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Summary. We study a quantum random walk on & (SU(n)), the von Neumann
algebra of SU(n), obtained by tensoring the basic representation of SU (). Two
classical Markov chains are derived from this quantum random walk, by restric-
tion to commutative subalgebras of .o/ (SU(n)), and the main result of the paper
states that these two Markov chains are related by means of Doob’s h-processes.

0. Introduction

In [3], [4], we have studied a quantum generalization of the Bernoulli random
walk on Z. This quantum Bernoulli random walk can be interpreted as a quan-
tum Markov chain (in the sense of Accardi et al. [1]) on the dual of the compact
group SU (2), which is to be understood as the “non-commutative space” whose
algebra of bounded functions is the group von Neumann algebra of SU(2).
Natural generalizations of this quantum stochastic process are obtained when
one replaces SU(2) by other compact topological groups (see Biane [3], [4];
Parthasarathy [8]). We would like to study probabilistic properties of these
quantum stochastic processes, like recurrence, transience, or asymptotic behav-
iour, but for such problems it is easier to deal with classical (commutative)
Markov chains, so it is natural to look for classical Markov chains which can
be “imbedded” into these quantum Markov chains.

In [3] it was shown that two interesting classical processes could be obtained
from a quantum random walk on the dual of a compact group, by restriction
to suitable commutative subalgebras of the group von Neumann algebra. In
particular, in the SU(2) case, it was proved in [3], [8], [10] that the restriction
to a one-dimensional subgroup algebra is a Bernoulli random walk on Z, while
the restriction to the center is a Markov chain on N obtained from the Bernoulli
random walk by conditioning it to “reach oo before 0” in the sense of Doob’s
h-processes. The purpose of this paper is to prove that a similar result holds
for SU(n). More precisely, we will construct a quantum Markov chain on the
group von Neumann algebra of SU (n) and interpret the restriction of this quan-
tum Markov chain to the algebra of a maximal torus of SU(n) as a random
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walk on the lattice of integral forms of SU(n) with respect to this maximal
torus. Then, we will see that the restriction of the quantum Markov chain
to the center of the von Neumann algebra will be a Markov chain on the
same lattice, obtained from the preceding by conditioning it (in Doob’s sense)
to exit a Weyl chamber by a Martin boundary point at co.

This paper is organized as follows:

In the first section, we recall the construction of a quantum random walk
on the dual of a compact group, introduced in [3]. In Sect. 2 we recall some
useful facts about the Cartan-Weyl theory of root systems and representations
of compact Lie groups with a view on the SU(n) case. In Sect. 3 we introduce
the (classical) Markov chains associated to a maximal torus algebra and to
the center of the group algebra, and interpret them as Markov chains on the
lattice of integral forms of SU(n) with respect to the maximal torus. In Sect. 4,
we state the main result of this paper, that the process on the center can be
recovered from the process on the maximal torus by means of a Doob condition-
ning. The Doob conditioning is then related to the Martin boundary in Sect. 5.

I would like to thank Martine Babillot for useful conversations about Sect. 5.

1. Construction of a quantum Markov chain on the dual of a compact group

We recall here the construction of [3].

Let G be a compact group, and % be its group von Neumann algebra.
This is the von Neuman algebra of operators on I*(G) generated by the left
translation operators A,: A, (f(h)=/(g~ ' h), geG (see Dixmier [6]). Let ¢ be
an irreducible representation of G, of dimension d, and A" = M, ().

Let v and p be normal states on 4 and A

Let #' =494 Q... 4R ..., the tensor product being taken with respect
to the product state 0 =p® ... X PR ... on /' V... AN ® ....

The formula 7(,)=4, ® ¢(g) extends to a unique morphism of W* algebras
from % to 4® 4.

We define T: #'—# by: T=t®s where s: A1l 412-«l ig the right
shift.

We can construct morphisms j,: ¥—% by putting j,=T*oi where i: 4>
is the canonical injection.

