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Summary. We investigate the problem of singular perturbation for a reaction-
diffusion equation with additive noise (or a stochastic partial differential equation
of Ginzburg-Landau type) under the situation that the reaction term is determined
by a potential with double-wells of equal depth. As the parameter ¢ (the temper-
ature of the system) tends to 0, the solution converges to one of the two stable
phases and consequently the phase separation is formed in the limit. We derive
a stochastic differential equation which describes the random movement of the
phase separation point. The proof consists of two main steps. We show that the
solution stays near a manifold M ¢ of minimal energy configurations based on a
Lyapunov type argument. Then, the limit equation is identified by introducing a
nice coordinate system in a neighborhood of M €.

Mathematics Subject Classification: 60H15, 60K35, 35R60, 82C24

1 Introduction

Phenomena like dynamic phase transition, pattern formation, generation of an
interface between two coexisting phases and propagation of wave fronts or pulses
in excitable media can be described by reaction-diffusion equations; see [3, 22,
23, 26]. In various physical situations, however, it becomes necessary to take an
external random force into account as an additional effect in the equation; see [5,
27, 31, 39, 43, 49]. The scaling limit for such reaction-diffusion equations has
been investigated under several different circumstances. The aim of the present
paper is to extend these attempts for such equations with a random additional
term. We discuss in 1-dimension the case where the reaction term is bistable and
creates a standing wave front.
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1.1 Problem and main result

We consider a stochastic partial differential equation (SPDE)

(1.1) %:Au +e f )+ rea(in(x), t>0, x €R,

where A = d?/dx?, ¢ > 0 is a small parameter, &, is a positive constant which
depends only on ¢ and represents the strength of the noise, a(x) € C02(R) de-
scribes how the strength of the noise varies with x and w,(x) is a 2-parameter
Gaussian white noise. The reaction term f is smooth: f € C°°(R), and satisfies
the following conditions:

(a) f has exactly three zeros % 1,0 (: f(£1)=f(0)=0)
and f'(+1) < 0,f(0) > 0,
(1.2) (b) fisodd: f(u)=—f(—u),
(c¢) there exist ¢y, ¢;,p > 0 such that
[f(w)] < &;(1+|ul’) and f'(u) < ¢, for every u € R.

A typical example is f (1) = « — u”. The condition (a) means that the underlying
reaction dynamics du /dt = f (u) are bistable with stable states # = £1. It is well-
known under this condition that the equation v/t = Av +f(v) on R requiring
v(£oo) = +1 admits a travelling wave solution v(t,y) = m(y — ct),y € R.
The condition '[_llf(u)du = ( which follows from (b) implies that the speed
of the travelling wave vanishes: ¢ = ¢(f) = 0. These kinds of properties were
investigated first by Kanel’ and then by [4, 21, 38). Throughout the paper we
denote by m = m(y),y € R, the shape of the standing wave front, that is, the
solution of the steady state problem (with ¢ = 0):

(1.3) Am+f(m)=0,y ¢ R and m(+o0)==+1.

The solution m is increasing in y and unique up to translation, so we can
normalize it as m(0) = 0. The potential F is defined from f by F(u) =
—fluf(u’)du’, u € R, and hence f = —F’ and F is of double-well type
with equal global minima at ¥ = 4. For instance, m(y) = tanh(y/\/i) and
F(u) = (u?> — 1)?/4 when f(u) = u — u*. The condition (b), which is much
stronger than fl‘f(u)du = 0, will be necessary, in particular, to derive a kind
of centering condition (in Corollary 7.1 below). The condition (c) guarantees the
existence and uniqueness of the global solutions u to (1.1), see Sect. 2.

The goal of this paper is to study the asymptotic behavior as the parameter
€ | O of the solution u = u®(t,x) of (1.1) subject to the boundary conditions
u®(t,+oo) = +1 at infinity with a properly scaled constant &.. Indeed, we discuss
the problem under the situation that the noise becomes small as the reaction term
gets large and therefore we take

(1.4) Ke =€,

where v is a positive constant; we shall assume a technical condition v > 19/4.
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Since u = +1 are the two stable states (or stable phases in physical termi-
nology) of f, one would expect that ¥ converges to one of these two phases as
€ | 0. In fact, we obtain lim(of(«¢) = 0 at least formally by multiplying both
sides of {1.1) by € and this suggests that #° converges to 1 or —1. From the
boundary conditions which u¢ satisfies, a phase separation point £ € R may be
formed and u°(¢,x) might converge to x¢,, where . is a function defined by
Xxe(x)=1for x > £ and —~1 for x < £. Our main result claims that this type of
statement is actually true if the time parameter is properly scaled (see subsection
1.2 below) and can roughly be formulated as follows: The position £ of phase
separation moves according to a stochastic differential equation {(SDE) on R

(1.5) d& = oa(&)dB, + aza(ft)a'(ﬁz)dt

where o, o are certain constants defined only through the function f and B, is
a standard Brownian motion; see Theorem 8.1 for a precise formulation of the
main result. We shall assume for simplicity that the initial data «<(0,x) of (1.1)
is of the form mg(x) =m(e 2 — &)) for some £ € R; in other words, it is a
minimizer (minimal configuration) of the Ginzburg-Landau-Wilson free energy
functional F#¢ defined by

(1.6) (%‘(u)zf {l]Vulz(x)+e”1F(u(x))} dx, V:—d—,
r L2 , d

in the class of configurations u satisfying boundary conditions u{£oo) = £1.
This means that we avoid discussing the problem of initial generation of a layer
(cf. [24]) and investigate the single transition layer case only.

1.2 Relevant time scale for (1.1), cut-off for a(x) and the constant o

The small factor k. = €¢” appearing in (1.1) makes the drift term dominate
the noise term and, as a result, the solution u is attracted toward the set M € of
minimizers of the energy functional F5* after a long time. Therefore u = u®(f,x)
behaves like m .(x) for some 5, € R. The relevant time change for the equation

(1.1 is t — 6“1/ 2=27¢; the effect of the noise survives in this time scale. In
fact, under this time change, the drift term is multiplied by ¢~!/>~2" while the
noise term is multiplied by (¢7/2-27)!/2 and consequently we obtain an SPDE

i
(1.7 a—b; = /22 {Aﬁ + e_lf(ﬁ)} +e V4 a(o)u, (x),
for ua = a(t,x) = ue(e‘l/z_z'Yt,x). However, the principal effect of the noise
comes from the region near the interface (see the proof of Lemma 8.2), and
therefore the main contribution from the white noise becomes O(e'/*) in size
since the width of the interface in a typical configuration m (x) is O(e'/?). This

balances with the diverging factor e~/ and ¢/ (x ), (x) becomes a quantity
of order one.
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As we shall point out later (subsection 1.3 (a)), Carr and Pego [10] found out
that the relevant time scale for the equation (1.1) without noise is exp(Ce™'/?)
where C is order one. This means that there is no apparent effect from the drift
term in the time scale ¢~'/2~27¢; it only pushes the solution toward M € and the
motion along M ¢ can not be observed in this time span (if there is no external
force). Only the effect of the noise term survives in this scaling limit and pushes
the wave front randomly. The condition v > 19/4 is rather technical, but is
introduced to obtain an adequate speed of convergence of u° to M* (although
a similar result is expected for all v > 0). The speed of convergence can be
computed if one can employ .F#°¢ as a Lyapunov function. However, to do this,
some modification (see Sects. 4, 5) is required in practice because of the very
singular nature of the white noise. This is the main reason for our assumption
that the noise term be comparatively weak.

We assume in addition the technical condition that the support of the noise
term of the SPDE (1.1) is compact. This assumption is necessary to impose the
boundary conditions #{4-oc) = 1 at infinity to the SPDE (1.1). There is always
a single random wave front determined by these boundary conditions. This cut-
off assumption merely localizes the problem and, as far as we are concerned
with the interface motion, it never changes the essential physical behavior of the
system, since the limit dynamics of the interface are determined in a quite local
way (namely, it depends only on the noise near the interface) as we explained
above.

The diffusion constant a% (at x such that a(x) = 1) given by the formula
(8.5) below coincides with that conjectured in the physical literature (see (3.47),
(3.48) in [43]). The constant a% has both kinetic and thermodynamic meanings;
namely, o? is the so-called mobility (see the formula (4.7) in [50]) and 1 /a]2 is
proportional to the surface tension (see (4.8) in [50] or [16, 43]). This kind of
relation among these quantities is called an Einstein relation and a variant of the
Green-Kubo formula.

1.3 Motivation and bibliographical notes

(a) Scaling limit for reaction-diffusion equations. The scaling limit for a reaction-
diffusion equation without random term:

(1.8) %:Awe—'f(u), r>0, xeR?

has been investigated by several authors. The reaction term f may depend on the
space-variable x, in such case f = f(x,u), and the d-dimensional Laplacian A
may be replaced with a second order elliptic operator.

