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Summary. We prove the existence of the density of states for the Laplacian
on the infinite Sierpinski gasket. Then the Lifschitz-type singularity of the density
of states is established. We also investigate the long-time asymptotics of the
Brownian trajectory on the Sierpinski gasket, getting bounds similar to those
in the R%-case.

1. Introduction

This paper deals with the Brownian motion on the two-dimensional infinite
Sierpinski gasket, 4. For the construction of the process and its properties,
we refer the reader to [1]. However, to make this paper self-contained, we
sketch the construction and collect the properties we shall be using in the next
section.

Consider a random cloud of points, governed by a Poisson point process
with intensity vdu (v>0 is a fixed number, and u is the Hausdorff measure
on the gasket). We assume that this Poisson point process is independent of
the underlying Brownian motion. The points of the Poisson process will consti-
tute the obstacles for our Brownian motion, preventing it from spreading.

One looks at the Brownian motion on a large ball B,, centered at zero
(its radius will be equal to 2*), which is absorbed at the boundary of B,, and
at the obstacle points. The generator of this process, — A (with random points
at which the Dirichlet boundary conditions arc imposed), is a positive self-adjoint
operator. By standard theory we obtain that its spectrum consists only of positive
eigenvalues, each of finite multiplicity. We build an empirical measure, based
on this (random) sequence of eigenvalues, and normalize it by dividing by the
volume of the ball B,,. Denote this measure by [(M, w).

We are interested in the asymptotic behavior of measures (M, ) as M
goes to infinity and then in the behavior of the limiting measure, [ (I is called
the density of states), near zero. For the survey of results on the density of
states in the Euclidean and lattice case, see [2].

* On leave from Warsaw University, Warsaw, Poland
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In present paper, we show the existence of the density of states for the
Brownian motion with Poisson obstacles. In the proof, we are not able to profit
from the translation invariance of the process (which does not hold) — as one
can in the R%-case, see [2, 10]. The lack of the translation invariance also jeopar-
dizes the attempts to find a close formula for the Laplace transform of the
density of states. Such a formula exists in the Euclidean space-case, as well
as in some other examples (see, e.g., [11-13]). However, using the methods
alike those in [10], we are able to investigate the asymptotics of I([0, A]) for
A small, What we get is that there exist two positive constants C and D such
that

o _Cvztimin A o Tog 0D
A0 ;{— /Ho )z
. . S 2log 3
where d; denotes the so-called ‘spectral dimension’ of the gasket, ds:m'
=]

Thus, the behavior near zero, with the obstacles introduced, is exponential (which
is the Lifschitz-type singularity). The power that in singled out is, unlike in

the R?case, not the Hausdorff dimension of the gasket, d = , but its spec-

log
log2
tral dimension d;.

Similar problems for the Brownian motion in the Euclidean space and in
the hyperbolic space were treated in [10, 12, 13].

In Sect. 2, we present the results from [1] that will be important for our
work.

The construction of the density of states, as well as all the estimates we
derive, are performed using the Laplace transforms of underlying measures.
This approach is very useful, as it allows us use the trace formula.

Section 3 is devoted to the construction of the density of states. The punchline
is alike the one employed in the IR? case first we show that the expected values
of the Laplace transforms of the measures I(M, w) converge, and then we derive
a property which in virtue of the Fubini’s theorem shows the almost sure conver-
gence of (M, w).

Having established this preliminary result we devote the rest of the paper
to getting the following inequality:

Denoting by L(t) the Laplace transform of the measure I, we have

2LO i up 108 L(U 2

2
2 —Cvd, +2<l1m1nf < —Dvi+z

I~ o td,+2 +2 f"w td.+2 +2

with positive C, D. This then can be transformed into (1), using the Minlos-
Povzner Tauberian theorem from [5].

The lower bound in (2) (obtained in Sect. 4) is not difficult; one estimates
the probability that no obstacles fall into a large ball and that the process
does not leave this ball.

For the upper bound part we, as usual in problems of that kind, tend to
replace the Brownian motion on the whole Sierpinski gasket with a process
with a compact state-space. What we use, is the reflected Brownian motion
on the Sierpinski gasket (‘reflected’ is used for geometrical reasons, or for analo-
gy with one of the constructions of the normally reflected Brownian motion
on the finite interval). We have gotten to resort to such a process, since the
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‘natural guess’, i.e. the projection onto a torus of an appropriate size fails in
this case by not leading to a Markov process.

The construction of the reflected Brownian motion is carried out in Sect. 5;
Sect. 6 is concerned with the upper bound in (2).

A subtle part of the problem is that one must perform all the optimization
procedure before passing to the limit with M, and get the bounds independent
of M. All way through we also face a technical nuisance of the lack of continuous
scaling in the gasket case. Moreover, no scaling can be used after projection
onto the compact state-space. This is handled by performing all the optimization
before the projection.

Our setting is also suitable for obtaining results for asymptotics of
E [exp{—vu(Zy, 4)}], where Z;, , denotes the Brownian trajectory from time
0 to t, and u- the x% Hausdorff measure on the Sierpinski gasket. The result
we get is a counterpart of the Donsker-Varadhan Wiener sausage estimate in
R¢ (see [3]) (with the difference that in our case the trajectory itself has nonzero
Hausdorff measure).

The result is:

there exist two positive constants C, and D, such that:

(3) -C, vaﬁ—zg i inf 108 ExLeXP { - vi(Zio,0)}]
= td,+2

— 2
10g Ex [exp { - v:u(Z[O,t])}] _Dzvm‘

<lim inf
At 2,42

IIA

For the lower bound in (3), one performs some observation on the spectral
decomposition of the underlying semigroup. The upper bound can be obtained
in the way similar to the upper bound in (2).

Recently, Fukushima and Shima [4], obtained the existence of the density
of states in the no-obstacle case. Their paper investigates its asymptotics near
zero, which in that case is power law-like. The paper also shows the highly
irregular behavior of the density of states, due to the fractal nature of the domain.
Independently, Lindstrom in [8], gave the asymptotics of the eigenvalues of
the generator of the Brownian motion on an arbitrary nested fractal for large
A. It is consistent with the result from [4].

2. A survey of the properties of the Brownian motion on the Sierpinski gasket

In the sequel, we shall use the notation as in the paper of M.T. Barlow and
E.A. Perkins [1]. In what follows, we summarize the notation and list the propet-
ties of the Brownian motion on the Sierpinski gasket we shall make use of.

1 3
Let a0=(0= 0), al :(09 1): azz(a‘a g)’ VOZ{aOa ala az}~ (10, al: aZ are the
vertices of an equilateral triangle of unit size (see Fig. 1). Let %, be this equilateral
triangle. We define inductively:

VM+1 = VMU {2Ma1 + VM} (v {2Ma2+ VM}
and we put:

g(): U VMU U I_/MS
M=0 M=0
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2a,

Fig. 1.

where V;; denotes the symmetric image of Vj, in the symmetry with respect
to the y-axis. Now we let
Y, =2"%, MecZ

g,= ) %

M=0

and

%, is called the (infinite) Sierpinski pre-gasket. Its closure (in the plane topology)
is the 2-dimensional Sierpinski gasket and it will be denoted by 4.

More notation: a %,-triangle is the closed set of points in ¢ that lie inside
an equilateral triangle, which is the translation of 2.4, and whose vertices
are the three neighboring points in %,. The collection of all closed %,-triangles
will be denoted by F3,. For xe %\ %, we define A4,(x) to be the unique triangle
from Z;, containing x (see Fig. 1).

