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Summary. Let {X(t), t >= 0} be a stat ionary Gaussian process with E X ( t ) =  O, 
EX2(t)  = 1 and covariance function satisfying (i) r(t) = 1 - C]t[ ~ + o(Itl ~) as t ~ 0 
for some C > 0, 0 < c~ < 2; (ii) r(t) = O(t -2~) as t ~ oe for some 7 > 0 and (iii) 
sup,__>~lr(t)] < 1 for each s > 0. Put  ~(t) = sup{s: 0 < s < t, X(s)  >= (2logs)l/2}. The 
law of the iterated logari thm implies l imsupt-~oo(r  t ) =  0 a.s. This paper  
gives the lower bound  of r and obtains an Erd6s-R6v6sz type LIL,  i.e., 

liminft.oo(~(t) - t)/(t(logt) (~-2)/(2~) log logt)  = - (2 + ~)xf~/(c~H~(2C) 1/~) a.s. if 

0 < e < 2 and l iminf~.~ log(~(t) / t ) / loglogt  = - 2 ~ / x / f C  a.s. if c~ = 2. Applica- 
tions to infinite series of independent  Ornstein-Uhlenbeck processes and to frac- 
t ional Wiener processes are also given. 

Mathematics Subject Classification (1991)." 60 G 15, 60 F 15 

1 Introduction and main result 

Let W(t), t > 0 be a s tandard Wiener process and define r/(t) = sup{s:0 _< s _< t, 
W(s) > (2sloglogs)a/2}, t > O. F r o m  the law of the iterated logari thm it follows 
immediately that 

lim sup rl(t)/t = 1 a.s. 

Erd6s and Rdv6sz [31 considered the lower bound  oft/(t) and obtained a new law of  
the iterated logarithm: 

lim inf (l~ log r/(t) - Co a.s. (1.1) 
t-~o log3 t ' l o g t  t 
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for some constant  Co with �88 < Co < 214, while Shao [8] gave the exact value 3x//n 
of Co, where log2 t = loglog t, log3 t = loglog2 t. Put  

/~(t) = s u p { s : l  _< s -< t, 

t~(t) = sup{s :0_< s -< t: 

It  is easy to see that  

W(s) >= (2sloglogs)l/2}, for 

W(eS) > (21ogs)1/2}, for t > 0 
e S / 2  = = �9 

and hence, by (1.1) 

O(t) = logO(e t) a.s. for every t => 0 

t > l  

lim inf (l~ (O(t) - t) = - 3x/-~ a.s. (1.2) 
~-co t . l o g z t  

Clearly, W(e~)/e s/2, s > 0 is an Orns te in-Uhlenbeck process, a s ta t ionary Gaus-  
sian process. This p romotes  us to study the corresponding p rob lem to O(t) for 
general s ta t ionary  Gauss ian  process. 

Let {X(t), t > 0} be a real separable s ta t ionary Gauss ian  process with 
EX(t) = 0 and EX2(t) = 1 for each t > 0. Denote  the correlat ion function 

r ( t ) = E X ( t + s ) X ( s )  f o r s > 0 a n d t > 0 .  (1.3) 

Consider  the process 

~ ( t ) = s u p { s : 0 < ~ s < _ t , X ( s ) > ( 2 1 o g s ) l / 2 } ,  t > 0 .  (1.4) 

The upper  class of law of the i terated logar i thm implies 

P(X(s) > (2logs) 1/2, i.o.) = 1 

under certain condit ions on r(t) (cf. Qualls  and Watanab le  [7]). Hence, we have 

and 

lim ~(t)= oo, 
t ~ o-,) 

a . s .  

l i m s u p ( ~ ( t ) - t ) = 0  a.s. 
t ~ o o  

The aim of this paper  is to give the lower bound  of ~(t). We will state our  main  
result in this section, while its p roof  is given in Sect. 2. Sections 3 and 4 will be 
devoted to two special Gauss ian  processes, infinite series of independent  Ornstein-  
Uhlenbeck  processes and fractional Wiener  process, respectively. 

Th roughou t  this paper  we will use the following notations:  [x]  denotes the 
integer par t  of x; x + = max  (0, x); log x = In x if x > 0 and log x = 1 if x < 0, where 
In is the natural  logari thm; log2 x = log log x, and log3 x = log log2 x; ~ ~= x stands 
for V [y] and maxx<i<y means  max[xl_<i_<ty] for y > x. 