Freidlin [26, 28] discussed the case where the reaction term f(x, &) is of KPP
(Kolmogorov-Petrovskii-Piskunov) type for every x, i.e., as a function of u,
f(£1) = 0,f(m) > 0in (—1,1),f(u) < Oin R\ [~1,1]; in other words, the
reaction dynamics have only two equilibrium states, the stable state 1 and unstable
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state —1. The bistable case (i.e., f satisfies the condition (1.2)-(a)) was studied
by Girtner [36] in higher dimensions and by Fife and Hsiao [24] in 1-dimension.
The relevant time scale is O(e'/2) in both the KPP and the bistable cases. This
can be easily understood, assuming d = 1 and f = f(u) for simplicity, from
the fact that (1.8) has a solution of the form u(¢,x) = m(e~/2(x — ce~"/%1))
which propagates with speed ce™'/2, where ¢ = c(f) and m = m(y) are the
speed and the shape, respectively, of the travelling front: Am +c Vi +f(7) =0
on R satisfying Mm(+o0) = +1. Note that ¢(f) is not uniquely determined in
the KPP case although it is unique in the bistable case. The rescaled function
7= ac(t,x) = u(e' /%, x) of the solution u = u®(¢,x) of (1.8) satisfies
1el7

= = 2 An + e V2 ()

and it was proved that #°(r,x) converges to xg,(x) as € | 0, where g, (x) =1
for x € G, and —1 for x ¢ G,. The evolution law for the region G, C R? was
derived in both the KPP case [28] and bistable case [36]. In particular, in the
KPP case, G; expands as the time ¢ grows, since # = 1 is the only stable state. In
the 1-dimensional bistable and single layer case, G; is an interval (&;, o) and the
motion of the phase separation point £ € R is governed by an ODE &, = ¢(&)),
where c(&) = c(f (&, ), see [24].

If the bistable reaction term f = f(u) fulfills an additional condition
fl]f(u)du = 0, then c{f) = 0 so that the interface doesn’t move and accord-
ingly we need to introduce a much longer time scale to observe a considerable
propagation effect. In fact, under this vanishing condition, the relevant time scale
becomes O(1). Recently several authors including {44], [18] proved that the solu-
tion u = u®(¢,x) of (1.8) converges to x¢,(x) as € | 0 and derived the motion by
mean curvature as an evolution law for the boundary 8G, of G,. In 1-dimension,
however, the relevant time scale turns out to be exp(C ¢~1/2). This fact was found
by [10]. Indeed, it is apparent that we have to observe a longer time span than
O(1) since the curvature of the plane wave vanishes, but the actual propagation
speed is extremely slow, see also [35].

(b) Drumhead model. Part of the motivation of the present paper comes from
the investigation of the so-called drumhead model, which is a model for the
interface between two coexisting thermodynamic phases. Diehl et al. [16] devel-
oped a static theory. They started from the Ginzburg-Landau-Wilson free energy
functional . <(u) for scalar order parameter u = {u(x),x € R¢} defined by
a d-dimensional analog of (1.6) (especially, Vu = (Qu/0x,,...,0u/0xs) in d
dimensions) and then derived a free energy for the interfaces by investigating the
low temperature limit € | O of .75 (u). The parameter ¢ indicates the tempera-
ture of the system in this model. The corresponding kinetic theory was discussed
by Kawasaki and Ohta [43]. The dynamics corresponding to the energy func-
tional (1.6) can be described by the so-called time-dependent Ginzburg-Landau
stochastic equation

(1.9) % = DI (x,u) +uw,(x), t>0, x €RY,
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where D.FE(x,u) = —Au(x)+ ¢~ F'(u(x)) denotes the functional derivative of
FE¢. In general, the time evolution u(z, -) is naturally regarded as the dynamics
corresponding to .F#¢ if it has the (formal) Gibbs state Z;"'e ™% ™ & (u) associ-
ated with .F£* as an equilibrium measure, where Z'(u) = [ [, cgs du(x) denotes a
“flat measure” (Feynman measure) on the space of all order parameters and Z, is
a “normalizing constant”. It can be seen, at least heuristically, that the stochastic
evolution determined by (1.9) has such property. Kawasaki and Ohta investigated
the asymptotic behavior of the solution u = u®{t,x) of (1.9) as the temperature
¢ | 0 and derived a stochastic equation describing the random movement of the
interface between two phases, namely, they derived randomly perturbed motion
by mean curvature but based on rather heuristic arguments, see also [46]. The
mathematical theory for SPDE’s of the type (1.9), including their relation to the
Gibbs states associated with the energy functional .F%¢, has been developed in
some detail in [32].

Unfortunately, it is a well-known mathematical fact that the SPDE (1.9) has
a meaningful solution only when the space dimension ¢ = 1 or if the noise term
wy(x) is sufficiently smooth in the variable x (cf. [33]). Therefore, in this paper,
we restrict ourselves to the 1-dimensional case.

(c) Other related stochastic models. There are some attempts to derive wave
front propagation from the underlying microscopic particle systems. The reaction-
diffusion equation itself can be derived from the so-called Glauber-Kawasaki
dynamics, a stochastic system of interacting particles on a cubic lattice, by taking
the hydrodynamic limit, see De Masi et al. [12]. Therefore, it would be quite
desirable to show the formation of interfaces and denive the motion by mean
curvature directly from the particle system. In 1-dimension, De Masi et al. [15]
proved the formation of multiple interfaces and investigated their spatial patterns
for the Glauber-Kawasaki dynamics starting off from an unstable distribution.

The fluctuation theory [49] at rather heuristic level suggests that the second
correction to the reaction-diffusion equation in the hydrodynamic limit for the
Glauber-Kawasaki dynamics is given by €'/21i,(x) and this leads us to the SPDE
(1.}) (with 1 rather than e in front of f(u) and &, = €'/?). Therefore, it is
natural to think of the SPDE (1.1) as describing the dynamics at an intermediate
level between microscopic and macroscopic levels.

The motion by mean curvature has been derived from the Glauber dynamics
with Kac potentials, long range interactions of mean field type, by a series of
papers by an Italian group after taking two stages of scaling limits: First, a certain
integro-differential equation is obtained from the microscopic dynamics by taking
the so-called mesoscopic scaling limit (i.e., the time is kept finite while the space
scale is chosen so that the ranges of Kac potentials become O(1)), see [13]. Then,
the motion by mean curvature is derived from this integro-differential equation in
the phase transition regime by taking the macroscopic scaling limit (i.e., diffusion
type space-time scaling limit), see [14]. See also [50] for the derivation of the
motion by mean curvature from Ginzburg-Landau stochastic lattice model or
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from Glauber dynamics. The SPDE (1.1) (with € = 1) has been derived from the
Glauber dynamics with Kac potentials at the critical temperature, see [6].

Mueller and Sowers [45] investigated the random travelling waves arising
from the SPDE of the form (1.1) (with € = 1) with reaction term f of KPP type
and noise term Av/u(l — u)u,(x), where X > 0 is small but fixed.

(d) Inertial manifold. The concept of the inertial manifold (or center manifold)
was introduced to describe the long time behavior of infinite-dimensional dis-
sipative dynamical systems in terms of finite-dimensional systems, cf. Temam
[52]. See Flandori [25] for an extension to stochastic dynamics. In our case,
the 1-dimensional space M © consisting of all minimizers of .#¢ plays the role
of the inertial manifold for the infinite-dimensional stochastic dynamical system
determined by the SPDE (1.1). Indeed, the solution is attracted toward M € after
long time (since the drift is the gradient of .5 ¢ so that the flow converges to
M €) and only the motion of the stochastic dynamics along M ¢ can be observed
in the limit. The corresponding finite-dimensional problem was studied by [34,
42) systematically.

The asymptotic behavior as € | O of the equilibrium measure of the SPDE
(1.9) for x € [0, 1] with Dirichlet boundary conditions at both edges x =0, | was
discussed in [30] where continuum of minima appears like in the present paper.
The case of finitely many minima was discussed by Freidlin [27] and by Faris
and Jona-Lasinio [20] where the problem of large deviation was investigated.
The large deviation problem (for sums of independent random vectors) under the
situation that the set of minima forms a manifold was discussed by Bolthausen
[7] and then by Chiyonobu [11].

1.4 Organization of the paper

In Sect.2, by applying the maximum principle for PDE, we shall prove that the
solution u = u®(z,x) of the SPDE (1.1) takes values only in a neighborhood
of [—1, 1], the region containing two stable states {+1} of the reaction term f,
with high probability for small € > 0. This is an effect of the strong drift term
€~ 'f(u) in (1.1), which forces u toward the stable states of f. In Sect.3, we
investigate the property of the functional .F#(v) which is obtained from .#¢
by introducing the spatial scaling x — y = ¢~ '/2x. We study in particular
the asymptotical structure of .7% near M, which denotes the space consisting
of all minimizers {m,;n € R} of .F#(v) restricted to such v’s that satisfy the
boundary conditions v(£oo) = £1 at infinity; namely m,(y) = m(y — n) with
m determined by (1.3). In Sect.4, we introduce a proper space-time scaling for
the SPDE (1.1) and derive a new SPDE for the scaled process v, = ve(¢,y).
We shall prove that v, stays near M. The idea for completing this is to employ
the functional .7 as a Lyapunov function. However, since ve(t,y) is not C'
in the variable y, this idea does not work directly and consequently it becomes
necessary to introduce a smooth approximation v® of v,. The process v? is defined
by applying Friedrichs’ mollifier to v,. In Sect. 5, we calculate the time derivative
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of # (v%) and prove that v, stays near M. Section 6 supplies the calculations
in the previous section and provides some error estimates. The limiting SDE
(1.5) for the position &, of the phase separation is derived in Sect. 8 based on the
method used by Katzenberger [42] for a finite dimensional problem. Namely, we
shall introduce a nice coordinate ¢ = ((v) € R defined in a neighborhood of M
from the limit map of the classical flow (i.e., a solution of PDE) associated with
the SPDE (1.1). This coordinate is useful since it eliminates the diverging drift
term which appears in the scaled SPDE for v¢(¢,y). Some necessary properties
of the classical flow are summarized in Sect.7 and proved in Sect. 9.

