l 

< (2 3 + 2 + 2 -1 + 2-3)B4)~2~[z[ 2. 

From these estimates we get Iz < 11B'*22~lz[ z. As for It, we have 

I1 = (z )exp  - -  ~ -  ,~2~/2 -F r(~z,~i~i) - e -z~/2 
i=1 i=1 

=< T~ (z) exp - ~ 2~ ~ 
i=1 

• exp( ,~  1 r (x / - -~z2 ,~ ) ) - exp (~  ~1 22(~ 2 -  1 ) ) .  

oo oo 2 2 Because of ]T~ (z)l < exp(-  (Im z) ~i= 1 21~i + 2-11z12 ~i= 12i ~i ), we get 

I I<E  e x p ( - ( I m  z) i = 1  ~' 2i~i + (Im z) 2 ~=,~ 2} ~}) 

/z  2 
x{exp( i~=lr (x /~- l z2~ , ) ) - I  + e x p ~ - ~ 1 2 ~ ( ~ - i ) ) - i  }- 

Using le ~ - 11 < ]z[e Izl, we have 

• { ,~ ~ ,/-1 z~,~,~ exp ,~ ~( ,/-~z~,~ 

} -~ ~ i = 1  /~2(~2 - -  i~1~ ~2(~2 __ 1) 

Noting �88 + ~ + ~ + ~ = 1, by H61der's inequality, we get 

Ii<e(Im~)~Ea/4exp(-4(Imz)~'2i~i)Et/Sexp(8(Imz)2~'2~(~2-1) i=1 

• E 1/2 r(,f--Sz,~,~,) E 1/8 8 r ( , f ~ z ~ , ~ , )  
i=1 i=1 

+ ~-E1/2(i~=122(~2 --1))2E1/Sexp 4z2i~=~ 22(~2 --1) } 

= eOmz?EIE2(E3E4 + 2-tlz12EsE6). 
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We have e (I~ ~)2 < 22- ". Since 4tim zl < (16B2) - i ,  using (1.7), E i _< (4e2(16B2)- 2) i14 
< 22-'+2-~. Since 8(Ira z) 2 < (512B4) -1, using (1.6), E 2 < 22-2. Since 

~'--~ r(x/-~z2i~i' <= i=1 ~ Iz2i~il3--< B2lzl3( ~ 2 ~ ( ~ - 1 ) + I = 1  1-), 

we have E3 ~ B2lzla(1 + Es). Applying (1.2), we have E5 < 5B22 and E3 < 
6B 321z 13. Because of the same inequality, we have 

E4 <= exp(B2]z]3)E1/8exp(8B2[z13 ~ 22(~ -- l)) 

Since 8B2lzl 3 < (64B5) -1, by (1.6), we have E4 < 22-~+2-~. Using e I~l < e ~ + e -~ 
and Minkowski's inequality, we get 

E 6 < E 1 / S ~ e x p ( Z 2  ~~ ) ( L ~  __~ )}8 Iz~l 2 2 2 ( ~ - 1 )  + e x p  - 22(~ 2 - 1 )  
= t \ 2  ~=1 i 

<EilSexp(41221 ~ ~(~2--1))+E1/Sexp(-4t221 ~ ~2(~2--1)) i=1 

Since 41z12 = < (16B4,~(2/3) ^ (2~)) - i ,  using (1.6), we have E 6 =< 21+2-2. Combining 
these estimates, we have I~ < 132B3[z[ ~ + ll)~B2lzl 2. [] 

Put S = ~i~= 12i 4, and D = {z ~ IE; I z I < (8 B22 (~/3) ̂  ~)- 1, I Im z I < (64B 2)- 1 }. 
Here we prove that if(z) is holomorphic on D. By (t.7), if z cO, E[exp(x/~zS)[ 
=Ee -(lmz)s <4e 2~ Thus, for rectifiable closed curve C in D, 
~cElexp(x~zS)l]dz ] < oe. Hence we can use Fubini's theorem and have 
~ci(z)dz = E ~cexp(x/-2-1zS)dz = 0. Thanks to Morera's theorem, we see that 
if(z) is holomorphic in D. Consequently H(z)= z - l ( i f ( z ) -  Gm~(z)) is holo- 
morphic in D and by lemma 6, we have 

(1.8) [H(z)l ~ 13B321z[ 2 + 22B421 ^(2z)lz [ zeD. 

