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Summary. The uniform rate of convergence of the integrated relative mean
square error over a (with the sample size T') increasing class &7 of stationary
processes is studied for several estimates of the spectral density. The class &y is
chosen in a way such that estimates with a good uniform rate of convergence
over &y may be termed ‘high resolution spectral estimates’. By using this
criterion several effects are explained theoretically, for example the leakage
effect. The advantages uf using data tapers are proved and the use of local and
global bandwiths are studied. Furthermore, the behavior of segment estimates
are studied. Simulations are presented for the illustration of some effects.
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1. Introduction

This paper is concerned with the nonparametric estimation of the spectral density
Sf(2) of a stationary process X,, t€ Z from the sample X, ..., X;_; . The estimation

* This work has been supported by the Deutsche Forschungsgemeinschaft
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usually is done by calculating the periodogram which, in the case of a zero mean, has

the form
T-1 2
L()={2nH, 1} 7| Y hyrX,exp(—idl)
t=0
where
T—1

Hy 1= Z hf,r: keN, .
=0

h, 1 is a data taper, e.g. the cosine bell 4, y =3 [1—cos {27(+0.5)/T}].
Since the periodogram is only asymptotically unbiased but not consistent it has
to be smoothed. One usually considers the estimate

N =[ It A+0)Wy(@da I1:=(—-mn, =] 1.1

)14

N
with a suitable kernel Wy (a) e.g. Wy(o) =NW(No) with 7—»0.

Although the usual asymptotic theory (asymptotic normality, integrated mean
square error, etc.) leads to satisfactory results for the estimate, f/i’(1) behaves in
certain situations rather badly. Several negative effects may arise that could not be
explained successfully by the mathematical theory so far.

Problems arise for example if strong peaks are present in the spectrum. If no data
taper isused (h, r =1) the estimate is not able to resolve lower peaks of the spectrum.
This effect has been called leakage effect. It can be cured by application of a data
taper (cf. Bloomfield, 1976, Sect. 5.2). To illustrate the effect we have plotted in
Fig. 1 the true spectrum of an (AR (14)-process (dark line) the kernel estimate (1.1)
(more precisely (3.9)) with the nontapered periodogram and a global bandwith
(dotted line) and the same estimate with a tapered periodogram (dashed line) (for
details of the simulation see Sect.4.1). We clearly see the strong bias of the
nontapered estimate. Although this effect has been known for a long time, it has
never been described theoretically in a stringent way. The ordinary asymptotic
theory only shows disadvantages of data tapers: the variance and the mean square
error of the estimate increase with the use of a taper (cf. Brillinger, 1981,
Theor. 5.6.4).

As a consequence of the bad behaviour of the above nontapered estimate (and
other nonparametric estimates as well) applied workers (especially engineers) very
often prefer a parametric (usually AR-) approach together with estimation
procedures that have high resolution properties, e. g. the maximum entropy method
(Burg-algorithm). Such procedures are termed ‘high resolution spectral estimates’
(cp. the articles in Childers, 1978).

In this paper we will make an attempt to define by a mathematical model what
is meant by ‘high resolution spectral estimates’, and to explain theoretically the
leakage effect and other effects that may arise in nonparametric spectral estimation.
Since most of the effects are small sample effects which disappear asymptotically
we create a special asymptotic model by allowing e. g. the peaks to increase with the
sample size.

Since the variance of a spectral estimate f7 is usually proportional to f it is
natural to consider as a measure of goodness of an estimate the integrated relative
mean square error.



Nonparametric High Resolution Spectral Estimation 149

Fig. 1. Window estimate
with and without data taper

Let
T (Efr() )2
IBIAS = —11dA,
o= § (8
T Jr( ))
IVAR = | var di
(={ ( )
JSr(4) >2
IMSE = E di ,
and SBIAS (f7), SVAR (f7), SMSE ( fT) be the corresponding statistics with the
2 2
integral replaced by the sum il Y, where /Isz—ni.
T }'= As T
We will study the convergence “Tate of
sup IMSE (f;) (1.2
T

for several estimates where % is a (with 7') increasing class of stochastic processes.
By using an increasing class we require that the estimates behave uniformly good
over an increasing number of stochastic processes when the sample size increases.
By using this model we avoid that certain small sample effects such as the leakage
effect disappear asymptotically. The class & is defined in Sect. 2. It contains
processes with spectral densities that have with T increasing peaks and troughs, for
example autoregressive moving average processes with characteristic roots up to

~! close to the unit circle. By this choice of % we are able to cover asymptotically
problem cases in statistical inference. In particular, we are able to discuss the reso-
lution properties of the estimates. Estimates f, with sup IMSE (fp)=0(T~*%)

T

will be termed ‘high resolution spectral estimates’. 7% is the usual rate of
convergence of the IMSE for window estimates with a positive kernel.

In Sect. 3 we prove that tapered window estimates with a certain local bandwith
have this high resolution property.



150 R. Dahlhaus

In Sect. 4 we present several window estimates that have a lower uniform rate of
convergence, among them estimates with a global bandwith. For nontapered
estimates we prove that sup IMSE (f7) does not even converge to zero. Thisexplains

theoretically the leakage effect The same holds for nontapered estimates when the
spectrum contains troughs. We call this effect ‘trough effect’. This is the first time
that the trough effect is described. Furthermore, we prove that tapering may not
only reduce the bias but also the variance of window estimates, which is contrary to
widespread conjectures.

Some effects are demonstrated by simulations.

In Sect. 5 we consider segment estimates, i.e. estimates obtained by averaging
periodograms over overlapping data segments. We prove that these estimates also
have a lower uniform rate of convergence.

The proofs are very technical. In order to make the paper more readable we have
put nearly all proofs into the appendix.

In Dahlhaus (1988) we have derived similar results for parametric estimates.

A key role in our calculations is played by the following function. Let Ly :
R—IR, TeR™, be the periodic extension (with period 27) of

, | <1/T
Hi= {1/I| 1T<|o|Sm (1.3)

The function L;(e) is used to describe the properties of data tapers, to define the
class &1 and as a tool for handling the cumulants of time-series statistics. The
properties of Ly (x) are summarized in Lemma A.1.

We further use cumulants and cumulant spectra of stationary processes. For the
definitions and the basic properties we refer to Brillinger (1981, Sect. 2.3, especially
Theor. 2.3.2).

2. The High Resolution Property

We now define the class of processes & ; over which the estimates are supposed to
be uniformly good.

(2.1) Definition. Let 5,,5,eN;, TeN and §,>0, Cy>1. By Z(T,s,,5,,d,, Cp)
we denote the set of all fourth order stationary processes X,, feZ that can be
represented in the form

Xr: Z ag Yt—s

where

(i) Y, is a fourth order stationary process Y, with mean 0, three times times
differentiable spectrum fy=/f, y with Cg 1</, Y<CO, <G (k=1,2,3), and
continuous fourth order spectrum f, ) with f, y<C§.

(ii) The transfer function A(1)= Z a,exp(—ils) is of the form

§= —

IT Ay;(A—A )™
A= (2.1)
I1 1‘121'(}b - Az,’)sz"

j=1
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with s;;<s;(i=1,2) and |4, ;, — 4y, ;,1 226, (mod 27) for (iy, j;) # (i, /2) (1 e. rls%)
The g;;=14;; [? are three times differentiable with
Co 'Ly, (A £9;;() ' SCoLyp, (A (hell) , 2.2)
where 7;;=< T, and

l]_

l95; (M= ColAl (Aedl) , (2.3)
lgi; M= Co s 199 DISC, (AelD) (2:4)
gij(l)]gco ! (A=) - (2.5)

Note, that Z(T. s;,s,, g, Cp) is monotone in all five variables. We sometimes
drop the subscripts and denote %' (7, $,,5,, 3y, Co) by Zr-
An estimate fp with sup IMSE (fp)=0(T~*°) will be termed ‘high
T

resolution spectral estimate’.

(2.2) Remarks. (1) The conditions (2.2)—(2.5) could also be formulated in terms of
the A4;;. Since the second order spectrum of the process X, e % is of the form

ﬁ g1j(/1 “/111')3”
FD=fxW)=1 fo.y(A)
II gzj(/1 - /12j)52j

j=1

we chose the formulation in terms of the g;;. An example for a g;; that fulfills
. 1 .