After completing the work, the author has received the paper [8] which dis-
cusses a similar problem. They considered an SPDE du /0t = e~ '{ Au +f(u)} +
uy(y) for y € [—e™!,¢7!] with f(u) = u — u® by imposing Neumann bound-
ary conditions at both edges (instead of introducing cut-off function a in our
case) and proved that u = u®(r,y) converges to my, (y) as € | O in a distribu-
tional sense. Here, m,(y) is the function introduced above, 7, = mo + o B, with
a standard Brownian motion B, and the constant ¢ is exactly the same as that
obtained in the present paper. The limit keeps the shape m of the wave front
and the sharp transition does not arise. The reason is that the basic scale for u©
here stays at the microscopic (or mesoscopic) level; however, their result seems
to be closely related to ours since the macroscopic scaling limit (i.e., diffusion
type scaling limit) for my, (y) results in x¢, (x) with Brownian motion & having

diffusion constant .

2 Uniform bound

Throughout the paper, we suppose that a(x) = 0 if {x| > 1 and |a(x)| < 1 without
loss of generality. Here we derive a uniform bound on the solution u = u®(¢, x)
of the SPDE (1.1). The main tool is the maximum principle [29, 47] for the PDE
of the form (1.1) without random term. The argument in this section depends
heavily on the assumption that the support of a be compact.

Before giving the uniform bound, we quickly refer to the existence and
uniqueness result known for the SPDE (1.1). This SPDE with k. = € is some-
times written in the form

(1.1 du = {Au+ e 'fw)}dt + €'a(x)dw,(x), x €R,

where w,(x) is the so-called cylindrical Brownian motion on L*(R), in other
words, dw,(x)/dr = w(x) ts the 2-parameter Gaussian white noise. The mathe-
matical meaning to the SPDE (1.1) is given by rewriting it in an integral form
(solution in this sense is called mild solution) or in a weak form (generalized
solution), i.e., (1.17) is interpreted by multiplying test functions @(x) to its both
sides. Then, the SPDE (1.1) has a unique solution satisfying u; = u®(z,-) €
C([0,0), &) as. if u§ € &. Here, & = {u € C(R); [Jul|-x < oo for every A >
0} is a Fréchet space equipped with a family of norms {|| - [|-x} x>0 defined by
flull —x = sup,cgr |u(x)|e~**1. This result follows from the assumption (1.2)-(c)
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by applying Theorems 5.1 and 5.2 in Iwata [40] (with slight modification because
of a(x) introduced in our equation).

Now, we start the task to derive a uniform bound. Let uy = uj(¢,x) be a
solution of the SPDE

ouy _ .
(2.1 { St = A+ €a(x )b (x), >0, x €R,

u?(Oax) = Oa

namely u5(t,x) =€"Y (t,x), where
'
(2.2) Y(t,x)= / /q,_,-(x,x')a(x')dws(x')a'x',
0o JR

and g;(x,x") = (4mt)~ /2 exp{—(x ~ x')?/4t} is the heat kernel.
Lemma 2.1. There exists ¥ (w) € Ny, 1P (§2) such that
lus(t,x)| <Y (w), t€[0,1,x eRO<e<1.

Proof. From Lemma 2.3 of [33, p.499], the following moment estimate on Y (¢, x)
holds: For arbitrary § > 0, there exists C > 0 such that

(2.3) ENY(t,x) =Y xHP T < C{r — )%+ |x —x'|'7%Y,

for every r,t' € [0,1],x,x” € R. Noting that {Y (¢,x)} is a Gaussian system
and applying Kolmogorov-Totoki’s theorem (cf. [33, p.501], [53, p.273]), this
estimate shows that, for every p > 1 and & > 0, there exists Z(w) € I7({2) such
that

(24) (Y (@t,x) - Y (' x| < Z@){|t — /|V/AHrmE px - x| VA2 Ry

for every #,¢/ € [0,1], x,x’ € [-2,2]. Since Y(0,x) = 0, this implies that
Y = supcio 1y rei—2,2y Y (&, X)) € D L7(02). For |x| > 2, Y(¢,x) satisfies the
heat equation with initial data 0 and boundary data |¥ (s, £2)] < ¥,t € [0, 1].
Therefore, the maximum principle for the heat equation implies that |Y (¢, x)| < Y
also for [x] >2and t €[0,1]. O

Let a<(t) = u®(t; K, 6),K,6 > 0, be the solution of an ODE

(2.5) ddit = 'F@), 1>0; a%0) =K,

where f(u) € C([0, 00)) is chosen as fo(u) > SUpy,|<sf (U + 1), > 0.

Lemma 2.2. Assume that [u¢(0,x)| < K,K > 0 and |u$(t,x)| < 6,6 > 0, holds
Jor every t € [0,1],x € R. Then, we have

lus(t,x)| < a(t; K,6)+8, t€[0,1],x €R.
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Proof. The function uj(t,x) = u®(t,x) — uj(¢, x) satisfies a PDE

(2.6)

éﬂ = Auf + €7 (uf +us),
(0 x)=u(0,x).

Therefore, noting an inequality d€/dt > ¢~ 'f(a€ + uf) for a°(t) = a¢(t; K, ),
we see that v(t, x) 1= i°(t) — uj(t,x) satisfies

Lv = Av+clt, x)v(t,x) — % <0

where
@ +ug) — f(uf +u2

v
However, the condition f'(u) < ¢; in (1.2)-(c) implies that c(t,x) < Ge ! in
particular, ¢(z,x) is bounded from above. Furthermore, the initial data v(0,x) =
K —u(0,x) > 0 and one can easily show that v(t,x) > —Ce—chkl ,t €0, 1],x €
R, with some C,c > 0. Therefore, the maximum principle (see Theorem 9 of
[29, p.43]) proves u(t,x) > 0 and this gives the upper bound on «® : u(f,x) <
ac(t)+96,t € [0, 1]. The lower bound is shown analogously, recall the condition
(1.2)(b). O

ct,x)=¢€

Theorem 2.1. If |u¢(0,x)| < K,K > 0, then

lim P {fuf(t,x)| < max{K,1}+6,1 € [0, /2T x € R} =1, T,6>0.

Proof. We may assume K > 1 without loss of generality. Set ¢ := inf, <, <4{f (1)
—f(u)}/(u — 1); note that ¢; > 0, since f'(1) < 0 and f(u) < f(1)=0foru > 1
from the condition (1.2)-(a). Then, we have f(u) < —c;(u — 1) for 1 <u <4
and consequently, for 0 < § < 1, we can choose

Fouy=—c{u—1+8}, uell+63]
in (2.5) with & = §. Therefore, if 1 +6 < K < 3, we obtain by solving the ODE
(2.5)
2.7 A K8 ={K —(1+5)}e ¢ "+(1+8), >0

Let us temporarily assume [#(0,x)| < 1 +¢"/? and 0 < € < 1. Then, applying
Lemma 2.2 with § = €YY (w) and K = 1 +¢"/2 and noting Lemma 2.1 and (2.7),
we see that

e, x) < €% s 1+ Y (W), r€[0,1], x €R,

if§<1and 1 +8 < K (ie., if €Y (w) < /2. Therefore, using Chebyshev’s
inequality, we have

luc(z,x)| < 1+267/2 fort €10,1/2]
luc(t,x)| < 1+€v/2 fort € [1/2,1]
>PL{Y < (1—e /2y > 1 (1 — e~/ PP2E[YP], p > 1.
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Hence, by the Markov property of u*(¢,x),

P {|uf(t,x)| <142 fort e [0,6"1/2_27T]}

e VT4t
} . C>0,

> {1 —Cer/?

which converges to 1 as € | O if p is taken sufficiently large: p > 4 +1/~.

To treat the general case, divide the time interval [0, e~"/2>~2YT7] into [0, 1]
and [1,e"'/2=YT]. If K > 3, we determine i(t) by solving the ODE (2.5)
with fo(u) = —cy = SUPyc g FW) < O (e, #5(t) = K — coe~'t) until the
time when it reaches 3 and afterwards we continue it as in Q2N K <3, we
determine #°(¢) simply by (2.7).) Then, on the time interval [0, 1], we apply the
results of Lemmas 2.1 and 2.2 with #¢(¢) constructed as above and § = €Y (w).
In particular, this shows lim o P {|u“(1,x)| < 1+ €2 x € R} = 1. Therefore,
we can use the result established above on the extra interval [1,e~'/2=27T].
The conclusion follows by combining these results by the Markov property of
ut(t,x). O

Remark 2.1. We can remove the condition (1.2)-(¢) to derive our main re-
sult (Theorem 8.1) under the convention that we consider the stopped process
u(t A g, x) instead of the solution u®(z,x) of (1.1) itself, where 7, = inf{z >
0;sup, u<(t,x)| > K'} for K’ > max{l,sup, |u“(0, x)|}.