We have the following distance on the gasket: for x, ye% we put d(x, y)
to be equal to the infimum of the length of all the paths in ¥, joining x and

By B,, we shall denote the closed ball in the gasket metric, of radius 2%,
centered at zero and by %, — the intersection B,, n {(x, y)eR,: x 20}.
We introduce the following numbers:

log3

=——=1.58496... i i
d; log2 1.58496 (fractal dimension of %)
2log3 . .
= log5 1.36521... (spectral dimension of %)
g, =29 _1085 ;35193 (dimension of the walk).
d, log2

These numbers fulfili:
4 d,  d d, 2
@ do+d, d+2°  dy+d, d42

Let p,, be the measure which puts mass (3)3 ™ at each point in 4,,.

Now we formulate the following lemma (Lemma 1.1 of [1]).
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Lemma 1. 1. There exists unique measure u on (R* %(R?), supported on 4
such that u(A,)=3" for all A\e Ty, MeZ

2. {ua} converges to p in the vague topology,
3. wis a multiple of the Hausdorff x**-measure on %,
4‘. ﬂ(?o) = 1.

We introduce a new metric to the gasket, so-called ‘gasket metric’ — it better
suits our purposes:

Jor x, ye¥,, define d(x, y) to be the infimum over the Euclidean length of
all paths, joining x and y on the gasket.

It extends in an obvious way (limit procedure) to the whole gasket %. This
metric is equivalent to the euclidean metric on the plane, in fact

&) [x—yl=d(x, »)=2]x—yl.

[1] gives a construction of the process Z,, called the Brownian motion on
the Sierpinski gasket (the construction of the Brownian motion on the Sierpinski
gasket was earlier carried on by Goldstein ([6]) and Kusuoka in [7], but [1]
give very precise estimates on the transition density, therefore we choose the
approach from that paper). It is a strongly Markov Feller process which has
a continuous symmetric density p(t, x, y), satisfying (Theorem 1.5 of [1]):

—d, -1 _dy_
6 Ci 2 exp{—C,,dx, ptd)d-T}=p(t,xy)=

—d, 1 _d,
SCy5t 2 exp{—Cy4d(x,y)td)d—1}.

The process admits a discrete scaling, namely, for I'e %4 (%),
B[Z.ell=P, [$Zs.eT].
In particular, for the process starting from the origin,
LZ)=ZL (L Zs).
All this translates into terms of density as (Theorem 7.8 of [1])
) p(t.2x,2y)=%p(t/5,x, y).

The last thing we need are the following sample path and hitting time estimates
from [1]:

® (Theorem 4.3) For all xe¥%, all t, (0, o0)

-1 4,
@®) P.supd(Z,, Z)20[ £C, sexp{—C (0t a)a~T}.

s=t

® (Proposition 5.18) Let R, be an exponential random variable with mean 1/4.
Then:

©) BIT,ZRISC, 5 [d(x, y)]* % 4t ¥4,
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@ (Theorem 5.21)
1
(10) PIT,<R,1=Cysexp{C; o 4d. d(x, )},

where T, is the hitting time of the point y.

Estimates (9) and (10) are complementary: inequality (9) is convenient for x, y
lying close, inequality (10) — for lying far.

In what follows, when no confusion arises, we shall drop the subscripts
— C will denote a generic positive constant.

Finally, let us introduce a notation for the supremum of p(1, x, y):

(11) E=sup p(l, x, y)<oo.

xe¥

3. Existence of the density of states

Let 4" be a Poisson cloud of points, defined on the probability space (@, .#, IP),
with intensity vdu (v is a positive parameter, y is the Hausdorff measure on
the Sierpinski gasket), falling onto the gasket. We assume that 4" is independent
from the Brownian motion we shall be investigating. By IE we shall be denoting
the expected value, corresponding to the probability measure IP. The points
of this Poisson process will form the obstacles for our Brownian motion, prevent-
ing if form spreading.

Denote by " the Sierpinski gasket with the obstacles removed; "
=9\ A (). In the sequel, when no confusion arises, the dependence on @ will
be dropped.

Our goal is to construct the density of states for this process and to investigate
its asymptotic properties near 0. To this end, we will denote by B,, the ball
of radius 2™, centered at zero. Let Z;"*™ be the Brownian motion on By " %%,
killed upon coming to the boundary of the ball or to any of the point-obstacles
(it corresponds to the Dirichlet boundary conditions imposed on 8B, u A").
The process (Z;*),, , is a Markov process with symmetric transition density

pM,,V(t X V): p(ta X, y)Bct,y[T;ﬁBM>t> Tﬂ(w)>t] for X, yeBM\'/V
2T 0 otherwise.

In the last formula, P}, denotes the bridge measure for the Brownian motion
on the Sierpinski gasket; a measure that is concentrated on trajectories which
start from x at time O and at time ¢ are at site y. Formally:

P!, is a measure on C([0, t], %) such that

for 0<s<t and Aea(Z,,05u=s)

})xt,y[Ajzp Ex[lAp(t_Sa Zs= y):l

b
(t x,y)

In the sequel, we will need the continuity of the transition density for the non-
obstacle problem on a ball, absorbed at its boundary. It follows from the weak
continuity of the bridge measures and the continuity of p(-,+,*).



The Lifschitz singularity 7

The corresponding semigroup, (B™*), ¢, is a semigroup of trace class opera-
tors and has a selfadjoint generator AM-#, A™ is a Laplacian on the Sierpinski
gasket (in the Barlow-Perkins sense) with Dirichlet boundary conditions on
0By, AM its counterpart with the Dirichlet boundary conditions on 6B, U A.
Usual arguments give that the spectrum of — A conisists only of positive
eigenvalues, each with finite multiplicity. Let

(12) 020, M)Z... 2, (0, M)Z...

be the sequence of eigenvalues of — AM>*. We build random empirical measures,
based on those spectra:

1 o0
13 M, w)=——— Ocs (oo M-
(13) ( ) (B nZ (i, M)}

=1

Let L(M, w) be the Laplace transform of [(M, w), i.e.:

(14) L(M, )= | e"*dI(M, w)(?)
0
1 o — A (M, )t M, N
= g ML or = Tr B%
1(By) ,,; p(By) T
By the trace formula one has:
(15) TrB*'= [ p™7(t, x, x)du(x)
Bar
= [ p(t,%, %) B [{Tp, >t} 0 { Ty >t} d u(x)
B

where T, denotes the hitting time of the Poisson-cloud obstacles.
To prove the existence of the density of states, we first prove a lemma stating
the convergence of the expected values of the underlying Laplace transforms.

Lemma 2. For every t>0, EL(M, w)(t) is convergent, as M — oo, to a finite
limit L(¢).

Proof. For simplicity, we will write L(M, ¢} instead of L(M, w){t). Then, from
the trace formula:

(16) EL(M,t)=IE § Pt %, x) P {Topy >t} 0 { T > 111 d ()

M

M(BM) B

J p(t, %, %) B [[Tp,, > AP [Ty > 11 d u(x).

M

Notice that the event {T ., >1}, meaning that ‘the Brownian motion does not
hit any obstacle up to time ¢’ is the same as ‘no obstacles fall onto the Brownian
trajectory up time ¢’, thus

P[Tyy>t]=exp{—vu(Zy 1)}
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Fig. 2.

It follows:

A7) EL(M, t)= § p(t.x, %) E  [exp{—viu(Zo,i)} 1{Top,, > t}]d ().

iu(BM) Bar
We shall see that IEL(M, ) is for each ¢ an increasing function of M.

Look at the Fig. 2, representing the balls By, and B, , . Notice that in
the expression (17), written for L(M + 1, -), the quantity under the integral sign
corresponds to the absorption imposed at points {a,, a,, as, a,} (and all the
obstacle points). Clearly, this quantity decreases when we impose additional
absorbing points {by, ..., bs}.

