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Summary. The paper obtains bounds on the Hausdorff and packing measures
of the image X (E) of a Borel set E by a transient strictly stable process X, which
a.s. hold for all E and for every measure function hﬂ,y(s)zsﬁllogsﬁ. In* some
cases examples are constructed to show that the bounds are sharp.

Introduction

In this paper we consider not only Brownian motion in IR (d > 2), but also strictly
stable processes X (t) of index a in R? {(x <d). Our object is to explore connections
between the measure properties of a Borel set E contained in a compact interval
and those of its image X (E) on the sample trajectory. Whenever E is a fixed subset
such results were obtained first by McKean [10] if X is a Brownian motion and
then by Blumenthal and Getoor [1] for strictly stable X. These early methods are
not valid whenever E is a random sct depending on the process. The only effective
way of attacking the problem for such sets is to seek results which are a.s. valid
simultaneously for every Borel set EC[0, M]. Hausdorff dimension is the most
studied fractal index, so the first natural result is to show that for a fixed stable
process of index « in IR?

a.s. dimX(E)=adimE for every Borel E, 0.1)

where dim E stands for the Hausdorff dimension of E.

When a=2 and X is Brownian motion, (0.1) was first proved by Kaufman [&]:
it was extended to all strictly stable X by Hawkes and Pruitt [6]. We note that not
allindependent increment processes in R?(d > 2) have an index « which makes (0.1)
valid: the first counterexample is due to Hendricks [7].

* While preparing this paper, the author was partially supported by NSERC and by NSF on contract
#DMS-8317815
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Within a given Hausdorff dimension § we can obtain more precise information
about the size of a set by considering its Hausdorff measure with respect to

1 k4
by 9= (106 )

for real numbers y. More precise results of this kind for a fixed set E and a
subordinator X were obtained by Hawkes [21]. Our object in this paper is to
search for the best possible uniform comparison theorems which will imply that for
a fixed strictly stable X of index «, a.s.

hop,y—MX(E)Sco 1hg ,—m(E) forall yeR,Be(0,1),Borel E (0.2)
h

aB, 71

—m(X(E))Zco zhy,,—m(E) forall yelR,fe(0,1), Borel E (0.3)

af, 72

for some known functions y;=v(B,v), i=1, 2.

Such results were obtained by Kaufman [ 8] for planar Brownian motion. Our
Theorem 3.4 improves his lower bound while example 4.2 shows that his upper
bound is best possible. The proof of (0.1) given in Hawkes and Pruitt [6] does yield
some estimates for y; which satisfy (0.2) and (0.3), but we modify their arguments to
get better bounds. The lower bound result (0.3) takes a different form for the critical
cases of planar Brownian motion {(#=2=d) and linear symmetric Cauchy
X(x=1=d) and the noncritical cases (x <d). Whenever 0 <a <1 we recall that
Taylor [15] distinguishes two types of stable process X of index «: the type A
process has a positive transition density at 0 and none of its linear projections is
monotone, while the type B process has zero density at 0 and projects on a suitable
line to give a subordinator. The lower bound for type B processes is given by
Theorem 3.1, and for type 4 processes by Theorem 3.4. Examples are given to
show that Theorem 3.1 is best possible (Corollary 3.3), while Theorem 3.4 is sharp

1
at least up to a factor log logE (see Examples 3.7, 3.8).

The key idea needed to obtain uniform lower bounds is to consider the
asymptotic behaviour as a|0 of the maximum sojourn time in any ball of radius a.
Results of this kind are stated without proof in [16] but only for noncritical
Brownian motion in R%(d = 3). In Lemma 2.3 precise results are proved for d =2,
the symmetric Cauchy X in IR, and strictly stable process with o <d.

Uniform upper bounds leading to (0.2) are easy for Brownian motion. The
corresponding result for the stable processes is contained in Theorem 4.1. We
cannot decide whether this theorem is best possible.

In a recent paper of Taylor and Tricot [20], a new fractal measure ¢ —p is
defined for each growth function ¢. Packing measure ¢ —p(E)= ¢ —m(E), the
Hausdorff ¢-measure, and the two fractal measures can be of a different order of
magnitude. Using the scale ¢(s)=s?, §>0 yields a new fractal index which we
denoted by Dim E and call the packing dimension of E. Our fundamental lemmas
proved in Sect.2 are good enough to give uniform results which yield the
analogues of (0.2), (0.3) for packing measure. This is the main content of Sect. 5. For
technical reasons we need a result (Lemma 1.2) which estimates the effect of
requiring packing to be done with equal balls, rather than allowing unequal balls —



Uniform Measure Results for the Image of Subsets 259

we believe this lemma to have independent usefulness. This means that our
uniform packing measure results may not be sharp — constructing interesting
examples to test the theorems seems to be hard. However, the theorems in Sect. 5
certainly imply that for each X stable of index a<d,

a.s. DimX(E)=aDimE for all Borel E. (0.4

In [17] Taylor defines a set ECIR? to be a fractal if dim E=DimE but is different
from the topological dimension of E. Thus (0.1) and (0.4) together tell us that, for
any stable process X,

a.s. the image X(E) of each fractal E is a fractal. (0.5)

We remark that the results in Taylor [18] show that, for more gencral Lévy
processes (0.5) may fail.

We start by collecting, in Sect. 1, definitions and probability estimates which
are essential to our calculations. Finite positive constants whose values are
unimportant, and often unknown, will be numbered consecutively in each section.

1. Preliminaries

In this paper we are interested in the study of subsets of R or R? of zero Lebesgue
measure. In order to get information about their size we use either Hausdorff
measure or packing measure. We restrict attention to the class @ of functions
@:(0,3)—(0, 1) which are monotone increasing, right continuous with ¢(0+)=0,
and smooth in the sense that there is a finite constant ¢, , with

o2s)/o(s)<c,,; for O0<s<%d. (1.1)
The Hausdorff measure of a set E is defined by
o—m(E)= lifrox inf{Xp(diamE;): EC | ) E;, diamE; <7} (1.2)
n

and may be zero, finite and positive, or infinite. If we replace arbitrary coverings by
coverings from the class of cubes of side 2 7* and vertices whose coordinates are of
the form j2 7% (j, k are integers) we get a new “dyadic” Hausdorff measure ¢ — m,,(E)

which satisfies
p—mE)S@—mp(E)<c, ;¢ —m(E) (1.3)

for all sets E, using (1.1) and replacing an arbitrary cover by a dyadic cover.

When we need to obtain an upper bound for ¢ —m(E) we only require to
produce economical covers of E by sets (or dyadic cubes) of small diameter. To
obtain a lower bound, the definition (1.2) requires us to consider all possible covers
by sets of small diameter. In the present paper we will repeatedly use the following
result, which is useful for Cantor-like sets E.

Lemma 1.1. Suppose Ye®, n>0, ¢>0. Let K be a compact set with the
representation

© M
K= () EwEne1CEpEn= U Luss
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where the I,, (1<i<M,,) are disjoint closed subintervals of [0,1] contained in

E,_1 Then
Y-—m(K)=c !

if, for every interval J C[0,1] with |J|<n, there is a finite integer m(J) such that
N(DNZcP(IIM,, for mzmJ),

where N, (J) denotes the number of the I, ; which are contained in J.

This is Lemma 2.2 of [11].
In a recent paper [19] we defined a new set function ¢ — P(E) in which
economical coverings are replaced by disjoint packings. For ¢ € @,

@o—P(E)= liln(} sup{Z¢@(2r):S(x,r;) disjoint, x;€ E, r,<n}, (1.4)
n

where S(x;, r;) denotes the open ball of radius r, centered at x;. Again, it is helpful to
have a restricted class of sets to pack, which are almost nested. We show that if we
replace S(x;, r;) by semidyadic cubes of side 2%, and vertices of the form either j2 ~*
or (j+2)27% which contain a point of E in the concentric cube of side 2% 2 we
obtain a set function ¢ — Pp(F) which satisfies

¢3¢ —P(E)=@—Py(E)=c, 40— P(E). 1.5

The set function ¢ —m is a Carathéodory outer measure, but ¢ — P is not
because it fails to be countably subadditive. To obtain an outer measure, which is
called @-packing measure, we need a final step in the construction

@ —p(E)=inf{Zo—P(E): EC {J E;}.