For geG, one has: i (4)=4,00(2)®...0QRI®...QI®... with k ¢(g)
factors. Let Q be the completely positive map defined by:

Q=IRp)e1: %%,
Then one has, for any ¢q, ¢, ..., $,€%:

1.1 vy@oljo(b)ii(P1)--JuP)]=v(¢e QP:1(Q... Q- 1(Qy)...))

this shows that under the state v ® w, the morphisms (j,) form a quantum Mar-
kov chain with generator Q and initial law v, in the sense of Accardi et al.

[1].
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In the rest of this paper, we will use this construction with G=SU(n), and
¢ the n-dimensional basic representation of SU(n). Furthermore we will take
p to be the tracial state p(X)=n"" tr (X).

2. Some facts about compact Lie groups

This section contains some classical facts about compact Lie groups and their
representations, specialized to the case of SU(n), which can be found, for example
in Brécker, tom Dieck [5].

Let T=SU(n) be the subgroup of diagonal matrices. This is a maximal
torus in SU(n), of dimension n—1. The Lie algebra LT of T is composed of
purely imaginary diagonal matrices of zero trace.

Let P < (LT)* be the lattice of integral forms.

P is an n—1 dimensional lattice generated by the element of (LT)*
ey, e,, ..., e, where

u, O 1
“lo u )2

These elements satisfy the relation: e; +... +e,=0.
LT and its dual (LT)* are endowed with the (27)~ 2 x Killing form, so that
1
e, ej> :51'1"“;-

The roots of SU(n) with respect to T are ¢;—e;, 1 Si<n, 1Zj<n, i+

The Weyl group of SU(n), W is generated by the reflections with respect
to the roots. It is isomorphic to the group of permutations of {e,, ..., e,}, the
reflection with respect to ¢;—e; acting by transposition of ¢; and ¢;.

For such a reflection of the Weyl group, the hyperplane H; ; generated by
the e, with k=1, j is fixed. The complement in (LT)* of the union of these hyper-
planes is composed of n! connected components which are permuted by the
Weyl group, and which are called the Weyl chambers; the hyperplanes bounding
a chamber are the walls of this chamber.

We shall choose the lexicographic order on (LT)* with respect to the base
ey, ..., €,_1, so that the set of positive roots will be ¢;—e;, 1 Si<j<n.

Let C, be the Weyl chamber containing the root ¢, —e,,, and C its closure.
LetP,,=P~nC, and P, =PnC, then

CUP,  ={mie+...+m, (e, ,meN, m>m,>...>m,_ >0} while

P, ={me+...4m,_je,.,meN,m=2m,>...2m,_, 20}.

We know from the Cartan-Weyl theory, that the equivalence class of an irreduc-
ible representation of SU(n) is determined by its highest weight which is an
element of P, . In particular the basic n-dimensional representation of SU(n)
has weights e, ..., e, and highest weight ¢,.

Let ¢ be the half sum of positive roots then ¢ =(rn—1) e, +(n—2)e,... +e,_,.
The following two lemmas will be useful in Sect. 5:
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Lemma 2.1 P, , =P, +¢.
Proof. This follows from (2.1).

Lemma 2.2 i) If xeP, ., then x+e;eP, for eachj=1, ... n.
i) If xeP, | and x+e;eP, \P, , thenjz2 and x+e;cH; ;_,.

Proof. 1) If j=1, ..., n—1 this is clear from (2.1).
If j=n, recall that e,= —(e; + ... +¢,_) and use again (2.1).
i) by 1) x=mye;+...+m,_ e, withm, >m,>...>m,_,>0
if j=2,...,n—1 then, since x+e;eP,\P, . one has m;+1=m;_, thus x
+e;eH;
if j=n, m,_, must be one, and thus x+e,eH, ,_;.

If xeP one can define a function e(x) on T by the formula: e(x)(exp X)
=exp (2inx(X)) for XeLT. The map x — e(x) is a group isomorphism between
P and the character group of T.