After introducing the new absorbing points, the process lives in one of the
three disjoint sets 4, =41 v 4%, A,=4 043, A;=4}0 43, depending on its
starting point, (these sets are in fact balls of radius 2%, centered at 0, by, by).
Now we can use the fact that the processes, living on A, 4,, 45 (absorbed
at their boundary points) are equidistributed. As u(Bys 4 1) =3 pu(By) we obtain
ELMA+1,)ZIEL(M, ¢).

The other point we must check is that for every t {IEL(M, t)},, is a bounded
sequence. This is clear from the bound (6) for the density p(t, x, y).

In this way the convergence of expected values is established. [

In what follows, we will denote by L(z) the limit of EL(M, ).

Theorem 1. P-almost surely, the random measures (M, @) converge as M — o
to some deterministic measure. The limiting measure will be denoted by .

Proof. Our proof is a modification of the proof of the theorem (1.1) from [11].
For convenience, we submit the adapted proof here.
It is enough to show that

(18) Y E(L(M, ) —EL(M, )]%) < co.
M

Indeed, then an elementary Borel-Cantelli lemma argument gives (for every t)
the almost sure convergence L(M, 1) — L(z). Hence we obtain the almost sure
convergence for all rational ¢. As we know, {I{(M, w)}, is an almost surely
vaguely relatively compact sequence of measures on [0, co), thus the theorem
will follow.
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This way we are led to showing Eq. (18).
_ To this end, let us introduce the following measures on the probability space
Q=03 xC([0, ], %)>:

1 ®2
(19) vM=IP®3®( [ p(t.x, x)P;,xdu(x»)

.LL(BM) B

Then, using those measures and the trace formula, we obtain that the terms
of (18) look like:

(200 E(LLM,t)—ELM,1)]%)
2
= f H H{Top,, W) >t} (1{ Ty (o) (Wi) > t} — 1{ Ty o (W) > 1})

Q i=1

dvy(wg, 01, @3, Wy, W)
where (0o, @, ®,, Wy, W) is an element of Q, (w,, ®,, w,) pertains to the Pois-
son cloud, (w,, w,) — to the Brownian motion_on the gasket.

To bound the integral (20), we partition 2 into two sets: € and its comple-

ment. € is the subset of C([0, t], %)* consisting of pairs trajectories with non-
intersecting supports (we identify ¥ with Q° x%). The random variables on

Q3
H Ty oW1 >t} —1{ Ty (W) > 1},

H Ty oy W2) >t} = 1{T oy (Wa) >t}

are independent if (w,, w,)e¥, as they do depend only on events, involving
the Poisson measures, restricted to disjoint sets: Zy 4(w,), Zo,(W,). From the
independence we infer that the integral over Q* x % equals to zero.

The integral over Q3 x 4° is estimated by bounding v,,(2° x %°), as the abso-
lute value of the integrand does not exceed 1. Let # be the set of w’s for which

d(ZoW1), Zo(W2))>2 ¢y,

but Zy, 4(w;) and Zp, 4(w,) are not disjoint. c,, is some positive constant —
it will be chosen later on. It follows that on this set, for i=1 or i=2 we have

21 sup d(Zo(wy), Zs(wp)>cy

0<s=<t
Using the sample path and density estimates (6, 8) we obtain:

(22) vm(@B)=2suplp(t, x,x) B ([ sup d(Zo,Z)>c,]1=
xe% 0<s<t

<4sup Ex[l{ sup d(x,Z)>cy}p %,Zz,x)}]g

xe¥% O0<s=4%

S4Csup B[ sup d(x,Z)>cy]-
xe¥ 0<s=4% (1)%
2

t ;5 t _L dW d_w
§4C(§> Zexp[—C(cM<E> dw)dw—l]zCexp[—C(cM)dw—l],

where all the constants depend on ¢ only.
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We have found that

(23) E[L(M, ) —ELM, )]><Cexp(— C(cM)dwd—il) T vy (B N %),

% n€° is the collection of those pairs of Brownian trajectories which intersect
each other, but have started at distance less or equal to 2¢,,.
We have:

(24) vy (B NE)=C- iy @i (D),

where ji,, is the normalized Hausdorff measure on B,,;, 2 =(B,)? consists of
pairs {x, x,} such that d(x,, x,)<2c, (we came to this set by considering
only the starting points of our Brownian trajectories). Thus

sup u(B(x, 2 cy))

xe%
(25 Uy @ pm (D) =
) P ® iy (D) (B,
M
Taking 2 ¢,, =272 we get from the gasket scaling
_M
(26) Au®py (B NE)=C-3 2,
thus the right member of (23) is a term of a convergent series. This completes

the proof. [

Remark 1. In the proof above the balls that appeared were centered at zero.
However, it is not difficult to carry out all the details in the case when we
center our balls at some point xe%. Indeed, if we use the fact that

#(B(0,2")+ B(x, 2))
u(B(0,2")

goes to zero when M — oo and that p(t, x, x) is bounded independently of x
(bound depends on t only), we get Lemma 2 immediately. Theorem 1 does not
rely on the centering. Hence the density of states can be constructed independent-
ly of the centering point.

Remark 2. The other remark is the observation that the limit remains unchanged,
if we replace the ‘full’ ball B,, by its ‘half’: the triangle #,. Indeed, one notices
that {T,5,, >t} ={T;5,,> 1} U{T;p,, >t, Tp,=t}, and this sum is disjoint. There-
fore the only thing we must show is that the following quantity:

(Fy) j plt, %, x) P [{Top,, =t Ty 2t} 0 { Ty > t}] d ()
M} Far

goes to 0 when m —c0.
For fixed, sufficiently large m denote:

hyy={xeFy: d(x,0) <22},

Br={xeFy: d(x,0)>2"2}.
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The integral over </, goes to 0, which is obvious from the area comparison
(the integrand is bounded and the bound does not depend on M). The other
— over %, — can also be estimated easily, if we notice that on the paths that
start at x

{To<th={supd(Zo,2)2d(x, 0)}

and take into account the estimate (8). Making m of magnitude 1/]\7 we get
the desired result.

This way we have constructed the density of states for the problem with
Poissonian obstacles. It is the deterministic measure /, with Laplace transform
L(t). This measure is concentrated on [0, c0). In what follows, we are interested
in the behavior of I{[0,t]) for ¢ tending to zero. To this end, we shall find
some estimates for L(t) as t »>oo and then use the Tauberian theorem from
[5]. In the sequel, we shall rather be using the method of obtaining the density
of states which uses the triangles, not balis.

4. Asymptotic lower bound

. . . . . log L
In this section, we obtain a long time asymptotic lower bound for o8 3 0
and for ti,+2
log E, [exp{ —vu(Zo,9)}]
@t

We get this via a crude estimate: by assuming that the Brownian motion does
not leave the ball up to time ¢, and no obstacles fall onto this ball. Using
these methods we obtain

Theorem 2 There exist positive constants C, and C, such that:

log L(t)

2
27 liminf—-—-2> —C-vd+2,

g 7 ) +2

and, independently of xec¥,

28) lim inp P8 B LoD {—vaZoaly o a2

s tds+2 +2

Proof. First, we prove (27).

We know that for every ¢, L(z) is the increasing limit as M — oo of IEL(M, 1).
Therefore for each M we have

(29) Lz

(BM)IE f Pt % X) B [{ Ty >t} O A Ty > 1] d ()

(BM) j p(t, x, x)(F; ;@) (M) d u(x)
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where .# is the event ‘Z, does not leave the ball B,, up to time ¢, no obstacles
fall into the ball’,

M ={Typ,, >t} " {N (0, By)=0}.