. ( . .a  i = I x ]  = = = 

In what  follows we always assume that  X (t) is a s ta t ionary Gauss ian  process 
with EX( t )=  O, EX2(t)= 1 and correlat ion function r(t). 
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T h e o r e m  1.1 Assume that the following conditions are satisfied: 

r ( t ) =  1 - C I t I ~ + o ( I t l ~ ) a s t - - * O f o r s o m e C > O ,  0 < c ~ < 2 ,  (1.5) 

r(t) = O(t -2v) as t ~ oo for  some , / >  0 ,  (1.6) 

Then 

sup Ir(t)l < l for each s > 0. (1.7) t>~s 

lira inf {(t) - t (2 + ~)xf~ a.s. / f0  < c~ < 2 (1.8) 
t ~  t(l~176 t -  ~H~(2C) ~/~ 

lim inf l~ 2 x / 7  - a .s .  if~ = 2 (1 .9)  
t~ ~ log 2 t H2 x ~  

where 0 < H~ =- l i m r ~  T - 1 J o  e~ P(supo<-t<- r Y(t) > s)ds < oe , and Y(t) is a non- 
stationary Gaussian process with mean E Y ( t ) =  - I t ]  ~ and covariance function 
C o y  ( Y ( s ) ,  Y( t ) )  = - I t  - s [~ + Is I ~ + I t  I ~. 

The value of H~ is unknown except H1 = 1 and H2 = 1 /xf~  (cf. [5, p. 232]). 
(1.8) shows that for any t big enough there exists an s in 

[t - t(logt) (~ 2)/(2~)'log2t , t]  

such that X(s) > (210g s) ~/2 and that  the length of the interval t (log t) (:- 2)/(2:)log2 t 
is smallest possible. Moreover ,  the bigger the parameter  c~ is, the wider the interval 
will be. 

2 P r o o f  

We start with some preliminary lemmas. 

Lemma 2.1 Suppose 41 . . . . .  ~, are standard normal variables with covariuance 
matrix A 1 = (A~.) and th, . . . , tl, similarly with covariance matrix A ~ = (A~ and 
let Pi~ = max(lA~l,  ]A~ Further, let ul ,  �9 . . , u, be real numbers. Then 

P( ~=l{~J~UT})-P( ~=1 {Ylj~uj} ) J J 
1 ( u 2 i + u f  < - -  Z (Ab - A~ + (1 -- p2 ) -  1/2 exp 

= 2~ 2(1 + Pifl]  l<i<j<n 
This is Theorem 4.2.1 of [5]. 

Lemma  2.2 If(1.5) and (1.7) hold, then 

lira P(supo<=~<=~ X(s)  > x) 
~+oo  x 2 / ~ ( x )  = C'/~H~ (2.1) 

lim P(max~176 (jOx-2/~) > x)  = c1/ H,(O ) (2.2) 
~ x 2 / ~ ( x )  0 
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for each 0 > 0 and 

lira Ha(O) _ H, (2.3) 
0--+0 0 

where Ha is defined as in Theorem 1.1 and ~(x) = (2rc)- l / Z x -  l e -  X2/2. 

This is Lemma 2.5 of [6]. 
F rom the proof  of Lemma 12.2.5 of [5], one can see that the next lemma holds. 

Lemma 2.3 I f  the conditions of Theorem 1.1 are satisfied, then there exist constant 
Ko and Xo such that 

P( max sup X(s)>x) 
\ O<j<x2+:/O O<-s < - 1 

< Ko x 2/~ ~(x) OY- 1 exp ( - 0 -~/4/Ko ) (2.4) 

for each 0 > 0 and x >= Xo. 
In what  follows we define 

~2 = (2 + ~)/(2~), a = (2 - c~)/(200 for 0 < c~ __< 2. (2.5) 

Lemma 2.4 Under the condition of Theorem 1.1, for each 0 < e < 1, there exist 
positive constants N and p depending only on e, ~ and 7 such that 

P sup (2logs)l/2 < 1 
a<_s<b 

( ( 1 ( 1  --+ e)~(2C)l/~H~"e)(2 + ~)x/,~ t l ~  ~'D - log~(a + 1))) + Na -~ (2.6) < e x p  

for each b > a + 1 > N, where ~ is defined as in (2.5). 