(2.2)-2.5)is g;;(A)=g(h)= 7=+ 2. Thus, f'has strong peaks of magnitude 7%; and
of multiplicity s, ; at frequencies 4,;(j=1,..., 7,) and troughs of magnitude 7;;* and
of multiplicity s, ; at frequencies 4, ;(j=1,...,r;). Below we prove that the class Zr
contains all ARMA-processes with roots up to 1/7 close to the unit circle.

(ii) At first sight the conditions on the existence of the third derivatives seem to
be inadequate for the treatise of strong peaks. However, the above conditions allow
e.g. a value ~5; T2 for |(logf)"| at a peak (trough) A;;.

(2.3) Theorem. Let s,,s,, TeN,, 0<§, < C0>20 Y, be a stationary process
that fulfills the conditions of Definition 2.1(1) and X, be defined by

4

q
Z a;X,_ 'Zo b;Y,_;
= fon

j=0

where
P sns 2 . .
Z ajeul_] — 1_[ (1 _qzje—tlzjezl)szj
j=o i=1
and
q . r1 . X
Z bjellj= H (1 _que~llljezl)s1j
j=0 i=1
with

C’O_l<qijSl 1/T Mu“ l2]2|>25 (mod27r) fOV (115.11):':([25]2) and su—
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Then
X, eZ(T,5,,5,,0,Cp)

Proof. The transfer function of X, is of the form (2.1) with 4,;(4) =1—g,;e'*. Direct
calculation gives
4
2

7 [ =27 + 227 <1 - zeP < (1 2 + 222

and we therefore obtain with 7;;=(1 _qij)_l

LTij('l)zégij()“)vl éznzLTij()L)z . (2.6)
Since
g;(A) =1+ Q%j—ZqijCOS A
also (2.3)—(2.5) are fulfilled.

We now derive an expansion for spectral densities of processes X € & r. This is
the main property of the class ;. Let ry,r,, my, m, Ny with m; +m, =1 and
ry=ry, TEN, A eIl™, J,eIl™, T, € R’ and T, eR”2. We define for /€N,

R(Aaa,fampmz):R(/La’/’ml’mz’&l’ibIhIZﬂrl’72)

Fi

2 [ 2 a2 Ly (G Ay L, (At a— Dy )
Ji= 1=0,..., m

i=1,2,3 k2=0,..., m;

£=kytkatks

“Lr, (A— Ao+ {my=2,m,=0,/= 3} |oc|3LTm(i — /lljl)z} .

(2.4) Theorem. Let X,e (T, 51,5, Cy, &) with spectval density f, transfer function
A, and fourth order spectrum f,. Then we have for £ €{0,1,2,3}

fOta) T PR o

@ oy =&, T kit ORG 25 28))
A(A+a) B
(b)l AR —1=0[R(4 21,51, 5)]
and

© Ja(y1,72573)

¢ m:O[R(ﬁu%_ﬁb0=S1>~92)R(_ﬂ1,)’2+ﬂ1,0,s1,s2)

"R(By,73—P2,0,51,8) R(— B2y =91 =72 =73+ B2, 0,51, 5,)].
The O-terms depend only on s,,5,, Cy and d.

We should note that the remainder terms in the above expansions are usually not
small. The remainder term is for example large in (a) if / has a strong peak at A1+«
and is smooth at 4.

3. High Resolution Window Estimates

In this section we prove that the window estimate (1.1) with a suitable data taper and
a suitable local bandwith selection is a high resolution estimate.
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3.1 Data Tapers
¢
As we will show a good taper is for example of the form s, =h T where 4 is

sufficiently smooth, expecially at 0 and 1 (which is not fulfilled in the nontapered
case h(x)=1Ip ;,(x)). This smoothness is determined by the ‘degree’ of the taper
defined below.

(3.1) Definition. Let ke N, and k€ [0, 1/2). Suppose 4, ,=h < ) 1s a sequernce of

data tapers with s (x)=0 for all x¢[0, 1) that fulfills the following conditions.

(i) Az is (k—1)-times continuously differentialbe (in the case k=1 we assume
continuity and in the case k=0 we make no assumption).

(ii) There exists a finite set Pp={p,y,...,p,) such that A is (k+1)-times
differentiable in all x¢ Py.

(i) Let s;7:= lim AP (y)— lim AP(p). There exists a ¢>0 such that

yipjr y1piT

Y s4pzc for all TelN.
j=1
(iv) H, ;~T and D{P: = sup |h{(x)|+ sup [AETD(x)| <kT* with ke[0,1/2).

x¢Pr
Then we say that the taper (the sequence of tapers) is of degree (k, x).
In the non-tapered case %, »= y0.1,(¢/7) the degree therefore is (0, 0).

(3.2) Example (Polynomial Taper). The function

4 (x/o)(1 —x/0)¥, x€[0,¢/2)
hy(x)=4 1, xele/2,1/2]
h,(1—x), xe(1/2,1]

is (k —1)-times continuously differentiable and (k + 1)-times differentiable in x ¢ P
{ .

={0,0/2,1—g/2,1}. Thus, the taper 4, ; =hg(§; where g is fixed has degree (k, 0).

Furthermore, we have sup |4 (x)| <Ko ?(0</<2k) with K independent of g.

x¢P
Thus, if e.g. g=0r=T""*"" the taper h, ;=h,, 7

TH, .
or ()= X0,1)(%) and lim H24’T=1 (cp. the discussion below Theorem 3.6).
T-ro0 2, T
Another example is the Tukey-Hamming taper (cp. Dahlhaus, 1988, Ex. 5.2).
We now state a fundamental inequality for data tapers. Let

) has degree (k,x) with

T—1
HO@)=Y hpexp(—idt) and Hp(o)=H" () .
t=0

(3-3) Lemma. Let ke Ny, x€[0,1/2) and (h, 1)ren be a sequence of data tapers of
degree (k,x). Then there exists a constant Ke R such that for all e R and Te N

\Hp ()l Hy 7 S KT ¥ 1240 Ly (aff (3.1

Proof. The lemma is proved in Dahlhaus (1988, Lemma 5.4).
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In practical situations we do not want to drop the first observation X,
completely which would happen by using the taper A, = h(¢/T) with h;(0)=0.
One therefore chooses in practice the taper &, p=h((t+1/2)/T) which also ful-
fills (3.1).

3.2 Local Bandwith Selection

Another ingredient of high resolution window estimation is the bandwith selection.
The usual arguments for bandwith selection are as follows. Under suitable
regularity conditions one obtains

Efr(/l)_ e 1 0 I S )
o) 1=N —#f(/l) 2 o W(a)do+o(N ~?) (3.2)
and
fT( ) N N
f(/l) =7 27 | W(cx)zdoc+o<T> (3.3)

Minimizing the relative mean square error with respect to N then leads to the
optimal (local) bandwith

J(4)
S

where
2/5

N=c, T (3.4)

with a certain constant ¢y, depending on W(a). If /(1) =0 one has to make a higher
order expansion for the bias which leads to a lower rate than T for N.

In the class % introduced in Sect. 2 the bandwith selection is more difficult.
S (2) S (4
J) S
sharp peaks the value 72. The above Definition (3.4) then would lead to N™T'and a
bandwith By T~* which is in accordance with our intuition. However, this causes
considerable technical problems since the usual assumption B;T— oo is violated.
4.
S
same over the whole range of the bandwith. In the class &7 this is not true. Consider
for example an AR (1) process with root p;=1—1/T and spectral density

Firstly, ——--may increase with T" From (2.2) to (2.4) we see that may take at

Secondly, the expansion (3.2) for the bias is only good if is approximately the

— 1 iA—2
S =5= 11 =pre

Q) S"(A)
0 27(T—1)and D
This means that the maximum and the point of inflection are less than 7"~ ! apart
(less than one Fourier frequency!) while the bandwith selection (3.4) would lead to
N~T(B; T™') at A=0 (which seems to be reasonable) and to N=0 (By=c0
practically to a large bandwith) at A=3""27~! which clearly is a bad choice.
Thus, we have to use a bandwith B, which is not too large in the neighbourhood
of strong peaks. One way to guarantee this is to incorporate the first derivative into

Elementary calculations give =0for [A|~37 12T,
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the bandwith selection. A bandwith that fits our needs is
B,=N"' with
N=N(T, f,2)=cT"*{|(log 1|+ (log f)"> +1}*/5

S"@)

FO)

bandwith is close to the bandwith (3.4) if (log /)" > 0.
For the derivation of the high resolution property of the window estimate we do

not need the special form (3.5) but only the following two properties of this
bandwith.