Let ¥ be the irreducible representation of G of highest weight xeP,., the
restriction of its character y, to T is given by Weyl’s formula:

Y detwe(w(x+¢))
22 WS detw et @)
One has: -
2.3) %, detwe(wg)= [T () ~e(~)

where the product is taken over the positive roots.
In the sequel we shall use the notation ) detw e(w(¢))(0)=_{(0).

weW
We denote by x the normalized character of the basic representation of
SU(n). For any 0€eT:

(2.4) K(@):%(e(el)+...+e(en)) (6).  One has, for geG, Q(4,)=x(g) 4,.

3. Two classical Markov chains

In this section, we will consider classical Markov chains obtained by restricting
the morphisms j, to commutative subalgebras of 4.

Let 7 be the commutative subalgebra of & generated by {4y, 8T}.

By decomposing the Haar measure of G, we find an isomorphism I*(G)
~I?(T)® I?(T\G) such that g acts by I on the second factor. It follows that
J is isomorphic to the group von Neumann algebra of T, which is itself
isomorphic to the algebra of bounded functions on the dual group of T. Using
this and the isomorphism between P and T, we have:

Lemma 3.1 There is an isomorphism of W*-algebras &: 9 — L™ (P) such that £(4)
is the function (x — e(x)(0)).
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In this isomorphism, the element of 7 defined by {e(y)(f) 4, d@ corresponds
to the indicator function of y.

Using this isomorphism we identify 7~ with L* (P). This allows us to identify
the law of the restriction of () to 7 :

Theorem 3.1 The restriction of (j,) to F defines a random walk on P such that
the increments have law n™ ' (8,,+ ... +8,,).

Proof. Let .4 = M ,(C) be the algebra of diagonal matrices. Then, the morphism
7 of Sect. 1 sends 4 into 9 ®.#, and by recurrence, each j, sends 4 into
the subalgebra 7 ® A/ Q ... AR ...of #.Since T QM ... R ... 1is a commu-
tative algebra, and Q sends J into 7, we see that the j, define a commutative
process on .7, which is, by formula (1.1} a Markov chain with generator Q.

For ©€T, one has Q()v9)=/19%tr (¢(@). Using the identification of Lem-

1z . . .
ma 3.1, we see that Q(e(-)(@))=; Y e(*+e)(0). Since linear combinations of
j=1

the functions e(-)(#) are dense in L (P), we see that for any feL*(P), Q(f())
j=n
=% > f(-+e;), and this proves Theorem 3.1.
ji=1
We denote by p,{x, y) for keN, x, yeP_ ., the transition probabilities of
the random walk of Theorem 3.1.

Lemma 3.2 If we W, keN, p,(w(x), w(y)) = pi(x, y)-

Proof. By Theorem 3.1, the law of the increments of the random walk is invariant
by the Weyl group, and the lemma follows.

Proposition 3.1 p,(x, y)= j e(x)(0) e(y) (@) x () 6.

T

Proof. Denoting the indicator function of xeP by 1,, one has:

Qk(ly) 1x=pk(x7 y) lx: or
Q“([e(3)(6) 4y dB)oe(x)=pi(x,¥) e(x) (o is the product in %), but
Q*(Ag)=1*() 49 so that | e(x)(0) e(y)(0) *(8) de(x)

T

=p;(x, y) e(x) which proves the formula.

Let Z (%) be the center of 4.
For each irreducible representation i of SU(n) with character y, and dimen-
sion dy, [[,=d, § x,(g) A, dg is an element of Z (%), and these elements are
G

the minimal projections of this center (cf. Dixmier [6]). In the sequel, we shall
identify an equivalence class of irreducible representations of SU(n) with the
element yeP, ., such that y—¢ is the highest weight of the representation,
and we will denote by y, and d,, respectively its character and its dimension.
With this identification, we see that # (%) is isomorphic as a W*-algebra to
=P, ).