Therefore the quantity (29) is equal to

(30) § pt,x, x) P[A (@, By)=0]- B [Ty, >1t]d p(x)

M

L
H(BM) B

=exp[—vu(BM)]ﬂ~(;7) [ p(t % %) Pt [Ty, > (] d ().

Now, recognize in the last integral of (30) the trace of the operator B¥, (corre-
sponding to the Brownian motion on B, with no obstacles). It follows that
this integral is greater than the principal eigenvalue of BY, exp[ —tA(B,,)], (A(B)
denotes the principal eigenvalue of the Laplacian in B, with Dirichlet boundary
conditions on 0B). We get that for every M

61 L2 expL—v(By) =1 A(By)]
s | (pw )|

In what follows we shall be using the scaling:
(32) #(2By) =3 u(Byy),
A2 By)=1%2(By),
in other words, for all ¢t of the form t=2"
p(tBpg)=tY u(Byy),

l(tBM)ztdiw A(By).

Although the scaling in our case is only discrete (which makes it different from
the Brownian motion in R, for example) we shall make use of it: for an arbitrary
telR, we will replace it with one of the numbers that admit the scaling and
then introduce the error. The ideal scaling factor we would like to take is

L . .
()d +d,, instead, if
v

1
(33) 2 é(%)_d,-kdw <on*
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1
then we replace (%)dﬁdw with 2" and fix M =n. Using the scaling (32), (33)

and the relation (7) we get that

4, 2
(34) L2 exp {fZ42(—v&+2 [u(Bo)+ 5 A(Bo) D),
M(BM)

whence

1 — B 2
(35) 08 L) 5 Zlog kB _ 5 (By) 45 4(Bo)]

td,+2 tds+2
and,

2
timinf 28 L0 > s By + 5 4B

S

[ands) fd,+2

u(Bg)+ 5 A(By) is a positive number (easy check, see also Lemma 10), and we
set C; to be equal to that number. The proof of (27) is complete.
Next we pass to the proof of (28). First notice that for every M
(36) E [e 0o = E [P[A (0, Zy,9)=0]]
g Ex []P [W (CU, Z[O,i‘]) = 0] 1 {EBM > t}]
=B®P[{T;5, >t} 0 {Tyw>1}1

The last quantity, as in the proof of (27), is greater than or equal to:
e P Tp, >0

In order to single out the behavior in ¢ and w, we first perform the scaling
—as in (33): if ¢ satisfies (33), then we chose M =n in (36).
First, from (4), (33) and the scaling (32) we obtain that:

(37) e " VHBar) — o~ vr(2M Bo)
b2
(38) > e—zds+2 vdy+2 u(B,)

Now, writing x =2 y:
P.[Tig,, > t]1=Pou [ Tyarr 5y > t]

and the scaling of the process, (7), together with (4) give that

t 4 2
B{Ton > =B Ton, > g [ B[ Ton, > S0 i),

For the sake of notation, we shall denote

2
(39) S=51d,+2 vd, +2.
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As the semigroup (B°) is a semigroup of integral operators with continuous
kernel p°(-,+,+), we can use Mercer’s theorem (see par. 98 of [9]) to get that
the series

(40) B [T;p,>s]= Y e MBI g (y) ¢, 12,0

i=1

is convergent not only in [?, but also uniformly with respect to y. Here {4;(Bo)}
is the sequence of eigenvalues of —A°, {¢;} is the corresponding sequence of
normalized eigenfunctions (which in this case are continuous).

We will show that the principal eigenvalue of A° is simple and that it admits
a strictly positive eigenfunction.

First we show that every eigenfunction corresponding to the principal eigen-
value 1, (Bo)=4, has constant sign and, in fact, is never zero inside B,.

To see this, assume that ¢ is a continuous principal normalized eigenfuncton
and that ¢ changes sign. Then |¢|>¢ on a set of positive measure and, as
the kernel p°(1, x, y) in strictly positive and continuous inside B,, (P @, ¢)
<(P?| ¢}, |#|). This yields a contradiction as

(PPl Io)>P ¢, d)=e M= nilnlgl(PN’ ¥).

Strict positivity (or negativity) of a function that never changes sign follows
from the relation ¢ (x)=¢* PP ¢ (x).

A, must be simple — if it were not, we would have two orthogonal unit
eigenfunctions belonging to this eigenvalue, which is impossible, as they have
constant sign.

This way we can assume that the eigenfunction ¢, appearing in (40) is strictly
positive inside B,. Therefore there is a positive constant 4 such that if | y| <%,
then ¢, (y)> 4. Moreover, for all i= 1

le % ()| =P ¢:(x)|=| | p°(1,x,¥) $;(») du(y)|
<P’ x ) ddu()=2¢

(¢ is the constant from (11))
and

From the last two estimates it follows

o

(1) Y e HER B (y) (i, 1)

i=1

=e M6, ()<, D+ ¥ e R T ,0) <, D] 2

i=2

e My ()<y, 1y —dEeh 3 e G 1)

i=2
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Fig. 3.

Recall now how y was related to x and s to ¢: if ¢ is large enough, then |y| <3

o0
and ¢,(y)>4, and as ) e~ 471 is finite (trace of a trace-class operator), then

i=2
c ]

Y e” AT AETD goe to zero as s — oo It follows that, for large ¢, the expression
i=2
in parenthesis in (41) is bigger than, say,

%A<¢1> 1>5
which is not zero, thus
2 d,
(42) BC[T;';BM>IJ ge—vdz+2tds+25/'{(30)_%A<¢1’ 1>

From (37) and (42), (28) follows as before. The proof of the theorem is complet-
ed. [

5. Construction of the reflected Brownian motion

So far, we have obtained an asymptotic lower bound for the Laplace transform
of the density of states. To get an upper bound, we should know how to reduce
the problem to one with compact state-space. As already written in the introduc-
tion, the usual projection onto a torus does not work here; the process that
we obtain is non-Markov. Indeed, the Markov property will be destroyed at
the vertices, which after the projection get identified to one. If you look at
the process before projection (see Fig. 3), then if at some time the process comes
to the vertex ‘A’, then right after it exits through angle ‘@’ or ” — never through
‘y’. But after the projection, this information is lost — to know that the process
will stay some time ‘far from y’, we need to know not only the present position
of the process, but also where it came from. This is not a Markov-type behavior.

However, we overcame this difficulty by using a somewhat different method
of “projection’. The process obtained as a result of this procedure will be called,



16 K. Pietruska-Paluba

for geometrical reasons and for analogy with one of the constructions of the
normally reflected process in the real-line case, the reflected Brownian motion
on the Sierpinski gasket. We construct its transition density, but do not construct
nor investigate its Dirichlet form.

To prepare the ground for our construction, we now introduce two types
of labels on the gasket.

5.1. Preparatory labeling of the gasket

5.1.1. Labeling of the vertices. We will introduce a labeling of the gasket (to
be precise, we are labeling not the gasket, but the grid of size 1, %,). Our labeling
will distinguish between the vertices of the O-triangles, although the process
is locally symmetric with respect to rotation by an angle 120°. This procedure
will allow us to construct the ‘reflected Brownian motion” on the Sierpinski
gasket.

First observe that 4,=Ze, +Ze, as for every point xe¥,, x=ne, +me,, n,

meZ <e1 =(1,0), e, =(%, —1{3)) and this representation is clearly well-defined.

We put the labels as follows (see Fig. 4). Consider the commutative 3-group
A, which consists of even permutations of 3 elements {a, b, c}. Then A,
={id, (a, b, ¢), (a, ¢, b)}, and we denote p, =(a, b, ¢), p, =(a, ¢, b). Clearly pj=id,
p3=id. The mapping

Gosx=ne,+me,—pioprel,

is well defined. We associate with each point x=ne,;+me, the value of
(Piep3)(a)

This way, every triangle of size 1 from 7,, with vertices from %, has its
vertices labeled ‘a, b, ¢’, in the way corresponding to the location of this triangle
in the gasket.
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¢ b=b(x)

Fig. 5.