3.5)
=(log f)"+(log £)?, this

with an arbitrary fixed constant ¢>0. Since

(3.4) Lemma. There exist constants C,, C, only depending on s, , s, , C, and 8, such
that we have for the bandwith selection (3.5)

2 ri 2/5
N=N(T,f,z)§clT“5<z ) LT,.,.(z—xi,-Y) (3.6)
i=1 j=1
and !
N=N(T,f, )= C,T*"® max LTl_j(/I—ﬂ.ij)“/S 3.7
i,J

uniformly for all spectral densities fy of processes X,€ X (T, sy,5,,04, Co) (With T,
and J;; as in Def. 2.1).

(3.5) Remark. Since the bandwith (3.5) depends on the unknown spectral density
this bandwith selection is not very helpful in practice. In our simulation (cp.
Sect. 4.1) we have used this bandwith where f was replaced by a preliminary
estimate. In order to get a high resolution estimate we only need the properties (3.6)
and (3.7). Therefore, any other estimate with these properties would do. It would be
very interesting to know whether practical suggestions such as using a bootstrap
technique for bandwith selection (cp. Franke and Hérdle, 1988) will lead to a high
resolution estimate in the sense of this paper.

3.3 Convergence of High Resolution Window Estimates
We now discuss the properties of the window estimate /& (cp. (1.1)), where
Wy(o)=NW(Na) with a function W:R—[0,¢,](c, >0) of (3.8)
bounded variation with W()=0 for ||>c, and | W(B)dB=1.

-2

Since the periodogram can be calculated rapidly at the frequencies 1= A with the
Fast Fourier Algorithm one prefers in practice the estimate

-1 2ms

PN="""Y LGra)Wy@), %=~ (3.9)
5=0

(A4 A;=01is often excluded in the sum ~ this would not afflict our results). However,
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due to the formula

T-1

0= T entin( 3 Jesn(-i

u=—(T-1)

with the empirical tapered covariances

-1
CT(M)—Hz,T Z ht,TXtht+u,TXt+u
0=t ttusT-1
and

w(u)= ? W (e) exp (iou) do

the estimate f(A) can be calculated exactly.
We now prove that £ and £ are high resolution estimates, i.e. that (1.2) has
rate of convergence T %7,

(3.6) Theorem. Let s;,s,eNy, s;+5,21, 6,>0, Co>1, and (h, 1)1en be a
sequence of data tapers of degree (k, ) with k 2max {s,,s,, 5, +5, — 1} and x < 1/40.
Furthermore, let N=N(T, f, 2) fulfill (3.6) and (3.7) (take e.g. (3.5)). Then we have
fori=1,2

T f'(4)

(a) sup IBIAS ( f}“)% (j o? W(a)da)? sup ) 0

—c2 Zr -=m

di+o(T~*)

N4-

=O(T_*%)

(b) sup IVAR (f#) =2n j W () do —=L sup j Ed/l+0(T 415y

2
-3 HZ T %¥r -=n T

— O(T-4/5)
() sup IMSE(f)=0(T ~**)
Zr

The same results hold for SBIAS (f#), SVAR (f¥), and SMSE (f{).

The first equations in (a) and (b) are the same as in classical considerations (with
a fixed spectral density). Especially, we obtain the same rate of convergence for the
integrated relative mean square error, namely O(T~*%). However, we note that we
have made strong use of the local bandwith (properties (3.6) and (3.7)) to obtain
these quations.

In the next section we prove that both, the data taper and the local bandwith, are
necessary for this uniform rate of convergence.

TH,
The factor H24 T in Theorem 3.6(b) is larger than 1 (Cauchy-Schwarz

2,T
1nequahty) However, it is not correct to conclude from this that tapering always

increases the variance of the estimates. We discuss this point in Sect. 4.4. The

. TH,
condition x < 1/40 allows the choice of a taper with lim 24’T =1 (cp. Ex. 3.2).
T 2, T

4. Other Window Estimates

In this section we describe several negative effects that may occur for window
estimates if no data taper or no local bandwith is used.
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4.1 A Simulation Example

To illutrate the effects we present a simulation example. T=256 Gaussian
observations were generated for an AR (14)-process with innovation variance 1 and
characteristic roots z;=g¢;e'* and Z; where

¢, =095  1,=05
3,=095  1,=1.0
4s=099 i =15
2.=099  1,=15
gs=095  15=2.0
36e=095 =25
¢;=095  1,=25

(The same process was used in (Dahlhaus, 1988) for the consideration of
nonparametric estimates). Afterwards different estimates of the spectral density
(based on the same realization of the process) were considered. In all figures we have
plotted the log spectrum and the log spectral estimate.

Fig. 2. High resolution
spectral estimate

In Fig. 2 we see the true spectral density and the high resolution estimate of
Sect. 3 with the Tukey-Hamming taper

h, =% [1—cos {2n(t+0.5)/T}],

W)= (1 —(%)2> iz,

and a local bandwith of the form (3.5) where (logf)” and (log /)’ were estimated
from a preliminary window estimate with a global bandwith. Although, the

the Priestley window
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estimate is not bad we feel that some improvements, in particular concerning the
bandwith selection, could be made. For example, the small sidelobs beside the
strong peak are disturbing.

4.2 Global Bandwith Selection

With a global bandwith selection we obtain only a lower rate of convergence. The
reason is that we need a very small bandwith By (a large N) at the peaks which
prevents a good rate of convergence. This is made precise in the next theorem.

(4.1) Theorem. Let s;,5,€N, s, +5,21,,>0, Cy>1, and (h, 1) ren be a sequence
of data tapers of degree (k,x) with k=max{s,,s,,s;+s,—1} and x<1/40.
Furthermore, let N=N(T) be independent of f and A with N— oo,

(a) If in addition s, =0, NT**~!log? T—0, &, <3 ~ and Co =220, then there exists
a constant C >0 with

(a.1) sup 751 (Ef(i)(/l)—1>d/1§CTzsz_l

f) N32s2
. 4.5 —2
(a.2) sup IBIAS(ff)=C —;
Tr N7

(@.3) sup IMSE ()= CT~2/ts+1)
Zr

fori=1,2and all TZ T, with some Ty € N. If s, =0 the same holds with s, replaced by
Sy
(b) If in addition

N is independent of f and ), with Nz T@st*42=29/@s+40272) gqnd N/T-0, (4.1)
then we have for i=1,2
(b.1) sup IBIAS (/) =0(1)
T

(b.2) sup IVAR(f#)=0(1)
E4d

(b.3) sup IMSE(ff)=0(1)
Zr

All results of (a) and (b) also hold for the sum statistics SBIAS, SVAR and SMSE.

(4.2) Remark. As a consequence of Theorem 4.1 we see that the rate of
convergence of sup IMSE (/) with a global bandwith is not as good as the rate

with a suitable local bandwith. Furthermore, the rate decreases with the multiplicity
of the peak s,. The same holds if troughs are present (s, >0). We are convinced that

452 —1
it is even possible to prove sup IBIAS (f?) ¥ ——;—. However, this would require

N4s
much more calculations. %7

Figure 1 in the introduction shows the same estimate as in Fig. 2 but with a
global bandwith (dashed line). We see that the sharp peak is too broad.
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4.3 The Leakage and the Trough Effect

We now study the behaviour of the estimate if no data taper is used. In this section
we discuss the bias of the estimate and prove that the window estimate with the
nontapered periodogram may even be inconsistent if the spectrum contains strong
peaks (leakage effect) or strong troughs. More generally, we consider the tapered
periodogram where the degree of the taper is too low.

(4.3) Theorem. Let (s, £1,5,>0) or (s, >0,5,<1). Suppose that the applied data
taper is of degree (k, k) with k <max {s,,s,,5, +s,— 1} and k <1/10, and N fulfills
(3.6) and (3.7) or (4.1). Then we have for Cy =20 and 0 < 8, < /3 witha constant C >0

= (EfP(1)
@ sup | ( 7 ‘Q‘”gc’
(b) sup IBIAS(ffH)=C
Zr

and .
(¢) sup IMSE(ff)=zC
T

Jor i=1,2 and all T= T, with some T, IN. The same holds for the sum statistics
SBIAS and SMSE.

