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Summary. Consider the stationary sequence X = G(Z1), X; = G(Z,),...,
where G( - ) is an arbitrary Borel function and Z;,Z,,... is a mean-zero sta-
tionary Gaussian sequence with covariance function r(k) = E(Z,7Z,.1) satisfy-
ing 7(0) =1 and 2, |r(k)|" < oo, where, with I{ - } denoting the indicator
function and F( - ) the continuous marginal distribution function of the se-
quence {X,}, the integer m is the Hermite rank of the family {I{G( - ) < x} ~
F(x):x € R}. Let F,( - ) be the empirical distribution function of Xi,...,X,.
We prove that, as n — oo, the empirical process n'/2{F,( - ) — F( - )} con-
verges in distribution to a Gaussian process in the space 2[—o0,c0].

Mathematics Subject Classification (1991): 60F17, 62G30

1 Introduction

Let Z be a standard normal random variable. If Z : R — IR is a Borel mea-
surable function such that E(H(Z)) =0 and E(H*(Z)) < oo, and Hy(y) :=
(— 1)’ PdFe 72 jayk y € R, k =0,1,2,..., denotes the kth Hermite poly-
nomial, then H(-) admits the Fourier—Hermite expansion H(y)=
Y2 many S i ()/kY, y € R, in the weighted #? space L*(R,¢), where
@( + ) is the standard normal density, Ji := E(Hy(Z)H(Z)), and the integer
m(H) € N, the Hermite rank of H( - ), is the index of the first non-zero co-
efficient J;, & € IN. (Since we assume that E(H(Z)) = 0, we have Jy = 0.)
Let, throughout this paper, Z1, 75, ... be a stationary Gaussian sequence with

E(Z))=0, EZH=1 and rk):=E(ZZ), keN. (1.1)
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Assummg that H( - ) is as above and that the sequence {r(k)}2, is regu-
larly varying at infinity with index —a, where 0 < a < 1, Dobrushin and Major
[5] and Taqqu [11] have shown that under the long-range dependence condi-
tion m(H ) < 1, so that 22 |r(k)|™) = oo, the suitably normed partial-sum
process based on the sequence H(Z;),H(Z;),... converges in distribution to
the so-called Hermite process Yuu)( - ) of rank m(H). Here Yi( - ) is frac-
tional Brownian motion, but the processes Y>( - ), Y3( + ),... are no longer
Gaussian. On the other hand, not assuming the regular variation of {r(k)}g2,
and citing earlier references, Breuver and Major [2] and Giraitis and Surgailis
[7] have independently shown that under the natural short-range dependence
condition that £¢2, |r(k)|™#) < oo, the asymptotic behavior of the partial-sum
process, based on H(Z,),H(Z,),..., is qualitatively the same as in weakly de-
pendent situations. Namely, the required norming is the traditional 1/#, and the
finite-dimensional distributions of the process converge to those of a Gaussian
process.

Consider now an arbitrary Borel measurable function G : R — IR, and let

X, = G(Zy), X; = G(Z),..., and F(x):=P{G(Z)<x}, x€R.
(12)

Let I{ - } denote the indicator function and set F,(x):=n"'X7_ I{X; <
x} for the nth empirical distribution function of the subordinated sequence
{Xi}2,, so that

Fo(x) — F(x) = l S [H{Xe € x}—F(x)] = ZDX(Zk) xeR, neN,
=1
(1.3)

where, with m(D,) € IN as the Hermite rank of the function D,( - ), again in
LR, ),

Di( - )= G + )= F(x) :=I{G( - ) < x} — F(x)

o Jilx
= S M0 xer, (14)
k=m(Dy) ™+

where Ji(x) = E(HH{(Z)D(Z2)) = E(H(Z)G(Z)) for all £ € IN. Finally, the
Hermite rank of the family {D.( + ): x € R} of functions is defined as

m:=min{m(D;): x €S} € N, where Sp:={xceR:0 < F(x) < 1}.
(1.5)