For an arbitrary xe%\ ¥%,, x belongs to exactly one triangle 4,(x)e7, (see
Fig. 5), and x can be written as x=2x,-a(x)+x; b(x)+ x, c(x), where a(x), b(x),
c(x) are the corresponding vertices of Ay(x) (with introduced labeling),
Xz, Xpy X.€(0, 1).

We define a projection map from the Sierpinski gasket onto its intersection
with the first triangle, %, by setting:

(43) 7o (X) = %, a(0) + x, - b(0) +x, - ¢(0),
where a(0)=(0,0), b(O)z(%,Jg), c(0)=(0, 1).

If xe%,, then x itself has a label and we can map it to a corresponding vertex
of the “first” (shaded on Fig. 4) triangle.

Fig. 6.

5.1.2. Distance labeling of the O-triangles. We will also need some estimates
on the number of points from the fiber (with respect to the mapping 7,) of
a fixed xe%,, lying at particular distance from X. To this end, we shall label
the O-triangles in the manner that takes into account this distance.
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For a fixed xe%\%,, we put label ‘0’ on 4,(x) and on the three adjacent
triangles (see Fig. 6), then, label ‘1’ on all the triangles that are neighbors of
some triangle with label ‘0, ... . If we already have marked the triangles with
labels “0, ..., n’°, then we put the label ‘n+ 1" on those triangles adjacent to
some triangle with label ‘n’ that have not been labeled so far.

To see this in a more rigorous setting, for TeZ,, [.(T) will be the label
on this triangle, whereas %, (<= J,) will denote the collection of triangles with
label ‘n’ on them.

For Te 7, we put:

L L(T)=0iff TnAy(x)+0,
={TeT,: 1(T)=0},
2. 1(T)y=n+1iff T¢ | ) &, . and for some T, €%, ., T, n T=+0,
k=0
Fi1.x={TeTy: L (T)=n+1}.
Notice that if ye Te %, ., then
(44) n<d(x,y)=n+2.

In the sequel, we will need the following lemma, giving the upper estimate
of the cardinality of %, :

Lemma 3. There exists a universal constant C such that

#Z, <C-n?

Proof. This lemma follows immediately from the crude comparison of the Euclid-
ean distance on the plane and the gasket distance. Notice that if we pick, for
example, the south-west vertex of each O-triangle, we obtain a collection of

points, one in each TeZ,, mutually at distance greater than or equal to 1.
Using the inequality (5)

|x—y|Sd(x, »)=2|x—~yl,

we get that all the triangles from %, , are included in the annulus
o, B
yelR*: ~2—§|x—yl§n+2 .

Let us now estimate how many points which are mutually at distance greater
or equal than 1 can be packed into the annulus

{xe]Rz:gglxlgn-l—Z}.
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Performing a simple area comparison we get that

n

e @ (12 S27 [(n Lo (5)2]

(2 comes from the points which may lie too close to the boundary of the annulus)
and

(45) Ny < 6412,

Such points are in one-to-one correspondence with the O-triangles (take south-
west vertices, as above). The lemma is proved. []

5.2. Construction of the reflected Brownian motion

The goal of constructing this object is to obtain a Markov process on a compact
state space, whose local properties remain basically the same as those of the
Brownian motion on the whole Sierpinski gasket. The usual projection onto
a torus does not work here (imagine how a O-triangle looks like after a usual
projection!), the result of projecting the Brownian motion from the whole gasket
turns out to be not Markov. Although the vertices get identified to one, the
Markov property would break at this point (as explained above).

What we do, is making use of the mapping n,, defined in the Sect. 5.1.
This mapping behaves as a usual projection with one (crucial!) exception: it
distinguishes between the vertices of the projected triangle. By analogy with
one of constructions of the normally reflected process on an interval, we shall
call this process ‘the reflected Brownian motion on %’ Its distribution will
be defined as a family of measures on (C(R ;. , %), Z(CR .., %)), given by

{Qg}xefg = {7’:0 (Ec)}xeﬁoa

where (P),cq is the family of measures, defining the process (Z,),»0, and the
process itself by

X ? =7o(Z l)'
The transition density for this process will be given by:

Z p(t:x:y) 1f x:yeg:():y¢g0

46 — }yeng ()
( ) qO(taxay) 2 Z p(t,x,y) lf yego‘

y'eng 1(y)

We start by a following technical lemma:

Lemmad4. 1.V6>0 Z p(t, x, y') is uniformly convergent in x, ye¥9, t=9,

yeng!t

2. ¢° defined by (46) is jointly continuous in x, y, t,
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3. there exist two positive constants ¢, , 6 such that

sup %@t x, y)<c,-t"°

x,yeFop

Proof. 1. We use the distance labeling on the gasket from Sect. 5.1.2. We have:

(47) Y ptxy)=Y Y  pxy)=1) a,.
n=0

y'eng L(y) n=0 do(y)eLn x

Each term a, can be estimated as (use (6))
a Sl
Gy= ¥ Ly sup plt,x,y)SC-nPt 2¢ TN

a(x,y)>n

This bound gives a term of a convergent series and 1. and 3. follow.

2. Continuity of ¢°. For y¢%, it follows from the uniform convergence of
the series and the continuity of p(-,-,+). To prove the continuity at the vertices,
suppose ye%,, and that y is labeled ‘a’ (for simplicity, we continue to write
a instead of y). We must show

lim q°(tn, Xp» 2,) =4°(t, x, Q).

s Xns Zn) = {1, X, )

If d(z,, a) <%, then for every a’eny *(a) there exist precisely two elements zj,
zZpemy 1(z,) such that d(z}, a’)<1 and d(zk, a)<% (L, R stand for ‘left’ and
‘right’. with obvious meaning). It follows:

qo(‘trn xn’Zn)= Z (p(tn’xrn Z'L)+p(tn7xn>Z’R)):

a’'erng Ha)
= Z p(tn’me/L)J’_ Z p(tnaxnzzk)'
a’eng 1(a) a’eng Ha)

When z,—a, then z; —»a’ and zx— ', and the uniform convergence lets us
pass to the limit under the sum,

lim qo (t"’ xn’ Zn) =
(tne %n 2n) = (1., 8)
=y lim Pty X 20)+ Y. lim p(tns X, Zp) =
a'eng La) (n:Xn-28) = (. %.0) a'eng Aa) (EnsXn- 2R) 7 (1, %,47)
=2 Y p(txad)
a'‘eng Ha)

The lemma follows.

Now we are ready to show the basic theorem of this section.



The Lifschitz singularity 21

Theorem 3. Let x, ye% be two points in the same 0-fiber, i.e. my(x)=7,(y). Then
the measures ny(B,) and ny(P,) on (C(R ., %), B(C(R ., %)) coincide. Moreover,
for every ze %, and x, y as above we have:

(48) Y ptxz)= Y pty2)

z’eng Yz) z’eng Hz)

Proof. Let x and y be as in the assumptions of the theorem. It is enough to
prove that the finite-dimensional distributions of underlying measures are identi-

cal, ic. that for an arbitrary choice of 0=t <... <¢t, and I, ..., I,e B(F,) we
have:
(49) R[Z, eng (1Y), ..., Z, emg ()] =

:Py[ztleno_l(rl)a ...,Zlneno_l([;,)].