Theorem 4.3 together with Theorem 3.6 proves that a data taper of degree (&, x)
with k =max {s;, s, s, +s5,— 1} is necessary and sufficient for the window estimate
to have the high resolution property. If the degree is not sufficient we do not even
have consistency of the estimate in the above sense. Thus we need a certain
smoothness of the data taper at the ends of the observation domain. In the
nontapered case we obtain the following result.

(4.4) Corollary. Let s,,5,eN,, 8, +8, =1, C; 220 and 0 <8, < /3. Suppose that
no data taper is applied and N fulfills (3.6) and (3.7) or (4.1). Then all assertions of
Theorem 4.3 hold.

Fig. 3. Periodogram
without data taper
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The corollary establishes theoretically the leakage effect for window estimates
with the nontapered periodogram (s, >0). The spectrum is overestimated due to
leakage from strong peaks. From Theorem 3.6 we see that this effect can be cured by
applying a data taper.

In Fig. 3 we see the periodogram without a data taper together with the true
spectral density. The corresponding window estimate with a global bandwith is
plotted in Fig. 1 (dotted line). The spectrum is overestimated and obviously the
same will hold for any kernel estimate.

Corollary 4.4 also establishes theoretically the trough effect (s; >0). Again the
spectrum is overestimated. It is not possible to find the troughs sufficiently with the
nontapered periodogram. This effect can be cured by applying a data taper.

Fig. 4. Periodogram
without data taper

Fig. 5. Periodogram
with data taper
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In Figs. 4 and 5 we see an example for the trough effect. Instead of an AR (14)-
process we have simulated a MA (14)-process with the same roots. In Fig. 4 we have
plotted the nontapered periodogram (again unsmoothed) and in Fig. 5 the tapered
periodogram. The nontapered estimate is not able to resolve the troughs, while the
tapered estimate clearly is. In the nontapered case the spectrum is overestimated.
This effect is of importance if one takes differences to remove trends or seasonal
differences to remove periodic components, and one wants to decide with a
nonparametric estimate whether the difference filter was too strong.

4.4 The Variance Effect

It is a common opinion (cf. Brillinger, 1981, p. 151; Hannan, 1970, p. 272;
Priestley, 1981, p. 562) that tapering may reduce in many situations the bias while it
H4, T

2

increases the variance. This opinion results from the term in the

. 2,T
asymptotic variance of f3¥ (in this paper Theorem 3.6(b)) which is greater than one

in the tapered case and equal to one in the nontapered case. However, this argument
implicitely assumes that the variance converges, in the situation where strong peaks
are present and no data taper is applied, to the same limit as in Theorem 3.6(b) with
TH, r/H3 r=1. In the next theorem we prove that this is not true.

(4.5) Theorem. Let s, >0 or s,>0. Suppose that no data taper is applied and N
Sulfills (3.6) and (3.7) or (4.1). Then we have for Cy=20 and 0 <5, <m/3

sup IVAR (f=C
Zr

for i=1,2 with some C>0. The same holds for the sum statistics SVAR.

We conjecture that the same assertion as in Theorem 4.5 holds if the degree of
the applied data taper is too low, i.e. if k <max {s;,s,,5; +s,—1}.

5. Segment Estimates

We now study estimates of the spectral density obtained by averaging periodograms
over (overlapping) data segments. Let

1 M-1 .
G ]) — L
W= I
with
Lk+N-1 2
,II{;"(/?L)z{21:H2,N(0)}_1 Z h,_Lk,NX,exp{—il(t——Lk)} .

t=Lk

The interesting cases are L=N and L <N where the segments are overlapping.
T=LM+ N— L is the sample size. We shall call this estimate the segment estimate
for short. The estimate has been considered by various authors (e. g. Bartlett, 1950;
Welch, 1967; Brillinger, 1975; Kolmogorov and Zhurbenko, 1978; Dahlhaus,
1985). For smooth spectral densities this estimate has roughly the same mean
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sequare error as the window estimate (with global bandwith). Zhurbenko (1980)
proves for a particular taper 4, y and Lipschitz-continuous spectral densities that
the mean square error of the estimate is lower than the mean square error of the
window estimate with several common windows but higher than the optimal
window estimate. Furthermore, Zhurbenko (1983) shows by considering a spectral
measure with a jump that the segment estimate is less sensitive to disturbances from
outlying frequencies than the window estimate (Zhurbenko, 1983, Theorem § and
Theorem 11). However, he compares the segment estimate with taper to the window
estimate without taper.

We now study the segment estimate in the framework of this paper and prove
that the uniform rate of convergence over the class %'y is lower than the
corresponding convergence rate of the window estimate. We do not make any
assumptions on the relation between L and N.

(5.1) Theorem. Let s,,5,eN with s, +s,21, C;=20, 0<60<E, and C be a
positive constant. 3
(a) If no taper is applied, i.e. h, y=1 (t=0,..., N—1), then
T2
sup IVAR(f@)=C —5=C.
Ty N

(b) If the data taper is of degree (k,x) with k=1 and N* "8*log Nlog T/T—0,
then
sup IVAR (ff’)) > CT 1 +40)/@+dx)
Zr
5.1
>CT ¥ if x<1/8. G-
(©) If h, y=h,  p is the Kolmogorov-Zhurbenko Taper (cf. Zhurbenko, 1980,
(2.10)) withK, Pe N, N=K(P—1), K< N*and N* *®*log Nlog T/T—0, then we also
have (5.1).

The same results hold for the IMSE.

Thus, the IMSE of the segment estimate has a lower uniform rate of convergence
than the window estimate of Sect. 3. In fact, the rate is even worse. By considering
an AR (s,)-process in the proof it can be shown that e.g. (5.1) can be replaced by

sup IVAR (f}s)) > CT A +40/@s2+4x)
Zr
By calculating also the bias it is possible to prove
sup IMSE (f{))> T~ F4m)iésa 1540y
Zr

A considerable improvement of the segment estimate may be achieved by using a
local segment length N depending on f and the frequency 4, €.g. the segment length
N defined by (3.5). However, we doubt that it is possible to achieve by a local
segment selection the same rate 7~ *° as for the window estimate in Sect. 3.
Furthermore, a local segment selection is very inconvenient in practice because the
use of the Fast-Fourier algorithm does no longer lead to any computational savings
in comparison to an ordinary Fourier transformation. This increases the com-
putational effort dramatically.
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6. Concluding Remarks

In this paper we have introduced a mathematical model to describe theoretically
nonparametric ‘high resolution spectral estimates’. Instead of the ordinary rate of
convergence we have studied a uniform rate of convergence over a (with the sample
size T') increasing class of stationary processes.

By using this model we were able to prove the advantages of using data tapersin
time series analysis. We have explained the leakage effect caused by peaks in the
spectrum and the trough effect caused by values close to zero. We could also prove,
contrary to widespread conjectures, that tapering does not only reduce the bias but
may also reduce the variance of the window estimate.

We also demonstrated the advantages of a local bandwith over a global
bandwith. Furthermore, we have proved that segment estimates have a lower
uniform rate of convergence. '

Several problems remain unsolved. For example, the construction of a bandwith
that does not depend on the unknown spectral density but on the data (¢.g. on a
preliminary estimate) and that leads to a high resolution estimate in the sense of this
paper. Furthermore, the paper does not sufficiently answer the question how the
data taper should be chosen in practise.

Appendix

The appendix contains the technical details of the paper.

A.1 Properties of the Function L,(x)

(A.1) Lemma. Let L, (x) be definedasin(1.2),r,s>0ando, B,7, v, p€ R. We obtain
with a constant K independent of T, T, and T,

a) Ly () is monotone increasing in T and decreasing in o€ [0, n].
b) [ Ly(ayda<KT"™* for all r>1.
14

¢) | Ly(x)dx=<KlogT
n

d) 7 S Ly(w)

e) lLy()=1 for ==

D Ly,0Y LS Ly, (v—}—”)
g) Ly(c) =K, Lr(o)

h) j- Ly, (oH‘ﬁ)LTz (B)dp SKL iy, Tz)(‘x) max (log 71, log T;)

1) Ly()SKLp(B) for all a, B with |la—p|=2n/T.