Complementing the results for partial sums under long-range dependence,
Dehling and Taqqu [3] have proved that under the same condition of regular
variation and mo. < 1, so that 32°, |r(k)|” = oo, the suitably normed empirical
process Fu( « ) — F( - ) converges in distribution in the space P[—o0,00] to a
degenerate process Jy( - )Y,(1)/m!. Such an asymptotic behavior is of course
strikingly different from that in independent or weakly dependent situations.
Here and in what follows, 2[—o0, co] denotes the non-separable metric space of
all real functions defined on [—oo, oc] that are right-continuous everywhere in
{—00} UR and have left-side limits everywhere in R U {oo} such that the dis-
tance of g,h € P[00, 00] is sup{|g(x) — A(x)\: x € {0} UR U {eo}}. Con-

s 2 . . . .
vergence in distribution, denoted by —, in this space is meant with respect
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to the o-algebra generated by the set of open balls for this metric. The space
9[0,1] and weak convergence in 2[0,1] is defined analogously, and %[0, 1]
is the subspace of 2[0, 1] consisting of continuous functions. Unspecified con-
vergence relations are meant as n — oo.

Our aim is to round off the study by proving that under the natural analogue
of the Breuer-Major [2] and Giraitis—Surgailis [7] condition of short-range de-
pendence, condition (2.1) below, the empirical process +/n[F,( + ) —F( - )]
converges in distribution in &[—o0,00] to a Gaussian process. The theorem
in the next section complements the results for partial sums under short-range
dependence in the Gaussian subordination model (1.1)—(1.5) exactly as the
Dehling and Taqqu [3] convergence theorem complements those under long-
range dependence. The proof is separated in a third section, following a dis-
cussion. We point out among others that the arising limiting process is the
same as in the case of weak dependence defined by various mixing conditions
on the sequence {X;}£2,, even though no form of mixing is assumed here, as
obtained in Theorem 22.1 of Billingsley [1], Sen [9], Deo [4] and Gastwirth
and Rubin [6].

2 The result and discussion

Consider the set-up and notation in (1.1) and (1.2)—(1.5). No condition of
regular variation is required for the covariances »( - ).

Theorem. Suppose that F( - ) is continuous and the sequence {r(k)};2, sat-
isfies

;i [r(k)|™ < oo (2.1)

Then /A[Fu( - )—F( )] 2 W(-) in D[—o0,00], where W( - ) is a mean-
zero Gaussian process with covariance function

EWx)W(y) = Jq(x—){q(y){
g=m :
For x € R and k € N, let ry(k) = E(D(Z1)D,(Z11)), where D,( - ) is as
in (1.4). Similarly as in the proof of Lemma 5 of Giraitis and Surgailis [7],
it can be shown that if »(n) — 0, then condition (2.1) is equivalent to the
condition:

HO)+23 rq(k)}, xyeR. (22)
k=1

o0

S |r(k)] < oo for every x € R. (2.3)
k=1

Indeed, by Mehler’s classical formula for the Hermite expansion of a bivariate
normal density,

E(H(Z)H((Zy)) = Siglir'(j — k), jikLgeN, k < j, (2.4)
where 0, is Kronecker’s delta, and by (1.4) this implies that
o J2
J2(x)

re(k) = Fm (k) S Trq""x(k), xeR, ke{0,1,2,..}, 2.5)
g=x !
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where my := m(Dy). Thus, setting My(x) := %22, q(x)rq "= (k)/q!,

e [ ] = ineo = o[22 4 o]
Since X2, qu(x)/q! =ry(0) < o and m, = m, the condition that »(n) — 0
yields

17, (x) ( ) ( )

[Mi(x)] = 5 === and so Ir(k)l'"" < k)| = | (k)i'"
my!

for each x € R if k is sufficiently large. Substituting an xq in (1.5) for which

my, = m(Dy,) = m, we see that (2.3) implies (2.1). The reverse implication is

trivial.

So, condition (2.1) of the theorem, a necessary condition for W( - ) to
be well defined, can be stated without referring to the rank m of the family
{D( + ):x € R}. Tt is just the summability of the covariances of the terms in
the representation of n[F,( - ) — F( - )] from (1.3). However, the introduction
of the Hermite rank is useful: it will play an important role in the proof. On
the other hand, it is equally important to see that the value of m does not enter
in the form of the limiting process in contrast to the same estimation problem
under long-range dependence, that is, as in the limiting process of Dehling
and Taqqu [3] described above. It is also obvious from the equivalence of the
conditions (2.1) and (2.3) that condition (2.1) is equivalent to the condition
that 22, [ry, (k)] < oo, where xg is such that m(D,,) = m, provided »(n) — 0.