Proof. By Lemma 2.2, there exist 0 > 0 and Xo such that 

P (  max X(jOx-Z/~)>_x)>=(1-e)H~C1/~x2/~O(x) (2.7) 
\ O<j<x2/~/O 

for each x > Xo. Put  

b(a, e) = [(b - a - 1)/(1 + e)], 

x ~ = ( 2 1 o g ( a +  1 + i ( 1 + e ) ) ) 1 / 2 ,  2~=[x{/~/0] ,  i = O, 1 . . . . .  

Then 

/ X(s) ) 
P sup - - 1 1 2  ~- (, ~_<~_<b (210g S) < 1 

__<P( max sup X(s) < 1 )  
O < i < ( b - a -  1)/(1 +e) a + i ( l  +e)<s<a+ 1 +i(1 +e) (21~ 1/2 = 

< P (  max sup X(s) < 1 )  
O<_i<_lo(a,~ ) a + i t l + ~ ) < s < a + l + i ( l + c  ) (21og(a + t + i(1 + e))) 1/2 = 

( X(a+i ( l+~)+jOx[-2 /~)  ) 
< P max max < 1 . (2.8) 

O<=i<b(a,e) O<j<21 Xi 
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Let  
X~ = ( X  (a + i(1 + e) + jOxi- Z/=), 0 < j <-_ 5c~), i = O, 1 . . . . .  b(a, e ) ,  

{Y~, 0 <_ i <_ b(a, e)} be independent  normal  random vectors and Yi and Xi have 
the same distribution for each 0 < i _< b (a, e). Applying Lemma 2.1 yields 

( X(a  + / ( 1  + e ) +  jOxi -2/~) 
P max max < 1 / \ O<i<b(a,e) O<j<2~ Xi 

b (a, ~) ( ) 
< l-I P max X ( a + i ( 1  + e ) + j O x [  2/=)<=xl 

i = 0  \o<_j<2~ 

( ^ ~ [r ( i , j ,u ,v ) l  exp -- ~_(x~-+_xj 
+ ~ x~ 1 _ r z ( i , j , u , v )  1 + [ r ( i , j , u , v ) ] ]  O<=i<j<b(a,e) u v = 0  

:=  11 + I2 (2.9) 

where 
r(i, j ,  u, v) = r ( ( j  -- i)(1 + e) + vOx7 2/~ - uOxi-2/~) , 

b(a,~) ( ) 
11 = I ]  P max X ( a  + i(1 + e) + j O x Z  2/c~) <= X i , 

i = o  k 0__<j__<.~i 

12 

Put  

E x / l ~ 7 2 ( ~ f u ,  v) 1 + lr ( i , j ,u ,  v)l " O<i<j<b(a,a) u = 0  v = 0  

r*(s) = sup[r(t)[, s > 0. (2.10) 
t>s 

4 
Oix /1  r*@) o<j-i<_~o/~ ~-i>,ol~ 

Noting that  

( j  -- i)(1 + g) + uOxj -2/ct -- uOxf -2let ~ ( j  -- i)z > g 

for e v e r y j > i ,  0 < u < - - 2 i ,  O < _ v < 2 j ,  w e h a v e  

Ir(i,j, u, v)l < r * ( ( j -  i)e) =< r*(e) < 1 (2.11) 

by (1.7). F rom (1.6) it follows that there is a to such that  

r*(t)  < t -~ < min(1, 7)/4 for every t > to. (2.12) 

In what  follows, for the sake of simplicity of statement, we will use K to denote the 
constant  which is independent  of a and b, and may be different from line to line. We 
have 

X i -{-Xj 
4 ~ x2/=x2/=r*((j - i)e)exp - 2(1 - ~ 7 " ~ ] -  i)e)) 

12 < 02,,/11 _ r*(e) 0__<i<j_<b(a,~) 
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= K Z x~/~ exp 1 + 7~(~)) 
O<=i<=b(a,e.) 