Proof. The proofs are straightforward. Some of them may be found in Dahlhaus

(1983). To prove f) consider the cases |v| gll%ﬂ and |y| glv——z—ﬂl. To prove h) for

T, £T, consider the cases || <7, " and |¢|= 7, ! and apply f) and g).

Y 1\S
LTZ(M)S'FLTl(V)rLTz(—zl{) Jor Al |ul=n
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A.2 The High Resolution Property: Proof of Theorem 2.4
Let X, € #7. Then X, has a spectral density of the form (1) = A, (A1) h, (A1), (4) where
ho(1) =y, v(A) and

hi(/l)={1_1[ gij(/l_Aij)s”}(_l)i+1 (i=1,2).

j=1

We start by proving similar assertions as in Theorem 2.4 for A, and A, separately.
Let ry,ry,my,meN, TeN, AyelI"™, L, ell™, TR}, T,eR2. We define for
£elN,

Rl(/l’“’faml)le(iaa;/amlsrlailarl)
=Y [Z IalkLTij(,l—lU)"—k{ml:L/=3}|cx|3LT1j(/1—,llj)2}
j=1 Lk=¢

Rz(la o, fymZ):Rz()"’ x, /a m29r2512: IZ)

r2

k k
= Z . 12 |“|k2+k3LT2j,(l+“—12jz) 2LTZJ-Q(A_/IZB) ?
i2,j3=1 =1,..., m
Je08 k3=0,..., ;1ax(0,min(2¢"1,mz))
¢Sk +ka

(A.2) Lemma. We have for £=1,2,3 and i=1,2

hO+o) T RP() &
A& k() K

+ o) [Rl(/la o, /: 2si)] .

The O-term depends only on s,,s,, Cy and §,.
Proof. Let i=1. Then

glj(/l“‘“)_ g1;(4) i g1,(4)

1=a +O[lef Ly, ()]
g91;(4) 9,0 2 gy;(A) [ Ly, ,(A)°]
The relations
IT xj)—1= Y I (5=, (A.1)
j=1 Mc{,..., n} jeM
M%¢
(2.3) and (2.4) imply
9G4 @y @ (g ()"
(L)t - () 2 ()1
g1;(4) gljz(sj g1;(1) )
+0[ 3 Jof Ly, (A + {5y, =1} |a|3LT1j(,1)2]
k=3

Lemma A.1(f) now implies with (A.1) the result for /=3 and with (2.3) and (2.4)
also for £=1,2.
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The case i=2 is more difficult. Let &, =4, . We obtain as for i=1

hy(A+o0) hy(4) hy(A+a) o hy(A+o)

Ay (A) t=porn T 050 T2 hoTw

r2 2s2

+0[Z y |a|kLT2j(,1+a—/12j)k+{s2=1,f=3}|a|3LT2j(z+a-AZj)2].
j=1 k=3

hGta)  hG+a)

This implies the result for #=1. We now replace 7y Uit a) an 7y (it a)

depending on A. Below we will prove

(h; (ta) D)
hy(A+a)  hy(2)

by functions

): O[R,(4,2,2,25,)] (A.3)

which implies the result for /=2. Similarly, it can be shown

ny(A+o) hi(4)
<h3(/1+oc) 7 (/1)) O[R,(A,a,3,25,)] (A4)
and
h(A+a)y hy(d) (A (R(A)\?
(h Gta) h (i)) [h D (h3(1)> ]+O[R2(A,cx,3,2s2)]. (A.5)
Since hi’ hs and @= —ﬂ—l—2 ~é—) this implies the result for /=3.
hy h3 h,
We have
hs’(/1+a)_ha’(i):§ s .[gé,-(/Hot)_géj(l)]
hy(A+a)  hy(A) =1 2 gzj(/H'“) gzj(i) .
Since
(géj(/Hd)_gz'j(i)):a géj(iJer)—géj(i)Jra 92,(4) [ g2;(4) _1]
92;(A+a)  gy;(4) grj(A+a) 92;(A) | g2;(A+0)
=O[laP Ly, (A+oa—AyP +1af* Ly, (A= 2y ) Ly, ,(A+a— iy )
+|°‘|3LT21~(1‘le)Lsz(/l*‘“_izj)z] (A.6)

we obtain (A.3).
Proof of Theorem 2.4. (a) The result follows with Lemma A.2 and (A.1).
(b) Let x=|«| L, ,(4) and y= i x*, In (A.2) we have proved that
k=1 ,

2515

—1|SK Y *<Ky+ Ky

k=1

g1 ;(A+ o)
gq;(A)

This implies

A4, ;(A+a)
A4,;(4)

—-1,§2Ky.
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In the same way we get
A,;(4)
Ay ;(A+)
and we therefore obtain with Lemma A.1(f) and (A.1) the result. Since (b) implies

A(A—l—oc)
AD)

k=1

82 5 ! 825
_1l§21< Y, oLy, (2+ )

O[R(4,2,0,s,,5,)]

we also obtain (c).

A.3 Local Bandwith Selection and Proof of Lemma 3.4
(A 3) Lemma. Let W. R-[0,¢(c;>1) with W(B)=0 for |B|>c,,
j W(B)dp=1, and Wy(0)=NW (Nw). Then

~c3

(@) Wy(@) SN L () for all keN.
If in addition T'P Ly (A)*P SNZT with T, £ T, then
k 3 T1 (’1)6;
(b) I lof Loy, (A40)° Wy(a)da =K —-— log N
and
© 5 |alkLT1('1+“){LT(H+°‘)Z W(o)da
2. .
éKpN1 ~lpl+i/p L__lev(j) log N

for p>1 and all k, £ €N, with constants that are independent of N, T and A.

Proof. (a) is straightforward. To prove (b) we start with 7} SN. We obtain with
Lemma A.1(i)
c2/N

[ oLy, o) Wy@du= | | Ly, (i) Wy (da

—-n —c2/N

=KLy, (2 S jaf Wiy (o) dn < K =T T1W

If NST,<T we consider the three cases [A|=2¢,/T;, 2¢,/T1Z|AlS£2¢,/N and
|A|=2¢,/N separately. We omit details.
(c) We apply Holder’s inequality and obtain as an upper bound
2

n i/p p 1-1/p
K{J |oc|"PLT1(z+a)fPWN(a)da} {j Ly(u+0)" 1WN<a)da} .

The second terms is bounded by
KNL-Upi+ip

which implies with (b) the result.
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Proof of Lemma 3.4. We have
¢ o A=Ay +fy(/i)

(logf(/l))—Z( 1)+t j; 0= HD (A7)

and
. o & [a0=2) (a0—i)V HD (HOY
(log /() Z( DAY [u@ %) <gi,.(x—xu)”+fya) (ﬁ(»)

(2.2) to (2.4) and Lemma A.1(f) now imply (3.6).
Before proving (3.7) we make a preliminary consideration. If |4 — ;| = &, for all

i,j then (2.2) to (2.4) and Lemma A.1(e) imply (ﬂote that |r,], |r2|§5£>
0

CZ
I(log f(A)[=(s; +5,) 2 >+C3 (A.8)
and
) 2nCy
|(log f(A)'I= (51 +5,) —53—+2C3. (A9)
0
Let

nC§ 1
Ky =max | (s +52) —242G8, (s ‘H'z) +Co, oy
53 8C735,

and C,={64C§ K3} ~*. To prove (3.7) we now consider three cases. We start with
[A—A;| <6: _8C4
0=4, and therefore JA— Al >0 for (k,£) (i, f). Thus,

and 7;;28C; K, for some i,j. Since K,> we have

G, Irkuix L1, (A=A =C, Ly, (A— 4.
Furthermore, we have |
(log f(A))'=(=D" sy {y()+RP (1)}
(og f(A))' =(=1)" sy {x(D) —y (AP +RP (1)}
with x(2)=g{;(A— Ailg(A—=4yp), y(A)= gi;(x —4;)/g:;(A— 4;;). Analogously to

(A.8)and (A. 9) we obtain for the remainder terms |[RY) (1) < Ko, and [RP (D) £K,.
Flementary calculations give

and

|dog f(A))"|+(og f(A))?Zx () +2y (A RP (D) +RP AP +RP ().
(A.10
(2.2) to (2.5) imply )

Y (P £C3 Ly, (2—2)* S CSlx ()|

and, since 6=T}; ",

(264 CEKZ.
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This gives

2y (RO <A <2,

1.e. (A.10) is larger than

A
'xi Izc,Lr, G2

SCIK, and T;;<8CG K, we have

126, T22 C, Ly, (A Ay
which implies (3.7). If [A—A,|= 6 for all k, / we obtain

1
C, max LTM(}.—/Ik,,)Z =G, 5= 1
k¢

which again implies (3.7).