By (1.4) and (2.4), E(D«(Z,)D,(Z;)) = min{F(x), F(y)} — F(x)F(y) and

B(DA)DyZas)) = 52 J100) )J )

q=m

ri(k), x,y,€eR, ke{0,1,2,...},
(2.6)

extending (2.5). Hence, setting d,( + ):=1{+ < x} — F(x), the covariance
function (2.2) of the process W{( - ) can be written as

E(W @)W (y))
= E(D(Z1)Dy(Z1)) + 2/{; E(Dx(Z1)Dy(Zi11))

= E(D(Z1)Dy(Z1)) + ki: [E(Dx(21)Dy(Zie11)) + E(D)(Z1)Dx(Zi11))]

= E(dx(X1)dy(X1)) + li [E(dx(X1)d)(Xiet1)) + E(dy(X1 )dx(Kr+1))]
(2.7)

for all x,y € R. Thus the limiting process of the theorem coincides with
the limiting process of the empirical process when certain mixing conditions
are stipulated for the underlying stationary sequence, as in Theorem 22.1 of
Billingsley [1], Sen [9] and Deo [4].

Let @( - ) be the standard normal distribution function. If {X;}$°, is an
arbitrary stationary sequence with a continuous and strictly increasing marginal
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distribution function F( - ), then Xy = G(Z}), where G( - ) = F~!(®( - )) and
Zy = @~ Y(F(Xy)) is a standard normal random variable for each k € N. How-
ever, {Z;}22, is not necessarily a Gaussian process. This indicates that our
assumption for {X;}£2, to be subordinated to a Gaussian sequence {Z;}2, by
instantaneous transformations, as required in (1.2), is a substantial restriction
in the class of all strictly stationary sequences.

In view of (2.7), Corollary 1 of Yu [12] proves the statement of the
theorem above for a stationary associated sequence {X;}¢°, such that F( - )
has a bounded density and %£°, k'32+9Cov(X}, X;+1) < oo for some & > 0.
(See Yu’s paper for the definition of association and for references to pre-
vious results for associated sequences.) The two results can be compared
when G(x) =x for all x € R and {Z;}2, is a Gaussian sequence as in (1.1)
such that »(k) = 0 for all £ € N, for in this case the sequence is associ-
ated as proved by Pitt [8]. Since m =1, our condition is X2, (k) < oo,
while Yu’s condition is 392, k'32+9(k) < co for some & > 0. (For a Gaus-
sian sequence we do not need 7( - ) to have the same sign; the result holds
whenever %92, |r(k)| < oo. This was also proved earlier by Gastwirth and
Rubin [6].)

We do not know whether the theorem remains true for a discontinuous
F( - ). Our proof breaks down in this case, and it is not even clear that a
mean zero Gaussian process W( - ) with covariance function as in (2.7) has
a version that is almost surely in Z[—oco,00] for a discontinuous marginal
distribution function F( - ).

3 Proof

First we state three lemmas required in proof. Using the Chebyshev inequal-
ity, the first one of these is obtained as a special case of Theorem 4.2 in
Billingsley [1].

Lemma 1 Let {W,}2,, {Wp:}2,, Ve, € > 0, and V be real random variables

n=1>
and suppose that (i) W, . 2, V. for every ¢ > 0, (ii) sup{E((W, — Wyn:)*):n €
N} < ¢, and (iii) V, 2 ¥ as ¢ — 0. Then W, 2 V.
Let {U}g2, be a stationary sequence with marginal distribution that is uni-

form on the interval [0, 1]. Introduce the corresponding “uniform” empirical
processes

WOu) = H{Uy suy—u]l, 02u<l, neN, (3.1)

1 n
Vi i
and for any function f : [0,1] — IR, consider its uniform modulus of continuity
w(f,8) :=sup{|f()— f(s)| :s,t €[0,1], [t —s]| <5}, 0 < < L.

Lemma 2 If for some positive constant C > 0, independent of s,t and n € N,



20 S. Csorg6, J. Mielniczuk

then for each ¢ > 0 and n > 0 there exist a 6 € (0,1) and an ng € N such
that

P{w(a2,0) = e} <y forall n=ng. (3.3)

Furthermore, (3.3) implies that the sequence {ad( - )}, is tight in 9[0,1],
and every subsequential limit of it is almost surely continuous.