+ ~ 2/~xjZi~< .(j_i)-,exp( x2~ +xY ~ 
j ~>tol~,j<=b(,~,~) xi 2(1 +7/4)J] 

__< K ( i ~ o  ( a + i ( l +  e))-2i(l+'*@))logZl~(a+i) 

+ ~ (a + i)-l~/4(a +j)-l~Tf41ogll~(a + i)logli~(a +j) 
j-i>tole, j<b (a, e) 

( , - r * ( ~ )  ~.] logl/~(a + / ) )  
__<K a - ~ + i = o  (a + i) 1+ ~i4 /I 

<= K(a-(1-,*(,))l 4 + a -~/6) 

< Ka-O 

where p = min((1 - r* (e))/4, 7/6). 
Noting that X(-)  is a stationary process, we derive from (2.7) that 

b(a,e) ( ) 
I1 = 1~ P max X(jOxi -2/~) <xi 

i = o  \ O < j < ~  

< e x p  - P max X(jOxF 21~)>xi 
i = o  \ o<j-<:?i  

< exp - (1 - e)Cli'H~x~l~tk(xl 
i = 0  

b(.,~) (21og(a + 1 + i(1 + e)))~ 
: e x p  - ( 1 - e ) C I / = H =  /:oE x / ~ (  a + l + ~ ]  + - ~  -J 

( ( 1 -  e)(2c)Xl~H~b(~e)log~(a + 1_ +_ {(1 +_ e))'] 
= e x p -  ~ i=o a + l + i ( l + e )  J 

provided that a is sufficiently large, where ~ is defined as in (2.5). An elementary 
calculation implies 

b-a-i 
b(~,~)loge(a+ l + i ( l + e ) ) >  ~" l + ~ l o g e ( a + l + y ( l + e ) )  

Z = / a + l  +y(1 +~1 
dy 

~=o a +  1 + i (1  +e )  jo 

2c~ 
- cr - log~(a + 1)). 

(1 + e)(2 + 

Hence 

(1 -- e)o:(2C)ll~H~ ) 
Is < exp - (1 + e)(2 + ~),,/~ (l~ -- l~ + 1)) . (2.15) 

Putting the above inequalities together yields that (2.6) holds true. This proves the 
lemma. 
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Lemma 2.5 Under the condition of Theorem 1.1, for each 0 < e < 1, there exist 
positive constants N and z depending only on e, c~ and ~ such that 

O<=i<=[b-a] O<_i<y~l~/O~ 

1 (  ( 1 §  ~)~(2C)11~H~ ) 
> ~exp  -- (2 + c~)x/~ (log~b - logaa) - Na -~ (2.16) 

for each b > a + 1 > N, where yi = (21og(a + i)) 1/2, O i = l o g  8/~(a + i), ~ is as in 
(2.5). 

Proof Put  

Y~ = Y ~ -  O~[/4/Y,, .9~ = [y{ /~ ' /O~] ,  i = O, 1 , . . . .  

Applying Lemma 2.1, one can find that 

P (  0 t max X(a+i+jO~y i -2 /~ ' )<Y~-O~/4 /Y~} )  
O < i < [ b - a ]  ~. o<-j<y~/7o~ rbal( ) 

->- l-I P max X ( a + i + j O ~ y i  -2#')<y~ 
i=o o<=j<=~ 

2;z ~' ~o X/] ~2(i,j~u, v) exp - 1 + ~ i ~ , ~ ,  v)[ O < i < j < b - a  u = O  v 

:= J1 - J2, 

where z(i,j ,  u, v) = - r ( j  - i + vOjyf 2/~ - -  u O i y ?  2/~). 

Clearly, for j > i + 2, 0 _< u _< j3; and 0 _< v _< ~3j, by (1.7) 

]z(i,j, u, v)[ __< r*( j  - i - 1) < r*(1) < 1. 

On the other hand, by (1.5), there exists a constant  0 < ta < 1 such that 

r(t) >__ 1 - C[t[~/2 > 0 for every 0_< t _< tz. 

Hence 

(2.17) 

and 

(2.18) 

(r(i,j, u, v)) + = 0, i f j  = i + 1, 1 + v O j y f  2/~ - u O i y i  -2/c~ <_ t 1 (2.19) 

Iv(i,j, u, v)l ~ r*(tl ) < 1 i f j  = i + 1, 1 + v O j y f  2/~ - uOiy7 2/~ > t 1 . (2.20) 

Therefore, by (2.18), (2.19) and (2.20) we obtain 

~ ;J 1 ( �89 ~ ) )  
J2=< ~ -~o • 4 1  r*( t l )  exp r ' Y 2  

O < i < b - a , j = i + l  0 - -  1 + (tl)  

+ o_<i+2~j_<b-aE .=o ~=o x/1 r ~ l )  exp -- 1 +r-;-(} 22 i ~ 1) " 
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Completely similar to the estimation of I2, we can arrive that there exist positive 
constants K and z such that 

J2 <= Ka -~ (2.21) 

for every a sufficiently large. Using Lemma 2.2, one can also obtain that 

[b - a] ( ) 
J1 = l~ P max X(jOiy~-2/~)<9i 

i=o \ o__<j<~ 

--> 1-[ 1 - P  sup X ( s ) > y i  
i = O  \ O < - s  < - 1 

> exp - e)x/~ log;b - log;a (2.22) 

provided that a is sufficiently large, along the same line of the proof of I1 in Lemma 
2.4. This proves (2.16), by (2.17), (2.21) and (2.22). 