There is enough structure in the set function ¢ — P to deduce that, for each Borel E,
¢ — p(E) has good approximations of the form ¢ — P(E,) with E, CE. In fact, we

show that ¢ —p(E)=inf{lim ¢ — P(E,): E,1E} . (1.6)

In general we have ¢ —m(E)<¢—p(E), so there are two definitions of
dimension coming from these measures:

dimE=inf{a>0:5*~m(E)=0}

. . (1.7
Dim E =inf{o>0:5*—p(E)=0}
which are called, respectively, the Hausdorff dimension and the packing dimension

of E, For ECR*?
0<dimEZLDImE<Zd

and all values allowed by these inequalities are attainable for a compact set E.
Packing measures are less easy to calculate because of the disjointness condition in
(1.4). This time it is the upper bound for ¢ — P(E) which is hard to determine.
However, we can get some (imprecise) information by considering packings of E by
balls all of the same radius. Let N,(E) be the maximum number of disjoint open
balls of radius r which can be centered in E.
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'
Lemma 1.2. Suppose ¢, ¥ € D, h(s)=@(s)V(s),and | —Sgs—) ds< oo. Then forany E,
0+

lim sup NAE)o(2r)< oo = h— P(E)=0.
rlo

Proof. For n>0, K < o0, suppose
O0<rZn = NJ(E)p(2rnZK

but h—P(E)>c, 5s>0. Then, for each d€(0,#) we can find a packing of E by
disjoint open balls S(x;, 7)) with r,< d and X h(2r,) > ¢, 5. The balls remain disjoint if
we replace each r; by 2% where 27%* 1 >r,>27¥% By (1.1) we now have disjoint
balls with dyadic radii such that Xh(2! ~*)>c, . Group these according to the
value of k; and note that N, -«(E) is not less than the number of these balls for which
k;=k. Hence,

o< T T 227 T N, (BHRIHSK T PR,

=r k;i=k

. . . Y(s
This final estimate converges to zero as r— oo, or as 80, since | ——(—) ds < 0, 50
o+ S

we have obtained a contradiction, establishing the lemma. [J

Remark. For Hausdorff measure, it follows from some unpublished work of Claude
Tricot that economical covers by balls of the same radii, lead to a very different
measure which can give a different value to the dimension using (1.7). The above
lemma shows that we could define packing dimension using balls of equal radii and
get the same result, Dim E. The maximum effect of using equal balls is less than a

1+g
factor <log ») , €>0 in the measure function.
s

In the present paper we will consider only the strictly stable processes of index
a(0<a<2) in R% These have the important property that, for each >0,

A~1%X(At) is another version of X(f). (1.8)

This scaling property is used repeatedly, often without mention. Whenever d =1
we will usually assume that a.s. X (¢) does not hit a singleton {x,} for ¢> 0, which is
equivalentto0<a=<1;as 1 <a,d=1implies that X(z)fills intervals and no uniform
measure results of the form (0.2), (0.3) are then possible. For 0 < 2 < d, the trajectory
of a stable process has zero Lebesgue measure, but complete information about
both Hausdorff measure and packing measure is available, see [19] for a survey of
results.

The class of strictly stable processes is defined and discussed in [16]. We always
assume that X (¢) is genuinely a process in R, that is, there is no subspace of lower
Euclidean dimension in which the process takes its values. We also assume that we
have a nice version which has cadlag paths and satisfies the strong Markov
property. When o =2, the paths are continuous but, for 0 <a <2, the discontinu-
ities are a.s. everywhere dense. For o= 2 there is only a Gaussian component in the
Lévy-Khintchine formula. This means that there is no loss in generality in
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assuming that X(¢) is a standard Brownian motion. Since this is often the most
interesting case of our results, we will state many theorems with Brownian motion
singled out as a specific case. We use B(t) to denote the Brownian motion case. The
natural potential theory for this case comes from the kernel

k(x,y)=|x—y*™¢, dz3.

In the critical planar case, B(t) is neighborhood recurrent, so the potential theory
has to be carried out relative to the first exit from some disc. We summarise the
results for hitting probabilities which we need. If t,=inf{t>0:X(t)eE},
I =800,r,), [,=S(0,r,), r; Se<r, and xe R’ with |x|=¢. Then, for a standard
Brownian motion process in R?;

d=2,Px{Tr1<Tr2}= > (1.9)

2—-d 2—d

x Y
dg:;,P {TT1<TF2}=7%’—(1—__2”——T= (110)

ry d—2
Px{r,-1<oo}=<—£) : (1.11)

|]|n ( ) . . index OC<27 that iS, the C]laIaC (¥} 'S .C
Ction iS teristi
E {exp l(‘K (t h) - X(t), u)} =¢e chlul® ,

the relevant potential theory comes from the symmetric kernel k(x, y)=|x— y|* "¢
when d > o, or the logarithmic kernel for the symmetric Cauchy process. As proved
by Takeuchi [15], this leads to bounds for the hitting probabilities:

logr—2 logrg
d=1=a, PX(tp, <1p,) < r" =1-—2, (1.12)
log = log 2
Ogr1 Ogr1
r d—a
d>a, P¥(tp < o0)= <§1) . (1.13)

It is quite easy to get a lower bound in (1.13), but we do not need to use it. However,
we will require a sharp lower bound for (1.12) which needs some argument. Spitzer
[14] pointed out that the symmetric Cauchy process in IR can be recovered from
planar Brownian motion by observing it on one of the axes. To be precise, if B,(z),
B,(t) are independent Brownian motions on IR, L(s)is the local time of B,(t) at x =0
and Y(¢)is the function inverse to L(s), then X (t)= B,(Y(t)) is symmetric Cauchy on
R. We could use this fact with an explicit conformal mapping of the complement in
R2 of (— o0, 1]JU[—r,r]U[1, o) into an annulus to obtain the required estimate.
However, we prefer to obtain a proof by probabilistic reasoning.
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Lemma 1.3. For a symmetric Cauchy process in R

for er;<o=r,.

Proof. B(t) now denotes a planar Brownian motion, the probability we have to
estimate is

P*{t,,<t4} for xreal, er; <x=r,,
where A, ={(x,0):|x|<r}, A4,={(x,0):|x|=r,}. If we put

qri,ry)=sup{P’ {1, <1, }:lyl=ri},
then the strong Markov property implies that

P {1y, <14} SP¥{1,, <t} +q(ry,r)),

so that
Py, <ty SP {tr, <tr,}+q(ry,ry). (1.14)

All the probabilities now relate to planar Brownian motion. Now choose M large
enough to ensure that, for all yeIR? with |y|=r,, we have

P {tp, <14} 573, (1.15)
where I';=S(0,r,/M). Then, for |y|=r,,
P {tp, <ty ) SP{tr,<tp, <14} + P {1, <t}
<3q(ry,r)+ P {zp, <1p,}, by (1.15).

The right hand side does not depend on y with |y|=r,;, so we can take the
supremum over y to give

q(ryr) S5q(ry,r)+ PP {1, <1r,}.

Thus 0
2logM log -
Grry) S ——22 <2logM — L,

logr,/r, ry

log—=

ry

since g = er;. Since M does not depend onr,, 7, (1.14) now completes the proof with
ci1-=1+2logM). [

In [16], Taylor divided transient (x<d) strictly stable processes into two
classes:

Type A, if the transition density p(t, x) is positive at x=0;
type B, if p(t,0)=0.
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Type B processes can only occur for 0 <« < 1 and are such that their projection on
some line through the origin is a subordinator. Simpler arguments work for type B
processes because the first passage time of a subordinator out of S(0, ) is the same
as the total sojourn time, if the process starts at 0. Difficulties arise with type 4
processes because the potential kernel need not be of the same order as that for the
symmetric case. In studying sample path properties we overcome this problem by
considering delayed hitting probabilities,

Q(x,a, T)=P*{X ()€ S(0,a) for some t=T}.
In Pruitt and Taylor [13, Theorem 4] it is proved that
Q(x,a, T)Scy glaT ™ 1oy~ (1.16)

for any strictly stable X with index o < d. No lower bound of the form (1.13) is valid
in the general nonsymmetric case, if d = 2.

It was proved by Erd6s and Taylor [4] that planar Brownian motion satisfies a
strong law in respect of the number g, of dyadic squares with side 2 ¥ entered by
B(t) for 0=t <M. There is a constant ¢, 4 such that

a.s. k2 " *->Mc, 4. (1.17)
For d= 3, the corresponding strong law is
@.2"*—>Mc, 4. (1.18)

We believe the corresponding strong laws hold for any strictly stable X (¢) of index
o <d, but a rigorous proof will be tedious. It will be sufficient to use the fact that

given >0,
as. g2 % t<l<q 27 %% for k=k,. (1.19)

The upper bound in (1.19) follows from a simple first moment argument, while the
lower bound comes from considering a sublattice of larger dyadic cubes and an
inclusion/exclusion estimate.

If 0 >0, (o) will denote the collection of intervals I of the form [ig,(i+1)g].

2. Uniform Bounds for the Sojourn Time

For a stable process of index o in R*(x < d) which hits a ball S(x,r)=J, we expect
the sojourn time to be of the order r*. If s =1=d or =2 =d, the expected sojourn
time is of order r*logl/r. Our main objective in this section is to obtain
information about the a.s. asymptotic behaviour of sup{|X ~}(S(x,7))|: xe R} as
r|0. We have two methods of doing this, both using a decomposition of the sojourn
time. If we use a decomposition given by successive exits from a larger ball, the
proof can be completed for all the symmetric processes while using blocks of
sojourn time of a fixed length works for all the (x =d) strictly stable processes of
type A. For planar Brownian motion the first method gives more precise
information, but we will use the second method as it works for all cases.
We start with a preliminary lemma.
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Lemma 2.1. For fixedre(0,1),let I be {x:|x|<r}, [ ={x:|x|=rf},fe(~1,1)and
suppose ¢, ; >0, A={X(t) hits I, before I, for values of t=c, ,1*}. Thenif X(t)is
either planar Brownian motion (x=2) or a symmetric Cauchy process (a=1) on R,

622 1_1> X \>1_ €23 1_1
1 1—ﬁ<10gr> =P A)=1 - logr

uniformly for xelI.