Moreover, we have the next estimate. 

Lemma 7. IftElR and ttl < (16B22 C1/3} ̂  a)- l ,  

IH'(t)[ < 3328BSA[tl 2 + 2816B6)~ 1 ̂  (2~)lt [ + 44B4)~1 ,, (24) 

Proof In case [tl =< (64B2) -1, a circle Ct = {zsll2;rz - tl = It[} is in D. By the 
Cauchy's integral formula, 

[H'(t)[ = 1 f H(z) dz 
2~z~--~ g , ( z - t )  2 <It[  - i  max 

Izl<21tT z~D 
[H(z)l < 52B3)~[t[ + 44B4)~ 1 ^ (2zl) 

In case (64B2) -1 < Itl < (16B22 (1/3) ̂  ~)-i, we 
(64B2) - i  } c D and conclude [H'(t)l -<_ 64B 2 

2816B621 ^ (2z)ltl. 

have C , = { z e C ;  [ z - t l =  
max [H(z)[ < 3328B52[t[ 2 + 

Izl<2It] 
z~D 

[] 
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Applying smoothing lemma of Esseen (Cf. I.A. Ibragimov-Yu. V. Linnik [9]), 
for all T > 0, 

24 1 i 
(1.9) II F - GMo [I ~ <= ~ ~ - r ~/27c T + -  IH(t)[dt, 

(1.10) 

(~ 1 ~t/2( i IH(t)[2dt)U2+( i IH'(t)[2dt)l/2" I]F--GM~I[I <=8--~ + +TT, ] -T -r 

Using (1.9) with T = (8B2,~ (U4) ^ (2a/3))- i, by Lemma 6 we have 

II F - G ~  II ~ -<_ 2 5 B 2 , l  C~/~) ~ (2~/3) 

Applying (1.10) with T = (16B2)~ 2/7) ̂  (4~/s))- ~, by Lemma 6 and 7 we get 

II F - GM~ Ill ~ 465B3)~(2/7) ^ (4A/5) 

On the other hand, it is easily seen that 

IIGM~ -- Gol[~ < JM~I =< B2~ ~ and ][G,% - Gollx = ]Moo! _-< B 2/~ 

hold. From these estimates we have the conclusion of the theorem. 

2. Proof of Theorem 3 and 4 

Let us assume (0.6) and (0.8) and prepare some notation and lemma. 
We first introduce a sequence { p(k)} by 

v(0 )  = 0 

p(k) max{j ; f l j -<2  k} k e N .  

(We put max~b --- 0.) It is easily seen that tip(k) > 2 -m+D2pI-~(k) (keN)  holds for 
some positive constants D1 and D2 depending only on a, c and fix and it implies 
that 

( k  + Dl"~ x~(1-~) ( k  + Dl"l 2 
p ( k ) < \--D~--2 ,] <= \ ~ ] " 

For k e n  satisfying p(k) > 0, let us put 

l(k)=[~logzp(k)+4+log2 c+ 11 
r 

where [x] denotes the integer part of x. Since l(k) >= 3 and l imk~(k  -- l(k)) = oe, 
we can define a sequence {re(i)} by 

f m(0)  = o, 

t re(l) = rain{k; p ( k ) "  > 0}, 

lm(i)--max{k;k-l(k)<=m(i=- 1)} i > 2 .  
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For  n, i e N,  let us put  

J, , i  = { j e N ;  p ( m ( i - 1 ) )  < j <= p(m(i ) )  /x n} and Ji = J~o.i. 

For  any set J c N,  we denote  its cardinal  number  by I J [. 
After now on we denote  constant  depending only on ~, c, i l l ,  P and C by D and 

it may  be different line by line. 