Proof of  Theorem 1.1 We formulate the proof in three steps. 

Step I Assume 0 < e < 2. Then 

l iminf  ~(t) - t > - (1 + 2e)2C1 a.s. (2.23) 
t - . ~ o  t tog-~t ' logz t =  

for every 0 < e < �88 where C1 = (2 + e)x/~/(c~H~(2C)l/~), ~ is as in (2.5). 

Proof. Put 

tk = exp(k~/;), Sk = tk-- (1 + 2e)C~tklOg-;tk'lOg2tk, k = 1,2 . . . . .  

Then 
log~tk - 1og~sk ~ 1og~tk -- (1ogtk -- (1 + 2e) 2 C 1 (log tk)-;" log2 tk) ~ 

(1 + 2e)2(2 + e)C1 
2ct log2 tk. 

Noting that 

t X(s) } 
{{(t) < a} = sup (2logs)l/2 < 1 

~ . a < s < = t  

for every 0 < a < t, and using Lemma 2.4 and (2.24), we obtain that  

P (  ~-~(tk) Z h  < - ( 1  + 2e)C1) 
\ tk log  -~tk ' lOg 2 t k = 

= P \ ~ s u p  (2logs)l /2< 1 

< e x p (  (1 - e)~(2C)I/~H~ ) 
= - (1 ~ e)(2 + a) , , /~ (l~ -- l~ + 1)) + N S k  p 

(2.24) 



Erd6s R6v6sz type LIL 127 

(1 --  8)(2C)1/~(1 + 28) 2 C 1 ) 
< exp  -- (1 + 28)2 , , /~  log2 t  k + 2 N t J  

(1 + e/2)(2 + 00log2tk ) 
< exp  -- ~ + 2 N t [  p 

< 2k-(1 +e/2) 

for  every  k sufficiently large.  Hence ,  b y  the  Bore l -Can te l l i  l e m m a ,  we have  

l i r a  i n f  ~(tk) - -  t k  --> - -  (1 -]- 28) 2 C 1 a . s .  (2.25) 
k-~ co t k l o g -  ~ tk" l o g 2  t k  - -  

Since ~(t) is a n o n - d e c r e a s i n g  r a n d o m  func t ion  of  t, for  every  t k ~ t ~ t k + 1, we have  

~ ( t )  - -  t ~ ( t k )  - -  tk+  1 

t l o g - ~ t  �9 log2 t = tk lOg-~tk"  log2 tg 

~(tk) -- tk t k + l  - -  tk 

= tklOg-~tk ' lOg2 tk  - -  tklOg-~tk" log2 tk " 
(2.26) 

An  e l e m e n t a r y  ca l cu la t ion  impl ies  

t k  + 1 - -  t k 
l im = 0 
k~co tk lOg-~tk ' lOgztk  

(2.27) 

wh ich  t oge the r  wi th  (2.26) yields 

~ ( t )  - t ~ ( t k )  - tk 
l im inf  - lira inf  (2.28) 

t~co t l ~ 1 7 6  t k~co tk lOg-~tk ' log2tk  a.s. 

Th is  p r o v e s  (2.23), by  (2.25) a n d  (2.28). 