3 Energy functional

We shall denote by H* = H"(R),n € Z, = {0,1,2,---}, the Sobolev spaces

equipped with the usual norms || - ||y~ defined by
n

3.1) sl = D_IVE sl VEs =d*sjay*,
k=0

for s = 5(y),y € R, where || - ||;» stands for the norm of the space L? = L%(R).
Let H" +m be the classes of all functions v = v(y),y € R, suchthatv—m € H",
where m = m(y) is the function uniquely determined by the ODE (1.3) satisfying
m(0) = 0. We associate an energy functional with v € Dom(.%) := H' + m by

1
(3.2) T (v) = / {§|vv42(y)+p@<y))} dy - C.,
R

where the constant C, > 0 is chosen as min,epom(3) % (v) = 0; for instance,
C, = 2\/5/3 when f(u) = u — u>. This functional is translation-invariant. Since
every critical point of . automatically satisfies (1.3), the minimum of . # is
attained on the set M = {my,,;n € R}, where m,, is a function defined by shifting
m:

(3.3) my(y)=m@y —mn), y <R
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The (formal) functional derivative of J# is given by
(3.4 DF(y,v) = —Av(y) — f(v(y)),

so that we adopt (3.4) as a definition of D.J(-,v) € L? for v € H> + m;
recall that F/ = —f. The aim of this section is to investigate the structure of the
functional . (v) and its derivative ||D . F#(., v)||12‘2 near M . To this end, we need
the non-degeneracy of the second derivative (Hessian) of % atv=m € M to
the normal direction to M :

Lemma 3.1. Let . & be the Sturm-Liouville (or 1-dimensional Schridinger) op-
erator:

(3.5) = —A—f'(m(y)),

in L* with Dom(. 4y = HZ2 Then .4 is selfadjoint with discrete spectrum in
(—00,fi), where f, = —f'(1) > 0. The principal eigenvalue is j = 0 and simple.
The corresponding eigenspace is spaned by Vm (called the Goldstone mode in
physical literature). In particular, let j1, > 0 denote the second eigenvalue of .4
less than f, if one exists, or p, = f. otherwise. Then p = 0 is the only eigenvalue

in (—00, ).
Proof. See [10, p. 536} or [44,2]. D

Now we introduce the so-called Fermi coordinates of v in a neighborhood of M :
Let n(v) € R be such 7 that dist(v, M ) := min,er ||v —my||;2 is attained; see [37,
34] for the definition of Fermi coordinates in finite dimensional spaces. Notice
that 7 exists uniquely for v sufficiently close to M, i.e., for v € L*+m satisfying
dist(v, M) < By with some Gy > 0. We call the pair (9(v),s(v) = v — myw)) €
R x L? the Fermi coordinates of v. It follows that

(3.6) (v, Vi) = (s(), Vi) = 0,
where (-, -) denotes the usual inner product of the space L2,
Lemma 3.2. There exist ¢y, ¢y > 0 such that

(3.7) cillsllf < (2s,s5) < callsliz,
foralls € C*R) N H' satisfying (s, Vm) =0 and

(3.8) cillslif < sl < eallslfie,
for all s € C®(R) N H? satisfying (s, Vm) = 0.

Proof. The upper bounds in (3.7) and (3.8) are derived quite easily. For the lower
bounds, we first notice that Lemma 3.1 immediately implies

(3.9) (As,s) > palls|?,
(3.10) [-2sllf = plislip-
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for s € L? satisfying (s, Vm) = 0. On the other hand, writing ¢3 = max, <, f'(s),

(3.11) (7#s,s)

I

Vsl ~ /R Flmo)s* o) dy

> [Isllf — (es+ DIlsll,

V

and, by a Gérding type inequality (which is shown by simple computation in our
case),

(3.12) |l 25172 > calls]

e~ sl

with some cq4, cs > 0. Then, the lower bound in (3.7) with ¢ = p /(. +c3+1) is
verified from (3.9) and (3.11). Indeed, we may use (3.11) if [|s||Z, < ||s|[3, /(ps+
c3+1) and (3.9) if ||s|[2, > ||s|{% /(1< +c3+1). The lower bound in (3.8) follows
from (3.10) and (3.12) similarly. DO

Theorem 3.1. There exist ¢|,c; > 0 and 3,0 < By < Bo, such that
(3.13) allsilfy < F# @) < cllslf,

holds for allv € H' + m : ||s||y < By and

(3.14) cillsllf: < IDFC o)l < callsllfe,

holds for all v € H* +m : ||sl|y1 < B1, where s = s(v) and (3 is the constant
appearing just after Lemma 3.1.

Proof. Using the ODE (1.3) for m,, and recalling A (m,) =0 and f = —F’, we
have

(3.15) T (v) = %(« f'ans,S>+/RU(y;n,S)dy
(3.16) IDFC, 0[5 = | Ays + VI,
where
(3.17) Ay =—A—f'(m,(y)), MER,
and

U=U;ns)

]
= F(my(y) +s(y)) — F(my(y)) — F'(m,(yNs(y) — 51“"’(m7,(y))s(y)2
V =V({y:n,s)
= Fl(my(y) + () — F'(mp(y)) — F"(m,(3))s(y)-

Since Sobolev’s imbedding theorem shows ||s|[jL~ < Cil|s|lg, |lsllar < B
implies ||s|jLec < C,0;. Therefore, by using Taylor’s formula,
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A

1
/Udy‘ <= sup |F"@)| % ||s|[3
R 6 |uj<ci i+t

Colisllzelis|lZ2 < Csllsll-

IA

Hence, (3.13) follows from (3.15) and (3.7) shifted by n = n(v); notice (3.6).
Similarly, since

IVIIzz < Calls®|liz = Calls|ifs < Csllslmlls]la2,
we have from (3.16)
D FEC, 7~ |l2uslfz] < 2l VI +IVIIE
< Ce{llslmr + [Is]17 His| -

Therefore (3.14) follows from (3.8). O

4 Scaled SPDE and smooth approximation

Let us introduce a scaling in space and time for the solution u€(¢, x) of (1.1):
“4.1) v =, y) = uc(e Ve %), >0,y €R.

Then, since i, —1/2-2v,("/2y) = €71/ Ve (y)  (generally i (bx) = (a/b)'/*u,
(x) for a,b > 0) in the sense of distribution, the SPDE (1.1) with k. = ¢ can
be rewritten as
ov
or

which amounts to the same as

(4.2) e Av+ )} + e 2aePynin(y), t>0,y€ER,

4.2 dv= 6_3/2_27{AU +f(v)}dr + 64'/2a(61/2y)dw,(y), t>0,yeR

In order to show that the solution v, = v¢(¢,-) of (4.2) stays near the minimizer
M of the energy functional F# at least if it starts near M, we shall employ 7%
as a Lyapunov function; however, this idea does not work directly, since v,(y)
is not differentiable in y (P-a.s.) so that F#(v,) has no meaning. To avoid this
inconvenience we consider its smooth approximation.

Let p € C5°(R) be a non-negative symmetric function on R satisfying p(y) =
0if [yl > 1 and [, p(y)dy = 1 and let 9y € C(R) be a function such that
Yy)=1lfory <0,9(y)=0fory > land 0 < ¢(y) < 1 for0 <y < 1.
These two functions p and ¥ will be fixed to Sect.6. For 0 < 6 < 1 and
v € LER)NC®R\ [—e'/2,e71/2)), we define $(v) = $°(v) € C®(R) by

(4.3) P(W)(2) = {v* p"P}z)
- / Pz — 8@y dy,
[y’ <1
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where p’(-) = p(-/8)/6 and 8(z) = §4(jz] — € */? — 1); notice that 6(z) = &
for |z| < e 2+ 1 and 6(z) = O for |z] > €'/ + 2. We use the convention:
v * p%(z) = v(z). Now a smooth approximation of v, = v¢ is introduced by

(4.4) W(t,2) = v (1,2) 1= BOwe(t, ))2) € CO(R).

In other words, v*(z,z) is the smoothed version of (¢, z) for |z] < e~'/2+1, not
smoothed for |z] > €~!/2 + 2 and weakly smoothed on an intermediate region
241 <z e 242

In the rest of this section, we prepare some bounds on the solution v(f,y) =
ve(t,y) of the SPDE (4.2). We always assume

O<e<l,
in the following. Let v,(¢,y) = v5(¢,y) be a solution of the SPDE

8‘
9V _ -y

4.5) 222 Ay + €= 2a(e Py (y), t>0, y€R,

satisfying v5(0,y) = O and set v(f,y) = v(t,y) — vp(t,y); namely, v(t,y) =
uf(e™1272¢,¢!%y) and vy(t, y) = us(e /22t €'/2y), where uf, u§ are defined
in Sect. 2. Notice that v,(z,y) solves a nonlinear PDE

81}] _
o

having initial data v,(0, y) = v(0, y).