Theorem 3.2 The restriction of (j,) to Z (%) is a Markov chain with generator
Q[fz(y)-
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Proof. It is enough to prove two things:
i) for any ¢, ¢, Z (%), and k, [eN, j,.(¢o) and j;(¢,) commute
ii) for any ¢, (%), Q(do)e Z (%) because then we can conclude with formula
(2.1).
1) Suppose that k<L then

jk(¢o)j1(¢1) = Tk(i(qbo)) Tk(Tlik(i((f’l)))
=T*(i(¢o) T' " (i(¢1)))
=THT"*3i(¢,) i(¢,) because i(d,) is in the center of ¥’
=T'(i($1) T*(i(do) =ji(¢ 1) ji(do)

i) QUT,)=Q, | x,(®) A, dg)=4d, [ x,(g) x(g) 2, dg. Since y, and x are cen-

G ¢
tral functions on G, their product is also central, so that | m k(g) A, dge Z (%)
G

and Q(I1,)e Z (%). Since I1,, generate Z (%), the result follows.
We denote by g,(x, y) for kelN, x, yeP, , the transition probabilities of
the Markov chain of Theorem 3.2.

Proposition 3.2. ¢, (x, y)= f (g) 1,(g) *(g) dg
X G

Proof. One has, for x, yeP, .:
Q (I1,)=d, | 1,(g)x*(8) 4, dg.
G

The central function 7, k* decomposes into a linear combination Y o, ¥, where,
because of the orthogonality relations of the characters, z

2= | 1,(g) " (8) x:(g) dg.
G
Thus, we have: Q“(I1,)=)_ g,(x, y) I, with

4i(x, ¥) d—y | 2:(8) 2,(2) *(g) dg.

4. A relation between the two Markov chains

In the preceding section, we have derived from the quantum Markov chain
(j,) two classical Markov chains on P and P, . respectively. We give now the
main result of this paper (Theorem 4.1) which gives a relation between these
two processes in terms of h-processes. Let us call X and Y Markov chains
with transition probabilities as in Propositions 3.1 and 3.2.

We start by killing the process X at the boundary of the Weyl chamber
C . . We obtain a Markov chain on P, , whose generator is given by the submar-
kovian kernel p,(x, y) on P, , (of course this kernel can be made markovian
by adjoining a cemetary point J in the usual way).
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We call pg(x, y) the transition probabilities of this Markov chain.

Lemma 4.1 For each ke N¥, x, yeP, ,

pR(x, y)= 3. det(w) p,(x, w(y) = Z 2 det (vw) p(v(x), w(»)).
cW weW

weW

Proof. This can be proved by counting the paths of k steps from x to y which
do not cross the boundary, with the help of the reflection principle for random
walks (see Feller [7], Vol. 1), but we give here a direct proof of the result by
induction.

First remark that the second equality is a consequence of Lemma 3.2.

By Lemma 2.2 we see that p,(x, y)=0 if xeP,, and y¢P,, so that in the
sum Y det(w)p,(x, w(y)) the only term which contributes is w=1d, and the

weW
equality py(x, y)= Y, det (w) p;(x, w(y)) is true for k=1.
weW'
Using Chapman-Kolmogorov equation we get

PRe1(6 )= Y pax2)pi(z )= Y Y det(w)pi(x, w(z)) ps (2 v)

zePy 4 zePLy weW
= 2 2 detW) pi(x, w(z)) Y det(v) py(z, v(y))
= 2 ) detW)p(wix), z) ) det(v) py(z v(y))-
zeP., weW veW

By Lemma 3.2 again, one has for any ue W
det (w) py.(w(x), z) det (v) py (z, v(y))

=det (wu) p(uw(x), u(z)) det (vu) p, (u(2), uv(y))
so that

pR+1(%, y)—W Y Y X X det(wu) pluw(x), u(2) det (vu) p, (u(z), uv(y))

