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I t  was brought to our notice by Dr. S. JAENISCH that  Lemma 2 
and the condition that  Re/z~' (z)] > 0 for entire functions/(z) with f (z) 
denoting the derivative of/(z) do not hold good thereby vitiating our 
argument in a part of the proof of our Theorem B in [1]. This theorem 
can however be reformulated as given below so as to obtain a counter- 
part of Rajagopal's theorem ([2], Theorem I). 

Theorem. I /](z)  is an entire /unction o/ lower order 4(0 ~ ~ ~ c~) 
then 

lira inf log [Al*(r)/A*(r)]/log r < 2 

log log Al*(r ) 
lira inf > 2 

,§  ~ log r 

where Al*(r ) = Max. I Re[zf (z)] [ and A*(r) = Max. I Re/(z) ]. 
l~l=,  IzI=, 

The proof depends on deriving the two inequalities 

log 2(r) log log Al*(r ) 
(a) lira inf - - -  < ,~, (b) lim inf > ), 

r + ~ log r - -  , § o~ log r -- 

with 2 ( r ) =  [Al*(r)/A*(r)]. The inequality (a) is easily derived as on 
page 247 in [1] above where we have to replace Max. Re zf(z) by Al*(r ) 
with the steps preceding the inequality (5) being replaced by 

Al*(r ) ~ 2 v(en) A*(e,) ~ 2 e~ +~ A*(e~) 

where e is arbitrary and the sequence {e~} is derived from the set 
E n F where F denotes the set of points r which lie outside a set of 
exceptional segments in which for r > R, the variation of log r is less 
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t han  K v(R/k) -1/1~ and E is the set defined as in [1], page 247. Now to 
derive the inequal i ty  (b) we need the following lemmas. 

Lemma 1. I n  the preceding notation A*(r) is an increasing convex 
]unction o] log r in the interval r 1 ~ r ~ r~. 

Proof. This follows easily since u(z) = ]Re / ( z ) I  is subharmonic 
in D:  rl  _< [ z [ = r ~ r2 and it is well known tha t  max  u(z), for any 

Ix] =~ 
subharmonie funct ion u =-- u(z), is a convex funct ion of log r. 

Zemma 2. For  r > r 0 

Max ] Re z]'(z) ] >-- A*(r)/(log r). 
I~l =~ 

Proo]. With  A*(r) -~ IRe / (re  *~ I, 

] Re z ],(z) l = [ Re [r e~Olim /(r e'~ - -  / ( r (1 - -  s) e~~ ] 
e + O  ~ r e i ~  

Re / ( r  e i o) _ Re ](r([ - -  e) e* o) [ 
lira 

I ~--~0 E 

A*(r) - -  A*(r --  r e) 
> l im 

* + 0  E 

g(r) log r --  g(r - - r  e) log (r - -  r e) 
= lira 

*-->0 8 

log r - -  log (r - -  r s) 
g(r) lim 

6->-0 

- -  l o g  ( 1  - -  e )  
= g(r) l ira 

~--> 0 8 

= g(r) = A*(r)/log r. 

In the above steps g ( r ) =  A*(r)/ logr,  an increasing funct ion of 

log r by  Lemma 1. 

Lemma 3. ldor the entire ]unction ](z) o] order ~ and lower order ~ we 
have 

sup log log A*(r) Q 
lira inf  log r ~ (0 ~ ~, ~ ~ oo). 

Since 
[ a .  I r~-< 2 A*(r) < 2 Max I/(z) I = 2 M(r), n > 0, 

Izl =r  
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we have, i f  ~(r) is the  max-/mum te rm in the  power  series for / (z )  corres- 

ponding to I z I ---- r, 

(r) ~ 2 A*(r) < 2 M(r) 

f rom which we derive 

log log A*(r) 
l im sup - -  @ 

r § ~ log r 

and similarly for the  lower order 4. 

P~'oo[ o/Theerem. L e m m a s  (2) and (3) yield 

tog log Al*(r  ) 
lira inf > A 

~ ~ log r 

which is inequal i ty  (b). Since inequal i ty  (a) is a l ready established the 
theorem is comple te ly  proved.  

Our thanks  are clue to  Dr.  S. JAENISCtI for  his comments .  

References  

(l} LA~:Sttm~CaRASlg~tAar T. V.: On the real part  of an entire function, its 
derivative and its lower order. Mh. Math. 70, 2t4--247 (1966). 

(2) RaJIf~oFAI~, C. T. : On an a~ymptotie relation between an entire function, 
its derivative and ~heir order. Mh. Math. 86, 339--345 (1962). 

Department of Mathematics 
Madras Christian College 
Madras-59, India. 