4.6) 2 Ay + f (o + vp)}

Lemma 4.1. (Estimates on v;) ForeveryT > 0,p > |l and k > 0,
(i) there exists a positive random variable Z (w) € L’ (2) such that

[va(t, y) — va(t’,y")| < Ze(w){e /B 2r — )1/ 4 px
+ 6]/]6+37/4—(2/[1+N)(3/4+’)’)}y _yll[/4—2/ly~1g}’

forevery 0 <t <T, |y|,|y'| <€ /243 and supy_ ., E[Z"] < o0,
(ii) there exists a family of positive random variables {Z, .(w) € L(§2)} which
are jointly measurable in (t,w) such that

|112(t,y) _ ’Uz(t,y/)| < Zrye(w)el/4+’y—(l/2p+n)(3/4+’y)|y _ ylll/Z—]/Zp—-/c,

forevery 0<1t < T, ly|,ly'| <e V243 and SUPg <, <7 0<e<t EIZ] ] < 00.

Remark 4.1. The estimate (ii) is better than (i) for both Hélder exponent in y
and decay rate in €, but holds only for fixed ¢ and will be used only for the proof
of Proposition 5.3 below.

Proof of Lemma 4.1 Consider a rescaled process #p(f,x) = vy(t, e 3/4=7x) of
vy(t, x). Then, since (e ~3/47x) = 3/3+7/24j,(x) in the sense of distribution,
D, satisfies the SPDE
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Oty

o
and this implies @y(z,x) = e /#/2F (¢, x), where ¥(t,x) = Y.(t,x) is de-
fined by the formula (2.2) with a(x) replaced by a(e~/47x"). Since a is
bounded, the estimate (2.3) still holds for ¥ (¢, x) and for ¢,¢' € [0, T],x,x’ € R.
Therefore, the estimate (2.4) holds for Y(z,x) in place of Y(t,x) and for
t,t' € [0,T),x,x" € [—4,4]; notice that Z(w) = Z.(w) may depend on ¢, but
satisfies supy_..; E[ZF] < co. This estimate on Y(t,x) shows the assertion
(i) by noting that vy(r,y) = e V/8/2F (1 &/47y) and |y| < ¢~'/2 + 3 implies
|e¥/#1y| < 4. To prove (ii), taking ¢ = t' in the estimate (2.3) for ¥ (,x), we
have

= Ay + e 3 20 4 T oni (x),

23)  E[f@,x)-Fe,x)1<Clx—x""% 0<:<T,x,x' €R,

for every § > 0. Then, the similar argument as above implies the assertion (ii).
O

Lemma 4.2. (Estimate on v|) Assume v > 1/4 and v(0,-) € C,,1 (R); in partic-
ular, both v(0, -) and its derivative v'(0, ) in y are bounded. Then, we have

sup E[¥?1< o0, T>0,p>1,
0<e<1

where Y (W) = SUPy<, < AT yeR (W) (2, y)], vi(t,y) =wi(t,y) and T¢ = inf{r >
0;sup g [v(t,¥)| > K}, K > 0.

Proof. First we notice

4.7 sup E[ sup sup|u(t,y)Pl1 <o, T >0,p>1.
O0<e<l 0<Lr<Ty€R '

In fact, since v5(0,y) = 0 and v > 1/4, Lemma 4.1-(i) with (¢/;,¥") = (0, y) proves
(4.7) with sup|y < .-1/2,3 In place of sup,cg. However, this shows (4.7) with the
help of the maximum principle for the heat equation; similar argument was used
in the proof of Lemma 2.1. Now, set ©;(t,y) = v;(¢¥/?*?7¢,y) and #(t,y) =
v(€3/%*27¢ y). Then, the equation (4.6) is rewritten in 8% /8t = A% + f(D),
which can be rewritten further in an integral form

(4.8)  Di(t,y) = /Re_“qt(y,Y')vo(y’)dY'

+/ ds/e‘c("”qt_,-(y,y'){cﬁn(s,y’)+f(ﬁ(s,y’))}dy’,
0 R

where ¢ € R and ¢, is the heat kernel. The proof of lemma is easily completed
by taking the derivative of the both sides of (4.8) in y; we take ¢ > O (the decay
factor e~ plays an important role since we consider on the time scale e~ G/
for ©,) and note that (4.7) implies

sup E[ sup sup |c@i(t,y) +f (O, y)F] < oo0. O
O0<e<l OS!SG"“/Z*’Q‘Y){TK/\T}_VER
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5 Energy estimate for scaled SPDE

Let v8 = v®(z,-) be the smooth approximation, defined by (4.4), of the solution
v, = vf of the SPDE (4.2). Then, its stochastic differential (in ) is given by

(5.1 dvi(@) = e b8y d +dpb(z), z €R,
where b2 (z) = b; 8(z) and pd(z) = pf %(z) are defined by

picey = { (O AP0 =)+ (F0 (D, PO =), el < e 42,
PET L AR R @), Jz| = e 242,

foy= { I~ a@ ) dwy), ] <
K (Z)= 0, ’z|>€-1/2+1

In fact, when |z| > e='/2+2, we see v2(z) = v;(z) and a(e'/?z) = 0 so that (5.1)
is the same as (4.2'), while (5.1) is the SPDE (4.2') multiplied by a test function
o(y) = pP@(z — y) when |z] < €7'/2 + 2. Note that p®@(z — y)a(e!/%y) # 0
implies “|y| < e '/? and |z — y| < 1” and especially |z] < ¢~*/2+ 1, for which
we have 6(z) = 6. For every p > 1, let us calculate d. %F(vf) based on It6’s
formula; remind that F5P (U ) denotes the p-th power of F# (v ).

Lemma 5.1.
(5.2) d.FP (W0 = p P~ (WOHdve, D.FE(-,vP))
1
+2 / vrd(y, v, Ha(e' 2y dy - dt,
R
where

VPiy,v)=plp — DIV, 0} +pIB W)VE(y,v)
and
VE(y,v) = {DFB(,v) = pP}(y),
Vi, v) = ({=A = F @D} — ), 02 — ).

Proof. First, we notice a general fact that the quadratic variational process
(1!, p2]; of two martingales pf = fo fdwy),i =1,2, is given by

[,ulv,uz]t :/0 <h\7h\>d

where A/ are L*-valued o{w;;s < t}-adapted measurable processes. Then, com-
puting d{Av?(z) - v¥(z)} by (usual) Itd’s formula for each z € R and integrating
it in z, we have

d(AUf,U,‘S)

2 AP, v’y + / dz - A AR @), (),
R

2] dvf) + € / (AP —y), p° (- = y))a’ (' Py)dy - dt.
R
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On the other hand,
1
dF () = F'(wf@)dvi@) + EF”(vf(z»d[u?(z),u?(z)],
= F'(02(2)dvi(z)

b2 FI Q) / (P2~ y)PaP(Py)dy - dr.
R

Therefore, recalling f = —F' and the definitions (3.2) and (3.4) of F#(v) and
DS (y, v), respectively, we obtain

(53) dIHES) =d {—%(Avf,vf) + /R F(uf(z))dz}
= (dv,‘s,D(%(~,vf))+%e_lszé@,vf)az(e’/zy)dy - dt.
Now, the conclusion follows since we have
d.FEP(v]) = pF" ™ (W))d. F(v)) + %p(p ~ D2 [ H W), F(WO)),.
Note that (5.3) implies, in particular, that the martingale part of d. 7 (v?) is
(dpd, DFBC, D)) = VI vDae! ), dw,)
which shows
dL TV, FE W) = ¢! /R Ve, v)))a e *y)dy -dr. O

To estimate the second term of (5.2) we prepare

Lemma 5.2. For every K > Q, there exists Cx > 0 such that

/ VPO, v)a(e ) dy
R

< p(p — DS WNIDF(, )% + Cx6 3™ 2p.57 ~ (v)
holds l'fSUplylsevl/zﬂs |'U(Y)| <K.

Proof. Using the Hausdorff-Young inequality and recalling that ja(x)| < 1, we
have

/ VP, v))2a (e y)dy < |D.F(, )%
R
On the other hand,

VE(y,v) < (=Ap%,p%) + Sup ') 1ip° 117 < Cé72.
v|<K

Therefore, we have the conclusion noting that a(e'/2y) =0 for |y| > ¢"'/2. O
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Next we compute the first term in the right hand side of (5.2). To this end, we
rewrite the term bf(z) appearing in (5.1).

Lemma 5.3.
(1), Ay pP Pz = ) = Avd(2) + RO\ (2),

where

RO z) = 6"(z) . PO Wiz — 8@2)y" )y dy’
] y|<1

+ /: _ P =S [ =5y 1) &
v/ <1

Especially R"'(z) =0 if |z| ¢ [e™ V2 + 1,e71/242].
Proof. The final assertion is true because &'(z) = §”(z) = O for |z| ¢ [e7'/? +
1,e71/2 +2). When |z| < €~/2+1, 6(z) = 6 and this implies v (z) = v; * p°(z).
Therefore, the conclusion holds with R,6 !(z) = 0. When |lz| > ¢='/2 + 1, noting
that v,(z — 6(z)y"), [y'| < 1, is differentiable in z, we have
Mf(z) = /I Pt )

¥ <1

= / pO") v @ — 6@y H{1 = 8'@)' P — vz — 6()y")6"(2)y'] dy’.

l¥I<1

On the other hand, we have
(0 (), 4,p"(z - ) = / v/ ()" —y)dy
R
= / POy (z = 6(z)y") dy".
ly’|<1

Therefore, the conclusion follows also when |z| > e1/241. O

Now, we get

{A@) + R @} + {f (W) + R (2)}
-D.F#(z, vf) + R,&(z),

bi(z)

where

R (2) = {F (")), PPz — ) — fE@)), if 2] <e /2 +2,
¢ Z) = 0, if |z] > e1242,

and R9(z) = R¥'(z) + R>*(z). Inserting this into (5.1), we have

p I~ (W) (dv?, D.FB(-, v9))
= p'%’)_](vr&)E-B/Z_Z’Y (D‘qlg(v 'U;S)v “‘D‘%(" 'U;S) + Rfé(» dt + d'uf

where
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t
N;S =p / T (Uf)(D,?ﬂ(-, U.f)a d,uf(»
0
is a martingale. We have proved the following proposition by virtue of Lemmas

5.1, 5.2 and by using a simple estimate: (D.F%(-,vf), RO(-)) < {||D.FB(,v®)|%,+
IR (17,3 /2.