Py weW ueW veW

Z 2 2 X det(w) pp(w(x), u(2)) det (v) ps (u(z), v(v)

ePry weW ueW veW N

%\

Z Y Y Y det(w) pe(w(x), 2) det (u) py (2, v(¥)

eW zeu(Pi41) weW veW

%}

if zeP\ |J u(P. ) then z belongs to one of the H ;; so that it is fixed by a

ueW
reflection v, of W, consequently,

2 det () py(z, v()= X det () py(v(2), y)= . det(v) p1(vvo(2), y)

veW veW veW

2. det (uvo) py (v(z), )= — 3 det (v) 1 (v(z), »)=0

veW veW
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We see that

Pi+1(X, J/)—W Z 2 z det (w) pe(w(x), z) det (v) p, (z, v(y))

weW veW

1
:ITV—] Y, Y det(wv) pyi s (W(x), v(y)

weW veW
by Chapman-Kolmogorov equation for p. Lemma 4.1 follows by induction.

Lemma 4.2 pp(x, y)= f 1x(0) e () (8) x*(6) L(6) dO

|W| { 1:(0) 1O k(61 (6) d6.

Proof. Applying Proposition 3.1 and Lemma 4.1, we obtain

pR(x, y)—mf Y Y det(vw)e(v(x)(B) c(w(x) (©) x*(6) dO

T veW weW

4l I Y, det(®) e(@()(0)( Y, det(w)e(w(y)(©) x*(6) do

T veW weW

%

|W| [ 1:060) 2,0 1(0)|£(0)]*d0 by Weyl’s formula (2.2).

We can now state the main result of this section:
Theorem 4.1 1) x — d,. is a p°>-harmonic function on P, ..
1) g(x, y)=j—)yC pi(x, y), so that Y is the h-process of X killed at the boundary
of C. ., with respect to the harmonic function d.
Proof. Since Q(4,)=24,, ¢, is a Markovian kernel, so that it is enough to prove

. d —
formula ii). By Lemma 3.2, g,(x, y):d—y j %(8) 1,(g) k*(g) dg, where x,, x,, and
x G

k are central functions, so that, by Weyl’s integral formula (see [5]), one has
1 — Lo
Il 2:(0) 1, (0) <5 (B) 1 (O)|” d6 which is pg(x, y), by Lemma 4.2.
T
We will see in Sect. 5 that the harmonic function d corresponds to a Martin
boundary point of P, . The next proposition states that this Martin boundary
point is minimal.

qi(x, ¥)=

Proposition 4.1 The function d is a minimal p°-harmonic function.

Proof. Let neN and s be a permutation of {1, ...,n}, s acts on the algebra
N RN ® ... ®AN... by the formula:

(PR Q.. Qx%,QI®..0I®.)=d@x,1)® ... Xy IR ... I ....

By an easy adaptation of the proof of Hewitt and Savage’s 0 or 1 law (see
Feller [17), it is possible to prove that any self-adjoint projection invariant
by all the s has expectation under p® ... ®p... O or L.
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Because of Theorem 1i), Proposition 4.1 is equivalent to the fact that
bounded g-harmonic functions are constant. By Revuz [9] Chap. 7, this is equiv-
alent to the fact that the algebra of invariant events of the Markov chain Y
is reduced to sets of probability 0 or 1. Using the construction of Sect. 1, we
see that this follows from the 0 or 1 law above, since indicator functions of
invariant events for Y are permutation invariant self-adjoint projections.

5. Asymptotics of the potential kernel

The purpose of this section is to provide an asymptotic analysis of the potential
kernel of the killed process, in order to identify the p°-harmonic function d
as the Martin function corresponding to the Martin boundary point of C, .
obtained by taking limits inside cones with compact base included in C, .

Let g°(x, ) be the potential kernel Y pp(x, y).

keN

20)
—e® "

Proof. This follows from Lemma 4.2 and the definition of g°.

Lemma 5.1 g°(x, y)= fxx(e)e )(0)

In the following we use the expression above for g°(x, y) to find its asymptot-
ics. This amounts to the study of a singular integral, and we do it by a method
inspired from Babillot [2].