A.4 High Resolution Window Estimates

Proof of Theorem 3.6. Let i=1. (a) We have with K, («)={2nH, 7} ' |Hz()[*

EfOG) | no [M_ ]
co 1= T [P B K dedp

_ TSGR (+a+p)
__s l: 1) 1:| Wx(B) .f |: O+ P) 1JKT(a)d0tdﬂ (A.11)
fOA+a+p)

f(/1+ﬁ)

We obtain with Theorem 2.4(a)(# =1), Lemma 3.3 and Lemma A.1

? [f(,1+oc+ﬁ)
fO+B)

¥y 2s; n

éK Z Z j‘ T—(2k+1—-Zx)Llel(/l_’_ﬁ__AUl)kl

ji=1 ki=0 -n
i=1,2 kit+k2z1

- LTZh()\."‘ﬁ‘l‘a - izjz)kzLT(a)Zk-"Z_kl ‘klda

- I}KT(oc)dcx

SKT* 1 Y § ALy, Gt =) L, G4 Bro— o)

Jji —m
+LT(OC) [LTlh(}.’i'ﬁ - )“1]’1) +L1~2“(/1+B+0(—2212)]}d06
<KT* ogT Y {Lz,, (A+B—Ay;)+ Ly, A+ B~ Ay;)} (A.14)
Ji
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Using Lemma A.3 we therefore obtain as an upper bound for (A.12)
¢ IogZT Z {LT(A’—}'lj)-}-LT(i——j’Z‘]’)} .
Ji
Thus, the integrated square of (A.12) is with Lemma A.1(f) less than
KT 21og*T Y. [ {Ly(A—A )+ Ly (A—4y;)*} dA
Ji

SKT* llog* T=0(T~*").

With (A.14), Theorem 2.4(a) (¢ =1) and Lemma A.1(f) we obtain as an upper bound
of (A.11)

28

KT~ 1logTZ Z § BT =Ly, (=2 5)"

Lz, (At =25 ) {L,, (A+B— Ay )+ L, (A+B—2,)} Wa(B)dB.
Lemma A.3(b), the Cauchy-Schwarz inequality, and Lemma A.l(f) lead to the
upper bound

Lle, (A - j.ljl)kl Lszz (ﬂ, - lzjz)kz

Nk1 +ka—1

KT** '(log?2T) Y ¥

Ji k1tk222
From (3.7) we have

Ly, (A=At _ o Ly, =)
T,Nk i< g 2T Tk/SJ <K. (A.15)

Thus, the above expression is bounded by
KT** " *(log’T) Y, {L1,, (A—4y;,) +Lg, (A—223)}
Ji
Therefore, we obtain that the integrated square of (A.11) is o(7~*°). Theorem
2.4(a) (¢ =3) implies that (A.13) is equal to

1 ")

IN? () J W (a )doc—l—O[j R(A,2,3,25,2s,) WN(a)doc] (A.16)

The same arguments as before imply that the remainder is bounded by

Lo e Y5 Lo (d— A, YeolS
KIogTZ Y 1, (A—4;) 7, (A—43;) ‘

5 3 T(k1 +k2)/5
ji k1=0,...,

k2=0,..., 3

ki+k223

The integrand square of this expression is o (7"~ *"). Using Lemma 3.4 the first term
in (A.16) is bounded by

KT Y Ly (A=A
ij

whose integrated square is O(T ~*?). Since all constants depend only on s, 5,, &,
and C, part (a) is proved.
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(b) Let
Yo, y)=Hp(oy ~y) Hy(p, — o) Hr (o, =) He (s — ).

By using the product theorem for cumulants (Brillinger, 1981, Theor. 2.3.2) we

obtain

n (1) )

j* var (fT ( )
F(2)

>d1={2nH2,T}—2

. 15[ |:§ SGOSf ()
ae J(DS()

f (%)f (Vz)
W ATHYH)

f4(V1 s V20 ¥3)
W TaYie

“Hy(ay —y) Hp(—a; —7,)

" Hy(ap —y3) Hr(— oy +9, + 79, +y3)dydalda. (A17)

-7

| Wy =) Wy(A—a)yrr (o, y)dyda

Wiy(d—o) Wy(A+ )Y r (2, y)dyda

Wy(A—oy) Wy(A—a)

With (A.1) the first term is equal to

QrHy 1} [ Welmo) WyGea) e piydadi  (A8)
s
+{27tH2’T}~1 z j {H bj} Wy(A—a ) Wy(A—a) (o, ) dydod
MCc{l,..., 6} 5 (jeM
Mo (A.19)
where
o) f(@) At
A AL R . 1,
=T ey Tl BTy
_ A(yy) _ _'A(Vz)l_ _ A(y2) _
S e I VT bﬁ“lA(al)

Consider asummand of the above sum with M~ {1,2} & ¢, e.g. with 1 € M. We have
with Theorem 2.4(b)

A1)
<lA—($ _1>HT(“1—V1)/H21,/2T
=0[T—1/2+x z i: T*kLT(al_,yl)k-é—l—ki—kz
” kllikzzlgl

Loy — '"{11'1)161 Ly(y, — /12,‘2)162]
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and therefore with L {(A)=T
sup (1b5}, 1) [Hp (o _V1)|/H21/%"

§KT—1/2+K<Z T Ly(oay — A ;) Lr(p —Agj)+Ly(oy —‘V1)>-

N\Ji

Similarly, we obtain
sup (1byl, ) H(yy — )|/ H3 %
§KT‘”“"<; T Ly =24 3,) Ly (yy — Az )+ Lo (v, ~az))
sup (b5, D Hyp (o —y,)l/ H3 /7

§KT—1/2+K<Z T_ILT(OCZ-j'lji)LT('VZ_22j2)+LT(a2_y2)>

Ji
sup (lbgl, DI1H (v, — o51)]/H;§,IZT
KT (Z T! Lp(ey ‘A1j1)LT(')’2 _Azjz)‘*‘LT(Oﬁ -V2)>
Ji
which implies with Lemma A.1

6 ‘
Hy 7 {H Sup(lb,-l,l)}llﬁr(d,y)ldy

m (j=3

SKT7 2" log?T }’ (Lo —05)* 4 Loty — Ay, + Loy — 24,)*]
Ji

Therefore, the corresponding summand of (A.19) is bounded by

2si
KT4K—210g2TJ‘ [Z Z 'al_llkl-%kz

o3 |_j;
k1 +k2>1
’ LTm (A— }“1,'1)1{1 LTZJ-Z(OH - Aij)kz Wy(oy —4)
255
Y X ALy (A=A ) Ly, (o — Ay;) W(oy — A)
5 —
£1+£220

Y ALy (ot — o)+ Ly(oy — AP+ Lp(oy — /1115)2}:| doud )

Js

Lemma A.3(b) and (c) (p=10) now leads to the upper bound

2s; k
. Ly, (A=) Ly (A=A, )
KT* 210g T -T1+1p. J“Nl l/p{z Z n e 1j T3, W 2]2)
Ji ki= .

ky +k2>1

Z 225' LT1 (}' ;"113)4’ LTz ()]'ijﬂh)h}
Ji fi=
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By using (A.15) this expression is bounded by

KTy | L=y di=o(T™*5).

i,j —=n

Consider now a summand with M {1,2}=¢ and M {3,4,5,6}+ ¢, c.g. 3e¢ M.
We obtain in the same way

by Hp (0 *Vl)l/Hzl,/%“§KT_l/2+K <Z T~1LT(°‘1 —/11j1)LT(V1 “izh))
Ji

and therefore

6
Hzt% 1£2 165 {)I-la, sup (ij|:1)}|‘//T(°‘, Pldy

SKT 210’ T ), [Lr(t — o) Ly(oy — Ay )+ Loy —Ag ) Ly —445,)

Ji
+ Ly(o, — }-1,'1)LT(°‘2 - '121'2)] .