Proof. Since ¢2(0) =0 for every n € N, the second part of the lemma is
only a restatement of Theorem 15.5 in Billingsley [1]. The proof of (3.3)
parallels the second part of the proof of Theorem 22.1 in Billingsley [1]
with a few changes. First, condition (3.2) implies Billingsley’s condition
(22.15) with the power 2 of (#—s) replaced by 3/2. This implies the
validity of (22.16) there, with m?p?> replaced by (mp)** and with
Ky = K£,3/2K1. For (22.21) to hold true, & > 0 is chosen such that

K367/ <. O

Let |x|:=max{k€{0,1,2,...}:k < x} be the integer part of x > 0,
so that (x) :=x— [x] is its fractional part. The third lemma is a re-
formulation of Lemma 4.5 of Taqqu [10]. The bound for the constant K,
is obtained by first expressing Taqqu’s bound for it in the proof of his
Lemma 4.5 itself by means of his Corollary 4.2 and then by
applying the proof of his Proposition 3.1(ii) to the resulting expression.
It is this bound for K, that is important in our applications of the
inequality.

Lemma 3 (Taqqu [10]). Let n,m = 1, p = 2 and g € {1,..., p} be integers,
and suppose that R:=max{[r(k)|: 1 =k < n} < (p~1). If Gi( - ),...,
Gp( - ) are functions in ¥*(R, @) such that at least q among them have
Hermite rank greater than or equal to m, then

q
2

S B G- Gyl )] S Ky~ {z Ir(k)l’”]

1=ny,ipSh k=1

il

< |2 L]
ng=1

where the summation Y. extends over all different indices 1 <m,...,n, <n
and K, < R [E(G}(Z))... E(G5(Z))]'*, where R, := 2P/[1—{(p—1)R}/?]P.

Proof of the Theorem. Put Dy( - ):=Gy( - )—u:=I{FoG(+) L u} —u=
H{F(G(+)) < u} —u and, in analogy to (1.4), write the #*(IR, ¢) equations

D=6 —u= > 2Wp osus1 @9
k=m(Dy) :

where m(D,) € N is the Hermite rank of D,( - ) and L; (1) = E(Hi(Z)D,(Z))
= E(Hi(Z)G\(Z)). Define xt = sup{y: F(y) = F(x)}, x € R, and note that
G(Z2) =1{G(Z) £ x} = G,+(Z) almost surely. The contimiity of F and the
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definition of x* imply that G+(-)=I{G(-) = x"} =I{F(G(-)) <
F(xH)} =I{F(G( - )) £ F(x)} = Grery( - ) for all x € R. Thus Gy(Z) =
Gr)(Z) almost surely for each x € R. From the definition of the coeffi-
cients Lg( - ) we see, therefore, that Ly(F(x))=Ji(x) for all x € R and
k € {0,1,2,...}. Moreover, min{m(D,( - )):0 < u < 1} =m.

Setting X := G(Z), by the continuity of F the variable U = F o G(Z) =
F(G(Z2)) = F(X) is uniformly distributed on [0, 1]. Using the terminology at
(1.5), this means that the Hermite ranks of the families {D,( - )0 < u < 1}
and {D,(- ) x € R} are the same. Also, for the uniform empirical pro-
cesses ao( - ) of (3.1) based on the sequence {Ui = F(Xx) = F(G(Zx))}2,
we have the equality o,( - )= a2(F( - )) almost surely, where a,( - ):=
Va[F( - )= F(-)] is the general empirical process in the statement of the
theorem. Suppose now that

DL WO-) in 20,1] and P{We%[0,1} =1, (3.5

where WO( - ), defined on [0, 1], is that case of the limiting process W( - )
when the transforming function G( - ) is replaced by F o G( - ) = F(G( - )).
In other words, W°( - ) is a mean-zero Gaussian bridge on [0, 1], satisfying
Wo(0) =0 = W°1) almost surely, with

EW°Wow)) = 3 (”) a(? ){r(0)+2§rq(k)} (3.6)
q=m ! k=1

forall 0 £ u,v = 1. Let £: 2[0,1] — P[—00,00] be defined by Ao f(x):=

SF(x)), x € [—oo,x]; f € 2]0,1]. Note that &( « ) is continuous on %[0, 1]

Thus if (3.5) holds, the continuous mapping theorem implies that «2(F( - )) 2,
WOF( +)) in 9[—o0, 00]. Furthermore, since Li(F(x)) = Ji(x) for x € R and
ke€{0,1,2,...}, we see that the mean-zero Gaussian processes {W(F(x)):
x € R} and {W(x): x € R} have the same covariance function, and hence the
same distribution. Thus, it suffices to prove (3.5) in the set-up (3.4) and (3.6),
using condition (2.1).