Lemm a  8. There ex i s t s  D sat is fying the fo l lowing  inequalities. 

(2.1) re(i) - m(i  - 1) = l(m(i))  i > 2, 

re(i) - m(i - 1) __< Dl(m(i ) )  i e N .  

(2.2) p(m(i ) )  - p(m( i  - 1)) = Dl(m(i) )p~(m(i) )  i e N .  

(2.3) l (m(i))  <__ Dp~(m(i))  i e N .  

(2.4) p(m(i ) )  < Dp(m(i  --  1)) i => 2, 

p(m(1)) N D. 

(2.5) 1 + c t logzp(m( i ) )  > Dl(m( i ) )  i e N .  

(2.6) I Jql . . .  IJ~rl < D r ( p ( m ( 2 ) ) .  . . p(m(ir - 2))) 2" 

i f  r e N ,  i, > 3 and il < . . . < i~, 

I J ~ [ < D  / f i  = 1, 2, 3. 

(2.7) max l ajl < O A , p - ~ ( m ( i ) ) ( 1  + c~ l o g 2 p ( m ( i ) ) ) -  11~, 
J~J . , i  

i f  n e J i ,  i e N ,  

where  {/t,} is the sequence appearing in (0.8). 

P r o o f  
(a) P roo f  of (2.1). Since each increment of { k -  l(k)} is below 1 and 

p(m(i  - 1)) > 0 if i > 2, by the definition of re(i), we have m(i) - l(m(i)) = m(i  - 1) 
for i >  2. 

Let  i = 1. Obviously, p(m(1) - 1) = 0 holds and it implies 2 "(1)-~ < ill. Thus 

re(l) < 1 + log2 fll < (1 + log2f l l ) l (m(1)) .  

(b) P roo f  of (2.2). If p(k) > O, 

p(k) - 1 

2 >- fl,(k) >= I ~  (1 + cj -~) => 1 + c p - ~ ( k ) { p ( k )  --  p(k  - 1) - 1}, 
- -  ~p (k -  1)+ 1 j = p ( k - 1 ) + l  

and hence p(k) - p (k  - 1) < 1 + c-~p~(k)  N c - l ( c  + 1)p~(k) k e N .  Using this and 
(2.1), we have 

p(m(i ) )  - p(m( i  - 1)) = 
rn6) 

Z {p(k) - p(k  - 1)} 
k = m ( i -  1)+ 1 

c + 1  
<= p~(rn(i)){m(i) - m ( i -  1)} 

c 

<= Dp~(m(i)) l (m(i)) .  
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(c) P roo f  of (2.3). Because of the definition of l(k), it is sufficient to take D as the 
maximum of x - i ( ( 8 / p ) l o g 2 x  + 4 + log((c + 1)/c)) for x > 1. 

(d) P roof  of(2.4). By (2.2) and (2.3), for i e N ,  p(m( i ) )  - p (m( i  - 1)) < D2p2~'(m(i)). 
In case i _>_ 2, dividing by p(m(i)) ,  we have 1 - p(m(i  - 1)) /p(m(i))  < D2p2~' - i (m( i ) )  
--* 0 as i ~ oo. In case i = 1, using p(m(O))  = 0, we get p(m(1)) < D 2/1-2~. 

(e) P roo f  of (2.5). It is sufficient to take D > 1. 
(f) P roo f  of (2.6). Since I Jil = p(m(i)) - p (m( i  - 1)), by (2.2) and (2.3), 

[Jil I �9 . .  I Jir] <= Dr{  p ( m ( i l ) )  . . . p (m( i , ) ) }  2~'. 

First we consider the case ir _-> 2 + r. Let i* be the maximal  element of 

{ i e N ; i  < it- 2} & {ii . . . .  , i , - i }  c.  

Then ir - r -< i* < ir - 2. Using (2.4) i, - i* times, we get p(rn(ir)) < D ~ ' - : p ( m ( i * ) )  
< D r p ( m ( i * ) )  and hence, 

I Ji l l  . , .  I Jirl --< D Z r { P ( m ( i * ) ) P ( m ( i i ) )  . . .  p ( rn ( i r -1 ) ) }  2~. 