Proof. We do the case where X(f) is Cauchy: a simpler version of the same
argument works for planar Brownian motion. For t=c, yr, x€I,

E={( = )r<|X()— X O £~ 1)r)

satisfies PYE)<ce ® for s=1,2,... and weE; = |X(t)|Sé€'r so that, by Lem-
ma 1.3, for s=3,

s 11t
PX(t){Tr2<TF1}§Cl'7(T——[fS <10g ;) ,

and for s=1,2 a similar inequality holds with ¢, , replaced by 3¢, ;. Hence,

PAYS ¥ P(ES)PX(’){rr2<rn|Es}
s=1

® s A
< “s_ T -
= sgl ce =5 (log r)

Now, for F={|X(t)—X(©0)<(e+1)r} we have P(F)=c,;<1. Now,
we F° = |X(t)|>er so that, for all xe I,

PAA)S P(F)+P(F)P* {1 <1y}
<1- 22 (10s1) Ty (112). O
=TT p\%8y) YU
Given any strictly stable process with | X (0)|<r and ¢> 0 a fixed constant, we
set up a sequence of stopping times 7,=0

r=inf{t=7,_, +cr*: [X(t)|<r}, i=1,2,....

This sequence a.s. terminates whenever a<d. For fixed fe(—1,1) we can also
define

o(B)=inf{r>0:|X ()| 2r*},
and finally denote by M y(w) the number of the ;< ¢(f): thus the random integer
M, is given by

M;=1+4+max{i:t,<c(f)}.

We now want to estimate the probability of M, being large.
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Lemma 2.2. Suppose X(t)is strictly stable of type A and index 0. <d inR% Fix ¢ >0,
y>0, Be(—1,1) and define Mz as above in terms of successive hitting times of S(0,r)
after a delay of cr*. Then

(@) If X is planar Brownian motion or a linear symmetric Cauchy process and

2
P {Mﬂ((D)g ¥ (log %) } — 0

Cy. 4_(5(7')_

then
Jor O<r=ry.

1— ﬁ ﬁ Cas

(b) If a<d and c is large enough,

P {Mg(w) >y <log })} 0,

V02 6S6(r)Syey, for 0<r<r,.

then

Proof. (a) We decompose the path using the stopping times 7,. Since | X (z;)| =r we
can use Lemma 2.1 to give, for i=1,2,...

2 B 2.3 A
1- (162 B) (1 gl) 2P{t;<a(P)r,- <o(f)} 21— 1C-'ﬁ (10g;) )

Hence, by iteration,

=2 (o) T e (o)
[1-%(1 1) }[y(“’*”.

If we replace both extremes by exponentials and let |0, we obtain the required
estimate.
(b) Since «< d and the process is of type 4, the potential kernel k(x, y) satisfies

k(x, ) = I—xc—zj d—a  (see [13])

for all x, ye R% Hence, if |x|<2r
P{|X(t)| <r for some t>0}=c, >0.

Take B, =4(B+1), then f< B, <1. By taking r small, we can arrange that

Plo(B)=r} =P{o sup |X(s)|>rﬂ}

<s=reb;

<y o7 F1D

1
<zCz.9-
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Now P*{X() hits S(©0,7) for t=r*t}

<c, o(r' PP~ by (1.16)
<#Cao
when r is small. Hence, for all x satisfying |x| < 2r,
P*{X(t) hits S(0,7) before o(f)} >3cy0=¢y.4,>0.
Now choose ¢ big enough to make the estimate
crslaT 1o o<
whenever a=r, T=cr". By (1.16) we now have

P{t;<+ ooty <+o0}<3,
and iteration yields

?

1 os 1 :
P {MﬂgY10g ;} é%[ 1 g’J <r’ as required .

On the other hand
P{t,<o(f)lt;—, <a(B)} Z P{|X(cr)— X(O0)| <r}cy,y

=P{|X(C)|v< 1}es1=Ca10
so, by iteration, we get

1 [ I i]

’ {Mﬂzvlog ;} 2epp Uz
whenever 0<r<r,. [

We now come to the basic lemma which estimates the maximum concentration

of the sample path in a ball. There are three distinct cases to consider.

Lemma 2.3. Throughout X (t) is a strictly stable process of index o in R* and a < d.

For fixed M, let
E, ,={te[0,M]:|X(t)—z|<r}.

For keN, let .=[ak] and let N,(z) be the number of dyadic intervals [j2~*,
(i +1)27*] which intersect E, , for r=2"% Then

(a) in the critical cases, x=2=d of planar Brownian motion and a=1=d of
linear symmetric Cauchy process,

() a.s. Aky=ko(w) such that k=ky = Vz, N(2) S ¢, 13k2;
(i) Vk=ko(®), 3z, such that Ny(z)=c, (. k*;
(iil) a.s. Irog=ro(w)>0 such that O<r<r, = Vz,

1 2
\E. /=S¢y qst® <10g ;) ;
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(iv) Vre(0,ro) 3z, such that |E, |2 ¢, 46" (1og %)2
(b) For a<d, X(t) of type A.
(i) a.s. Ik, such that k=ky, = Vz, N(z) S ¢, k;
(ii) a.s. Iry such that 0<r=<r, = |E, ,|<c, 1gr*log %
(iii) Vre(0,ry), Iz=z(r,w) such that E,, contains an interval J with |J|
gcz_lgralog%.

(c) ForO<a<1, X(t) of type B and such that its projection on the first axis is a
subordinator,

(i) a.s. 3kq such that k=kq = Vz, N(z) Sy 0k ™%

» 1 1-a
(i) a.s. Iry>0 such that 0<r=<ry = Vz, |[E_ |£c; 5" <10g;> ;

(iii) Vre(0,ry), dz=z(r,w) such that E,, contains an interval J with |J|
1—a

2¢y.2,1" | log =
v

Proof. (a) We give details for planar Brownian motion, but write the proof so that
only trivial and obvious changes are needed to deal with the symmetric Cauchy
case on RR. Start by considering E, , for the points z; , = (i, 2 7% 1,i,2 ¥ ), i,,i,eZ
and r=2"% The disk

D ={zeR*:|z—z ,|£27%}

may be hit by B(f), 0t <M. Let @, be the number of such D, , which are hit. If
0<e<4, we can find k; =k, (w) such that, for k=k,,

22k(1—a)<Qk<22k(1 +£)' (21)

Now fix attention on one disk D; ,. Let t1,=inf{¢t>0:B(t)e D, ;} and form the
sequence of stopping times used in the proof of Lemma 2.2(a), with c=1. If E; ; is

o0
the corresponding set of sojourn times in this disc, we can write E; ,C ) F; ;4
i=0

where .
Fj!ika[Tj,Tj"r‘z ]

1
We can clearly find k, = k,() such that all of B[0, M is within 2Z° * of the origin,
for k=k,. For k> k,, all of B[O, M] will be included in L, = M _, ,(w) pieces F; ; ;.
Hence

|Ei il =

. =~
i
sl

Y, 2.2)

J?°

Ty +272k
where Y= ' [ 1p(B(#))dt are the successive sojourn times in D. The random

variables Y; have a distribution dééending on the starting point B(z;), which will
sometimes be inside the disc. However, by scaling, the random variables 22ij =V;
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are uniformly bounded above by 1 and below by
1
V= [15B(1)dt,
o

where D is the unit disc{|z| £ 1} and B(z) is a planar Brownian motjon starting at 1.
On the other hand, provided t,(D)< $M, there is a ky = ky(w) such that, for

k P k3 Ly

A P jj;o Y, (2.3)

where L, =M, ,(w) is defined in Lemma 2.2(a). The bound
Nk(Zi,k)gZZklEi,kl 24

is immediate. Since each interval (t;, 7,427 *¥) intersects at least one, and at most
two, dyadics of length 272, we also have, for k=max(k,, k),

Lo =Ny(z; ) S2L,. (2.5)

By Lemma 2.2, for one disk D, ,

P{L, Zyllog2} <277
so that the probability that at least one of the Q,D; , hit by B[0, M] satisfies
{M ~1227 <1Og%>z} is bounded by 22"“”)-2_”%52‘4. A suitable choice of y

makes this the general term of a summable series. By Borel Cantelli, there is a
ky=k,(c) such that, for k>k, every one of the D; , hit by B(¢) satisfies

Ly <y(log2"”.

With (2.5) this establishes (a) (i) and (2.4) now gives (a) (iii) for these special discs.
But any disk of radius r satisfying 27*~? <r <2 7%~ ! is contained in at least one of
the disks D, ;, so we have proved a(i) and afiii) for all disks in R? which are
sufficiently small.

