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Summary. A mean field limit of the contact process is obtained as the range
M approaches . Fluctuations about the deterministic limit are identified as a
Generalized Ornstein Uhlenbeck process.

1. Introduction

The interacting particle system which we are considering is the contact process
. . . 1 . . .
with large range. This process is a subset of i Z, where Z is the integer lattice, and

M is a large number. Given an initial configuration of occupied sites (particles), the
system evolves according to the following rules: (i) particles die at rate one, (ii) a
living particle at site x attempts to give birth to another particle at rate 4, and sends
the new particle to a site chosen uniformly from sites located in [x — 1, x + 17, (iii)
if the chosen site is already occupied, the birth is suppressed, or, alternatively, the
two particles coalesce into one. We will denote the set of occupied sites at time ¢ by
Mgk where u indicates the distribution of the initial configuration. As M increases,
the number of sites from which a single particle can choose to place an offspring
increases—consequently, we call this the contact process with large range. A more
detailed construction of this process and related processes will be provided later.

Define: uy,(t, x) = P(x e ™&#), where we will now always take the distribution of
the initial configuration u to be the product measure P(x e &%) = u,,(0, x). It should

. . 1
be remarked that, while u,, is presently defined only for x € Z, when the context
of a statement requires a definition over the entire real line, we will take uy,(t, r)
= uy(t, x) where x is the rightmost point in the lattice i Z which is less than r.

The mean field limit is stated in Theorem 2 and the Corollary. Many authors have
established deterministic limits for interacting particle systems. In [DFL], for
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example, a reaction-diffusion limit is obtained for a system with rapid exclusion
and slow Ising spin flips. There the nontrivial interaction is the Ising interaction,
and the rapid exclusion is the device by which desired asymptotic independences
are established. In this work, the interaction is of a completely different kind: the
interference due to the restriction of at most one particle per site, as is the vehicle by
which independence is established: the divergence of the range of interaction.

Theorem 1. Consider the contact process with 4 and T fixed. If uy (0, x) - u(0, x)
uniformly on compact sets, where u(0, x) is continuous with bounded derivative, then

uy(t,x) > u(t,x) forall te[0,T] and xeR (L.1)
where the function u(t, x) satisfies:
x+1
6u_(att,i) = —u(t,x) + A1 —u(t,x)) | u(t, y)d—?:‘) ) (1.2)
x—1

Theorem 1 is a statement about the convergence of occupation probabilities as
M — 0. The following results embody the desired limit in the sense that random
elements of the spaces D([0, 7], R) and D([0, T'], S'(R)) converge to deterministic
limits. Here S(R) is the space of Schwartz functions and S'(R) is its topological
dual. In what follows, we will write M&#(x) = 1 when xe™&# and M&(x) =0
otherwise.

Theorem 2. For a given continuous function ¢ such that sup,|x*¢(x)| < oo, consider

XM(p) = i S ¢(x)MEk(x) as an element of D([0, T], R). Then X ¥(¢) = X (¢),
xei-Z
where, "

X(d) = f P(x)u(-, x)dx .

Theorem 2 essentially states that as the range becomes large, the randomness
associated with the values of M£#(x) which appear in XM(¢) disappears as in the
weak law of large numbers. This is due to the fact (which will be proven), that as
M — oo the occupation events of two different sites become uncorrelated. Results
given in [Mil] relating tightness in D([0, 7], R) to tightness in D({0, T], S'(R))
imply the following

Corollary to Theorem 2. Consider XM(¢) = Z DO MEE(x) where ¢eS(R).

M
xe
Viewing X™ as an element of D([0, T], S'(R)), M X, where,

X(@)= | $(u(-,x)dx.

The next result is a central limit theorem complementing the weak law results of
Theorem 2 and its Coroliary. As in the previous result, we restrict ourselves to the
space S(R). The following theorem identifies the fluctuations about the determin-
istic limit. The statement of the theorem involves a Generalized Ornstein Uhlen-
beck (GOU) process—a random element N, of C([0, T], S'(R)) with law P
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characterized by two operators A4,(¢) and B,(¢) which satisfy appropriate condi-
tions (see Appendix) including the condition that:

| B, 1%f " (N$)du

l\)[»—

t

F(N{(9)) IN(AudJ [/ (N, ¢)du — |

¢

is a P-martingale for all fe Cg (R), the space of infinitely differentiable functions of
compact support.

Theorem 3. Suppose that u(0, x)eS (R). Consider

YY(¢) = 2 PEIMEx) — upt, x))

\/Mxe Z

as an element of D([0, T}, §'(R)), and denote its law by P,,. Let P be the law of the
GOU process prescribed by:

APy =Ap* B — ¢ — ApX (f_x) — AXi(d-(B)-%) (1.3)
IBAd)[1* = X, {Ap?x B + ¢* — 1X,(§*-(B)-)} (1.4)

B(x) = %1(|x|§1}
) =f(y—=x)

f*B( If(y)ﬁ(y—X)dy,

and

where

and X () is the deterministic process defined in Theorem 2.
Then Py, = P.