Here i*, i l , .  �9 �9 i r - t  are different from each other. In case it-1 = ir - 1, in a sim- 
ilar way we can take i** satisfying i * * r  i*, i t , . . . , i r - 1  and i , - 1 -  r < i** 
< it-1 - 1, and have 

I J q  I . . .  I J~,l -< D3r{ p ( m ( i * * ) ) p ( m ( i * ) ) p ( m ( i i ) ) . . ,  p ( m ( i r - 2 ) ) }  2~. 

Thus in case ir > 2 + r, using (2.4), we have 

IJ**l... [J/.I < D a r + I { p ( m ( 2 ) )  . . .  p ( m ( i r -  2))} 2~. 

In the other  case, using (2.4), p(rn(i~)) < D r+l and p(m(ir  - 1)) < D r, we have 

I J h l . . .  IJ,~l < D 5 r + 2 { p ( m ( 2 ) )  . . .  p(m(ir  --  2))} 2~. 

(g) P roo f  of (2.7). Because of (0.8), using (2.4), we have 

max Jail ~ C # . A , p - ~ ( m ( i -  1 ) ) ( ~ l o g p ( m ( i -  1 ) )+  1) - t  
jEJ,,i 

< D # , , A , , p - ~ ( m ( i ) ) ( e  log p(m( i ) )  + 1)- t [] 

Now we proceed to the proof  of Theorem 3. Put  (~(t, co) = x /~  cos(flitco + ;~j) and 
we prepare Rademacher  sequence {rj} which is independent  of {(j}. We define 
{2,,,} and {r by 

I 2 A 2 h--l/2 
r~p(m(i- 1))! ~ n , i :  (Ap(m(i ) )An--  je&,iZ a j ( j  

( ri 

An i 2 A 2 ~1/2 
An, i : 0 (Ap(m(1))An 

I l~l-p(m( i - 1))1 

if p(m( i  --  1)) < n 

if n <= p (m( i  - 1)) 

if p ( m ( i -  1)) < n 

if n < p (m( i  -- 1)). 
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oo 1 n W e  h a v e  ~ i = 1  2,,ir = A2  ~_,j=l aj~j, and  us ing  (2.2), (2.7), (2.5), 

]2n, i[ <= Anl lJ i [  1/2 m a x  [at[ a n d  [~'n.i~.,i[ ~ x / ~ A n l l J i [  m a x  [aj[, 
j e J ~ , i  J~J . . i  

we h a v e  

(2.8) [2.,~[ < D#, and  [2.,i~.,i[  _-< D#,,.  

P u t  bt")l,,..., ,,," tt~, = E(~,,q(t) �9 �9 �9 ~,,i~(t))(il < " "  < it). W e  m u s t  e s t ima te  
[[B~")(t)l[l= ~ < . < ~ .  b ('~)1,, . . . .  ~(t)l. I f  n<p(m(ir--1)),= b ('")l~, . . . .  i~(t) = 0 holds .  
O the rwise ,  b y  Schwarz ' s  inequal i ty ,  we have  

b (") ,i.[ 2 A 2  " 1 - 1 / 2 . . .  2 A 2 "1-1 /2  ,1 . . . .  = (Ap(m(it)) -- ~p(m(i~- 1))/ (Ap(m(i~))An - -  ~p(m(i~- 1))] 

x ~ % . . .  a j E ( ( j , . . .  (~) 
jqeJn, ,  

(q= 1,..~. ,r) 

< 2 A 2 "~- 1 /2  2 A 2 "l-  1 /2  
= ( A p ( m ( i , ) )  - -  - ' ap (m( i l  - 1))! �9 �9 �9 ( A p ( m ( i r ) ) A n  - -  p ( m ( i r -  1))I 

x 2 a~2~.., aj. 2 E2(~J~ "'" ~J.) 
j ,  sJ..~ jqed . , i  

(q= 1,. .~.  ,r) (q= 1,. .~.  ,r) 