To show that our bounds are of the right order of magnitude, we use a large
deviation argument to give, for large enough K,

K-1
P{ ¥ Vj<%KE(V)} <e 23k (2.6)
i=0
In order to avoid independence problems, we use only a small number of the disks
D; ,, and use only that part of the path which is traversed before the next disc is hit.
Infact, welonly consider the L, returns before the first exit from a concentric disc of

radius 2 2", By (2.1) this gives us more than 2! 79 fresh starts in [0, M] and the
strong Markov property ensures that each of these pieces are independent.
In Lemma 2.2(a) we now choose y small enough to ensure

2
P {Ml/z(w)gy (log %) } >t
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1)? .
so that the event A, = {a):M 12(w) <y (log —> } satisfies
r

P(Ag) <1 —r112, 2.7)

Now set up another sequence of stopping times &,=0,

1

5,-“:inf{t>§j:[B(t)_B(gj)@z‘i"}_

If A4; is the event corresponding to A4, for the piece of path starting at t=¢,, using
the disk D; , whose centre is nearest to B(,), then the events A; are independent and
(2.7) implies

P(‘(_s] A,-> <(1—rif2y,

When k is large enough we can take s=21"% and deduce that the event that
{M, 5(w)<y(log2*)*} happens for every one of the 1discs D, , whose centre is

_1 _ otk
nearest to B(¢;) has probability bounded by [1—2 2k]Zk(“”<e ’ by taking
e<%. Since this is the general term of a summable series, at least one of this

particular set of discs of radius 2%, each k= ks(w) must satisfy

1 2
L, :M1/2(C‘))§? (Iog ;) .

An application of (2.5) now completes the proof of (a) (ii).

Now assume k is large enough to ensure that (2.6) is valid with
K=7(10g2"? =c, 4k>.

Using (2.1) again, the probability that at least one of the discs D; , hit by
B[0, M1 satisfies 1

{3 veixam)
f=
is now bounded by 221 *9¢~c2.25¢* By Borel-Cantelli, this will never happen for
k= k¢(w). By (2.3), the disc which we just found to satisfy Ny(z,)=c,. (,k?, must
when k= max(ks, k¢) have |E, -« Z3KE(V)2 **2¢, 5,27 *(log2¥)>. This is still
valid for 27 %*<r<27%"! so we have established (a) (iv).

(b) The uniform upper bounds (i) and (iii) come from the same arguments as
used in (a) using a value of ¢ large enough to make Lemma 2.2(b} valid with the
stopping times 7;, ; =inf{t>1;+cr*: X(t)e S(z,7)}. However, the arguments used
to establish (a) (i) and (iv) will not work now, since the bound given by the large
deviation estimate is too large when muitiplied by the number of balls hit. Results
corresponding to (a) (ii) and (iv) are true since they follow from the stronger result
(b) (iii) which we now establish. Thus (b) (iii) shows us that in this transient case, the
largest sojourn time in a ball is not more than a constant multiple of the largest first
exit time. This is not the case for the critical processes discussed in (a).

Divide [0, M] into Mn pieces of the form I;=[jn"1,(j+1)n"'], and put

Rm)=sup{IX()—X(jn~ Yl:tel}.
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Then the R(n) are independent and, by scaling,
P {Rj(n) < A,n_ l/a} ..>__ eXp( - 62_27/1_(1)

using the corollary to Lemma 5 of Taylor [16}. Hence,

P[Aﬁl {Rj(n)gln‘l/“}jl <[ —exp(—cy74 M.
i=1

Now take n,=c2"k™, J=2" n} =1k~ 1" and we have obtained an upper
bound estimate for the probability of the event B, that there is no I; such that X(I)
is contained in a ball of radius 27¥, this is

P(B)=[1—exp(—c- 62.27k)]MC2"“k*‘ ’

which is the term of a summable series provided «log2>c¢- ¢, ,-. This will be true
for a suitable choice of c=c, ,5>0. By Borel-Cantelli we can now find ky(w) such
that, for k <k, there is always a ball S(z, 2~ ¥) such that X ~*(S) contains an interval
of size g, = ¢, 55 *k27% Hence, for 27 ¥ 1 >r>27* k>k,, there will be a ball of

. : . . i
radius r such that X ~!(S) contains an interval J of length at least ¢, ; o* <log ;).

{c) This case is quite different. Let Y(t) be the projection of X () on the first axis.
Now Y(t) is a stable subordinator of index «, so the uniform lower growth rate
established in Hawkes [5] gives, for te[0, M],

—1+a
o

Y(t+h)— Y(O) 2y 00k <10g %l-) (2.8)

for all he(0, hy). Clearly (2.8) implies

—1+a
o

IX(t+h)—X O Zcy 00" <10g %)

1-a
so that X ~!(S(z,r)) has to be contained in an interval of length ¢, 5, <log 1)
for r <ry(w). We now easily get (c) (i) and (ii). r

If the Lévy measure generating the distribution of X(1) i supported within a
cone of semi-angle § < 7/2 and axis the first axis, we can now deduce c(iii) from the
Hawkes result showing that (2.8) is best possible. However, the support can be a
complete hemi-sphere, and in this case we have to adopt the same method used
above for (b) (iii) together with the estimate in Lemma 6 of [16] that

P{S(a)= ia"} Zexp(—c, 3,41 79),
where S(a) denotes the first exit by X(¢) from a ball of radius a. [

Remark. Throughout the above arguments we have not tried to find the best
constants. In our first proof for planar Brownian motion, we decomposed the
sojourn time in S(z, 7) in terms of successive exits from S(z, er} and entries to S(z, 7).
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If one takes carc the method of proof we used in (a) yields that a.s.
|E;, r!

|E.,,|

1 z,r

e i rl(l)nf sup N2 _hmsup SUp 7=\
rlog; rlog

where ¢=2E(U)and U is the time spent in {|z| < 1} before exiting from {|z| =e} by a
planar Brownian motion starting at 1. We believe the following

lIA

C,

Conjecture 2.4. If B(t) is a planar Brownian motion and E, , is as defined in Lemma
2.3,

E
a.s. limq su Bl =2E(U).

rl0 | zeR2 | 1\2
r Og;

We note that the corresponding results for the transient case were announced
in [17].

The uniform upper bound estimates for Brownian motion will follow easily
from Lévy’s modulus of continuity. For 0 <a <2 paths are discontinuous so we
replace continuity by a uniform covering principle. The idea is due to Hawkes and
Pruitt [6], but we obtain a sharper version of their Lemma 5. This time the same
result is valid for all strictly stable processes of index o in IR,

Lemma 2.5. Suppose X(t) is strictly stable of index o. Then for a suitable ¢, 55, a.s.
there is a d(w) >0 such that, if the interval J C[0, M] and |J| =% = 6y, then X(J) can
be covered by c, 5, 10g(1/n) balls of diameter n*'*(log1/n)~ 1"

Proof. 1t is clearly sufficient to prove the result for every semi-dyadic J=[u,v]
where ke N, v—u=2"%u=i2"%or (i+2)2 7% 0<i< M2* The number of such J is
M?**1 For a fixed ¢>0, we call J bad if X(J) cannot be covered by ck balls of
diameter k~V/*2%* Set up the sequence of stopping times

to()=u, 7y, ((J)=1nf{t > 7,1 | X (£) — X (z;)| >k~ 122k} .

ck—1
Then, if J is bad, Y (t;4—71)<27* Putting
i=1

T(s)=inf{r>0:|X(1)|>s},
writing m, =ck—1 and using the scaling property, gives
P{ is bad)gP{ Y Tk~ < 1}
i=1

=P{e BT 52 for 1>0
< ei [E(e—}.T(k‘ ‘/“))]mk
since Ty(k~'/*) are independent, identically distributed,

=e/1[E(e—AT(1)k—1)]mk .



Uniform Measure Results for the Image of Subsets 273

. _ 1
Now choose 4=c, 33k where c, 35 is such that E(e” 7)< % and choose the
initial c=(14c, 35) to give €

cz2.33k+k—1
Ji < pf2.33k
P(J is bad)<se <2e>

<2e-27 kg7,

Hence, P{at least one J is bad} <4eMe™* An application of Borel-Cantelli now
tells us that a.s. 3k, =ky(w) such that, for k=k,, every semi-dyadic interval of
length 27% is good. []

Corollary 2.6. If X(t)is strictly stable of index u, there is a constant ¢, 5, such that
a.s. there is a 0y(w)> 0 with the property that no J C[0, M] with [J|=1=<0d, has an

1
image X{J) containing more than c, 3, logi points which are mutually separated by
1 1/a
at least (A/log 1) .

We remark that, because the sample paths are continuous for Brownian
motion B(t), it would be more efficient to cover B(J) with a single ball of size
c(nlog1/n)''?, so Lemma 2.5 merely recovers Lévy’s uniform modulus when o =2.

3. Lower Bounds for Hausdorff Measure

We start with the easiest case — when 0 <a <1 and X (¢) is strictly stable of index o
and type B. Choose an axis on which the projection Y (t) of X (¢) is a subordinator of
index o, and use the fact that any covering of a subset of X [0, M| projects onto a
covering of the corresponding subset of Y[0, M].

Theorem 3.1. Suppose X(t) is strictly stable of index o<1 and type B. There is a
constant ¢y 4 such that a.s.

for all Borel EC(0, wo), for all P e ®, if
@(s)="Y(cs.15*(log™ 1/5)! %), then ¢ —m(X(E))Z ¥ ~m(E).