All of the results above are stated for the contact process in which offspring are
placed uniformly over the sites within one unit of the parent particle. In fact, the
proofs of Theorems 1 and 2 generalize to any offspring distribution which is
piecewise continuous with bounded derivative, and we believe that Theorem 3 is
also valid in this situation.

The paper is organized in the following manner. In Sect. 2 we will describe the
contact process and couplings to other related processes which will be used in the
proofs of the results. Section 3 will contain the proofs of Theorems 1 and 2, and the
proof of Theorem 3 is given in Sect. 4. The Appendix contains a brief discussion of
tightness criteria and Generalized Ornstein-Uhlenbeck processes.

2. Some Important Lemmas

We begin this section with a detailed construction of the contact process (CP). In
the course of this construction, several related branching random walks (BRWs)
will also be described. These related processes are used extensively in the proofs of
the Theorems.

The first task involved in constructing the desired processes is to prescribe a
means of identifying particles. Particles living at time ¢ = O are considered to be the
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first generation, and are identified by distinct integers which we denote by i;, the
subscript indicating the generation. A particle in the n'™® generation is denoted by a
sequence of positive integers (i, . . . , i,), where i, = 3, for example, implies that the
designated particle is chronologically the third offspring of the particle designated
by (ila tes in—l)-

We will now construct a branching random walk on R with birth rate 4 and
death rate 1. To each possible particle x, identified by some n-vector, we assign a
Poisson process T(x) at rate A, and an exponential random variable D(x) with
parameter 1. The T processes indicate when particles give birth to new particles,
and the D random variables indicate when living particles die. If a particle located
at x € R gives birth to another paticle, the offspring is placed at a location y selected
uniformly from the interval [x — 1, x + 1]. We designate this process starting with
a single particle at x by: Z7.

Minor modifications of the procedure specified in the preceding paragraph

. !
construct the branching random walk and the contact process on the lattice — Z.
We will begin with the BRW. The same processes T(x) and D(x) are used to
1
designate births and deaths of particles for the branching random walk on M Z.

Therefore, the two BRWs are coupled in the sense that births and deaths occur at
the same time for particles identified by the same n-vectors. However, the offspring

. 1 . .
distribution is modified for the BRW on o Z. Given that a birth occurs from a
particle at site x, the offspring is placed at a site y chosen uniformly from the sites
1 . . . .
in[x—1x+1] mM Z. We designate this BRW starting from a single particle

at x: MZ7*.

The offspring locations of the two processes Z7 and Z7 can also be coupled in
the following way. If a particle in Z7 gives birth to a particle displaced a distance
8(0 < 8 £ 1), the corresponding particle in ®Z7 places the offspring at a distance

1
I {[M&] + 1} from its location, where [x] denotes the integer part of x. In words,

1 . . . 1 . .
foran x EM Z, any offspring placed in the interval (x o X :| in Z7 is placed at x
in MZ7¥.
1 . . -
The contact process on 7 Z is exactly like the BRW with the restriction that

there can exist only a single particle per site. Therefore, when a particle at a
particular site encounters a birth-time and attempts to place a new particle on a site
which is already occupied by a particle, no new particle is formed. While we do not
place another particle at the site which is already occupied, we note that such an
attempt was made at the particular time in question and we shall call such an
occurrence a “hit.” The CP starting from a fixed set A is designated by M&/, and
when the CP is started from a random initial configuration with distribution p, we
will denote the process by M.
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One feature of the CP which is of significant utility is the following duality
relation:

PME B+ ) =PMT A% J)., 2.1)
where M8 is equal in distribution to the original CP starting at B: ¥£8. Because of
this last fact, the CP is said to be “self-dual.” For a complete description of contact
process duality see [Du] or [Li]. We shall denote the dual process starting with a
single occupied site x by M. Because of the original construction of the CP and
self-duality, we can view the dual process &, starting at x, as being coupled to a
BRW MZ* starting at x, in the sense that birth and death times, as well as offspring
locations (or attempted offspring locations) are the same.

The following lemmas are essential to the proofs of the theorems stated in the
previous section. Lemma 2.1 establishes a bound on the probability of k or more

. . . . . !
“hits” occurring between two CP duals starting at different points x and y in M Z,

and Lemma 2.2 uses Lemma 2.1 to place bounds on certain covariance terms. Let
Iyl T, %y]={(2: 0Ss<T, Mz and
[MEZ (z)=0 and M&_()=1 or
ME (=1 and M&-(z)=01}.

In words, each element of I, [T, x, y] prescribes the occurrence and space-time
location of a hit.

Lemma 2.1. Let B, = {|I\/[ T, x, y]| = k}. Then there are constants d, such that for

1
all x and y in —MZ, with x=+y,

P(B) <
Proof. Recalling the construction of the contact process, it is clear that we can
define a BRW by ignoring all death times D,. The associated branching process is
known as the Yule process ([AN]). We shall call this BRW starting at a point
x: My 1t is clear that we can extend our definition of I,,[ T, x, y] to ¥ and My,
and that this new I,,[T, x, y] dominates the old one almost surely. It is adequte,
therefore, to bound P(B,) for the » processes.
Let 8 be the (random) number of births which occur in 57 U ¥ by time t = T.
Then N = 6 + 2 is the total number of particles in »F UMy at T.
If we condition of the set {6 = m}, then the probability of any single birth event

. . . L 2 .
placing a particle on a site already occupied is bounded by % This can be seen

by considering the extreme case, where all of the m + 2 particles alive at t = T are
within a unit distance of the parent particle. Consequently,

© m+ 2\
P(B,) = E{mzo 1{6=m}<W> mk} >
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where the term m* is an upper bound for the (T) ways of selecting the k hits from

the m births. By the finiteness of the moments of the Yule process, the proof is
complete.