Proposition 5.1. Whenever supg, ., ||Us||e < K, we have

t
e (vf)+%e—3/2—2v / T )| |DFB(,v)) |2 ds
0
t
< )+t + B [ DR s
0
-1 4
+}—7—Q—72—)e_1/ FEP2WONDFE (-, v0)|% ds
¢

3
+c,<pe—3/25'3/ FEP (w8 ds.
0

Let us introduce a stopping time:
(5.4) Tk = inf{t > O;sup pu(t,y)| > K}, K >0.
yER
We shall prove the following two estimates on the error terms R,& ! and R,‘S 2
respectively, in the next section.

Proposition 5.2. Assume that the initial data v(0,y) of the SPDE (4.2) satisfies

sup  {[v/(0,y)] + [v"(0, )]} < o0.

[y|>e=!/24+5
Then, there exists C > 0 such that
IR ) < C6, |zl ele P+ 1,242, 0<6<1/2, 1 < 7.
Proposition 5.3. Assume v > 1/4 and v(0,-) € C,f (R). Then, for every T >
0,6 > 0 and p > 1, there exists a family of positive random variables
{Y(w), Z: (W) € LD}, the latter of which are jointly measurable in (t,w)
such that
IRP?(@)| < Ye(w)d +Zy ()e /=562 Ha| < ™2 42 1 <7x AT,
and

sup E[Y?] < oo, sup  ElZP] < o0.

0<e<l OsrsT 0t
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Combining these two estimates, under the assumptions of these two propositions,
we immediately obtain

(5.3)  |IRE|Z < C{(Y2 + 1D6% + Z2 /P21 212 < e AT
for T >0,0<e<land 0 <8< 1/2 Set

05(B) = 0e,5(8) = inf{t > O; ||s@D)||w > B}, B>0,
c=0s(B AT AT,

where 3 = (. will be determined later in such a manner that 5 | O as ¢ | O.
Then, Proposition 5.1 shows

Ao
(5.6)  E[Hwh))+ L E] / T WH|DFC, w0 [ ds]
0

tAG
< TP W) + ge—»*/z*z’E[ / T W) |R?|[7: ds)
4]

_ l AT
+3§’iz—)e~'E[/ FEP 20D FH(, v0)||% ds)
0

tAG
+C,<pe“3/25—f‘E[/ G W) ds).
0

For simplicity, from now on in this paper, we shall assume vy € M (i.e.,
vo = m,, with some 7 € R) for the initial data vy of the SPDE (4.2); in particular,
vg fulfills the assumptions of Propositions 5.2 and 5.3. Then, a bound on the
term .7 (v{) appearing in the right hand side of (5.6) can be easily derived:
Lemma 5.4. .%'(mg) < G196, where Cy is a constant independent of € R.

Proof. Since F#(my,) =0, we see
N |
.%’(m;;) =3 /{Ime;(zﬂ2 — |Vm,(2)*} dz
R
+ / {FmA(@)) ~ Flmy(@)} dz.
JR

The conclusion follows by showing

[Vmb(z) — Vmy(2)] < C8{|Vimy(2)] + |V2my)|},
Iml (@) — my(@)| < C8|Vm,(2)|. O

Especially, noting .#(v) > 0, we have from (5.6) with p = | and Lemma 5.4
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tAT
E [/ DG, dS]
0
tAo
< 2G5 4 E| / ||RS|[%, ds]+2Cxe®673T
0

t
< 2G5 + Cle_]/zE[/ {(¥2+ )82 + 22 '/ 21=2R 51281 s
0

+2Cx P 63T
< 2G5 4+ G [6—1/2{62+El/2+27—2n61—25} +€275—3]
for arbitrary x > 0. Taking 6 = €!/19%27/5 (50 that ¢ '/262 = 27673 =

€=3/10447v/5 5, €276 from which the second term in braces in the last line becomes
negligible), we obtain

NG
(5.7) E U (|D.FB(,v)||% ds] < CueN100/5
0
We return to the estimate (5.6) and set
tAo
A, =E U TP WD FB(, )| |5 a’s} .
0

Because of (5.5) and recalling § = ¢'/1%27/5 we have

RN < Ci{¥2+22 + 1}e 10005,
by taking sufficiently small & > 0 in (5.5). Therefore, (5.6) implies
(58) A[; S C5€3/2+2‘y+p(l/|0+2’y/5) + (p _ 1)6]/2+27Ap_]

tha
+€—3/10+47/5E[/ TP (W0)X, ¢ ds],
0

where Cs = Cs, =2C) /p and X, . = C1{Y2+Z2 . +1}+2Cx. However, applying
Holder’s inequality and then using (5.7),

(59) Ap—l

I

Ao
e| [ repipaac i)
4]

1/(p=1

IA

tAa
e | [ p s o]
0

Coe=3/10+7// =D (g Y0=D/0=D >

IA

To give a bound on the third term in the right hand side of (5.8), we use Theorem
3.1. In fact, since 8 = . will be taken such that 8 | 0 as ¢ | 0O,

(5.10) G < GIDFC )7, 0<t <o,

holds with some C; > 0 for all sufficiently small € > 0 (such that 8. < 3 =the
constant appearing in Theorem 3.1). Therefore, using Holder’s inequality,
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tN\C
(5.11) E [/ .%”“(vf)Xx,eds}
0

tAO
-E [ / K 2L OO A (v.f)Xs,eds]
0

tAc 1/[” tAC 1/-‘11 tAC , 1/1’/
<E [ / (%”(vf)ds] E [ / %(’Uf)ds} E [ / X_,.';eds]
0 0 0

< Coel=3/108/9)/a" [ 1P

for 1 <p',q',r’ <ocosatisfying 1/p"+1/¢'+1/r' =land p’(p —1-1/¢")=p,
namely,
1 p-2+4H 1 _1-&

5.12 —=—— . — =
12 pr p—1 7 g p-I

We take r’ to be sufficiently large. The last inequality in (5.11) is shown by using
(5.10) and (5.7). Summarizing (5.8), (5.9) and (5.11), we obtain

(5.13) A, < C563/2+2‘y+])(l/10+2'y/5)
+Co(p — 1)6]/2+2“/+(—3/’0+4’Y/5)/(I’—]){AP}(I’—2)/(I"1)
+C86(_3/'0+47/5)(1+]/"’/){A,,}]/*”I,

which proves

(5.14) A, < G5/ 2B 1 Cp — 1){A, }072/0D + G {A, 17,

for A, = e P(73/10487/94 - note that 1/2 + 2y > —3/10 +4y/5 and also that
(5.12) implies (1 +1/g") = p(1 — 1/p"). However, a bound x < ¢| + cx® + c3x7
for x > 0 with 0 < o, 8 < 1 implies x < C max{cy, 1} with some constant C
independent of c|. Therefore, we obtain from (5.14)

(515) A]) S Cgel)(~3/10+4’7/5) X max{€3/2+2’y+211(l—‘7)/5’ 1}, P > 2 .

Let us return to (5.6). We have
17a%4
T ELIP ()] < /P50 (0h) + %E { / G wd)||R |4 ds]
0
—1 tAG
+p__(p2 )e]/2+2'7A,,_1 + Cxpe?6°E [/0 .%”_l(v‘f)ds} ,

which is bounded by the same quantity (xp/2) in the right hand side of (5.13). In
fact, we may follow the same lines through (5.8) to (5.13). Therefore, assuming
that v € M and using (5.15), we have

63/2+27E[‘%p(v;5/\0}] < Cloep(~3/10+4'y/5) < max{63/2+2'y+2p(1—7)/5, 1}’

which verifies
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(@ BYP{o <t} < ELFH"5,,)]
< Cyge3N10+4Y/5) o maX{EZp(l—'y)/S’6—3/2—27}_

We have used Theorem 3.1 to get the first inequality. Now, first assuming 3/8 <
v < 1, we choose 3 : 8% = ¢ ¥/1%4/5=% for arbitrary but sufficiently small
~ > (; notice that 8 | 0 as € | O so that the condition 8 < 3, is fulfilled. Then

P{O’ < l‘} < CI—I’Cme[m—?a/Z—Z'y

which converges to O as € | 0; take p = (3/2+2y)/k+1. Secondly when v > 1, we
choose 3 : 32 = ¢!/1%*¥27/5=% and then similar argument works. Noting Theorem
2.1 we have proved

Proposition 5.4. Assume v > 3/8 and vy € M for the SPDE (4.2). Take =
e 32055 ywhen 3/8 < < | and B = €"/2V/5~5 when 4 > 1 for arbitrary
small k > 0. Then,

limP{a€,5(ﬁ) <t}=0, t>0,

where § = ¢!/10+27/5,

Finally, we rewrite this estimate on the smooth approximation v} of v, = v{ in
an estimate on v, itself. We prepare

Lemma 5.5.