Step  2 A s s u m e  0 < ~ < 2. T h e n  

~ ( t )  - t 
< - (1 - 8)C1 lira inf  t l og_~ t ,  log2t  = 

t---~ oo 
a.s. (2.29) 

for  every  0 < 8 < (2 - ~)/8 < �88 

Proof. Let  

bk = e x p ( k  (1 +,2)/~), ak = bk -- (1 - 28)C lbklOg-~bk' lOg2 bk, 

Yk, i = (21og(ak + i))1/2, Ok, i = log-S/~(ak + i ) ,  

~ / 4 /  . . . .  2 / ~ / 0  Yk,~ = Yk, i -- ~k,i/Yk, i, f~k,i = Yk, i /  k, i ,  

t X(s) } 
Ek = {((bk)_--< ak} = sup  (2logs) l /2  < 1 , 

L ak <s<=bk 

Ak = ~ { m a x  
O<--i<=[bk--ak] O < j ~ k , i  

) 
�9 - 21o :  L X ( a k  + i +JOk, iYk, i ) =  < yk , i f  . 
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It suffices to show that 

P(E,  i.o.) = 1. 

Clearly, for m _> 1 

oo bk - -as  

+ E Y  
k = m  i = 0  

(2.30) 

/ \ 
P [  max X(ak + i +  JOk, i "'-2/cqyk,i I <-= Yk,i, sup X(ak + i +  s)>= Yk, il  

\O<=j<=3~k, i ONs--<l / 

/ 
P {  m a x  X(jOk, -2/~, sup iYk, i ) <= f;k,i, 

\ O<=j<=~k, i O'<s < i 

x(s) >= yk,,) f --Urn ) oo bk - ak = e  e k + E E  
k k = m  i = 0  

(2.31) 

Using Lemma 2.3, we have, for some K0 > 0 

Cm < Ko ~ ~ .2/~,1,~,, t0e/2-1 k,i 
~-  Y k ,  i W ~ , Y k ,  i !  k , i  exp 

k = m  i = 0  

~ b~-~ ( l o g Z ( a k + i ) )  
-<K ~ log9~(a~+i ) ' ( ak+ i ) -~exp  - 

- -  k = m  i=O Ko 

__<K ~ ~ logg~(ak+i ) - (ak+i ) -3  
k = m  i = 0  

<K ~ a~ -1 
k = m  

< K m  -4 

provided m is large enough. Therefore 

and 

lim L ~  = 0 

m --+ r 

(0) (0) lim P Ek __> lim P Ak . 
m~oO k m~oo \ k = m  

To finish the proof of (2.30), we only need to show that 

P(Ani.o.) = 1 . 

Similarly to (2.24), we have 

log~-bk _ logga k ~ (1 - 2e)(2 + c~)Ci 
2e 

log2 bk . 

(2,32) 
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Now from Lemma 2.5 it follows that  

~ (  (l+e)~176 ) 
P(Ak) > exp - (2 + ~ ) . ~  ( l~  1og~ak) -- g a k :  

> l e x p (  ( 1 + 2e)(2C)t/~(1 - = - 2 x f ~  2e)C~l~ _ 2Nb~ ~ 

_> _lk_ O _~4) 
- 8  

for every k sufficiently large. Hence 

~, P(AD = c~ (2.33) 
k = l  

and (2.32) will be implied by 

lira inf y ' I  ~k * z<="P(AkAI) _< 1 (2.34) 
, - ~  ( ~ = 1 P ( A k ) )  2 - 

by the general form of the Borel-Cantelli lemma (cf. [9]). We below verify that  (2.34) 
is satisfied. It is easy to see that  

ak + l -- bk 
1. (2.35) 

bk + l -- bk 

Applying Lemma 2.1, we get that  for k < l 

P(AkAt)  < P(Ak)P(A1) 

b~'-a~" Y.".' bz-az ~' , .  ~( i , j ,u ,v )  Q 1 - 2  -2 ) 
+ ~ ~, ~ ~ exp ~(Yk.~+Y~,.) 

i :o  j : o  , : o  , : o  ~/1 - - - ~ u ,  v) 1 + ~(i , j ,u ,v)  

:= P(Ak)P(A~) + Ck,~ (2.36) 

where 

_ �9 - 2 / c t  ~(i,j, u, v) = Ir(at + u + vOl,,.,yt. 2/'~ -- ak i --JOk, iYk, i )t 

<= r* ( a t -  bk -- 1) 

_--< r*(�89 - bl-1)) 

_-< ( b l -  bl-1) -v < min(1, y)/4 

by (2.35) and (1.6), for every k, l (k < l) sufficiently large. Therefore 

b,,: a,~ b~-., ( l o g ( a k + i ) + l o g ( a z + u ) )  
Ck,~ <= K ~, • .Yk, i.Yt,u(b~- b t _ l ) - ' e x p  - 1 + 7/4 

i = 0  u = 0  

< Kb~/410g9/~ bf410g9/~bl"(bl - bz- 1 )-~' 

< Kexp(  - ?U/4/8) 
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for some constant  K not  depending on k and l, and for every k < I sufficiently large. 
Hence we have 

Ck, Z < 0O . (2,37) 
0<k</<oo 

N o w  (2.34) follows from (2.36), (2.37) and (2.33). This proves (2.30) and so does 
(2.29). 