We proceed by induction.
1. n=1 (we drop the subscript ‘1°).
For t=0 the equality (49) is self-evident:

(50) BlZoeng {(I)]=0.(ng {(I)=38,(n ' (N)=B[Zoens '(I')].

For t>0, we first observe that if I' is a subset of #%,, then ng }(I'\%, is a
disjoint sum of sets, each of which lies entirely in one and only one triangle
from J,. Those components will be denoted by I'". Notice that

(1) P[Zeny "(N]=} R[Z.l],

the summation running over all the components to Ty 1(I). Although we got
rid of the possible vertices in introducing the sets I'", this holds as u(%,)=0
and for every ¢ the law of Z, under P, is absolutely continuous with respect
to u.

We introduce the following stopping times:

T(l):inf{t>0: Ztego},
T V=inf{t>T": Z,e4\{Zrw}}, for n>1.

{T™}, is an increasing sequence of stopping times and lim T™=co almost
n—ow

surely.
In what follows we shall need the following lemma, coming from the strong
Markov property of (Z,).

Lemma 5. Let x, ye¥, no(x)=ny(y). Then the laws of T™ under P, and under
B, are identical.

Proof of the lemma. Induction with respect to n.

For n=1 the statement is obvious; if xe%, (therefore automatically ye%,),
then T"W=0 B-a.s. and Pras. If they are not vertices, then the law of Ty
depends entirely on the laws of (Z,) up to exit times from 4,(x), 4,(y) respectively,
which are identical.



22 K. Pietruska-Paluba

Assume now that for some n>1 the assertion holds, then
BIT" V<(]=B[T""V<t, T" <t]=E, [P 0 [TW <t—T®]]

(T denotes the first hitting time of %\ {Z,} after T™). Laws of T are identical
under P, and F, (inductive assumption); thus the probability under the expecta-
tion depends only of these laws. Hence E, can be replaced by E, and the proof
is concluded. []

Continuation of the proof of the theorem. Now we shall proceed in the standard
way: we take into account the vertices that have been visited up to time t.
We partition C([0, ), ¥) into the following disjoint sets:

V(): {T(1)>t},
V,={T™<t, T" V>, for nz1,

and forn=1,2, ...
V=ViuVy oy,

where V¥ indicates that Z;., falls onto a vertex with label k (ke{a, b, c}), ie.
VE=V,n{Zrwm=x}, (with meaning that the label on the appropriate point
equals to k). This way we get

R[Z.eny (I]=R[{Zens (D} Vo]+

LYY RI{Zens (D) AV

n=1 xe{a,b,c}

Now our goal is to show that the terms of the series remain unchanged if
we replace x by y.

B[{Z.ens " (I} nV,y] is equal to B[{Z,eny (I} nV,], as the underlying
events depend only on the distribution of the processes up to exit times of
Ag(x), 40(y) respectively — those measures are identical.

To get the equality of the latter terms, first assume that x and y are not
vertices from %,. Using the strong Markov property of Z, we get

R[{Zeng ' (N} nVr]=
=E[H{T"<t,Zrw=x} RI[T"" V>1,Zieng (D) Frea]l =
= E[{T"2t, Zyor =1} By [TV >1=T", Z,_pomeng  (IN)]]=

T
= [ BLTY>t—s,Z,_emo {(IN]d 5 (s),
[

(TW, as before, is the first hitting time of %,\{Z,} after time T), where u;
is the distribution of T™ under P.. From Lemma 5 we have that p;=y; and
therefore

P[Z.ens " (I Vi1=B[Z.ens (I V]

If x and y are from %,, we are in an even better shape: we can forget about
the particular starting point at once, or we can expand the underlying expression
as above.
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Having shown that 74 (B,)=7,(F), we can establish (48).
For I'e &(%,)

§ 4°(t, x, z) dpu(z)=P.[Z,eng * (I)]

=R[Zen; (D= q°(t, y,2) dp(2).

But we already know (Lemma 4 above) that ¢° is continuous in z, therefore
q°(t, x, 2)=q°(t, v, z) for all z.
Hence the case n=1 is finished.

2. n>1.

Assume that the assertion (49) holds for some n, arbitrary choice of ¢, ..., t,
and I, ..., I,. Again, for I'e#(%,), the superscript ‘i’ will stand for a disjoint
component of =n5'(I'\%,). We have: for all n, 0=5t,<...<¢t,,, and
I, Ly €B(F)

(52) P[ZtleTCO (I, ... 2., €ng I 1)]
= Z x[ZneFla'--a tn+1 nlrLll]:

i1y eeesin+1

the summation running over all the components of =g *(I}), ..., ng *(I,+,). By
the Chapman-Kolmogorov equality for Z, the last sum equals to

Z 5 p(tl:»x’Zl)le[Zt2~z1€FZiz>"‘3Ztn+1 t1 n+1] diu(zl)—

i1yesinse1 T'Y1

= z jl plty,x, Zill)Pz"ll [Zrl—rlerziza sy Zt,.ﬂ—tleI:;if‘}-T] d/J(Zl),

i1y int1 Iy

where z¥ is that component of 75 '(z;), which lie in I{* (notice that du(z,)
=d u(z})). Next, it equals to

Z(jl p(tbx Zl) Z Pz'il [Zrz—zlerzizy --->Zt,,+1—z,eEzi’~f»+11] d)u(zl))'
ir I 2, rin+1

»

From the inductive assumption we can drop the superscript ‘i;” in the sum
under the integral sign. Changing the order of summation we get

j ( 2 El[ztz—nerZiz’ '--:Ztn+1 t1 nl¢+11]) (Zp(t13x Zl))d)u(zl)

1 i2,eesin+1

Now, from the already shown (48), we get that

Zp(tla X5 Zi11)=zp(t1= Vs Zill)s
iy ig

and we can turn the formula back to the form as in (52), but with x replaced
by y. The theorem follows. [

At this point, we can without difficulty show the Chapman-Kolmogorov
identity for the reflected process:
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Lemma 6. Fort,s>0, x, ze %,

(53) °t+s,x,2)= | ¢°(t,x, ) q°(s, y, 2) du(y).

Fo
Proof. For z¢%, we have

+s,x2= Y pl+sx2)= Y [pt,x))psy2)duy)=

z'eng 1(z) z'eng Hz) 9
=[ptxy Y py.2dum=[ptxy) Y plred)2)dul)=
9 z'eng 1(z) [ z'eng 1(z)

=§ Y pexy) Y ply2)du®= [ ¢°Fx ) 9"y, 2 du®).

Fo y'eng 1(y) z'eng 1(z) Fo

If ze %, then we must introduce obvious changes. [
After having established (48) we can also show that ¢° is symmetric in x, y.
Lemma 7.

(54) Vi20 Vx,yeZ, q°@tx, y)=4°y,x).