Fix u €[0,1], and let ¢ > O be arbitrary. By the obvious analogue of

(2 6) for D,( - ), resulting through (3.4), we see that u(1 — u) = E(D Zy =
Lé(u)/q' Hence by condition (2.1) there exists an M, € N such

that
00 Lz(u) g
12 < and limM, = .
v PR B L ) S 14 (3] L slo
For all small enough ¢ > 0 to make M, > m, set
1 2 = L(u)
Wo =)= — 3. > "L Hy(Z)
Ri=1g=m (-
and
1 » M u
Wyo(u) = —= 3 Z) q( )H «(Zi) .

B

k=1g
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Using (2.4) and the fact that |r(k)| < 1 for all k € N, for W, := W, (u) we
have

L L & q(”)
\/h-z >

k=1g=M;+1

E((Wn - Wn,s)z) =F q(Zk)

o Iy
Z()

q=Mg+1

{r(O) +2 Z rq(k)}

o0 o0

=2 X Zlk)l'”<8

g=M,+1 q P iso

for all » € IN. This means that condition (ii) of Lemma 1 is satisfied. Let V; be
a mean-zero normal random variable with variance o2 Eg”sm Lf](u){r(O) +
2552, 11(k)}/q!. Since 62 — E“:mf:;(u){r(owzzk:l M(k)} gt as &0 by
the very last inequality, we have V; 2, WOu)=:V as ¢ | 0, that is, condition
(iii) of Lemma 1 is also satisfied. Furthermore, since by condition (2.1) and
Kronecker’s lemma, X7 _, k|r(k)|%/n — 0 for every g = m, we also have

Var(Wy)

=E(W,,) = Z qq(){ (0)+2Z

q=m

rq(k)} — o2 foralle>0.

Hence, in view of Lemma 1, the desired convergence a2(u) EA WO(u), for any
fixed u € [0, 1], will follow if we show that W, (u) converges in distribution
to some normal random variable for each ¢ > 0 as above.

By the same token, since by (2.1), for each ¢ > 0 as above, we have

EWn i)W o(0)) = 3 Eq%f—q@{ (0)+2 Z rq(k)}

q=m
- 3 L () 2 F i), 0swe s,
et ! =1

the desired convergence (a0(uy),..., o %)) = (Wouyr),..., W(ug)) will fol-
low for any given (uy,...,uy) € [0, 1]5, d € N, if we show that (W, z(u1),...,
W,(uz)) has a d-variate normal limiting distribution. This, in turn, will follow
by the Cramér—Wold device [1, p. 49] if the random variable

d Ly(u)) M
S bW () = —= Zb Z Z T iy (Ze) = 3 cgSD
j=1

=1 =] g=m ‘ q=m

has a limiting normal distribution for every fixed vector (by,...,by) € R?,
where ¢, 1= X%, biL,(u;)/q! and S\ :=X7_| H,(Z)/v/n. But this follows
from Theorem 1 of Breuer and Major [2] or from Theorem 5 of Giraitis and
Surgailis [7]. Hence the finite-dimensional distributions of {aJ( - )} converge
to those of the process WO( - ).
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The proof of (3.5) will now be complete by an application of the second
statement of Lemma 2 and a standard weak-convergence argument, if we show
that (3.3) holds for a( - ). Keeping the first statement of Lemma 2 in mind,
we first show that (3.2) holds under the additional condition that (k)| < R
for all £ € N for some 0 < R < 1/3.

The inequality in (3.2) is true when s = and when s =0 and ¢ = 1. Fix
any points 0 < 5 < £ £ 1, (5,2)4(0,1), and define T(x) := T, ,(x) := Dy(x) —
Dy(x) = Gi(x) — Go(x) — (1 — 5), x € IR, so that condition (3.2) is equivalent to

n 4
E ([Z Ts,t(zk)J ) < Cl*(t — s 4+ n(t — 5)]. (3.7)
k=1

On the other hand, [¥7_, T(Zx)]* =51, S, where, writing 7#( - ):=
(T(- W,k eN,

1
Sin =2 T4Z)),
j=

Soni=3 Y THZ)T*Zy) +4 Y TZ)T(Zny),

1<n;,m=<n 1<n,mp Sn

Sii=6 Y THZy)T(Z,)[(Zsy),

1€ny,np,n35n

San = EI T(Zn1 )T(an )T(Zn3 )T(Zn4)