Step 3 If c~ = 2, then 

lim inf l~ _> - (1 + 2~)2C2 a.s. (2.38) 
t-~ oo log2 t -- 

and 

lim inf  l~ _< - (1 - 2e)C2 a.s. (2.39) 
t ~  l o g 2 t  - 

for every 0 < e  < �88 where C2 = 2x/~/ (H2 ~ )  = 2 ~ c / ~ .  

P r o o f  Put  

t k = e  k, s k = t k e x p ( - - ( 1  +2e)2C21og2tk),  k =  1,2 . . . . .  

Proceeding the same way as that of the proof  of (2.25), one can obtain that 

lim inf l~  > - (1 + 2e)2C2 a.s. (2.40) 
k-+ 0o log2 t k  - -  

On the other hand, it is clear that  

lim inf log(~(t) / t)  _ lim inf log(~(tD/tD a.s. 
t-oo log2 t k ~  log2 tk 

since l i m k ~  log(tk+ 1/tk)/log2 tk = 0. This proves (2.38), by (2.40) and (2.41). 
Let 

ak = bkeXp(-- (1 -- 2e)C21og2bk), k = 1,2, . . . . bk = exp(k 1+~2), 

Not ing  that  
a k +  1 - -  b k 

1 ,  
a k + l  

along the same line of the proof  of (2.30), we also have 

lim inf log(~(bk)/bk) < _ (1 -- 2e)C2 
k-* ~ log2 bk -- 

This proves (2.39). 
N o w  the proof  of Theorem 1.1 is completed. 

a.s. 

(2.41) 

3 Infinite series o f  independent  O r n s t e i n - U h l e n b e c k  processes  

In this section we consider a special s tat ionary Gaussian process, infinite series of 
independent  Ornstein-Uhlenbeck processes. A real valued stat ionary Gaussian 
process {X(t), - oo < t < oo } is called an Ornstein-Uhlenbeck process with 
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coefficients 7 and 2 (7 > 0 ,2  > 0) if EX( t )  = 0 and E X ( s ) X ( t )  = 
(7 / )~)exp(-  2 I t -  sl). Let Y(t) = (Xz ( t ) ,X2( t )  . . . .  ), where {X,(t), - oo < t 
< Go } are independent  Ornstein-Uhlenbeck processes with coefficients 7, and 

hi (i = 1, 2 . . . .  ). The process Y(.)  was first studied by Dawson [2] as the station- 
ary solution of the infinite array of stochastic differential equations 

dXi(t) = - 2,Xi( t )dt  + x/~/dW~(t) ,  i = 1, 2 . . . . .  

where {W~(t), - co < t < oo } are independent  s tandard Wiener processes. The 
path properties of Y(.) have been extensively investigated by various authors  
during the past two decades. We refer to Cs/tki et al. [1] and references therein. 

We concern here with the infinite sums of Y(.). Assume 

Define 

o < r 2 =  2 <  o0. 
i = 1  

(3.1) 

co 

x(t) = ~ ~ x~(t), (3.2) 
i =  = 1  

1 ~ ~ ( 1  - e - X " ) ,  t > 0 (3.3) 
0-2(t) = ~202 i_~ 1 h i = �9 

It is clear that  {X(t), t > 0} is a s tat ionary Gaussian process with E X ( t ) =  O, 
ExZ( t )  = 1 and covariance function 

r ( t ) = E X ( t + s ) X ( s ) =  1 - a Z ( t )  fo rs ,  t > 0 .  (3.4) 

Theorem 3.1 Let  {X(t), t > 0} be the infinite sums of  independent Ornstein-UhIen- 
beck processes, defined as in (3.2). Put ~(t) = sup{s:0  <_ s <_ t, X(s)  > (21ogs)1/2}, 
t > O. Let  a 2 (t) be as in (3.3). Assume that there exist 0 < c~ < 1, C > 0 and ~ > 0 
such that 

i=1 min(21, 2/1 +~) < oo , (3.5) 

lim a2(t) = C .  (3.6) 
t,.O t~ 

Then (1.8) holds. 