W) |lmy, — mp,|lz <||Vmllz -|m —ml, m,m €R,
(i) |n(v)) = n(w)| < Cllvy — va|lz,  forv; « dist(v;, M) < fy.

Proof. The first assertion (i) is straightforward. To show (ii),

1
[n(vy) — 77(?)2)| = / (Dn(-,vu), v - U2>da < CH’U] - U2||L27
0

where v, = (1 — a)uy +avy,a € [0,1], and C = sup, (o |, [1DN(, vl < 00
from Lemma 9.5 below. 0O

Theorem 5.1. Assume v > 3/8 and vy € M for the SPDE (4.2). Take 3 =
e 320/5=1 ywhen 3/8 < v < 1 and 3 = €'/2V/5~5 \when v > 1 for arbitrary
small k > 0. Then,

lilr{)lP{dist(vf,M) < Bforevery0<t<T}=1, T>0.

Proof. Since s(v) = s(®) + (v — v®) — (M) — Myesy), we have from Lemma
5.5

lisolliz < lls@P)]z + Crljor — 0|2

However, using Lemmas 4.1-(i) and 4.2,
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lve(z) — vf(2)]

IA

/ PO (2) — vz — 8z)y")| dy’
ly|<1

< YE(S+Ze61/16+3’y/4—(2/p+n)(3/4+-y)6l/4——2/17——;@7
t<Tx AT,

for |z| < e '/2 +2 and v(z) = v5(z) for |z] > € '/2 + 2. Therefore, taking
5 = ¢1/10%27/5

Ce 't sup [ulz) — vP(@)]

fe|<em1/242

Co{ Ve 3/221/5 | 7, ¢~ 13/804177/20-K"}

e “Uréﬂv

IN

IA

where ' > 0 can be taken arbitrarily small. Since —13/80 + 17/20 is larger
than —3/20 + 2-y/5 when v > 3/8 and also it is larger than 1/20 + /5 when
v > 1, we obtain the conclusion from Proposition 5.4 O

Before closing this section, we prepare a lemma which will become necessary in
Sect. 8. Let H* = H*(R), « > 0, be the Sobolev spaces defined by interpolating
{H"},¢z, as usual; see Sect. 9.

Lemma 5.6. Under the same conditions as in Theorem 5.1, we have

lilrgP{U,zvf EH*+mforevery0<:t<T}=1, T>0,a<l/4
€

Proof. First we note v, = (v, — vf) + s(v,é) + My 6. Since my, —m € H'CH~
for every 7 € R and s(vf) €cH'C H® fort < o.,5(0), the conclusion follows
from Proposition 5.4 if one can prove

(5.16) lilrgP{v,wv,‘seH"‘foreveryogth}:1, T>0, a<l/4

To this end, we prove that the norm |u, — v,‘S|Hu is finite for t < 1; see the
formula (9.97) for the definition of the norm | - |y~ and Lemma 4.2 or (5.4)
for m (we take K = 2). However, this is easy based on the estimate on the
Holder continuity of v,(z) (Lemmas 4.1-(i) and 4.2) by noting v,(z) — vf(z) =0
for |z| > €7'/2 +2 and v} € C*(R). Therefore, since Theorem 2.1 implies
limgoP{m >T}=1, T >0, (5.16) is concluded. O

Remark 5.1. A stronger result P{vf € C([0, T, H*+m)} = l,a < 1/4,¢ > 0,
can be shown by rewriting (4.2) in an equivalent integral form. The proof is
omitted since Lemma 5.6 is shown easily and sufficient for our purpose.
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6 Error estimates

In this section the proofs of Propositions 5.2 and 5.3 will be given. To show the
estimate on R,é’l(z), let us consider an auxiliary PDE for & = @(¢, y) on the half
line [0, 00)

ot . .
(6.1) E:Avff(v), t>0,y>0,

where initial data ©#(0, y) and Dirichlet boundary data U(¢,0) at y = 0 are given.

Lemma 6.1. For every T > 0,

sup  |o(¢,y)| < max{sup|5(0,y)|, sup |&(t,0)|,1}.
0<I<T ¥ >0 y>0 0<1<T

Proof. Use the maximum principle [29, 47] noting that f(v) <0 for v > | and
fy>0forv<—1. O

We give an estimate of Schauder’s type on #. What we need is a mixture of
the so-called boundary estimate in t and the interior estimate in x, so that the
estimates stated in [29, Chapters 3 and 7] are not directly applicable. However,
the extension is easy.

Lemma 6.2. Assume
2
(6.2) sup Y |V*5(0, ) + sup [6(r,0)] < K < 00, V*5 = d¥i5/dy*.
2003 0<<T

Then, for every 6 > 0, there exists C = Cg s (Which does not depend on T ) such
that

(6.3) sup V¥, )| < C, k=1,2.
0<1<T y>8

Proof. First we prove the following assertion: Let (¢, y) and f(¢,y) be functions
satisfying

gy

(6.4) 5, = A0y, 120,y 24,

for § > 0 and

(6.5) sup Vo, )|+ sup  {|9G, )| +|f¢, 0]} < K.
y2é 0<i<T.,y26

Then, for every § > 0, there exists C = Cg 5 (independent of T') such that

(6.6) sup [V, y)| < C.
0<t<T,y>6+6

Indeed, assuming 6 = O without loss of generality, we rewrite (6.4) in an equiv-
alent integral form: o(z,y) = D1(t,y) + D2(¢, y), where
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- OO —ct N~ / ’ ! —c(r—\')apf—.\' _
o = e “p(y,y)w@,y)dy — | e —aT(Y,O)U(SaO)dSa
0 0 Y

t Je o]
172=/ ds/ e v,y Mev(s, ¥y + F(s,y)}ay’,
0 0

for every ¢ > 0O (this ¢ is introduced to obtain a global estimate in f). Here,
2y, ¥) = ¢(,y") — .y, —y"), ¥,y > 0, is the fundamental solution of the
heat equation on [0, oc) having Dirichlet O-boundary condition at y = 0; g, is
the heat kernel on R. The desired estimate (6.6) is shown for @ (in place of ¥)
by a straightforward calculation and for @, by noting that c@(s,y’) + f(s,y’) is
bounded from the condition (6.5).

Now we return to the proof of (6.3). First, we apply the result mentioned
above by taking § = 0,4(¢,y) = ¥(t,y) and f(t,y) = f(#(¢,y)). The condition
(6.5) is fulfilled from (6.2) and Lemma 6.1. Hence, we obtain (6.3) for £ = 1.
Next, we take § > 0,9(t,y) = Vii(t,y) and f(z,y) = f'(¥(t,y))Vit,y). Then,
the result mentioned above is again applicable and we get (6.3) for k =2. O

Proof of Proposition 5.2. For |z| > e='/2, v(t,z) = v(t, 7) satisfies the PDE

v 39
5 = ¢ Y{Av +f(v)}.

Therefore, under the assumption of Proposition 5.2, Lemma 6.2 (choose T =
€73/2=277,) shows

Sup sup {l'@, )+ [0"(5, )|} < oo
0<e< 01 <7g,[y|>e=1/241/2

Hence, v/(z — 6(z)y’) and v;'(z — 8(z)y’) appearing in the expression for R,&’](z)
given in Lemma 5.3 are both bounded for ¢ < 7k, |z] € [¢7!/2 +1,e71/2 4+ 2],
| € 1,0 <8 < 1/2 and 0 < € < 1. Furthermore, we have |§"(z)] <
Cé and [{1 —&(z)y’}* — 1] < Cé. This completes the proof. O

The next task is to prove the estimate on Rf’z(z).

Proof of Proposition 5.3. Decompose RfS ’2(z) into a sum of r!(z) and r2(z), which
are defined by

r (2) = f (@) — F Wl @)
r2(z) = (Fi(), PP = ) = i (2)).
Using Lemmas 4.1-(ii) and 4.2, r(z) is bounded by

irl ()] < sup |f'(W)] x
v <K

C]{YE(S +7, 661/4+'y—(1/2p+m)(3/4+'y)61/2~]/211—/':}’ t <1 AT.

/ PO vz — 6(z)y") — vi(2)} dy’
ly’[<1

IA

The second term r2(z) is similarly bounded by
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IrX(z)|

/i < pOf oz — 82y — fu@)} dy’
y|<
< Cl{Yeé+Zl’661/4+’y—(1/2p+n)(3/4+’7)61/2—l/2p—n}’ t <t AT.