_-< ~ IE(~ j , . . .  Cj.)l. 
(q=J~,  ~'*. . , r )  

M o r e o v e r ,  we get  

t ~ ( ~ j ,  �9 �9 �9 ~x) t  = , / ~ ' 2 1 - ~  2 
~ q = l ,  --1 

( q = l  . . . . .  r - - l )  

]Ecos((/?j. + e , - l f l j , _ 1  + "  " " + e l [3h )~o t  

+ (~& + ~ - ~ ' & - i  + " ' "  + ~l'/s,))[ 

e q = l ,  --1 
( q = l  . . . . .  r - - l )  

H e n c e  we have  p r o v e d  

(2.9) sup  It B(f)(t)II1 < D r 
tIE]IN 

[/~((flj~ + ~r- lflj~_, + " "  + ~lf l j l ) t ) [  �9 

2 2 2 
i l  < '  " " < i r  Jq~Jiq e q = l ,  --1 

( q = l  . . . . .  r) ( q = l  . . . . .  r - - l )  

IP((/~j, + ~,-1/b,_, + " "  + el/~jl)t)l �9 

N e x t  l e m m a  is due  to  S. T a k a h a s h i  [17] .  

L e m m a  A. Let P satisfy (0.4). Then there exists a constant D depending only on p and 
M satisfyin9 

v + l  

I [P(ut)ldt <Dlu l  -p/2 (u, velR).  
v 
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Apply ing  this l e m m a  to (2.9), we have,  for  all v e IR, 

(2.10) 
v + l  

sup II B ~ ) ( t )  I1~ dt  __< D '  ~ 
V n~XI it  < ' '  "<it jqeJq 

(q = 1 . . . . .  r) 

T o  es t imate  these summands ,  we p repa re  the next  lemma.  

L e m m a  9. L e t  i l  < " ' �9 < i ,  a n d j q e J i q ( q  = 1 , . . .  , r). T h e n  

f l J ,  - -  f l J , . -~  . . . . .  f i J l  >= 2 3 ( i ~ - 2 ) { p ( m ( 2 ) )  " " " p ( m ( i ~  - 2))} s~/p. 

P r o o f .  I f  i,_ i < i, -- 1, 

/~J, - f lJ,-1 - . . . .  /~Ji > 2m(ir-  1) - -  2r"(i'- ~) . . . . .  2 ~ ( ~ )  

2 m(i~- 1) _ 2 m ( i . - O +  1 

Since m ( i ~  - 1) => re ( i ,  - 2) + 3, 

~Je - -  f l J r - 1  - -  . . . .  ]~Jl ~ 2 m ( i r - - 2 ) - k 2 '  

Using  (2.1), we have  

>= 23(i~-2){ p ( m ( 2 ) ) . . ,  p ( m ( i ,  - -  2))} s~/p, 

If  i,_ ~ = i, -- 1, we ob ta in  

( 1 ) 
f13r - f i J , - ,  > f l p ( m ( i , - i ) ) + i  1 - 1 + c p - ~ ( m ( i ~  - 1)) 

C 
_> 2 ~( i ' - i )  p - ~ ( m ( i ~  - -  1)) 
- c + l  

>_ 2 m ( i . -  1) - l (m(i ,  - 1)) + 3 

~> 2m(i~- 2) +3  

T h u s  f l Jr  - -  f l J r - 1  - -  . . . .  f l J i  ~ 2m( i ' - -2 )+3  - -  2 m ( i ' - 2 )  . . . . .  2m(iO ~ 2 m ( i ' - - 2 ) "  

Because  of  (2.10), L e m m a  9 and  (2.6), we can conc lude  

sup [I B ~ ' ) ( t )  I[1 d t  
nE N 

= < D '  E 
i l < "  �9 "<Jr 

<=D' Z 
il < ' "  " < i r  

< D ~ - -  ir2-3i/2 
= (r 1)! i=1 

_< D'. 

v + l  

S 
V 

I Ji~l . . .  I J i , 1 2 " 3 ( i r - 2 ) / a { P ( m ( 2 ) )  . . .  p ( m ( i ,  - 2))} -4"  

2 -  3 ( i . -  2)/2 

K. Fukuyama 

t ~ J r -  ~Jr--i - -  . . . .  ~J~, l -~ /2~  

[]  
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N e x t  w e  e s t i m a t e  [1B~n)(t)II1 = ~ i l  < ~ ! " )  ()1 w h e r e  �9 < r  ~ . . . . . . .  , r . t .  