Proof. For x, ye %#,\ %, we have:

. 1 .,
(53) °(tx, )= lim ——— 3 p(tx,)),

M- I'L(BM) AM,x,y)

where A(M, x, y)={(x', ¥): xX'eng ' (x), Yenrng (), X', ¥ €By}. As (55) is symmet-
ric in x and y, it proves (54) in the case when x and y are not vertices.
To see (55) we make use of (48). The value of the sum

Y pltx,y)

yenry Hy)

does not depend on the particular choice of x within the same fiber. It follows

q°(t, x, y)= B B(MZyx’y)p(t, x,y)
1 o 1 .
=#(BM)A(A;x,y)p(t,x,y)+mc(%x’y)p(t,x,y)=ocM+ﬁM,
where

A{M, x, y)is defined above,
B(Ma X, y):{x’eﬂjo_l(x)’ ylen(;l(yl xIEBM}s

C(M, x, y)={x"eng ' (x),y'eny ' (¥), x'€Bu, ¥ ¢ By}
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We will be done if we show that f5,, goes to zero with M — co. We have:

! )y (Y plt.x,y)

H(By) 1 eBr\B(O, 22— 313} 2B

! T (Y ptx,y) =P+

14(By) x'€B(0,2M — M) y'¢Bar

(56) Bu

Now: BL; can be estimated using the area comparison —

(67 ﬁkzZM(;M)#{x’engl(x), x'€ By \B(0, 2" — M)} -
‘ w(By \B(0, 2™ — M)
e ¢ExN=C 1(By)

=C. ,u(BO\B(O, 1—3{4))

which gives that i, goes to zero as M goes to infinity.
To estimate 3, we notice, that in this case x’ and y’ are far away:

M __ ds
6  FscCna s S p(x,y)

{x'eng Yx}), x’€B(0,2M — M) "¢ B

IIA

C- sup > p(t,x,y)

{x'eng 1(x), x’€eB(0, 2M ~ M)} rd,y) = M)

= Z sup z p(ta xla y’)

M X eng 1(x), x’eB(0, 2M — M)} rd(x', yyeln, n+ 1))
o
n=

1 d,
Y ntexp{—C-(nt”d)& T},
M

<c-

(in the last inequality we used an estimate alike that in Lemma 3) which is
the tail of a convergent series — hence goes to zero as M goes to infinity. Combin-
ing (57) and (58) we obtain (56).

For arbitrary x and y (54) follows by continuity. The proof of the proposition
is finished. [J

Now we finally can legitimately define the reflected Brownian motion on
Fo by
X?:no(zt)'

The corresponding probabilities will be denoted by Q2.
We can collect the properties of X? in the following theorem:

Theorem 4. (X,O),g o is a continuous Markov process with continuous transition
density q° given by (46). The transition density q°(t, x, y) is symmetric with respect
to x and y.
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This way we have constructed the desired Markov process with a compact
state-space, %,. The semigroup associated with this process, denoted by (T;°);» o
is a semigroup of selfadjoint operators on I*(%,, d p). -

The properties of the reflected Brownian motion (Markov property and the
identity (48)) allow us to construct the bridge measures for this process (definition
identical as for the Brownian motion on the whole gasket). They will be denoted
by 045, and they fulfill the relation (which can be seen by writting down the
appropriate measures):

Lemma 8. For x, ye9\%,, the ‘image under n, on C([0, t], %,) of the measure

Z p(tﬂx:y,)g,y’[.]

yeng Wmo(y)

iS equal to q() (ta 7170 (X), TCO (y)) Qﬁ;oo(x), 7o (p) ['J
Proof. We must check that VA% (C[0, t], %)

(539 @m0, Mo (M) Qi o [A1= X Pt X)) By [mg ' (A)]

y'{ng Hmo(¥))

where my(w), for @ being a trajectory from C[O0, ¢], has the obvious meaning

of [mo ()] (8} =mo(w(2).
Clearly, it is enough to check (59) for cylindrical sets {X{ eI, ... X, el };
for those sets this is a straightforward calculation, which uses only (48). [

Remark 3. The results of this section can be also carried out not for the triangle
of unit size, #,, but also for any triangle %,;. This way we would obtain the
reflected Brownian motion on a triangle with sizelength 2.

5.3. Recurrence properties for the Brownian motion and for the reflected Brownian
motion on %,

Out further work requires the following recurrence estimates:

Theorem 5. Let a binary number b>0 be fixed. Then there exist t,>0, >0
and two functions:

&:(0,0)—> (0,17,
Wi (0, 1) (b, o),

@ being a decreasing function; such that for any binary ¢>0 and x, ye% we
have:

1.
(60) Forre(0, ), if d(x, y)<er, then: B,[Tpy. op S Lo ™12 O (r).

2. If d(x, y)Sbhe then:
(a)
(61) PIT Stoe™] 20,
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(b)
(62) RCI:T;?< TB(y,s‘!’(ﬂ))C)] .2_ I— n, fOT’ 0< n< L
Proof. First notice that, as ¢ was assumed to be binary, we can use the gasket

scaling in order to get a reformulation of (60)—+(62) — easier to handle. After
this, we are led to showing: for x, ye %,

1.
(63) for re(0,00), if d(x,y)Sr then P [Tz, ,=te]=P(r).

2. If d(x, y)£b, then:
(a)

(64) P[T,Sto]Za,

(b)

(65) ELT <Tsppmel 211
We begin by showing (63), choosing t,=1.

Rc[TB(y,b)é%]ng[Z%EE(y,b)JZ _
= | pG.,x2z)duz= inf }P(%,x,Z)M(B(y,b))z

B, b) d {x,z:d(x,2)Sb+r

gCC—C(b+r)dW—I’

d,
for some positive constant C. Thus we can take &(r)=C g~ oAt
To prove (65) we must show that that for any #>0 we can find ¥ =¥{y)
such that for x, ye & with d(x, y) <b on¢ will have
PLL<Tspwapl>1—1.

We begin by showing that, given #> 0, one can find 7, =1,(%) with
(66) BT <t,]z1-7,

provided d(x, y)<b.
To do this, we introduce R,, an independent exponential time with parameter
A(4>O0-arbitrary).
Using the estimate (9) we get that for every 1>0
BT,>t]=R[T,>7,R,>7]+B[T,>1,R,<7]<
<B[R,>t]+RB[T,ZR,I<e *+C d(x, yy~ % j1 ¥ <
e A Chhvdr j1 3,

A

Find now a small 4, such that the second term in the last expression is smaller

than —:’I, and then an appropriate 7, with e %% <g. {(66) is established.
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In particular, (66) proves (64).
To prove 2, it is enough to find a ¥(5) such that (z, — as in (66))

(67) P [TB(y,‘I’(q))C =10 ég‘

provided d(x, y)<b.
Indeed, this way we obtain, using (67)

BT < Tapwupl 2 B LT, <o < Tpgywimyel

=PR[T,<to] = BI{T, <%0} N {Tapwm)Stoj121—1.

To complete the proof, we must show (67). For given p>b we have, using
(®)
P Ty, - S0l S B [sup d(Z,, Zo)> p—b]

s=19

=C-e

1 a4
—Cllp—h)z 4,141

We choose ¥(n) equal to the p such that the last expression is less than 1

(67) holds. 2
The proof of the theorem is finished. []

Remark 4. We established the recurrence properties for the process Z,. In the
sequel we shall need similar relations for X?. They are also true, as the underlying
probabilities for X? are bigger than those for Z,.

6. Asymptotic upper bound for the Laplace transform

Now we shall present the more delicate part of the question — we shall get
an asymptotic upper bound for the Laplace transform of the density of states.
The problem basically relies on the long-time asymptotics for the averaged
trace of the transformations 75. The other delicate part is that we want to

single out the factor vé%*2. This is done by appropriate scaling. As after projec-
tion the good scaling properties of A(U) are destroyed, we shall perform all
the necessary scaling first, then project the problem onto the triangle of size 1,
and finally use an estimate for the compact problem.