Proof  It is easy to find that  (1.7) is satisfied since a2(t) is a positive non-decreasing 
function for t > 0. By Theorem 1.1, it suffices to verify that (1.6) is satisfied. Notice that 

1 ~ ~i -a~t  r(t) ~ ;~ 

0 \i:.~i>:t 1'/2 i:Ai 1 ' /2  

=<~ , Z e x p ( - t ' 2 ) +  Z 
i :1>t l /2  

zi 

= ~=1 a < exp( - t 1/2) + ~o ,  . 

<_ K t -  o/2 



132 Q.M. Shao 

for some constant  K and for every t > 2. This proves (1.6), as desired. 

C o r o l l a r y  3.1 Let  {X(t), t >  0} and {{(t), t__> 0} be defined as in Theorem 3.1. 
Assume for some 8 > 0 

i=1 min(1, 2/*+a) < o9 . (3.7) 

Then 

r  - t 
lim inf 

t+o~ t log- I /Z t log2  t 

where F1 = Fo2  ~'.~ l yl. 

Proof  Clearly, (3.7) implies (3.5) and 

~ 7 i <  c ~ .  
i = l  

lim ~ = _F 1 . 
tl. 0 t 

The latter yields 

2F1 

N o w  (3.8) follows f rom Theorem 3.1 with c~ -- 1, C = F1 and H1 = 1. 

a.s. (3.8) 

4 F r a c t i o n a l  W i e n e r  process  

Let {Z(t), t > 0} be a fractional Wiener process of order ~, i.e., a centred Gauss ian  
process with s ta t ionary  increments and variance E z Z ( t ) =  t ~, where 0 < ~. < 2. 
Consider  

~(t) = sup{s :0  <_ s <_ t ,Z(s)  > (2sqog2s)l/2}, t > 0 . (4.1) 

By the upper  class of increments for Z(t)  (cf. [4]), one has 

lim t/(t) = oo a.s. 
t ~ o O  

and 

lira sup (t/(t) - t) = 0 a.s. 
t--+ oo 

The following theorem presents the lower bound  of ~ (.). 

T h e o r e m  4.1 We have 

lim inf (1og2 t)(2 - ~)/(2~). log (~ (t)/t) (2 + C~)Xf~ 
-- a.s. (4.2) 

t-+ ~ logt" log3 t r 

Proof  Let 

X ( t ) =  Z ( # ) / e  =tl2, t > O . 
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Then ,  E X ( t )  = O, EXZ( t )  = 1 a n d  

E X ( s ) X ( t )  = �89 ~(~ sV2 + e~(S-r)/2 _ [e(,-,)/2 _ e(,-~l/2 I~). 

Hence ,  {X(t), t > 0} is a s t a t i o n a r y  G a u s s i a n  p roces s  wi th  c o r r e l a t i o n  func t ion  

r(t) = �89 ~t/2 + e -~t/2 - (e t/z - e t/2)~) for  t > 0 .  (4.3) 

I t  is n o t  diff icult  to  f ind t ha t  

r ( t ) - l ~ � 8 9  ~ as t $ 0 ,  (4.4) 

r(t) ~ e - ~  + ~ e - (  1 - ~  as t - +  oo (4.5) 
a n d  

sup  Ir(01 < 1 for  every  s > 0 .  (4.6) 
t>=s 

Therefore ,  by  T h e o r e m  1.1 

l im inf  (l~ - t) (2 + ~ ) , , ~  - a . s .  ( 4 . 7 )  
~ ~ t .  log2 t ~H~ 

where  ~(t) is de f ined  as in (1.4). Le t  

O(t) = s u p { s :  1 < s <_ t :Z(s )  > (2s~log2s) 1/2 } for  s > 1 . 

T h e n  
~(t) = l o g 0 ( e  ~) a.s. for  every  t > 0 .  (4.8) 

C o n s e q u e n t l y ,  we have ,  by  (4,7) 

l im inf  (log2 t) (2 -~)/(2~)' log  (O(t)/t) (2 + c~)x/~ 
- a . s .  ( 4 . 9 )  

t-~ oo log  t" log3 t ~H~ 

This  p r o v e s  (4.2) by  (4.9) a n d  the fact  t ha t  10(t) - r/(t)] < 1 for  every  t > 1. 
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