-1
Proof. For fixed M >0, if n(h)=h'*(log1 /h)1 * Theorem 1 of Hawkes [5] tells us
that a.s. there is an ¢y =¢,(w)>0 and c; , such that

Y(t+h)—Y(®)2cs k) for he(0.e,], te[0,M]. (3.1)
Take ¢; ; =2¢; %2> ™% so that for small enough y
1" '(v/es2) S2ez 50t Ty (logl/y)t 7. (32)

Start with a fixed o for which ¢(w) > 0 and measure functions ¢, ¥ related as in the
hypotheses. Choose a covering {J,} of Y(E) with |J;|<c; ,n(e,) and

Zo(lJ)<@-—m(Y(E)+0
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for a fixed 6 >0. We may assume that J,= Y(I,) for a collection of open intervals
{I;} covering E, and of length less than &, by (3.1). We may also assume that all
intervals are short enough to make (3.2) valid. Hence, by (3.1) and (3.2) with
y=Y(t+h)—-Y(),

ZPUN=ZP () =20/ <o—m(Y(E))+9,

where g(s)=c; s*(log1/s)* ~* Since & is arbitrary, we have shown that
@ —m(Y(E))= ¥ —m(E) for bounded Borel E. This extends trivially to all E, and the
theorem follows from

p—mX(E)zo—m(Y(E). [

Lemma 1.1 will allow us to show Theorem 3.1 is best possible up to a constant
factor (Corollary 3.3 below). We first obtain a general result which is also needed
for an example in the next section.

Lemma 3.2. Let X(t) be an R%valued process with independent increments and
cadlag paths. Fix ne® which is strictly monotone and continuous with inverse
function n~1. Assume that for each 6>0, there is a K >0 and ry>0 such that

P { sup | X(t+h)—-X@)|<Kn~ 1(r)7f =7, (3.3)

OShsr

for0<r=<ro,te[0, M. If B€(0,1) and @,(s)=(n(s)y’, there is a random closed set E
C[0,1] and a constant c; 5, depending on n, p and the law of X (1), such that

i -mK)St and gp—m(X(K)<css.
Proof. Given , fix >0 such that f+ 6 <1 and choose K, r, such that (3.3) holds.
Choose inductively a decreasing sequence r,, such that r; <r,, r,#eN, and
O = fn] r;» then "
X on'rakiexp(— g )< oo (34)

Let £, =.#(o,,) (see the end of Sect. 1). For any I € .#,, we can partition I into r,} ¢
subintervals J; each of length 372, ;0, and separated by intervals of the same
length. Within each of these J; there are at least [3r574]—22 487} subintervals
of £, ., (make r, smaller if needed to ensure this). Therefore, using (3.3) and
independent increments,

P{sup IX(s)—X()>2Kn Yo,y forall JCJ,Je ey

s, teJ

and at least one J;CI efm}

1
—1,,- PR LA
g@m rm£1(1*Qm+1)4 i
-1,— d —1
S0m rnl-{lexp(_gm+lrrﬂn+l/4)'

Since (3.4) makes this the term of a convergent series, Borel-Cantelli allows us a.s.
to find my=my(w)<oco such that, if m=m,, Ie.#, and J; is any one of the
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subintervals of the construction, there is a JCJ,, J€.4,,,, such that
1X(5)— XOI<2Kn om+1) Vs, ted. (3.5)
We can now inductively construct a Cantor-like random closed set K. Let

E;=[0,1]. Assume E,, = U I7where IT € #,, M, =¢,,# and the distance between

nelghbourmg ITs is at least 3180, 1. Divide each I7 into r, %, subintervals of
length 378 , |0, separated by intervals of the same length Choose one interval
from .#,, , ; contained in each of these subintervals. This will give us a collection of
M, intervals in ., ., {I7*':j< M, }. By (3.5), for m2my(w) we may always
choose I7*" so that

sup | X(s)— X <2Kn " Hom+1)- (3.6)

s,relp 1

M+
Then E,,, , = U [MYICE,, Put K= m E,.

Fix o such that mo(w) < co; we will use Lemma 1.1 to show that s —m(K)>0.1If
m,,(J) denotes the number of the intervals {I7'} which intersect J and |J| <g,,,, we
can choose n=my such that g, ; <|J| <g,. By dividing J into two subintervals if
necessary we may assume J CI7 for some j. The spacing of the subintervals now

ensures that
M, (N)=21e, 'r by +2,

so that, for m>n

M, (J)/M,, (2|J|Q‘1r7+”1+2)< N ri "yl

j=n+2
§2|J|95‘1+2Q£+1§4|Jlﬂ‘

Lemma 1.1 now gives s* —m(K)2  and the obvious cover gives s* —m(K)< 1.

Now (3.6) implies that, for m > m,, X(K) is covered by a union of g, , sets each
of diameter 2K# ™ (g,,+ 1)- The growth condition (1.1) on n € & now tells us there
has to be a constant c¢; ; < oo such that

(Pp(zKS) = C3.3(P/3(S)

so that _ . ~
Qmﬁl@ﬂ(zKrl (Qm+1))§c3.3Qm-€1'an+1=c3.39

and this establishes
Q’ﬁ_m(X(K))écs.s U

Corollary 3.3. Let T(t) be a stable subordinator of index o, and Be(0,1),
pus)=[s"(log™ 1/s)* 1. Then a.s. there is a random set KC[0,1] such that
$=s"—m(K)<1, but pp—m(T(K))=c3 3.

Proof. Note that this shows that Theorem 3.1 is best possible up to constant
factors, for sets of all dimensions. We apply Lemma 3.2 with X =T and 7~ 1(y)
=y"*(log™ 1/y)! ~ 1/ The required estimate (3.2) follows from Lemma 1 of Hawkes
(5. O
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The result for type A stable processes is more complicated, instead of a uniform
growth rate on T(f) we use Lemma 2.3(a) or (b).

Theorem 3.4. Let X(t) be a strictly stable process of index o in R*(x < d) which is of
type A. Then there is a constant ¢ , depending only on the process such that a.s., for
each Ve d, if

. {c3.4a”(s“>(log+1/s>2 i d=o
I e () og* 1fs)  if d>a

then ¢ —m(X(E)= ¥ —m(E) for all Borel EC[0, o).

Proof. All the cases of this theorem have the same proof, based on Lemma 2.3(a) or
(b), so we will write the detailed argument only for the critical case a=2=d of
planar Brownian motion. Fix w so that the conclusion of Lemma 2.3(a) (i} holds
with the constant ¢, 5 and the integer ky(w)< 0. For fixed M >0, and E Borel
C[0, ), cover X(E) by balls S(z,r;) with r;<%A27%. Choose k; such that
27k 1<y, <27k and let {Ii:j=1,...,N;} be the set of intervals in .#(272*) that
intersect X~ 1(S(zl, rl))m[O M]. Then by Lemma 2.3(a) (i), N;Zc,.,3k?. Take
3 4=4c, 3(log2)”? and define ¢(s) by the formula in the statement. Then

) @(2}‘j) 2c34 p, (log 2k~ 1)2 PR 2k,-)
i=1 =2

Zcs, 4(10g2)2 Z kPP(272)

s

>

z ()2 ¥ —m(E)—e

T

1

whenever all the balls r; < 8. The theorem now follows for E C [0, M] and extends to
EC[0, c0) by monotone convergence. [

We now try to show that Theorem 3.4 is close to best possible as a uniform
bound. For this purpose Lemma 3.2 is a useful construction tool. We can obtain
the hypothesis (3.3) by using estimates on exit times from a ball (Ciesielski, Taylor
[3] for Brownian motion or Taylor [16] for a type A process). The appropriate
functions are

n r)=r'"logl/r)™ V%,  py)~ay*logl/y as yl0.

Lemma 3.2 now shows that for $(0, 1) there is a random closed set K [0, 1] such
that

i< —m(K) <1, os—m[X(K)]=c35,

where @4(s)=[s*(log * 1/x)]*. There is a substantial gap between this and the results
of Theorem 3.4, particularly for the critical cases d = o, but also in the transient case
when f is small. This means we need a more subtle construction to get an example.
All our processes will now be symmetric stable, and we give the details for the
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Brownian motion case. In the transient case « < d, there is still a gap of a factor log
log1/s between the theorem and our Example 3.7, but in the critical cases d=o, we
can do considerably better (Example 3.8).

We first introduce the notation

Ux(t,a,r)=inf{s=t: X(s) ¢ S(a,r)}

Vilt,a,r)=inf{s=t: X(5)eS(a, 1)} .

B(t) is a d-dimensional Brownian motion, B(0)=0. g, h are decreasing functions
on (0,4] such that 2<g<h, h{0+)=oc and

logg(s) .
- =2 J
Togh(s) 0 if d=2, (3.7

logg(s) d g(s) if d=3. (3.8)

AN

logl/s_) > an h(s)

For a fixed re(0,0], define inductively a sequence of stopping times by
V=UgK0,0,rh(r)), S§,=Ux0,0,1r), T,=UxS,0,r), U, =UkKT,0,rg(r)),
S;+1=V3(U,0,57). We call [S;,U,] a good pass from $(0,3r) to S0, rg(r))° if

T,—S;22r* and U,—T,=r?(g(r))>.

13 1= X =

Let N(r, g, h) be the number of good passes completed by time ¥, that is
Nirg )= ¥ I(S;<V,T,— 8,22, U;— T, 2r(g(r)?).
i=1

Lemma 3.5. Given >0, there are positive constants c; s=c s(n) and ro=r(g, h)
such that, if 0<r<r,

P{N(r,g,h>;c3.sgﬁf%—*‘fhm}grﬂ, i ode.
P{N(r,g,h)gcs_s(llo%gl(/g}gr", if dz3.