~")ll,... ,,.," r = E(({,2, z i l _ l ( t )  - 1) . . . (~2,2i _ l ( t  ) - 1)) (i ,  < ' "  < i,). 

If  n =< p(m(2ir - 2)), b !"),,, . . .  ,,~,. tt~, = 0. O t h e r w i s e ,  by  S c h w a r z ' s  inequa l i ty ,  

r 2 . . A 2 A " ~ 2  - 1  ~n) . ~ (Ap(m(2i1-1)) 2 t l  . . . . .  lr A p ( m ( 2 1 1 - 2 ) ) )  - 1 .  ( p ( m ( 2 g - 1 ) ) A n  = - -  - -  - - p ( m ( 2 / r -  2)):  

X 2 Z a j l a j ~ . . ,  a s  
I e q = l ,  - i  j~,j~EJ.,2~-I 
( q = l  . . . . .  r) jq Cj~ifeq= - 1 

( q  = 1 . . . . .  r )  

X E { c o s ( ( f l j ~  + < & ) t o  + (~j~ + ~1~:~)) �9 �9 - 

x c o s ( ( &  + ~ l & ) t c o  + (~j~ + ~ : ; ) ) }  

2 2 1 2 2 1 -- (Ap(m(2i~- 1))An = Ap(m(21t - 1)) Ap(m(2i l  - 2 ) ) ) -  . . . - -  A p ( m ( 2 g -  2))) 

x y~ y~ a 2  a 2 2 2 
J1 J~ ' '  �9 ajraj;. 

eq = 1, -- 1 jq,j~eL,21_ 1 
( q = l  . . . . .  r) j~ ~j~ifeq= -- 1 

( q  = 1 . . . . .  r )  

X (  2 2 E { c o s ( ( f l J l  +131f l j~) t (D + (~Jl + g l  ~)J~)) " �9 �9 
eq = 1, -- 1 jq,j~eJ.,z~,-i 

(q=  1 . . . . .  r) jq Cj~ifQ = - 1 
( q =  1 . . . . .  r)  

)12~1 /2  
X C O S ( ( f l j  r § F.l f l j ; . l t (D § (])Jr + ~ r ~ # ) ) ~  ) 

< 2r ~ ~ [ E { c o s ( ( f l A  § g l f i j [ ) t f D  § (~)j, + /~ lT j [ ) )  ' �9 " 
eq = 1, -- 1 Jq,J~J2q-1 

( q = l  . . . . .  r) j~#j; i feq= 1 
(q=  1 . . . . .  r) 

x cos((f lj~ § erflj.)tco -4- (~Jr -4- ~l~j;))}l 
T h u s  w e  h a v e  

(2.11)  sup  ll/3~n)(t)[[1 < D r ~ ~,, ~ ~, 
h e n  i 1 < ' '  "<iv eq=l ,  --1 Jq,j~eJzi~-i ~ = 1 ,  --1 

( q = l  . . . . .  r) jq#j~i fQ= --1 ( q = l  . . . . .  r - - l )  
( q  = 1 . . . . .  r )  

I f i(t((f i2~ -4- erfl3;) -4- , ~ ' r - l ( f l j r _  1 -4- /~r- - l f l j :_ , )  "4" " ' " -4- ~ t l ( f l j l  -4- elfl:;)))l . 