Lemma 2.2. Define y3} = ME#(x,) — up,(t, x,). There exist constants C,, C,, and
C, such that for all te[0, T

C,

) E{y5iya) < =2

i x X X C
(i) E{yivievs §1\_437

C,
(iii) E{VMVMVMVM} =33

Remark. As will be seen below, the method of proof will clearly yield:

{HVM} MCn T

Proof. We begin the proof of (i) by observing:
E{yitvii} = E{MEt(x) )"l (xa)} — P(x; €M) P(x,€MEY)
= P(x, eM&l, x,eMEl) — P(x, €M) P(x, e MEL)
= P(x, ¢MEE, x, ¢ MEL) — Px; ¢ MEN)P(x, ¢MEY) .

The last equality is obtained by taking complements. We will also use the following
consequence of contact process duality stated in (2.1). The probability that a site x
is not occupied at time ¢ is equal to the probability that the dual process starting at
x does not hit any initially occupied site:

P(x¢MEr) = P(MEn{x} = &) = PME Ml = )

Now, if ze ™&* then the probability that z ¢ ¢4 is equal to 1 — u,,(0, z). Because
the initial configuration is a product measure, the probability that all of the sites in
the dual process are disjoint from the initial set ¥&4 is just the product of the
respective probabilities, and we have:

P(x¢¥ey) = PMEnMEE = ) = E{ [T (1—upy, Z))} , (2.2)

xeMer

where the product over the empty set is defined to be one.

We will now consider 1ndependent versions of the two dual processes: M7 and
MZx2 which we denote by y** and x>, and we define the process {}* to be the y;2
process in which particles are killed upon hitting or being hit by particles in the y;
process. Note that {2 depends upon x, and the probability space on which y;* is
defined, but we omit this in the notation. This procedure is another way of
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constructing the contact process, and y* U {;? is identical in distribution to
MEX[ U ngz

t t - .

For convenience we define the following two random variables:

7= 11 (1 = uy(0, 2)

zey

g*= [1 (1 —uy(©,2)

zelf

We can now write the following:

Plx, ¢MEt) = E{f*}
P(x,¢MEl) = E{f*}
P(x; ¢MEt nx, ¢ MEE) = E{f*g72}
where f** and f** are independent. Therefore,
E{yiivit} = E{f" g5 —f™f*}
= E{(/™ a5 — /N ynar, s iz )

< PULAT %z s S
where the second equality follows from the fact that f* = g3 on the set
{II [T, x,y]l =0}, and the last inequality follows from Lemma 2.1. Note that,
from the proof of Lemma 2.1, the bounds on the hit probabilities hold for the #
processes, and therefore, the use of the bound for the independent y processes is
valid. This completes the proof of (i).

To prove (ii), we write:

E{y¥vitvai} = Plxy, x,, x3€MEY) — P(x,, X, € MEN)P (x5 €MEY)
— P(xy, x3€MEE)P(x, € MEL) — P(x,, x5 € MEY) Px, eMEl)
+ 2P(x; e MEE)P(x, e MEL) P (x5 € MEL)
= — P(xy, x5, X3¢ MEY) 4 P(xy, x, ¢ MEL) P(x ¢ MEL)
+ P(xy, x3 ¢ MEL)P(x, ¢ MEK) + P(x,y, x5 ¢ MEN)P(x, ¢ MEL)
— 2P(x; ¢ MEL)P(x, ¢ MEF)P(x3 ¢ MEY)
where the last equality followed by taking complements.

As in the proof of part (i), we define independent versions of the contact process:
't k. and ;7 starting from the points appearing in the superscripts. We now let
(%) be the x* process in which particles are killed upon hitting or begin hit by
particles in the x;7 process. Additionally, we let 1 to be the y process in which

particles are killed upon hitting or being hit by particles in either of the ¥*
processes, where j=1i.
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For convenience we make the following definitions:

7= 11 (1 —uy(©,2))

zex

gy = H )(1 — uy(0, 2))
ze{(”

h =[] (1 —uy0,2).
zey

We are now in a position to use duality to write:
E{yivitva) = E{S™ gl — g™
S RS0 Rl RS Rl Y S ) R O
We now observe that on the sets {|I,[ T, x, y]| =0} and {|I,[T, x, y]| = 1}
the integrand above vanishes. Additionally, the integrand is bounded, so that (ii)

follows from Lemma 2.1. Part (iti) follows from similar reasoning,.
The following Lemma will also be required in the proof of Theorem 1.

Lemma 2.3. If z,,...,z, and u,,. .., u, are complex numbers with modulus less
than or equal to 1, then:

IngEl

|zl...zm—u1...umi§. {z; —u; .

!

1

Proof. The proof follows by induction using the following relation.