Proof. We now suppress dependence on r, g, h where possible and let
0

= Y I(S;<V). N' is a geometric random variable by the strong Markov
i=1

property. Moreover, the well-known hitting probabilities for B(t), (1.9), (1.10), give
(i) d=2,

N [ (| N

>exp{ —3nlogg(r)/logh()}, (3.9)
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for 0<r<ry(g, h), where ry(g, 1)>0 and we have used (3.7) and g>2.
(i) d=3,

PN'zm={1-{(L —(d_Z)—- re(r)~ @2 ({Z _(d—Z)— rh(r)) €~ T
(N'zn) 2 (rg(r) > (rh(r))

>[1—1—hr) 4 D)~ 14+ (2g(r))~ @~ 2]
> (4g(r) "4 a0

for 0<r<ry(g, h), where ry(g, h)>0, and we have used (3.8).

The excursions of |B] on [S, U;] are independent of the excursions of |B| on
[U,S;.,] by the strong Markov property. Therefore, conditional on N'=n, N is
binomial (n, p), where, if T(r) is the total time spent in S(0,7),

p=P (T(r) >2r%/|By| = g) P(T(rg(r) 2rg("?/| Bol =)

= P(T(1)22/|Bo|=1/2)P(T(1) Z1/IBy| =g(r) ™)
(scaling) = p, >0,

where we have used g(r) = 2 in the last line. Therefore there is a universal constant
¢, >0 such that for 0<r<ry(g,h) and neNN,

P(N 2npo/2)Z E(P(N ZpoN'/2IN') (N’ Z 1))

S {exp{ —3nlogg(r)/logh(r)} j

2
(dg(r) "2 3

(3.11)

v

(by (3.9), (3.10).
Q) d=2

For ¢>0, and re(0,ry), let
n=[(2c/po)log1/rlogh(r)/logg(r)] +1
in (3.11) to see that for some ¢; >0,
P(N z c(log1/r) logh(r)/logg(r))

2 c3.6€xp{ —(6¢/po) log1/r —3logg(r)/logh(r)}
=c, o150 (by 3.7).
(i) d=3
For ¢>0 and re(0,r,), let n=[((6¢/po) log1/r)/logg(r)]+1 in (3.11) to see that

P(N =(clog1/r)/logg(r))
>c 1(4g(r)) —{(2¢/po)(d — 2)log 1/r)/logg(r) —(d — 2)

= ¢, r%@2ipo(g(r)) T3 (recall that g>2).

The lemma now follows from the above two estimates and (3.8). [
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In the next lemma, we use the notation:

. [log™ 15 log™ log™ /s, if d=2
JO=tog* 1/s)log" log" /s, if d=3.

Lemma 3.6. Let f€(0,2), >0, 6>0, and ne(0,1) satisfy B+5<2n, and let
l,re(0,1), r #eN and s=Ir. There are constants ry=ry(y,n), ¢35 and c;o
=c3.4(7,0,7) such that if s<ry, then except for a set of probability at most

3172 Pexp{—cy grf PO M2 ML (3.12)

for any 1€ #(1?), 1C[0,1], I contains r ~* closed intervals of length I*r?/2 separated
by IPr#/2, such that each interval contains at least c,_ q f (s) subintervals in F(s*) that
are separated by a distance s*(log1/s)*” and are all mapped into a single ball of radius
s by B.

Proof. Consider I=[0,1*]. Inductively define stopping times by
T=jr'l?, T, =UyT,B(T)),s", j=0,...r #—1, ieN,.
Let
N;=min{i: T/ = (j+1/2)r1*} .

If ¢, =(4E(T(1))" ' and {T;:ie N} is an i.i.d. sequence with each T, equal in law to
T(1), then

P(N;Zc s 2"WPP)=P[T? - snpayy 2 rP12/2]

i=

[c1s~2mrB12]
=P[ » Tigrﬂﬁs—%/z}

<p [[CIS_ZZW] T— E()[c,s™ PP zE(T)}

i=

Sexp{—Orf 7220 -y

for some universal constant 6>0. Here we have used the fact that T, has an
exponentially bounded tail (see Ciesielski-Taylor [3] for its exact law) and the well-
known exponential bounds of Cramer. We have shown

P(N;Sc, =120y <j<rf—1)

<r Pexp{—0rf 2120 -m} (3.13)

Let N denote the number of good passes completed by Bi(t)=B(T/ +1)— B(T}),
from S(0,s/2) to S(0,s(log1/sy’)* before leaving S(0,s"). (Here a good pass is as
defined before Lemma 3.5 with g(s)=(log1/s)".) Let ¢, g=c5 55(1—n)/y. Call
[T/, T/, ] a good interval if i <N; and N{Z, o f(s). Apply Lemma 3.5, with g(s)
=(log1/s)” and h(s)=s""", and (3.13) to see that if s<ry(g, h) =r(y, #), then



280 E. A. Perkins and S. J. Taylor

P (there is no good interval in [Ty, T§,] for some j<r~f—1)
e
=r- ﬂexp{ Gt =220~ ”)}‘*' Z P(N]<C3 o f(s)
for all 1<i<c P~ 2120~ 1)
<y Plexp{—Orf TMPLTDY 4 (1 — o)t AT
<r P[exp{—OrF TIPA "D} £ D exp{—c O RIPUTOT
(make r, smaller, if necessary)
S3r Pexp{—cygrf TOTHPATONY
where ¢; s =0 A ;. The above estimate is valid for any I € #(I?), so except for a set
whose probability is bounded by (3.12) for each [(k— 1)I%, ki*]1C[0,1] in #(1*) and
each 0<j<r #—1 thereis a good interval, [Ty |, T/, in [(k— 1) 2 +jr’ 1%, (k—1)I?
+(j+1/2)r’I?]. Each such good interval contains at least c3 o f(s) subintervals in
#(s?) that are separated by at least s?(log 1/5)*” and are all mapped into a single ball

of radius s by B. This follows from the definition of a good pass. The proof is
complete. [

Recall the definition of f given before Lemma 3.6.

Example 3.7. Suppose 0< B <2, ¥y(s)=s"2(f(s*) 7", @a(s) = ¥y(s*) f(s)=s" and
g€ ®. Then there is a random closed subset E of [0, 1], and a constant c; o >0 such
that a.s.

¥s—m(E)2c3 0,(89p) —m(B(E)=0.

Proof. Fix Be(0,2) and ge ®. Let y=2/p and choose >0 and 7€(0,1) so that
B+0<2n.Let F(r)y=c5 g f (r). Choose r,,10 (r,,> 0) fast enough so that if g, = H 7
then ., €N,

2 Q,er;fl CXP{_5347”5::5{2"@51(1_")”} <, (3.14)
m=1
m—1 B
T Fled=glen) 12 (3.15)
roSro(n), Fir)z1. (3.16)

We now use Lemma 3.6 inductively to construct a Cantor-like random set, E,
with the desired properties. Let E,=1I1{=[0,1] and M,=1. At the m™ stage
suppose E,, is a union of disjoint closed intervals {IT:j=1...M,} in #(g})

contained in [0, 1], where M, H r; #[F(g))]. Each I7 contains r,, £, intervals of

length g2r% , /2 separated by mtervals of the same length. In each such interval
choose [F(g,,. )] subintervals in #(p2. ) separated by a distance of at least
0%, ,(log(1/0,,+ ))*" and, if possible, so that all of these [F(g, )] intervals are
mapped by B into the same ball of radius ¢,,,,. By (3.14), Lemma 3.6 and the
Borel-Cantelli Lemma, there is an my(w) < co a.s. such that if m = mg(w), this last
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condition holds for each I7 and each of the r,, %, subintervals of I7. Let {I}“ L

m+1
<M, . =05, H [F(e )]} denote the collection of closed intervals constructed

from {I7:j<M } as above, let E,, | ; denote their union and finally let E = ﬂ E,,
a closed random set.

Fix o such that my(w) < co. Again we use Lemma 1.1 to get a lower bound on
‘I’ —m(E). Let J be an interval of length |J|<gZ, and choose n=my, so that
0r+1 =< 0r. M,,(J) denotes the number of intervals in {I7:j< M,,} that intersect
J. Asin the proof of Lemma 3.2, we may assume that J C I'| for some j. The spacing
of the r,#, subintervals of I? implies that the number of such subintervals that
intersect J is at most 2|J|o, %r, £, + 2. Therefore, if m> n, then

M (DM =Q2 110y 2 b1 +2) [F(041)] ._H” ri-ﬂ[F(Qi)]/'Ul ri P[F ()]
<4(Jle, *rafi +1)ah+ 1 Fle) ™t (by (3.16)
<4|J1ef " *F(o,) " +40h. Flo) !
<APRF(IYA) T 4ol Flo) ™" (3.17)
by the monotonicity of x—x2~#F(x).
Case 1. of 1 F(o,) ™' SIJPPF(J1V>)~!
From the above we get
M (J)/ M, <8cy I f(T1HA) 7T
Case 2. gy 1 Flo,) ™' > JIPPF(J') ™"
The spacing of the I} *'’s shows that
M, (=0, A1 (logl/e,s ) 27 +2

and therefore if m>n-+1, then

M (J)M,, <(Jle, ¢ (logl/0,+1)” 2’+2) H f‘*[ﬂ&)]/(@i” il:nll [F(Qi)]>
=2 IJlgflf(10g1/9n+1)_”F(Qn+1)_1+4Q£+1F(Qn+1)"1
<2|JP"*(log1/gy+ 1) P F(JIV)? =1 F(g,.,)” ' F(g,)! = *
+ 4P F (]2
(using the assumed lower bound on g, ; to handle the first term)
SWIPPF(I12) 7 2F (1Y) (108 1/004 1) ™77 +4)
Sc,JIPF(J1M) (3.18)

for some ¢, < co by the choice of y and definition of F.
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Lemma 1.1 now shows that for some c; ¢ >0 we have ¥;—m(E)=c; . Finally
m—1

for m=my(w), B(E,,) is contained in a union of o,,# ] [F(e)]1<0,"g(e.)~'* (by
i=1

(3.15)) balls of radius ¢,. Therefore (g¢p)—m(1§(E))=0 and the proof is
complete. [

There are several possible improvements and extensions of the above example.
We only sketch the arguments.