Integration over &, and o, in the corresponding summand in (A.19) gives with
[Wy()| KN, (3.6) and Lemma A.1 as an upper bound

KT* 21og*T | N?dASKT** 'log*T=0(T"*?).

Therefore, (A.19) is of order o(T ~*7®). (A.18) is equal to
Hz_,% _‘1 Wy(A—oy) I’VN(}““0‘2)|H§T)(°‘1—052)'26110“M
H3

=2TEH4,T/H22,T j Wy (A—a)*dodl+ R (A.20)
2
with
|RISKT*?log’T f Wy(A— o) |Wy(A—05) = Wy (A —a) |Lr (o, — o) dodd
Jit)
<KT**2log’T j N\Wy(A—oy—oy)— Wy(A— o )| Ly (o) dod..

)i E

Since W is of bounded variation we obtain

;EI WA=y — o)) = Wy(A—ay)ldoy SKNlowy,

i.e. the whole expression is bounded by KT** 2log® T | N*di=0(T ~*7).
(A.18) therefore is equal to

T N
(21r)<lim T}€4’T)§W(a)2doc [ = dit+o(T™%5).
T—-w HZ,T —-n T

By the same methods we obtain that the second summand of (A.17) is of order
o(T %), and, by using Theorem 2.4(c), that the third summand of (A.17) is also of
the same order. (c) is an immediate consequence of (a) amd (b).
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The proofs for i =2 and for SBIAS, SVAR, and SMSE are completely analogue
to the proof for i=1. For example in (A.11) to (A.13) we have sums over Fourier-
frequencies instead of the -integrals. We can make use of Lemma A.1(i) to replace
these sums by the corresponding integrals in the estimations.

A.5 Properties of AR(s)- and MA (s)-processes

The properties of nontapered estimates and of estimates with a global bandwith are
proved in Sect. 4 by considering AR (s)- and MA (s)-processes. We now derive some
properties for these processes. In the next section we study the function H () in the
nontapered case.

(Ad) Lemma. Let X, be the Gaussian AR (s)-process with s-times the characteristic
root pp=1—1/T, innovation variance 1 and spectral density f. Then

(@) X,eZ(T,0,5,3,,C,) if 0<5o<33‘- and Cy=20.

S(A+a)
Jf)

() If I.(A) is the periodogram with a data taper of degree (k, x) where k=s—1,

then
© (EL:(3) T T (fO+a)
f (er 1>d/1—j | (———f(i) 1>KT(a)docd,1

is bounded from below.

(b) —1=2n{2, }2*sin? (g) fG+a)+0 <Zsi1 IaleT(/l—l—oc)f)

ji=1

Proof. (a) follows from Theorem 2.3. To prove (b) we note that
1—pe a o €1
1___pei(/l+a)=1+Pe 1_pei(1+a) (A21)

since [1 —pre”’[? < KLy (y)* this implies (b). Assertion (c) is derived in the proof of
Theorem 7.1 of Dahlhaus (1988). Note, that Ef;— 6, considered in the cited

. T (EI.(A
theorem is up to a constant equal to | ( i )~1>dl.

S\ S
A.6 Elementary Properties in the Nontapered Case
Let r
= . exp(—iaT)—1 . T—1)\sin(Tz/2)
Ap(e): = i) = = iy o |
r(%) ,;0 exp (i) = Tim—1 P\ T 57 ) S
=Hp(o) if hr=1(=0,.,T-1) (A.22)

(A5) Lemma. Let h, ;=1 (t=0,...,T—1). Then
(@) Hy, ;=T for all keN,
b) A ()| £ KLy (o) witha K>0,
©) |4:(N=KT for all |o|<n/T witha K>0
@) If pr=1—1/T, then
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l_pTeia 1_e—i(y—oc)T

1—pre” Ap(y—o)=Ap(y—o)+pre?
T

1—pe”
=0[Ly(y—)+ Ly (] (A.23)
Proof. All proofs are straightforward. (d) follows with (A.21) and (A.22).

A.7 Global Bandwith Selection

For the proof of Theorem 4.1 we need the following lemma. It is the analogue result
to Lemma A.3, now for a global bandwith.

(A.6) Lemma. Let Wy, be defined as in Lemma A.3 and N < T. Then we have for all
keN, and /€N

155 o Ly (A+ o) Wy(e)du < K Lﬁf)/ {(%)f_l +log T} .

Proof. By considering the cases |A|<N ! and |4|> N "' we obtain the result with
Lemma A.3(a) and Lemma A.1(b), (f).

Proof of Theorem 4.1. (a.1) Let i=1 and s, =0. Similarly to (A.11)~(A.13) we have

EfPG) | T [f(m)_ ] . [f(ﬂ-+oc+ﬁ)
O R R T Rl RAGH Nl vowee

—n

-7

~1] Wy (B)dpda

i T fG+a+tp)
+ —jn Ky () _jn \: ta) 1 | Wy(B)dBda
¢ fG+a) ]
+ —1 | Kp(a)de. (A.24)
—jn [ f) o
Analogously to (A.14) we get
f(ll—i‘d) -1 KT(O()§KT2K'_1 Z LT('1+O(_)“2]'2)LT(OC) .
f) 72
28— 1
Thus, the A-integral over the third term is O [T%*~'log®> T]=o0 W} We obtain

with Theorem 2.4(a) (£=1,m; =0) and Lemma A.6

© [fQ+ath) T\t
s[——mﬂg) —1]Ww(ﬁ)dﬂ§K<ﬁ> :

-r

Therefore, the A-integral over the first term of (A.24) is
TZsz—Z_ T2s2~1
o [Tz“log2 T N =o< T ) :
The A-integral over the second term of (A.24) is equal to

© t[SGB)
] ![ O G RR A (A.25)

-1t —n
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We now consider the spectral density of the Gaussian AR (s,)-process with s, times
the characteristic root py=1—1/T and innovation variance 1. By using Lemma
A.4(b) and Lemma A.6 (A.25) is equal to

2n{2pr}™ jf(/l)di j mnsl(ﬁ) WN(ﬂ)dﬂ+0<;2::1>.

2s52—1

T
Since j f(AdA=cT?27? this is bounded form below by ¢ —5— e with some

constant ¢>0. The case i =2 is proved analogously. If 5, =0 we consider in the last
part of the proof a MA (s,)-process with s, times the characteristicroot py=1—-1/T
and obtain the same result as before. (a.2) is an immediate consequence of (a.1)
(Cauchy-Schwarz inequality). Furthermore, we know for a process with fixed

spectral density (independent of T) that IVAR(ff)=c E- This implies

T4sz 2 N
sup IMSE(f‘”)>cmax< Nm T =T~ Y@sT,
(b) can be checked by a straightforward modification of the proof of Theo-
rem 3.6 by using Lemma A.6 instead of Lemma A.3(b). We omit details.

A.8 The Leakage and the Trough Effect: Proof of Theorem 4.3

Proof of Theorem 4.3. Let i=1 and (s; =1, 5,>0). Then k<s,. Let X, be the
Gaussian AR (s)-process with s=k+1 times the characteristic root pp,=1—1/T.
Theorem 2.3 implies X, e Z (T, s, S5, 6y, Cy). We now prove that the A-integrals over
(A.11) and (A.13) tend to zero while the A-integral over (A.12) is bounded from
below. We get with Theorem 2.4(a) (/=1), Lemma 3.3 and Lemma A.1

= <f(/1+oc+ﬂ)
JO+B)

—1>KT(a)da

<KT 2s+2k+1 Z j‘ LT(l+cx+,B)’LT(oc)zs ]da

] -

<KT**logT.

Furthermore, we obtain with Lemma A.3 or Lemma A.6

¢ |G+
IL fA)

which implies that the A-integrals over (A.11) and (A.13) tend to zero. The A-integral

over (A.12) is equal to
i 7 [f(““)q]KT(a)dadz

—1

Wy (B)dpdr< KT ™'

S

which is bounded from below by Lemma A.4(c). This prove (a) for (s; £1, 5, > 0).