[ Znq,mp,n3,04 S0

and where the summation X' extends over all different indices that are indicated.
Setting K := X2, |r(k)|", finite by (2.1), noting that 0 < Ry, R3, Rq < o0

for the constants in Lemma 3 by the present side condition that 0 < R < 1/3,
and observing that the rank m(7") = m(T; ;) = m by the conditions on (s,f) and
finally that E(T%(Z)) = E(Tsz,t(Z)) =E[{U £} -I{U £s} —(t—9)P) =
t-—s)1-(t—9)} =t—sand —(t—s) S Tx)=T(x) £ 1~ (t~y) for
all x € R, so that |T(Z)| < 1 and E(T*(Z)) < E(T*(Z)) < t—s, Lemma 3
gives

|E(San)| < K2 Kyn* =2 < K2R [E(TH(Z)) < K2Ran*(t — s )

< K2R(t — sy
and
\E(S3n)| < 6K¥2Ksn*™ %2 < 6K Ryn’[E(TH(Z)]E(TX(Z))
< 6K Ry (1 — s)°? .
Since, noticing that E(I{s < U;, Uy < t}) =E(GAZ)) — G(Z)]11G(Z) —
GA(Z)) = E(T(Z)T(Zx)) + (¢ — s, if j+k we have
E(T(Z)TH(Z))
=E([I{s <U St} —(—)P{s < Uy £t} —(t—5))
— E({s < U, Uy < ()1 —2(t — 5)P
+ 20— 5P =20t - )]+ —s5)*
S EU{s < Up U S 1) +3(t —5)’ £ ETEZPT(Z) +4(1 - 5)F?
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and
\E(T*(Z)T(Z)
=|E(I{s < U; <t} —(t —)PU{s < U £t} —(t —95)])

= |E(I{s < U, Uy < t}[1—3(t—s)+3(—5)]

—(t— )1 =3(t —5)+3(t — )]
< E(I{s < U, Uy £ )+t —s) < E(T(Z)T(Z) + 2t — 5)*?,

Lemma 3 also gives

ESuw) <7 Y |E(T(Z0))T(Zy))] +200%(t — 5)*2

1<n,m<n
< TKPKon* 2% 42062 (t — 5)3?
< 7K RonE(TX(Z)) + 20n%(t — 5)*/?
< TK Ryn(t — s) + 20m%(t — 5)°% .

Finally, |E(S1,)| = nE(T*(Z)) < n(t —5). Collecting the bounds, we obtain
(3.7). Hence, by the first statement of Lemma 2, we have (3.3) under the
additional condition that |r(k)| < R for all £ € N for some 0 < R < 1/3.

Consider now the general case, and fix an R € (0,1/3). Condition (2.1)
implies that #(n) — 0, so we can choose an ny € N such that |#(n)| < R
if n g Hy.

Suppose first that ny = ¢/ng for some ¢ € N. We split Uy,..., U, into ng
blocks in the following way: the first block is Uy, Upys1, Uzngsts -+ > Ug—1ymg+15
the second block is Us, Un0+2, U2n0+2,..., U(/—l)n0+23~~-, the last block is U”O’

Uzngs - > Ueny- Let oz;’)( - ) denote the uniform empirical process based on the 7
variables in the jth block, j = 1,...,ny. Since the indices of each two elements
in any block differ by at least ng, the absolute value of their covariance is not
greater than R. Hence the first part of the present tightness proof applies to all

of a!( - ),...,fx("‘))( - ): for each ¢ > 0 and # > 0 there exist a § = (e, 5) €
¢ ¢ ,

(0,1) and an £y = Z(s,1) € N such that P{w(al”,8) = g} < yforall £ = £,

and all j = 1,...,no. Since /nal( + )= fEnol aP( - ), this implies

12
P{w(oc(}no,é) > \/noe} :P{w(ocg,é) > ny <§> 3} S ngy forall =z 4.

For a completely general n = /ng+i with 0 <7 <ny—1 and 7 = £y, we
write

ng+i

o H{Urful—ul, 02uzl.
\/-k fnoJrl
Since, for all u € [0, 1], the absolute value of the second term is not greater

than +/ng//,, which in turn is not greater than ,/mge if we choose £y = 1/¢2,
which is permitted, we see that

P{w(ocg,é) = 2/moe} < moy for all n = fony .

O(u)‘T E {Ue < up—ul+—
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Hence condition (3.3) of Lemma 2 holds in complete generality, and this fact
fully establishes (3.5) and hence the theorem. [
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