Let # be a ¥ function on T which is 1 in a neighbourhood of I,.

Lemma 5.2 | x,(0)e(y)(0) d0=0(y|™") for any NeN.

Proof. By (2.4), we have |x(0)|<1 for 6=1,, so that y,(6) (1—»(6)) 15(29) is
a ¢* function on T. Lemma 5.2 follows by well known properties of Fourier
series.

We will identify functions on T with functions on (LT)* periodic with respect

{0
—x(0)

to P, and write the integral f 1@ e() (0)
mental domain of (LT)*. Thus

d0 as an integral on a funda-

a0 Cioew L)
OO = g 0= [ e 2

where 4 is a fundamental domain in (LT)*.

. 1z . .
Lemma 5.3 i) 1 ——K(u)zi Y <Le;, up*+O0(jul’) in the neighbourhood of 0.

i=1

1=n

ii) ) <es, up?=[ul’
i=1

Prodf. i) follows from (2.4).
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ii) the quadratic form on (LT)*u-»; > {e;, uy? is invariant by the Weyl
=1
group, and so its eigenspaces are also invariant. Since the Weyl group acts
irreducibly on (LT)*, this quadratic form is a multiple of {-,->. Since
i=n 1
Y <e, e P =1 ~;=<e1, e,>, we have the result.
i=1

Let C be a cone included in C, , u {0}, with compact base, then there exists
a constant &(C)>0 such that {y, «> =¢(C)|y| for all yeC, and all positive root
o. In what follows, we fix such a cone and let y go to co inside this cone.

We will use the notation ¢, to denote a constant whose exact value can
be computed and depends only on n. In the following each such constant is
designated by the same ¢, although its value changes from place to place. The
rest of this section is devoted to the proof of the following proposition:

Proposition 5.1 For any € function n with compact support on (LT)*, one has:

|y 3 — i {(u) _
yhﬁngc s (Lg)* ¢ # (1) [ du=c, n(0).
ye a>0

Combining this proposition with Lemmas 5.1 and 5.2, and using y,.(0)=d, we
see that

[T<we (. )
2°(x, y)NC"aT;T%dx so that ;go(q; };) —d, when y— oo inside the cone C.

This proves that d is the harmonic function corresponding to the Martin bound-
ary point of P, | obtained by taking limit at oo inside any cone with compact
base in C, . . It is plausible that Proposition 5.1 is still true if y is not restricted
to stay in a cone, and so that there exists only one Martin boundary point
at infinity for the kernel p°, but we have not been able to obtain sufficiently
precise estimates on the potential kernel g° to prove this.

We now proceed with the proof of Proposition 5.1. We will begin by compar-

ing
- E( ) > -1 (
iy, up d h iy, u>
(LTj)* e (u) o u  wit (LTj)* € n(u) —— e

) 4
)

where r(u)=1 |u|*.
The difference of these two expressions is

—idy, uy Z:(u) (r(u)— 1+ K(u))
. T S

In order to evaluate 5.1, we remark that the function

(@) r(w—1+xw)

(1 —x(u) r(u) is €= in (LT)*\{0}. Furthermore:

1(u)
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Lemma 5.4 Let D(k)——a— 0 _8_ be a differential operator of order k on

Ouy, u;,
(LT)*, one has the followmg bounds in the neighbourhood of 0:
ap—1)
) DY@ =0(ul T )
1
b om(— L)oo
) ) O(lul™*77%)

iii) D<k>(%)=0(|u|—2-k)

iv) D(k)(}"(u)—l-i-;c(u)) 0(11"{3 5 n(n—1)
V) (k)( (u )C(u)(r(u) 1+K(u))) (| ul 2 —k—1>.
(1 =) ru

Proof. i) follows from formula (2.3) and iv) from Lemma 5.3.
i), ifi) and v) can be proved using Leibnitz rule as in Babillot [2] Proposition
(2.31).