Itis not hard to drop the arbitrary g € @ in Example 3.7, at the cost of replacing
¥, by a slightly more complicated measure function, Y~’l,, which is still of the form
s#2L(s) for some slowly varying L. The conclusion then remains valid with @4(s)
= f’ﬁ(sz) f(s) in place of gp, and ‘17,, in place of ¥, This is done by taking
advantage of the product of the F(g;)’s which were dropped in (3.17) and (3.18), and

constructing ge® such that g(o,)~*= [] F(g;). Given the gap of a factor of
i=1

loglogl/s that still exists between this example and Theorem 3.4, a more
interesting refinement (if d=2) is

Example 3.8. Let fe(0,2), neN, f,(s)=(log" 1/5)*(log*®(1/s))” *(log*® denotes
the composition of log ™), ¥, (s)=s*2 f(s"/%) ™", and @ ,(s) = ¥, .(s?) fi(s). f d =2,
there is a random closed subset, E, of [0, 1] and a positive constant c; 1 such that
¥y AE)Zcs.10 but ¢p (B(E)=0a.s. []

Thiseffectively shows that Theorem 3.4is best possible, atleastif d=2.Ifn=3,say,
the keyidea in the proofis to define a very good pass from S(0, s/2) to S0, s(log 1/s)")*
as a good pass that contains log@(1/s)/log®(1/s) good passes from S(0,s/2) to
S(0, s(log'®1/s)7Y. (3.9) shows that if d = 2 an appreciable portion of good passes are
very good passes, and hence the fundamental estimate obtained in Lemma 3.5
remains valid for the number of very good passes. (This is not the case if d 23 as an
application of (3.10) suggests.) Now proceed as before. In the (m+1)* stage of the
inductive construction of E we find ¢ 2 ,(log(1/g,m+ 1))*/log®(1/0,,+ 1) subinter-
vals of each I, that belong to .#(¢2 + ,). They are divided into 7, § ; “spaced” blocks,
each containing at least c(10g(1/0,+ 1))*/108®(1/0,n+ 1) (appropriately spaced) very
good passes. Bach of these very good passes in turn contains at least
log®(1/0,,.+ )/108®(1/g,.+ 1) (appropriately spaced) good passes, each of which
contains one of the I7*"s. The appropriate spacing at each level gives
¥, 5—m(E)>0 and the fact that groups of c(log(1/@,+1))*/10g*(1/¢+ ) of these
intervals are all mapped into a single ball of radius g¢,+; leads to
@p.3—m(B(E) < 0. (@4 3(B(E))=0 follows from the n=4 case.) To handle a
general n we can iterate this scheme.

Finally, with a bit more work similar examples can also be found in the
symmetric stable case. In this case define

_{log+(1/s)2/10g+log+1/s if d=a
1= log*(1/s)log* log*1/s  d>u.

Example 3.9. Let 0<f<a=2, ¥, ()=5""f(s"")"", @, 4s)=¥, 45" f(s) and
ge @. If X is a symmetric stable process of index «, there is a random closed set,
E(w), and a constant cy,,>0 such that ¥,,—m(E)2cs;; but (g9, g
—m(X(E)=0 a.s.
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The proof is essentially the same but it is now complicated by the “overshoots”
of X when it exits from or hits from a ball. This means that in the proof of
Lemma 3.5 the random variable N’ is no longer geometric. By using the
distribution of these overshoots, given in Blumenthal-Getoor-Ray [2] Theorems
A and B, one can stochastically bound N’ below by an appropriate geometric
distribution. Similarly, although the law of N conditioned on N'=n is no longer
binomial, it is not hard to bound this conditional distribution below by an
appropriate binomial law. Once the analogue of Lemma 3.5 is established the
proof proceeds with only minor alterations (the required estimates for the passage
time of X out of a sphere may be found in Taylor [16], Lemma 5.

If d=a=1, one can construct a better example, analogous to Example 3.8.

Finally we note an interesting corollary of Theorem 3.4 and its proof for planar
Brownian motion or linear Cauchy processes. It is known that these processes
have some points of multiplicity c. How big a time set can map into a singleton?

Corollary 3.10. If X (t)is a strictly stable d-dimensional process, with o.=d, then a.s.
h—m(X~'({z})) < o0 VzeRY, where h(s)=(log™* 1/s)~>
This leads to a natural question.

Problem 3.11. For which o€ (0, 2] can one find z € R? such that h,—m(B~{z})>0,
where h,(s)=(log* 1/s)™%

4. Upper Bounds for Hausdorff Measure

Consider now the problem of finding a uniform (in E) upper bound on the
Hausdorff measure of X(E), where X is a strictly stable d-dimensional process of
index a. For Brownian motion one need only use Lévy’s modulus of continuity (see
Kaufman [8]) and for a <2, the result is a simple consequence of Lemma 2.5.

Theorem 4.1. Let X be a strictly stable process of index o. There is a positive
constant, ¢4 1, depending only on the law of X, such that for a.a. w and any ¥ e @, if

_ {?’(04.132 log™(1/s)71) if a=2
9ls)= carlogt(1/5) 1 W(c,  s*log ™ (1s) if a<2,
then @ —m(X(E) ¥ —m(E) for all E e %([0, ©0)).

Proof. We omit the well-known (and trivial) proof in the Brownian case and fix
a<2.

By Lemma 2.5 we may choose @ outside a null set so that for each M e N there
is an dy(w)>0 such that if IC[0, M] and |I| < 6,,(w), then X(I) is contained in a
union of at most ¢, 5, log(lf| ) balls of diameter (log(llf‘l))_l/“llf”"‘ If §>0,

Ee%([0,M])and Y, choose {J;:ie N} so that |J;] < p(w) A 6 and Z Y(J.)
S¥Y—m(B)+4. Then X(J,)C U Bi, where N;<c¢, 3,log(1/[J,) and Bi i 15 a ball of
diameter (log1/|J,})~ 1/*|J,|*/. If q) is defined as above for some c, ;, then by taking
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sup;]J;| smaller, if necessary, we have
© N;
igl k; o((log1/}J)~ =T 1)

= 'Z& ¢.32108(1/|T ) cs (@™ log1/|J |+~ loglog1/}J )~
x ey (log 1T~ T (@™ M log1 /1| +a~ " loglog /1))

= .21 C3.32€4.120" 1 W(ca 207 1 |J})

i=

< Y PUNSY—m(B)+3,

providing ¢, , is chosen small enough (independent of ). Let 6|0 to complete the
proof for bounded B and hence in general by monotone convergence. [

The following example shows the theorem is best possible at least for Brownian
motion.

Example 4.2. Let fe(0, 1), P (s)=s"*(log™* 1/s)12, ¢ 5(s)= ¥ y(s*(log* 1/s)*) and B
be a d-dimensional Brownian motion starting at zero (d = 1). There is a random
compact set E(w)C[0,00) such that ‘T’ﬂ —m(E)<c3;,<oo  and
1S ¢p—m(B(E)) < 0.

Proof. We will apply Lemma 3.2 to the passage time process, Tg(s), of B. It is well
known that |B(t)] = W(t)+ A(t) where W is a one-dimensional Brownian motion

and A is a nondecreasing, nonnegative process. Therefore, if =0, h>0 and
T(uw)=inf{t: W(f)=u}, then

P(zg(s+h)—15(5) = Kn(h) 2 P(T(h) = Kn(h)) .

Asin the proof of Corollary 3.3, one sees that (3.2) holds with 4~ *(y) = y?/log™* 1/y)
and tpin place of X (recall T'is a stable subordinator of index 1/2). Lemma 3.2 now
shows there is a random closed set E(w)C [0, 1] such that 1/4 <xf —m(E)<1 but
¥, —m(tg(E)) Sy 5. Let E=ty(E). Eis closed because 75 * is continuous, and hence
E is a compact set a.s. Moreover, one has

|BI(E)=B| (z5(E))=E.
An elementary covering argument shows that
s —m(B(E) 2 s’ —m(B|(E)) =" —m(E) 2 1/4

[note that any cover of B(FE) trivially produces a cover of |B|(E)]. The fact that
G5(y)y #—2P2 as y|0 implies

@p—m(B(E)Z2°2/4=1/4.
The finiteness of @, —m(B(E)) follows from Theorem 4.1. [
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Our conjecture is that Theorem 4.1 is sharp for @ <2, but we have not been able
to produce an example.