Zyeo  Zy— Uy o Uy =2y — UMz oz Fu(zy 2y Uy LUy,

3. Proofs of Theorems 1 and 2

Proof of Theorem 1. The proof will be done in two steps. The first step is showing

that lim u,,(z, x) actually exists, and the second step is to show that the limit u(t, x)
M-©

satisfies Eq. 1.2.

Define 4 = (|MZ7| = |M&¥|), the set on which the number of particles alive in
the two processes is the same. Due to the coupled construction of these two
processes, A is the set on which no hits occur in M&*. By Eq. (2.2):

1 — uy(t, x) = E{ [T (1 —uy(O, Z))}
ZEM&X
= E{MH(MEf)I(A)} + E{MH(M&)I(M}
where,

zen

=TT (1 —u(,2).

zen

MIT @)y =TT = upl0, 2))
[T
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The last definition will be used later. By the definition of A:
L —uy(t,x)=E {MH(MZf)l(A)} +E {Mn (M&C)I(AC)}

= E{Ml_[ (MZi‘)} + E{(M]_[ (ME) —MT] (MZf))l(Ac)} .
Now, the boundedness of the integrand in the second term on the right hand side

C
and Lemma 2.1 yield a bound on this term of the form —, which vanishes in the

limit. We need only show that:

lim E{Mﬂ (Mz;q)} - E{H (z;f)} =1—ult,x). G.1)

M- ©
We will actually prove a stronger version of Eq. 3.1:

Lemma 3.1. lim sup E{|M[[(™Z)—[](Z)I}=0.

M-w 05I1<T
Proof. Recall the definitions of the two processes ¥» and 7, which were intro-
duced in the proof of Lemma 2.1. | ¥»%| and |%] are the total number of births that
occur in MZ* and ZT up to t = T respectively. By Chebyshefl’s inequality and
coupling:

P([My7] > N) = P(In7| > N) £

E(Inz%)

N7 (3.2)
For the remainder of this proof we will let K = E(|#%|?). We shall denote the
locations of the particles in My} and #% by z” and z,. Since we know that the
integrand in the statement of the Lemma is bounded by 1, we can use (3.2) and
Lemma 2.3 to write:

E{ M[T(Mz5) - [T

K [zl
} <<+ E{i; 1y (0, 2M) — u(0, 2)) 1)) < N}}
K [zl
< =+ E{ Z [y (0, M) — u(0, zM)|
N i=1
[zl
+ Y u, zg”)—u(O,z,-)l}-
i=1
for any te[0, T].

K
For any ¢ > 0, select N such that 12 < ; Now select M; so that for every

£
M > M uy (0, y) — u(0, y)| < IN whenever ye[x — N, x + N7. The motivation

for this last statement is that on the set (|#%| < N), the locations of the particles are
confined to the interval [x — N, x + N]. Observe that it was at this point that we
used the uniform convergence of the initial conditions on compact sets. Finally, we
make the observation that on the set {|5}| < N}, the maximum number of jumps
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that can occur between the initial position x and the location of any particle at time
t is N. Consequently, on this set the largest difference between the location of any

. . . N
two coupled particles in the two processes 57 and 47 is N and we have:

N
IM(O,Z?’)—u(O,Zi)éh~ sup  [u'(0,y)] .

ye[x~N,x+N]

Therefore, selecting M, so that for any M > M,:

N
o osup w(0,%)] < ;
yields that for M > max(M,, M,):
JSup E{ MMz - 11D
stg

M ye{x~N, x+N]
} <,
which completes the proof of the Lemma.
We will now proceed to show that the limit function u(t, x) satisfies Eqn. 1.2. It

1
is clear from the definition that u,,(t, x) is presently defined on xeM Z. For the
remainder of this paper the functions u,, (¢, x) will be defined over R in the following

. . 1 1
way. Letting [r],, be the lattice point XGM Zsothat xSr<x+ I we define:

uM(tﬂ T‘) = MM(L‘, X) when [T‘]M = X .
A simple generator calculation yields:

Ouy,

() =~ e x) + ,;_Mmp« DT 40 0 (Lxy + —JMeMét‘»

A M j 1
— upe(t, x) + (1 — upy(s, X))m _=Z_M {MM(I,X + M‘) + O(M)}
(3.3)

where the second equality follows from Lemma 2.2. We will now use the fact (sce
(3.1)) that u,,(t, x) = u(t, x), pointwise in x for any given ¢, to establish:

. 1 M ] x+1
lim — Y uM<t, X+ _> = | u(y,0dy (3.9
M- jJ=—M M x~1

lim Oup(t, x) _ duf(t, x)

Moo Ot ot (35)

To establish (3.4), we note that the left hand side is equal to:

x+1 1
t, y)d — ]
xil“M( y) Y+O<M>
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Now, by the boundedness of the integrand and the pointwise convergence of u,, to
u, the dominated convergence theorem establishes the result.
Proceeding to (3.5), we can write:

M(tz X)
t

tps(t, X) = 1y (0, x) + I@u 5 (s, x)ds .
0

Since we know that for any x: u,,(0, x) — u(0, x), as M — oo, we need only show
Oupg(t, x)

that for any given x, Y

converges uniformly on t€[0, T]. Specifically, we
will show that:

For any ¢ > 0, there exists a constant L(g, x) so that:

Qup(t, x) _ Juy(t, x)
ot ot

for ali te{0, T] and for all M, N > L(g, x) . (3.6)

<e¢

Defining:
1 ¥ j
2yt x) = WFZM up| & [x]a + M)
(3.3) immediately yields:

Ouy(t, X) _ OJuy(t, x)
ot ot

= (un(t, X) — tpe(t, %)) + A1 — (8, %)) 204 (8, X)

— A1 — uy(t, x)) 252, x)
= (uy — tupr) + Ay — up) 2y + ML —uy)[Zy — Zx]

Because |uy(t, x)] < 1 for all N, x, and ¢, an application of the triangle inequality
yields the fact that (3.6) will follow upon establishing:
(i) For any ¢ > 0, there exists an L, (¢, x) so that for any M, N > L, (g, x) and for all
tel[0, T

[ups(t, X) — up(t, x)| < & .
and
(i) For any ¢ > 0, there exists an L, (e, x} so that for any M, N > L, (g, x) and for all
te[0, TT:

|2y — 2yl <e.
Condition (i) follows directly from the triangle inequality and (3.1). To establish
(i) we observe that:
x+1 dy x+1

dy
Ly —2y=2y— LUM(@J’)?+ L uN(tay)?_ZN

x+1

d x+1 dv
+ 1 Auaty) = w5+ f () a6} 5
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The first two pairs of terms on the RHS vanish in the limit, and an application of
the dominated convergence theorem implies that the last two terms also vanish,
establishing the result.

Proof of Theorem 2. The proof will proceed in two main steps. Given a continuous
function ¢ such that sup |x2¢(x)| < oo, we will first establish that the laws of the

XM (¢) are tight in D([0, 7], R), and we will then prove that the finite dimensional
distributions (fdds) of the processes X ™(¢#) converge to the fdds of X .(¢).

We will begin by showing that:

sup E{ sup Xi”(d))z} < 0 (3.7
M

0t=T

For any n > 0O, there exists a 6 > 0 and an M, so that

sup P( sup IX?‘(¢)—X?4(¢)I>'1><11- (3.8)
M>M 0<s, 1T
lt—s| <&

These are stronger conditions than (i) and (ii) in Lemma A.1 in the Appendix, and
they imply, therefore, that the laws of the X M(¢) are tight in D([0, T, R).
Condition (3.7) is established directly. For any te[0, T

g \

X'@ =9 L L $EEGIEHME)
1 1 2 2
_ I(P(x |4+ — Z |x ¢(x)|>

xe——Zye 2
é(
2
M <1 M|x|>1 | x|

i¢x)|>
xe—Z
SGl¢llo,o+ Clols o) <o

1
TN

op
X ﬁqﬁ(x) .
To verify (3.8) we begin by selecting a positive integer N so that:

Lo 14lao

where [[¢ ], ; = sup

M s X7 2
where n > 0 is already given. Note that, for any xe[ — N, N], [¢(x)| < || ¢ 1lo. o-
The idea is the following. If all of the sites in [ — N, N]° were to change state at the
same time, the large possible change in X*(¢) would be g Our attention is now
directed to sites in the interval [ — N, N]. We select a positive number r so that:

rlglle o< Z In order for the event prescribed in (3.8) to occur, there would have
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né (n+1)90
27 2
deaths occur among the sites in [ — N, N]. Observing that 4 is an upper bound on
the rate at which births or deaths occur at any given site, and letting J, be the
number of jumps (births or deaths) which occur among the sitesin [ — N, N] in the
time interval I,, we have:

to exist a time interval: I, = during which at least rM births or

P(J,>rM) £ P(Y, > rM)

C . o .
where Y, has Poisson distribution with mean u= (2MN + 1)/15. Using

Chebysheff’s inequality with the Laplace transform of the Poisson distribution we
have:

P(J, > rM) £ P(Y, > rM) = P(e?% > &™)

< e~ OrM e(eﬂ—l)u .

Setting 6 = 1 and usinge — 1 < 2:

P(Jn > rM) < e(ZMN+ 1)ié—rM .

Selecting J so that 2NAS < %, we have:

T T
P<Ji>rM somei=1,... ,[g}+ 1>§<[3J+ 1>e’1"‘1/2’M,

which decreases exponentially in M. Therefore, there exists an M, so that for
M > M, the right hand side is less than #, establishing (3.8).

The remaining task is to verify that the fdds of XM(¢) converge weakly to the
fdds of X .(¢). We will establish that for any te[0, T7:

lim E(XM@)} = | $6ou( 9ax (39)
lim E{(XX()— ELX¥@)]?) =0 (3.10)

It follows immediately from (3.9) and (3.10) that for any t;€[0, T] and any

continuous ¢, such that sup|x?¢;(x)| < oo, fori=1,...,n, given any { > 0:
+ o
lim P< XM ) — | di(ut, x)dx| < Vi=1,... ,n> =1,
M- — @

which implies the desired weak convergence of the fdds.
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We establish (3.9) by using Fubini’s Theorem:

Aliin E{XM(¢)} =A1i£n E{% Y cb(x)Méi‘(x)}

1
xeyZ

Y. (X)uy(t, x)
xenZ
x+1/2

/2M
=lm Y | [¢00)— o) ]unl s)ds

M=o gLz x—1/2M
x+1/2M

+ lim | @(s)up(t, s)ds .