If (s,>0,s,=<1) we use instead the representation (A.24) and consider an
MA (s)-process with s=k+1 times the characteristic root py=1—1/T. Similarly,
we obtain

-—nT R
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2s
<K Y NLp(A+ay

j=1

} (f(/H—oH—B)
SA+o)

and therefore for the A-integral over the first term in (A.24) as an upper bound

—1> Wi (B)dp

2s T i
KT?x—2s+1 Z j f N‘jLT(l)kLT(oc)zs_kLT(l—l-Of)jd(xd)»
k=1 —m —-=m
We obtain as an upper bound with Lemma A.1(f), (g)

k4 2s 2s-1
KT?x-2s*t j Y Y NULi(AYLp(A+oy +Ly(A)F* Ly(a)**~*)dadl
- —n j=1 k=1
If Nislocali.e. Nz ¢ L.(A)*” from (3.7), this is with Lemma A.1(b) bounded by
KT?<~%5 If Nis global this is bounded by KT?**2s~1/N?5 Thus, the A-integral over
the first term of (A.24) tends to zero.
The A-integral over the second term is equal to

i fGA+p)
f j < S

The Z-integral over the third term is equal to

0 S ™ £ +a)
I 5((“) )KT( dodi= | _j <W~1)KT(oc)dad/1

which is bounded from below by Lemma A .4(c) (since f ~* () is the spectral density
of an AR(s)-process with root pp=1—1/T). This proves (a) for (s; >0,s,=1).

(b) and (c) are immediate consequences. The case i =2 and the results for SBIAS
and SMSE are proved analogously.

1) Wy (B)dBdi=0(1).

-fnT —Tn

Proof of Corollary 4.4. Suppose e.g. s, =0. Since the nontapered case &, ;=11isa
data taper of degree (0,0) we obtain the assertion from the relation

%(T,sl,sz,éo, CO)D%‘(Trslaoa 50’ CO)

A.9 The Variance Effect: Proof of Theorem 4.5

Proof of Theorem 4.5. Let 5,>0 and X, e &, be the Gaussian AR (1)-process with
the characteristic root pr=1—1/T and innovation variance 1. Again we have
relation (A.17) with f,(y)=0. The Cauchy-Schwarz inequality, Theorem 2.4(a)
(¢=0), Lemma A.S and Lemma A.1{e) imply

_2 FoD ()
Mt | e i)

2 . 12
_7 ] {f A |HT<vi—a,~)|2dv,}

l//T(O(e V) d’))

i,j=1 (I f(ij)
2 2 1/2
SKT™? 11 {j Z LT()’i)kLT(Vi‘aj)z_kdyi}
i,j=1 LI k=0
<K.
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Furthermore, we obtain with Theorem 2.4(a)(/=1), and Lemma A.3 or
Lemma A.6

J (ﬁ%@_& Wy —a) Wy G oy)doq deydi= o (1).

Thus, we get with (A.17)

n £)
i var<f}(%)>da={zm—2 1 W) Wili=s)
SO0 ()
+ Wy(A+a,)] m Yo, y)dydadi+o(1)

which, by applying (A.1) and Lemma A.5(d), is equal to

T .f Wy(A—a)) [Wy(A—ay)+ WN(’1+“2)]P‘;*f(V1)f(?2)

s
‘N1 _e—i(«xl—m)T] [1 — e ilyi—a2) T] [1 _e~i(az—vz)T] [1 —e_i(“_“”T]dydocdl

+0 [T—Z j Wy (h—o) Wy(A—ap) Ly(oyy — V1)LT(V1)LT(72)2d?d°‘d/1:|

HS
+similar terms +o(1). (A.26)
The O-term is bounded by

KT '1og T | NWy(A—a)Ly(oy)dadi=0(1).
3

The same holds for all other ‘similar terms’. We have

Jul

7 . _Pr
_jﬂ f(y) exp (o) dov= T2

T

T

Let wy(u)= | Wy()exp (iou)do. Extensive but straighforward calculations show

that (A.26) i_snequal to

[ 825 T2 (1 —p2) 2 {(wy(0) — W (T) pEcos ATY + (pEwy (0)

-T

—wy(T)cos AT)*}dA

. 2 1
Since (1—p%) =575
expression is bounded from below, and Theorem 4.5 is proved. If s, =0 and s; >0 we
consider instead the Gaussian MA (1)-process with characteristicroot py=1-—1/T.
The result then follows analogously.

wy(0)=1, wy(T) S wy(0), and p7=(1-1/T)"—e™" this
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A.10 Segment Estimates: Proof of Theorem 5.1

Proof. Following the proof of Theorem 2.2 in Dahlhaus (1985) we get for a
Gaussian process

T PN, | ¢ SOOSG2) 2
_jn var ( 10 )dj-”‘{anHz,N} Ug wf(l)f(l) [Hy(A—y)l
C|Hy(A—7)P |40 (Ly, —Lyz)lz dy dy,di

e S (V1)
n fO)

HN(i yl)HN(i—!-’yl)e_lLVl(S t)d'))

d/l] .
(A.27)
Both summands are positive. We prove the lower bound for the first summand. Let

X eZr be the Gaussian AR (1)-process with characteristic root pr=1—1/T and
innovation variance 1. Let

8,

N-1
HY@= 3, {hsi,y—h nexp(—iat) with hyy=h_; y=0.

t=—1
Summation by parts yields
Hy(o)={exp(io)—1} T HY (). (A.28)

With Lemma 3.3, (A.1) and Lemma A.4(b) therefore the first summand of (A.27) is
equal to

{27ZMH2,N}-2 |: f IHN(A—%)‘Z‘HN(A—Vz)Iz |Ape(Ly; —LVZ)Pd}’d/1
3

+4752P2T 1?‘3 SO () IHJI\?(;» - 71)|2 IHJI\?(/1 - 7’2)'2 |Ap(Ly — LV2)|2d7d/1}

2

+0|:N4K_4k_2 z j LT(%)MLNQ—%)ZHZ_MLT(Vz)kz
ki k2=0 I3
15ki+ka 53

’ LN(/I'VZ)ZHZ—kZdV] (A.29)

By using Lemma A.1 we get as an upper bound for the 0-term
KN**"2Tlog Tlog N

2 2
which is o ]]\;_ in the tapered and o W in the nontapered case. By using the
definition of Hy and 4,, we obtain that the first term of (A.29) is larger than
N

N 1 N
CW>CH if LEN and larger than C — >C~7—, if L>N. Since |y,|£QT)!

implies [Ly; — Ly,| §M (both, for L< N and L > N) we obtain with Lemma A.5(c)
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and (2.6) as an lower bound for the second term of (A.29)

2
CT*H; % | { | IHIf,’(/l——y)lzdy} di.. (A.30)

I {plsen-!t

Suppose now that no data taper is applied. Then
HE(0)=exp (in) —exp (—ic(N—1)).
Therefore, we obtain with k=0
{IHY (A—)F —IHY(DP}/ Hy y S KNy (A.31)
and (A.30) is larger than

CT*H, 3 | IHﬁ(/l)I“d/HO[T“H{,}v I {HYG-nP
n

I Inlsen-!

+HIHFAPY Nz"leldvdl]

lr2ls@T)!
T? T 1
=C — —|z2C—==C A32
—CN2+0<N>" 2 (A.32)

If a taper is applied we again obtain (A.31) and (A.32). (A.28), Lemma 3.3, and
H, v~ N imply

|HR @)/ Hy y S KN #7125 Ly () SK 7327 Ly (o). (A.33)
Therefore, by using Lemma A.1 the O-term is bounded by
KTN 2% =o(T?N 37%%).
The Hoélder inequality implies

N-1
2n Y b n—hon =] [HY(W)Pd2
t=-1 I

SKN-1tx { f ]Hﬁ(/l)|4d/1}1/4 { | Ly(A)*? dﬂ}m
i n

< KN ¥x
Straighforward calculations give (cp. Def. 2.3)
N-1

2n L N
2w Z {ht+1,N_htN}2=_njlh,(x)zdx—}_o 2
t=—1 ' N % N

2K

]; CN1
and therefore as a lower bound for (A.32) and for the second term of (A.29)
CT?N~37%  with some constant C>0.

Together with the lower bound C% for the first term of (A.29) this leads to a

convergence rate of at most T~ 1 T4x)/@+dwn)
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The proof for the Kolmogorov-Zhurbenko taper is the same as for a taper of
degree (k, k). In particular we also have (A.31) and (A.33). We omit details.

If 5, =0 we consider instead a Gaussian MA (1)-process with characteristic root
pr=1—1/T. This leads to the same result. We omit the proof of this case.
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