We can conclude from Babillot [2], Corollaire 2.18, that (5.1) is
n(n—l)_n
oGul 2 "atco.

We now study the expression: | e ' p(u)=— Slu )
(LT)* ( )
Lemma 5.5 For n>4
[ e pu) == £) . A det(w)——l—dz
(LTY* ( Rr—-1 weW |Z—y—W(¢)|n_3
forn=3
J oot 0 ducs [ (@) Y dot (w)logz—y—w(#)] dz.
(LT)* ]R weW

Proof. This follows from Plancherel formula, and the fact that the Fourier trans-

form (in the distribution sense) of —?, is % if n=24, and ¢, log|z|, if n=3.

|u |z
In the following we consider the case n=>4, but the case n=3 can be treated
in the same way.

Lemma 5.6 1) For any u in (LT)*:

Y det (W) <w(@), ud'=0 if I<in(n—1)

weW

ii) for any polynomial function P on (LT)* of degree{(n(n—1), one has
2. det(w) P(w(@))=

weW
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Proof. i) Expand relation (2.3) near 0.
ii) follows from i) by polarization.

1
We now use Lemma 5.6 to obtain an asymptotic of detiw)—— .
ymptoticof 3, 4t @
Lemma 5.7. Let NeN be >n(n—1), then
<o v _
Y det (w) L =, 220 +o( |‘"(n2 1)‘”“)
5 lz—y—w(@) > e W
and this estimate holds uniformly on |z| <|y|*N.
3—n
1 - 2<y,Z—W(¢)>+IZ—W(¢)IZ)*T
Proof. We expand ——— = =|y}* ”<1+
- We erpand 2y S I
2 2y, z—w +lz—w(p)?\F _nn—1)
—yP "(Z%( S (¢|>§}>’2 | (@) ) Folyl ™2 ))
k=0

_nr—1
where the o(ly| 2 ) is uniform on |z|<|y|*¥ and the a, are nonzero coeffi-
cients.

fh<in(m—1) Y det(w)

weW

<2<y, Z—W(¢)>+|Z—W(¢)IZ)":0
Iy?

by Lemma 5.61i). In the term

nn—1)

(2<y=Z~W(¢)> + |Z—W(¢)I2> 2
IyI*

> det (w)

weW

we can develop and obtain
nn—1)

2{y—z,w 2 )
> der)(*Y7 ) T oy ),
weW Iyl
but
1) [Ty—2,a
_ 2
Y det (w) (M) =, 2% o by Lemma 5.6
weW iy‘ b}l
[1<2y, o> nin—1)
=cn“—>|ﬁw+0(lyl 2)
uniformly on |z|<|y|'/*.
Lemma 5.8
™3 1

A T w10 B M ey i

yeC a>0

dz= [ #(z)dz.
Rn-1
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nn—1)
Proof. Since ye C<y, ) 2&(C)|yl, so that [] <y, a) 2((O)[y]) 2
a>0
(5.2) v [ 7)Y det W4
1—[ <OC, y> |z| < |pjt/N weW |Z—y_w(¢)|n_3

a>0

= | A(z)dz+o(l) by Lemma 5.7.

fzl <[y]/™

Let B, be the union of the balls B(y —w(¢), 1), we W, then:

[ 4@ Y det(w) L Jawl | held

._3_
(zl>BIV50B  weW z—y—w@)"| Izl > [yl1/¥

since 7 is ¥, |4(z)| is o(z|™*) for any K=0, so that the expression above
is o(ly| 7% for all K=0.

{ A(z) Y. det(w) 1 =o(ly| % forall K

3
{lzl > 1511/~ By wew lz—y—w(o)"
>0.

(5.3)

Finally, for all K>0, on B, |4(z)| is uniformly o(]y|~¥) so that:

(5.4) j A(z) TE dz=o(ly|™® forall K=0.

v
|z—y—w(d)

The lemma follows from (5.2), (5.3), (5.4).
Proposition 1 follows from Lemma 5.8 and Fourier inversion formula for 4.
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