M- XEA;—Z x—1/2M
The first term on the RHS vanishes as M — oo due to the continuity of ¢. The
second term can be rewritten as:

1
= [lim —

Moo M

im | G(s)um(t sds .

M-w —
Now, |¢puy| < |¢| and ¢ is integrable. Also ¢u, — ¢u pointwise in x. Therefore,
the Dominated Convergence Theorem implies (3.9).
(3.10) follows in much the same way, but requires a result stated in Lemma 2.2:

LHS of (3.10) = lim E{(-A% Y qﬁ(x)Mii‘(x)—E(—]\lZ Y fb(x)Mé:‘(x))) }

M- o xexZ xewZ

2
= lim E{(% Y dO)(MEL(x) — uy(t, X))> }

M- XE’;,—Z
{by Fubini’s Theorem)

. 1
= lim E{—Mz— Yoy ¢(X)¢()’)Vm14}

M- xe;’,—ZyeAl?Z
< lim {C2<1 Y 1 )l)z} (by Lemma 2.2)
< —_c X (411 .
T Mew (M Mxe;?Z ’
=0’

completing the proof of Theorem 2.

Proof of Corollary to Theorem 2. By Lemma A.3, tightness of the laws of the X™
processes in the space D([0, T], S'(R)) follows from tightness of the processes
XM(¢) in D([0, T], R) for each ¢ €S(R). Since every ¢ € S(R) is continuous with
sup | x2¢(x)| < oo, this follows from the proof of Theorem 2. Additionally, (3.9) and

(3.10) above indentify the limit uniquely.

4. Proof of Theorem 3

The first step is the explicit calculation of the generator of the process G( Y (¢)) for
$peCE(R), and Ge C*(R), where, as before:

1
M) =— POYMEN(X) — up(t, X)) -
vV M xEE;{—Z
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The fact that C¥ is dense in S(R) allows us to define our generator for all ¢ € S(R).
If we define

1 1
— if xe—Z and|x|<Z1
Bulx) = 2M M X =

0 otherwise

fehud= T O3 5 r(x+ )

yerZ j=-M

J-x(n=fly—x),
we find after a little work that the generator is:
LyG(Y($) = G' (YY) Y {Ad * By — & — AdXY((Bar)-»)
— AEXY(¢(Bu)-2)} + 2 G"(Y(9))
XM{Ad?# B + ¢* — AXM(*(Bu)-2)} - (4.1)

Now we will verify that the set of measures { P,} on D([0, T], S'(R)) corres-
ponding to the Y™ processes are tight. The tightness condition implies that any
subsequence of { P,;} has a further subsequence which converges to a probability
. measure on C([0, 7], S'(R)). Then we will use the martingale characterization of
the Generalized Ornstein Uhlenbeck processes given in [HS1] (see Lemma A.S in
the Appendix). To establish that all subsequential limits are indeed the same GOU
process specified by the particular forms of two operators A4, and B, given in the
statement of the theorem.

Proof of tightness. 1t is sufficient to verify the following conditions (see [HS2]). Let
P™ be the law of Y™, and let F, denote the filtration:

Fi=0(Y(¢):0=s=1,¢eS(R)).
For any ¢ € S(R),

skllp E{YM(¢)*} < oo for all te[0, T] . 4.2)
There exist «M (P, )e F (i = 1, 2) such that:
J(9) = YM(¢) — j oM (¢, s)ds
K ($) = J(¢)* — g oy (¢, s)ds
are(PM .) martingales, and such that

sup E{ sup | (¢, s)|*} < (4.3)
M

0=<s=1t
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There exists an (¢, M) | 0 as M — oo such that:

M-w 0ssst

lim P( sup | Y4 (¢) — Y ()| > n(9, M))=0- (4.4)

Verifying (4.2) is easy. To establish (4.3) we first find o and . If we let

) .
ction =y 5 o(x+d) - ot -sezn £ (x4 L)

A J J
_—ZM,-:Z—MuM(t’x +—M)d><x +M>
and

DHB = 5 3 {(1—Mér<x+§)>¢2<x+%>}+¢2<x).

a little work yields
af(d, 1) = YM(CH () o« (¢, 1) = XM(DM(9)) .

Now that we know the a’s, we must establish (4.3). For & this task is relatively
straightforward. For o we will outline the procedure. First, viewing a¥f(¢, f) as a
stochastic process, we calculate the drift: b¥(¢, t). We can then write:

t t
off = off — [ bids + [ bYds.
0 0

The first two terms comprise a martingale, and we can use the following conse-
quence of Doob’s inequality to bound them. Bounding the third term is laborious
but straightforward.