T h u s  for all v e IR, it h o l d s  that  

v + l  

(2.12) ~ sup  [[/3~")(t)[lldt < D r 
v n e N  

Y, Z 
11 <" " " <it  j~,j~eJaq-i 

(q  = 1 . . . . .  r)  
Jr < Jr 

I(flj~ --  flj;) --  (flJr- 1 "4- Bj;_ x) . . . . .  (flJ, § fljs 

T h e s e  s u m m a n d s  are  e s t i m a t e d  as fo l l ows .  
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L e m m a  10. I f  j q , j ' q 6 J 2 i , - l ,  (q = 1, . . . , r) and j'r <Jr,  

K. Fukuyama 

(fl j .  - / ~ j ; )  - (# j ._ ,  + / ~ j ; _ ,  ) . . . . .  (~j ,  + l~j~) 

>= 23(2i.- 3){ p(m(2)) . . ,  p ( m ( 2 i .  - 3))} 8~Ip. 

Proof. I f j ,  j ' ~ J 2 ~ - ~ ,  it is easily seen flj, + flj < 2 m(2i-1)+1. On the other  hand, if 
j > j '  and j,  j ' ~  J2i -1 ,  we have fl; + flj, > fl) - fl)_ 1. Let k be an integer satisfying 
p(k) < j < p(k  + 1). Then  we have m(2i - 2) < k < m(2i - 1) and 
f l ) -  f l ) - i  > cP-~( k + 1) 2k > 2(k+l)-t(k+1)+3 > 2m(2i-a)+3 by the definition of 
{re(i)}. Applying these estimates, we have 

( f lJr  - -  f lJ; ' )  - -  ( f l J r - t  "}- f l j ' - 1 )  . . . . .  ( f l J l  -l- f l j~ )  

> 2 m ( 2 i , - 3 )  +3 __ 2 m ( 2 i . - ~ - 1 )  +1 . . . . .  2 m ( 2 h - 1 ) + l  

2 m(2i'-3)+3 _ 2m(2i,-~-1)+2 

>___ 2m(2i,- 3) +2 

Using (2.1), we have the conclusion. [] 

Because of (2.11), L e m m a  10 and (2.6), we have 

v + l  

sup IIBs at 
v n ~ q  

< D '  IJ2h 1[ 2 I I 1 2 9 - 3 ( 2 i r - 2 ) / 2  . . . . .  2i,-11 ~- {p(m(2)) . . . p(m(2ir -- 3))}-4~ 
il < ' "  "<i t  

< D r ~ 2 -3i~ 
i1<"  ' ' < i t  

< D r. 

v + l  

In  the same way f 
v 

we get 

s u p , ~  11/~")(t) II1 dt < D r can be also proved  and consequently 

i 1 } sup (11 B~")(t) Ill 1 = v n ~  r=l ~ + IlB~n)(t)l[ + II/~"~(t)lll) dt < 3. 

We can apply  the corol lary of Theo rem 1 because of this inequali ty and (2.8), and 
we have the conclusion of Theorem 3. In  a similar way, we can prove  Theo rem 4. 

IIB~")(t)l[~/', [I/~n)(t)[l~/', It~n)(t)ll~/r ~ B ( n , r ~ N ) .  

F r o m  this we can conclude that  for a lmost  all t with respect to the Lebesgue 
measure,  there exists a constant  B depending only on t, ~, c, i l l ,  C, p and 
M satisfying 



Mean central limit theorem 177 

3. Proof of Theorem 2 

Theorem 2 can be proved in a similar way as Theorem 3. We assume here that 
qS(1) > 2 and the other case is proved with non-essential minor change. 

First we fix v > 1 arbitrarily, put ft. = v ~("), c = d log v and define {p(k)} in the 
same way. Put 

l ( k ) = I 2 + 4 P 4 c t l ~ 1 7 6  l p  c 

and construct {re(i)}, { J,,,}, {J~} and {2.,~} as before. Then by Lemma 9 and 10, 
we have 

(3.1) v 4,(j") - -  v 4,(j"-') . . . . .  v 4~(1~) > 23 i"{p(m(2) )  . . . p(m(ir  --  1))} 4(2+40)/0 

if i1 < �9 �9 �9 < # a n d j q e J ~ , ( q  = 1 . . . . .  r), and 

(3.2) (v 4,(j") - v '~(~;~) - (v r + v 4,(j;-~) . . . . .  (v ~(j'~ + v ~(J~)) 

> 26"{p(m(2)) . . .  p(m(2ir  - 2))} 4(2+40)/0 

i f  il < " "  < i r , j q , j ' ~ J z i , - l ( q  = 1 . . . . .  r) and jr > j'r. 