5. Uniform Packing Measure Results

There are technical difficulties in the construction resulting from the condition that
the packing sets have to be disjoint. This introduces an uncertainty factor in the
relevant measure functions of order logl/s, but less than (logl/s)'*%, sce
Lemma 1.2. For general nonrandom sets one can give examples to show this factor
is really there, but our techniques are not sharp enough to produce such examples
on the trajectory of a stable process. We start with a lower bound result:

Theorem 5.1. Suppose X () is a strictly stable process of type A of index «<d inIR%,

h
a.s. if he @ is such that | gds<oo, Yed,and if EC[0,M],
0+

(a) For a=2=d, ¢(s)=¥(s*)(log1/s) 2h{s),
¢—p(E)>0 = ¥ —p(B(E))= + co;
(b) For a=1=d, ¢(s)=P(s)(log1/s)~*h(s),

¢—p(E)>0 = ¥—p(X(E))=+ 0;
(c) For a<d, @(s)=¥(s*)(logl/s)” 1 h(s),
@—p(E)y>0 = ¥ —p(X(E))=+00.

Proof. (a) It is sufficient to prove the corresponding result for the premeasures
@o—P, ¥ —P. Using (1.6), if ¥ —p(B(E)) <K < o0, we can find 4,1B(E) such that
Y —P(A,)fc<K+1 and o) B YANFDE. Then o—p(E)
<¢—p(F)= lim ¢—p(B~ Y(4,); thus, for large n we  have
¢p—P(B Y A4,)Z¢—p(B"Y(4,)>0, but ¥ -P(4,)<K+1< + 0.

Now take any set A CIR? with ¥ — P(4) < K < co. This implies that, for suitable
0>0,if 0<r<d, then

MA)PEN<K+1, (5.1)

where M, (A4) is the maximum number of disjoint balls of radius r with centres in A.

If27*=r>2"%"1 then Lemma 2.3(a) (i) tells us that for k=k,, and all xe R?,
we have not more than ¢, ;k? semidyadic intervals of length 2~ 2* which intersect
B~ \(S(x, ). Hence, if E= B~ Y(A)~[0, M], r=2"%<6, k> k,,

Mz—Zk(E)écsilkzMz—k(A) .
Using (5.1) now yields
-2k
M, E)YP(2™7%) <

i2 =Cs5.2>
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which implies M (E)¥r*) (log1/r)"?<cs3<+ 0, and an application of Lem-
ma 1.2 now gives ¢ — P(E)=0.

{(b) and (c) can be proved by identical arguments substituting the other cases of
Lemma 2.3. []

Much sharper results can be obtained for subordinators, as in this case Lemma
1.2 is not needed.

Theorem 5.2. Suppose X () is a stable process of type B and index 0,0 <o <1 inIRY,
@€ @ and V(5)= p(s*) (log1/s)' ~* Then there exists a constant cs 4 such that, for all
Borel sets E

Y—p(X(E))Zcs.40—p(E).

Proof. As explained at the beginning of the proof of Theorem 5.1, it is sufficient to
show that
¥ —P(X(E)zcs.49—P(E). (5.2)

Without loss of generality we may assume that the projection Y () of X(¢) on the
first coordinate axis is a subordinator, and for 4 >0, the increment

IX(t+h)— Y@ 2 {Y(t+h)— YO} (5.3)

By Hawkes [5], Lemma 2, since Y (¢)is a stable subordinator of index o, there exists
¢5 s such that if 0Zh=Zhy=hy(w)>0,0=t=M

Y(t+h)—Y(O)zcs sh'*(logl/hy 1.

Hence, ift, <t, <... <t,area finite set of centres in E of disjoint intervals of lengths
2r, < 6, the intervals with centres Y(t;) and radii o; = c5_5(r;/2)*/*(log2/r;)* ~*/* will be
disjoint. By projection this means that the balls centred at X(¢;) with these radii are
also disjoint. Thus each packing of E with

n

Y o@2r)z(1—e)p—P(E)

yields a packing of X(E) such that
2¥(20)zcs5.620(2r),

using the fact that s*(log1/s)' ~* and ch!/*(log1/h)! ~'/* are asymptotic inverses as
510. This establishes (5.2). O

Remark. Theorem 5.2 relies on the fact that a stable subordinator in R? escapes at a
uniform rate from each point that it hits. We had originally hoped to use this
simple method of proof to obtain uniform dimension results for packing measure
of the subsets of transient Brownian motion and symmetric stable processes. The
method fails completely, because even when there are no double ponts (2¢ < d), this
uniform escape rate is a power strictly greater than 1/a, so that it gives just a very
crude estimate with the wrong power if we use the method of Theorem 5.2. These
escape rate problems are discussed in detail in [12].
We now turn to the upper bound results.
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Theorem 5.3. If B(t) is a standard Brownian motion inIR? and M >0,7>2; then a.s.
2
Sor all Borel sets AC[0, M], all ¥ € @, if we define pe® by p(25)=V¥ [—S——},
then nlogi/s
9 —p(B(A)= ¥ —p(4).
Proof. It is again sufficient to show that, for all Borel sets AC[0, M] we have
¢—P(B(A)=¥—P(4). (5.4)

Pick #>#'>2. Then the Lévy modulus of continuity tells us that a.s.
30y =3Jo(w)>0 such that

0St<M,0<h<8, = |B(t+h)—B@)|<(n'hlogl/h)">. (5.5)

There is nothing to prove if ¢ — P(B(A4))=0. First assume 0 < ¢ — P(B(4))< + co.
Fore>0,00=(d410g1/d,)"/? and any ¢ such that 0 < ¢ <g,, we can find a packing
of B(4) by a finite collection of balls B(x,e;) with ¢;<¢, x;=X(t;) and
0sty<t;<t;;,1SM, t;e A and

2

2¢(2¢)2(1—¢)p—P(B(4)).
9;

Now let J; be the interval centre ¢; and length 2r; where r;,= ————. Since
2nlog1/e;
(nhlog1/m)'* and s*(2nlogil/s)™! are asymptotic inverses and s*(logl/s) ! is
convex, (5.5) now ensures that these intervals J; are disjoint. We have therefore
constructed a packing of 4 by small disjoint intervals and, by definition,

o

=Zo(20,
nlogl/a) v ()

2(1—¢)o —P(B(4)).

SYQr)=3¥ (

Hence, ¥ — P(4)= (1 — &) — P(B(A)). Since ¢ is arbitrary, (5.4) is established in this
case. The same argument shows that, if ¢—P(B(4))=+cc, then so is
¥Y—P(4). O

Corollary 54. A.s. for each pe(0,1), yeR every Borel ACR,
2 Phyg s —p(B(A) = hy ,—p(A).

This follows by taking ¥(s)=h; (s) in the theorem and using a countable
sequence of #|2. This is a result of type (0.2) for packing measure, which we believe
to be close to best possible. For the strictly stable processes of index o we have no
modulus of continuity and our replacement forces us to consider balls of equal size.
As we saw carlier this necessarily results in a possible error factor of the order
(log1/s). The precise result we can prove is

Theorem 5.5. Suppose X(t) is strictly stable of index a€(0,2) in R Then a.s. if
pe®and ¥ e®is suchthat | 2
o+ 8

@1(s)=P(s) (log1/s) "' (s*log1/s),

ds < oo, then for every Borel set AC[0,M], if
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then 90— p(A) <0 = @, — p(X(4)=0.

Proof. As usual, it will be sufficient to show that
p—P(A)< o = ¢, —P(X(4))=0. (5.6)

Suppose 4 is such that ¢, —P(X(4))>0. By Lemma 2.2, if M (E) denotes the
maximum number of disjoint balls of radius r and centres in E, we must have

limlsup M.,p,(r)=+ 0,
rlo
where @,(5)=0,(s)/P(s). If we put r,=2""2(log2"5}* then ry/ry, ~2"* is
bounded, so using (1.1) for @,(s) gives
lim sup M,,(r)=+ 0.

r=ri,k—>w
For each K, however large, we can find a sequence k;— oo such that
M,, >K/oy(ry).

If 1C[0, M] and |I|=27*, Corollary 2.6 tells us that not more than cs ,k; of these
centres of balls can lie in X(I). Hence, the number of dyadic intervals [j27%,

(j+1)27*] which intersect A must be at least »(r,) which is greater than
@alFy,

Cs.7k;
cs §K/@(27%), This gives ¢ —P(A)=cs ¢K. Since K is arbitrary, we must have
@ — P(A)= + oo which establishes (5.6). [

Corollary 5.6. For any ¢>0, a.s. if 0<fB<1,yeR and y,=f+y—2—¢, then ¥
Borel A
p(X(4)=0.

Example 5.7. Take ¢(s)=s in the theorem and we see that h, _, _,—p(X[0,1])=0.
In fact, this is not too far from the truth, for

By, —1;2—p(X[0,1])=+oc0.

hg,,—p(A)< o0 => h

af,y1

A proof of this is contained in [18].
We state a final

Corollary 5.8. If X(t)is strictly stable of index 0. <d inR? then a.s. for all Borel sets
E . .
DimX{E)=oaDimE.

Together with the corresponding result for Hausdorff measure this means that
for any stable X(¢) of index a <d, a.s. every fractal A maps into a fractal X(A).
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