Proposition 4.1.
E{ sup |ot(o, S)l2} S4E{f(¢, 0%} + 4t%E{§ bt (¢, s)|*ds }% . (49
0<s<t 0

Bounding sup E { sup |od (¢, s)|* }: From (4.6) and (4.7) we find that
M

O0=s=t

Ioclz”(d’,s)lzéﬁlz(ﬁ)z Z Z Z Z ¢< >¢2<y+—JA.Z>

xexZ yexZ j=-M k=-

Z Y Py

X €37 Lz ye—Z
s (/12 +1)(Cl¢llo,0 + D2, 0)

independent of the value of ¢t or M, completing the verification of condition (4.3).

To finish the proof of tightness, we must establish (4.4). However, this follows
from standard Poisson process theory, as, given any M, the set on which two jumps
occur at the same time is a set of measure zero. Therefore, we now know that the
sequence of measures PM are tight.
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Uniqueness and identification of subsequential limits. Now that we know that set
{PM} is tight, we will establish that if a subsequence PM* = P, then P is the law of
the GOU process prescribed by the operators given in (1.3) and (1.4).
After observing that the two operators satisfy the required conditions, we use
the martingale condition to establish uniqueness; namely that if PM<= P, then
G(Y(¢)) — I Y(A;9)G'(Y($))ds — I IBs 11 G"(Y($))ds

0

is a P martingale. We first note that

IBY ¢ 112G"(Y.())ds

B =

G(Y(9)) — j Y (4S$)G (Y,(#))ds — i

is a Py, martingale, where 4 and || BY || are expressed implicitly in the expression
(4.1) for the generator L, G(YM(¢)). This means that

[Bs¢ 117 G"(Y,())ds

R =

G(Y($) — IY(A )G (Y($)d j
+ 5 Y {(4, — A¥)$} G'(Y,(¢))ds

LB — IBYG 1) G (Ye)ds
0

is a P martingale: The following proposition establishes the differentiability of
u(t, x) which is essential in the remainder of the proof.

Proposition 4.2. If u(0, x)e S(R), then u(t, x) has bounded x-derivatives of all order.
Proof. Recall the following expression for u(r, x) given in (3.1):
uft,x) =1 —E{H { ——u(O,z))} )
zeZ¥

Consequently,

d
u™(x) = —E{ 2 I{IZ‘I—k}d [H (1 — u(o, z)):l}

where z; denotes the position of particle i. The above 1nterchange is permissible,
since we will find that the nth derivative of the integrand is bounded by an
integrable function, for any given n = 0. We now observe that there are k" ways to
distribute the n derivatives over the product of k terms using the product rule.
Because u(0, x) € S(R), each of the k" permutations is bounded in absolute value by
a constant M, given by:

M,= sup {sup [u99(0, x)|-. . .-sup |u9)(0, x)]} .
Jr) x
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Therefore,
lu™(x)| < E{k; Loz -1y an,,} ,

and the boundedness of the moments of the branching process yields the required
interchange condition and the desired result.

Considering the form of A4,(¢) given in (1.3), Proposition 4.2 implies that
A,:S(R) — S(R). We use this fact, the continuity and boundedness of G and its
derivatives, along with

Proposition 4.3. If W™ is a martingale with respect to a filtration F, and if:

lim E{|{WM —W,*} =0 forallt,

M-
then W, is a martingale with respect to F,.

Proposition 4.3 implies that the proof of Theorem 3 will be complete upon
showing:

lim E{( Y24, - A%)¢)G'(Y£‘(¢)>ds)2} -0

M-wx )

M-

t 2
lim E{(f%(llBsqbliz - !|B£’¢|!2)G"(Ys’”(¢))dS> }=0,
0

which follow from straightforward computations. The martingale condition given
in Lemma A.5 is now verified, and we have identified the limit process P,
completing the proof of Theorem 3.

Appendix: Topological Considerations

Schwartz Functions

The space of Schwartz functions denoted by S(R) is a Fréchet space consisting of
C>(R) functions topologized by the following seminorms:

¢

dﬁ
x* E)&F (X) . (Al)

@1, = sup
xeR

where a and § run over the nonnegative integers. Consequently, S(R) consists of
those functions which, together with their derivatives, decrease faster than any
polynomial as the argument approaches + co.

The space D([0, T, R). is the space of functions from the interval [0, T] to the real
line R which are right-continuous with left-hand limits. We topologize this function
space with the following metric:

d(x, y) = inf{a:ﬂleA, sup |A(t) —t]| Z¢e,and sup |x(t) — y(A())| = s} ,

0<t=<T 0<I=<T

where A is the set of strictly increasing continuous mappings of [0, 7] onto itself.
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To state tightness conditions, we first must define the following modulus of
continuity:
w(0) = inf sup w.[f;4,%),

{t:} O<isr

w.la,b) =‘sup{|x(s) —x(t)|:s,te[a,b)},

and where the infimum extends over finite sequences {f;} with: 0 = t, < t; <
<t,=landt,;—t,_,>d6foralli=1,...,r

Lemma A.1. ([Bi], p. 125) A sequence of measures {P™} on D([0, T], R) is tight if
and only if these two conditions hold:

where:

(i) For each n > 0, there exists an a such that:

PM{x: sup lx(t)|>a}§n, M2z1

0<t=T
(if) Foreache > 0andn > O, thereexistsad:0 < 5<1l,and an integer N such that:
PM{x:w,(0)=e}<n, MZ=N.