Let us define {~,,i} as before using ( j ( x ,  co)= x/~ cos(x~(~)co + ?j) instead of 
�9 ( j ( t ,  co). Obviously (2.8) remains valid, and by (2.9) and (2.11), we have 

(3.3) sup II B$")(x)II1 < D r ~ ~ Z 
neN i l< '"  "<it j~eJq c a = l ,  - 1  

( q = l  . . . . .  r)  ( q = l  . . . . .  r - - l )  

I/~(x ~(~ + e r _ l x  ~(~-,~ + . . .  + eax~(~'~)l 

and 

(3.4) sup IIB$")(x)lll ~ O r Z Z ~ Z 
h e n  1 1 < ' '  "<it c a = l ,  - - i  jq,j~eJ2q_ x ~ = 1 ,  - 1  

(q= l . . . . .  r) jq #j~ife~ = -- i (q= l . . . . .  r - - l )  
(q = 1 . . . . .  r) 

[_fi((X o(jr) + 8rX *(j;)) + e'r_l(X ~tJ"-~) + e r_ lX  o~j;-~)) + .  �9 �9 + 8'~(X otj') + elX*(J;))l . 

To estimate these summands we use the next lemma due to R. Kaufman, which is 
a generalization of Van der Corput's lemma. 

Lemma B. L e t  P sa t i s fy  (0.4). There  ex i s t s  a c o n s t a n t  D depend ing  only  on  p and  M ,  
such  tha t  f o r  any  f e C 2 [ v ,  v + 1] sa t i s fy ing  m i n ~ t ~ , ~ + l ] f " ( x )  > O, 

v + l  ( ) ) - -p / (2+4.p)  

[ P ( f ( x ) ) l d x  < D min f " ( x  
v \ x~[v, v + 1] 

In case # > 2, we have r > 2. Thus we have 

(X~b(/ r )  -4- 6 r _  l x ~ b ( J r  - ' )  --[- �9 . . ..~ ~ l X q ~ ( J l ) ) / /  

=> r -- 1)(v + 1)-2(x 0(i-) - x *(j"-~) . . . . .  xO(J')). 
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Here g(x)  = x 4,(j") - x 4~(~r- 1) . . . . .  x 4'o~) is m o n o t o n o u s  increasing because dif- 
ferential inequality g ' (x )  > O ( L ) x - l g ( x )  and g(v) > 0 implies g' (x)  > 0. Because of 
(3.1) and this estimate, we get 

(X q~(jr) + ~ r _  l X dp(jr-1) .q- �9 . . .~- elxq~(Jl)) 't 

> (v + 1 ) - 2 2 3 i r { p ( m ( 2 ) ) . . .  p(m(ir  - 1))} ~(2+4~ 

In  a similar way, if i, > 2, we can prove 

( ( X  d~(j") "t- 8rX 49(j'~)) "[- e ' r -  l ( X  4~ t) -I- ~ , r -1  Xc~(j; '-  I ) )  -l- " " " q-  /3'1 (X 0(jl) -[- elX';b(JD)) " 

> (v + 1) -226i"{p(m(2)) . . .  p(m(2ir  - 2))} 4(2+40)/'. 

Applying these to (3.3) and (3.4), we can prove in a similar way as a p roof  of 
Theorem 3 that  for almost  all x > 1 with respect to the Lebesgue measure, there 
exists a constant  B depending only on x, e, d, q5(1), p, C and M satisfying 

II Bp) (x ) t l  1/', II/~s II I/r, 11/~")(x) II I/r _-< B (n, r em) .  

We can apply Theorem 1 because of this inequality and (2.8). 
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