Our goal is the following:

Theorem 6. There exist positive constants D, D, such that:

. log Lt 2
(68) lim sup 6L o _p 737,
e I )

and, independently on xe %,

— 2
log Eo[exp{—vaZuol] . i2s

(69) lim sup

1= Tz
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Proof. We start with proof of (68).
Recall that

Vt L(t)= lim Ly(¢) (increasing limit),
where N7

(70) Ly(t)=——<E ]ﬂ p(t, X, X) B [ Tr 5 >t, Tyr(y>t] d uu(x)

( N) Fu

j p(t X, X) xx[exp{_v:u Z[O t])}]'{Téf;N>t}:] d,u(x

A &

As stated above, we will first perform the necessary scaling.
Let t>0 be fixed. Had we have the continuous scaling, we would like to

substitute in (70), again, )
(t)d,+dw
x=(— y
v

I\d,+d, . .
However, once more we have the problem that (—) 7+ is not always a binary
. . v
number — we proceed as previously: if

1
(71) 2n§(£)df+dw<2n+1

v

1
for some n, then we replace (%)d’ o (the ideal scaling factor) by 2.
Substituting x=2"y in (70) we obtain
*
p g Y.y
(«%v—n) J 3

FN-n

e {—v3ud . ])}1{7;”" o}

(72) Ly(t)=

This is the point where we are going to perform the projection: we shall project
the process onto the triangle of size 1, ;.

What enable us to do so are Lemma 8, Theorem 3 and the fact that (X?
=m(Z)) u(Zp, :])> w(X 7. (the Hausdorff measure of the trajectory decreases
after the projection =, due to possible self-intersections after the projection).

Using those properties we get:

1 o (3579 7o)
(/N n) F j 3

N -

) Eno(y) 7o () [eXp {—v 3"[1(X[

of L
1 q <5nsysy t

= | —5— B Texp{— X P de0)

(73)  Ly@=

])}] du(y)=

=

w(F) 4,
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(E%S, denotes the bridge in time t expectation for the reflected process on ).
Use now the property (71) and the relations (4), getting that, for all ¢,

t 42
?:tds+2 vd.+2 f(t)
and
d, 2 1
I =td+2vd+2—g(t),
v

where f (), g(t) are some numbers fulfilling 1 < f (1)< 5, i <g() < 1.
-~ d 2
Denoting t =t4+2 vd,+2 f (f) (:%) we get, recalling that u(%,)=1,

Ly(0= o LE L8 e 5 nCt [ dne= 2 4

Fo t

(A(7) is defined below).
This upper bound is the averaged trace of the operator associated with
the reflected Brgwnian motion on %,, absorbed at the obstacle points, but

iy . t . . .
with intensity Is° hence depending on time. In the proof of (69) we will use

not the averaged trace of this operator, but the averaged survival time.
The quantities mentioned above are:

(74) AWM= | q°(t % x)55[Tyw>t]du(x) (averaged trace),

Fo

B(t)=IE j Q. [Ty m>t]du(x) (averaged survival time).

Fo
As in [10], 1.35, we have that

(75) B(t)= A().

Now we are going to find an upper bound for which, in virtue of

log B(t)

log A(1)
t

(75) will give at once the upper bound for

Lemma 9.

1 .

(76) lim sup log B(t) tB(t) <lim sup ___og:l(t) < — inf [A(U)+&p(U)],
t— t—>w UeUg

where Uy, denotes the collection of all open subsets of %,.

Proof. Let the binary numbers b and ¢ be given and such that bg < 1. We denote,
following [10], by C,, the finite cover of the triangle %, by smaller closed
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triangles, obtained by chopping the sides of %, into equal parts of length be.
The cardinality of this cover is equal to
#Cbzsza:(bg)_df~

Let U,, be the collection of those open subsets of #,, whose complement in
the triangle %, is a union of some of the small triangles from the cover C,,,

#U,, =27,

Suppose now that R>0, >0, b>0 are three fixed binary numbers. In virtue
of the Theorem 1.7 of [10], which we can use thanks to the recurrence properties
from Theorem 5, there exists g, =¢g4(R, 9, b) such that for e<g, and t=1 (cq
is the constant from the estimate in Lemma 4)

AW S ¢y MNesexp{R— inf [t(1o(U)AR—08)+tsu(U)]}.

UeUyp,

Now we replace U,, by U, (collection of all open subsets of %,) and use the
elementary inequality

VYa,b,ceR anb+c=(a+c)nb,
getting that

) AW Se; 2 exp{R— inf ([(o(U)+ 5 u(U) A R—51),
and
(78) lim sup 18 (”:—mf [ (U) + 25 w(U) AR — 3],

As (78) is true for arbitrary R, J, we are allowed to let 6 —»0, R — o0, getting
the right-hand side inequality from (76). The other inequality is obvious. The
proof of the lemma is completed. [

What remains to be checked, is that the infimum in the upper bound in
(76) is is greater than zero.

Lemma 10.
inf [2o(U)+75u(U)]>0.

UeUp

Proof. The lemma follows easily from the spectral decomposition of the semi-
group (T;°): for any given >0 and UeU,

(79) eV T IO [ ¢t %0 du)
<u(U)- sup ¢°(t, %, x) Sp(U)ey 17

xeFo

log(u(U)c, t™°

ie. Vt>0 A(U)= — g

(T;°'Y is the semigroup related to ¢°, killed upon coming to the boundary dU).

) 1
15:1>1—+e, 15} then

the infimum will be bigger than zero. The estimate is complete. [

A simple calculation gives that if we choose t>max{(
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Conclusion of the proof of the theorem. After we have estimate (76), the rest
is easy. One has:

A 15v
; 2
-Svi+2

10g<
log Ly (1) <
4, = P
ta; 2

and, as this upper bound is independent of N,

A1)
"1
2
(80) logLt) . A\V/H 2%
yr) t
Taking into account Lemma 9,
. log L 2
(81) lim sup ~O-g—d-@§ —2vd+2- inf [Ay(U)+ s u(U)],
t— o0 tds“s'z UelUg

and we pick D, =2 inf [1q(U)+15u(U)], which we know to be positive by
UEUD

Lemma 10. (68) is proved.
To see (69), one has to introduce some averaging — we have proved the
asymptotic estimate for B(t), not the pointwise estimate of E, [exp { —vu(Z; 4)}]1.
We have, from the Markov property of Z,, that

(82) Ex[eXP{—VM(Z[o,t])}]§EoEXII:CXP{"VH(Z[O,:—H)}]:
= [ p(1,0,x) E.[exp{—vu(Zy,.- 1)}] d u(x).
g

Now we proceed as before — as in the proof of (68). We rescale the whole

problem with x=2"y, if 2" g(t -

1
)df+dw<2n+1 getting the last integral in (82)

equal to:

) [ p{55203) B loxp (v 37 - 1 0

At this point, as before, we project the problem onto the triangle of size 1,
getting

f X p(%,o,y’)E‘y)[exp{—V3"N(X[%, ])}]d/l(y)

t—1
Fo yvere () 5"

1 -
< sup q“(g;, 0, y) B(t),

yeFo
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2
with 7=(t— )ETZya 2 f(t—1)(f(t—1) — as before, is a number from (1, 5]).

~

~ . . sy e . t .
B(¢) is the averaged survival time as in (74), but with intensity 5 H Using

Lemma 4, we get that

1
sup ¢q° (?, 0, y)gc1 5m8,
yeFo
i.e. the behavior in ¢ is at most polynomial-like when ¢ goes to infinity — can
be neglected. Now (69) follows as before. [

Now our estimates (Theorems 2 and 6) lead us to establishing, via use of
the Minlos-Povzner Tauberian theorem of exponential type (Theorem 2.1 in
[5]), the asymptotic behavior of [([0, 1)), as 1 —0. This type of behavior is
known as the ‘Lifschitz-type singularity’ for the density of states.

Theorem 7.

(84) —Cv§1iminfw§limsupwg—Dv,
A-0 Iz 1-0 7

where C, D are two positive constants, depending only on the constants in Theo-
rems 2, 6.

Proof. The proof is nothing but use of the Minlos-Povzner type Tauberian
theorem mentioned above. []

Acknowledgement. The author wishes to express thanks to Prof. Alain-Sol Sznitman for drawing
the attention to the subject and for many helpful discussions.
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