The following is a martingale condition for tightness which we use in the proof
of Theorem 3 and later in this Appendix. This result appears in a disguised form in
[HS2] in the discussion preceding Theorem {1.15).

Lemma A.2. Let XM be elements of D([0,T],R) with laws PM. Let
F,=0(X,:0 < s < t). Then the {PM} are tight if the following conditions hold:

(0 E«{ sup (Xﬁ")z} < o0
O0=t=T
(ii) There exist non-anticipating functions o (t) and o3 (t) such that for te[0, T]:

t
JM = XM — [ol(s)ds
0
and
KM= (JMy jaﬁ‘(s)ds

are (PM, F,) martingales, where:

supE{ sup |af“(z)|2} <o i=1,2.
M O0<i=T

The proof of this result given in [HS2] uses standard martingale theory in
conjunction with the Censov criterion for tightness ([Bi], Theorem 15.6).
The space D([0, T], S’(R)). is the space of functions from the interval [0, 7] to
§'(R) which are right-continuous with left-hand limits, where, as before, S’(R) is
given the strong topology. The topology of D([0, 7], S'(R)) is generated by the
following seminorms indexed to ©, the bounded sets of S(R):

0<t<T 0StsT

do(x, y) = inf{a:EI),eA: sup |A{t) —t|<e¢, and sup ||x(¢) —y(4(2) {8§5} ,
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where, as before, A is the set of strictly increasing mappings of [0, T'] onto itself. To
state the following tightness criterion we must define the following collection
of projections: Given ¢ eS(R) and xe D([0, T'], S'(R)), I1,:D([0, T], S'(R)) —
D([0, T'], R) is given by:

y(x) - x(¢)e D([0, T], R) . (A2)
Lemma A.3. ([Mil]) Consider a sequence of probability measures {P,} on

D([0,T],S(R)). If, for each ¢eS(R) the measure {P,I1;'} are tight in
D([O, T, R), then the measures {P,} are tight in D([0, T'], S'(R)).

Once again, tightness in D([0, T], §'(R)) is essentially a question of tightness of the
projection processes in D([0, T], R). The following tightness criteria are used in the
proof of Theorem 3.

Lemma A.4. Let XM be elements of D([0,T],S'(R)) with laws P™. Let
F,=o(X,(¢): 0 <s <1, $eS(R)). Suppose that, for each ¢ e S(R), the following
conditions hold:

(@) E{ sup (XM(fb))z}

0<[<
(ii) There exist non-anticipating functions o¥(¢p,t) and o (p,t) such that for
tel[0, T7:

I = j aM (¢, s)ds
and °

K¥(¢) = (JM(9)) — faz b, s)ds

are (P¥, F,) martingales, where:
supE{ sup loaM (¢, t)lz} i=12.
M 0zt

(iii) There exists an n(¢p, M) | 0 as M — oo such that:

M- 0=t=T

lim P< sup 1X74(¢) — X ()| > n(4, M)>=

Then the {PM} are tight in D([0, T, S'(R)), and all subsequential limits are
concentrated on C([0, T], S'(R)).

Remark. This Lemma is stated in a similar form in [DIPP] as Theorem 4.5. It
follows directly from Lemmas A.2 and A.3 above, and results in [Mi2].

The Generalized Ornstein-Uhlenbeck Process

This section is devoted to the description of certain probability measures on the
space C([0, T, S’(R)) which appear as limits of the fluctuation field mentioned in
Theorem 3. These measures are known as Generalized Ornstein-Uhlenbeck pro-
cesses. The relevant result appears in [HS1] as Theorem 1.4. We will state the result
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with a minor modification—our transition kernel is not time-homogeneous. The
resulting differences are slight, and the proof provided in [HS1] is easily extended
to our case. First, a little notation is required. Let T7(¢p) be a strongly continuous
bounded semigroup on S(R) with a generator:

T -
A($) = lim (ﬂﬂ—"’> , (A3)
=0 h
where 0 < s <t £ T. The semigroup property referred to is:

TTT($)=Ti¢) when 0<s<t=<usT.

We require that 4, be bounded on S(R) for any t € [0, T], and we let B, be a positive
bounded linear operator on L?(R) for any given u<[0, T'].

Lemma A.5. Let P be a probability measure on Q= C([0,T], R) such that
Vfe C3(R) and for all stopping times t such that:

sup SupT IN; (A1 D)< 0,

we2 05t

with N the element of Q, then the following is a P-martingale:

tAT tAT 1
S (N o9) — £ N,(A,9) [ (N(¢))du — (j) 7184 12" (Nu(#))du
where | - || designates the L? norm and the relevant filtration is:
Fi=0(N(¢):0=s=t ¢deS(R)).
Then,
1B, @lI>f" (N (¢))du (A4)

N =

FON(@)) — iN.,(Auzz»)f'(Nuw))du - I

is a P-martingale, and additionally, for any Borel set I' = R,

P(Nt(dJ)Gl"lFs)=£g(jllBu(T“z‘¢)|l2du,y—Ns(Tf¢))dy P—a.s, (AS)

where
_y2
e 2t |

1
g(t, y) =
N/ 27t
In particular, P is uniquely determined by (AS), and, therefore, by (A4).
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