We may rewrite max{(1/2p + c)}(3/4 +v),1/2p + &} as & again, since p and &
can be taken sufficiently large and small, respectively. O

7 Analysis on the classical flow

The result of Sect.2 (Theorem 2.1) shows that the solution v;(y) of the SPDE
(4.2) stays in the region [—~1 —§, 1+48},8 > 0, with high probability as € | 0 if its
initial data satisfies |v§(y)] < 1. From this observation, for the investigation of
the asymptotic behavior of v§, it does not harm our argument if one introduce a
cut-off to the potential F(v) (or, to the reaction term f) for large |v|. We therefore
consider a modified mild potential function F € C°°(R) satisfying the condition

(@) F(v)=F(@) for |[v] <2 and F is symmetric
G.e., F(—v) = F(v),v €R),
(7.1 (b) the k-th derivatives F® of F
are bounded on R for £ = 2,3,4;
in particular, F/'(v) > —&, for all v € R,

recall that the condition (1.2) implies F(—v) = F(v) and F"(v) > —¢;.
Let {v, = v,(-)} be the dynamical system determined by solving the PDE
Su _ .
(7.2) {7;1? =Av, +f(), t>0,ycR,
. o =,

where f(v) = —F’(v). We denote v, by v,(-;v) to elucidate its initial data. We
shall state four theorems (Theorems 7.1-7.4) concerning this dynamical system
without proof; the proof will be given in Sect. 9. These theorems will be applied
in the next section to establish the main result of the present paper. The first
theorem establishes the limit map ¢ = ((v) for v close to M. A constant [,
appearing in Theorems 7.1-7.4 are common and can be taken properly such
that 0 < 3, < 3y, where (i is the constant given in Theorem 3.1. We employ
the notations introduced in previous sections consecutively; in particular, recall
dist(v, M) = minyeg ||v — my|[p and L> + m = {v;v — m € L* = LA(R)}.

Theorem 7.1. There exists a limit in the space H' = H'(R)

lim v (v)y==meeM
I—00

if the initial data v € L? +m satisfies dist(v, M) < 3,. We denote this ¢ by ((v).
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We use the following notations:
75 = {v € L* + m; dist(v, M) < S},
Z50={ve Z;{v)=0}, B>0.
Let H be a Hilbert space and let % (L2, H) be the class of all bounded linear

operators from L? to H. As usual, we call a map v € Z3, —> ®(v) € H Fréchet
differentiable if there exists DP(-;v) € Z (L2, H) such that

|| + k) — B(v) = DEC;v)k|lg = o(||h|r2),
(7.3)
as ||h||;z 1 0.

Especially when H = R, we regard D&(-,v) € Z(I*,R) ¥ L? and, furthermore,
if D®(y,v) € L? is Fréchet differentiable in v and its derivative is an operator
of Hilbert-Schmidt type from-L? to L? having an integral representation

(7.4) D{D&(y, ;v)}h = / D*®(y,y2, Vh(2)dys, h €L,

R
with a kernel function D2®(y,,y,,v) € L*(R?), then @ is called twice Fréchet
differentiable with derivatives D®(y, v) and D>®(y;, y,, v).

Theorem 7.2. The map ((v) € R is Fréchet differentiable in v € %3, and its
derivative has an estimate:

(75) ||DC(5 ’U) - DC()’”)”LZ S C V diSt(U,M ’ C> 05
for every v € %, 0. Moreover, for every i € R
Vm;(y)

Vm|

recall that 11 = n{(v) is defined through the Fermi coordinates.

(7.6) D{(y,mp) = Dn(y, mg) =

Theorem 7.3. The map ((v) € R is twice Fréchet differentiable in v € Z3, and
_its second derivative has the following properties:

< C+/dist(v,M), C >0,

(1.7)

/yP{D%(y,y,m—chw,y,m)}dy
R

foreveryv e Z5,0andp =0,1, and

) swp [ 3107050l dy <
'UE”ZZ;T,O R

Moreover, for everyn € R

(19  D*(.,y,my)

1 o0
= e /0 dt /R Py, 23 mn)2f " (ma(2))Vm,y(2) dz,

where po (v, 2; my) denotes the fundamental solution of 3/0t — A — f'(m,); see
Paragraph 9.1 in Sect. 9 recalling that F(v) = F (v) for |v| < 1 from the condition
(7.1)-(a).
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It will be useful to notice the shift and reflection-invariance of the functional ¢ =
¢(v). Consider mappings {%},er and .72 defined by %w(y) = v(y —z), Sv(y) =
—v(—y), ¥y € R, respectively. Then, we have

Lemma 7.1. For every v € %, and y,y1,y2,2 € R,

® ((Fv)y=C)+z, ((Fv)=—((v),

(11) DC@,(%U)ZDQ.O’—Z,U),
D*((y1,y2,%W) = D>y — 2,52 — 2,v),

(111) D((y, Sv) = D{(~y,v)

DZC(yl ,)’27<%U) = “D2C(_Yl, —Y2, U)'

Proof. If v, = v,(-;v) is a solution of the PDE (7.2), then .%%v, and .72v, are also;
we use the symmetricity of F, see (7.1)-(a), for .#2v,. This implies .%{v,(-;v)} =
v (-3 Fv) and 2{v,(-; v)} = v,(-; #v). Letting 1 — 00, we obtain the assertion
(1). The assertions (i) and (ii1) follow from (i) without difficulty. O

Corollary 7.1. For all n € R,

/ D(y,y, my)dy =0,
R

Proof. We may assume 7) = 0 without loss of generality by the shift-invariance;
see Lemma 7.1-(ii). Then, this can be proven from the concrete expression
(7.9); note that [ po,(y,2; m)*dy = po2(z,2;m) is an even function in z, while
F"(m(2)Vm(z) is odd from the assumption (1.2)-(b). Or, the proof can be com-
pleted by noting D2{(y,y,m) = —D?((—y, —y,m), which follows from Lemma
7.1-Gii)). O

The next theorem gives a basic identity related to the classical flow v,. It will be
derived from 0 = d((v,)/dt = (D((-,v,), Av, +f(v,)), t > 0, by letting ¢ | 0.

Theorem 7.4. For every v € Z3,, we have D((-,v) € NssoH %, In addition,
for every v € %5, N (H® + m) with some § > 0 and satisfying ||v|| =~ < 2,

<D<(7 U): AU +f(v)> = 0)
where H®, o > 0, denotes the Sobolev space; see Paragraph 9.8 below.

Remark 7.1. We use a cut-off potential F, however this is not actually
necessary. In fact, when we consider the PDE (7.2) with original potential
F instead of F, the maximum principle proves that the solution v, satisfies
[lvsllzee < max{||vg|lze, |} if the initial data vg is bounded, cf. Lemma 6.1. One
can prove that Theorems 7.1-7.4 hold by replacing L? + m with (L? + m) N L.
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8 Identification of the limit

‘We rely on the argument which was used by Katzenberger [42] ‘in a finite-
dimensional situation. Let #€(¢, x) be the solution of the SPDE (1.1) with x, = ¢”
having initial data: u°(0,x) = mg(x) with some £ € R. Here, m{ is a function
defined by mg(x) = m(e~/2(x — €)). We introduce its time-change:

(8.1) g, x) =u(e” "> x), t>0, xR,

and investigate the asymptotic behavior of #°(f,x) as € | 0. Our main result is
formulated as follows.

Theorem 8.1. Assume v > 19/4 for the SPDE (1.1) with k. = €" and consider
the time change u°(t,x), defined by (8.1), of its solution u®(t,x) with initial data
m§ Then,

(i) there exists an R-valued process &£ (w) such that

limP < sup ||a(t,) — xee||lp > 67 =0
clo 0<I<T !

for every 6 > 0 and T > 0. Recall that the function x¢(x) = 1 for x > £ and —1
forx < €&

(ii) The distribution on the space C([0,T],R) of & converges weakly to that of
a solution &, of the SDE (1.5) starting at € as ¢ | 0. Two constants o and on
appearing in (1.5) are defined by the formula (8.5) below.

The proof will be completed after several steps. Notice that v (y) = v*(t,y) =
7¢(t,€'/?y) satisfies the SPDE (4.2) and consider a stopping time

e = inf{r > 0;dist(v;, M) > B or ||vf|| > 2 or v} ¢ H +m},

where 3 = €!/2%7/5% with sufficiently small kK > 0 and 0 < & < 1/4. Then,
from Theorem 2.1, Theorem 5.1 and Lemma 5.6 (note that the initial data v§ =
m.-1/2¢ € M satisfies all required conditions), we see

(8.2) IianlP{ﬁE <T}=0, T>0.
€
Using the map ¢ = {(v) constructed in the previous section, we set
(8.3) & =€ /2¢(wis), 120
Then, applying It6’s formula, we have
1 ING .
(8.4) £ =E5+ ing, + 3 / b ds,
0

where
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1
'u,? :/ <a(61/2')DC(',’U;),d'wx>y t <&,
0
bf:e—’“/az(e‘/zy)DZC(y,y,vf)dy, 1<
R

In fact, an extra bad term e~!=2Y fot (DC(-,v5), Avs + f(ve)) ds appears in the
right hand side of (8.4) but it vanishes fortunately because of Theorem 7.4; note
that v € Z5, N (H® +m) and ||v¢||p» < 2 for s < &.. This is the trick of
Katzenberger. We definé two constants ; and oy by

1

A= Ol

(8.5) _
oy = ~”v—,ii”5 Iy dt e ypos (v, 75 mf " (m(2))Vm(z) dydz,

where py,(y,z;m) denotes the fundamental solution of 8/0t — A — f'(m).
Lemma 8.1. For every sufficiently small € > 0,

sup [y, — 200a(E9)a’(€9)] < € max{/10719/40=w/2 (1/2}
120 )

Proof. We always assume 0 < ¢t < .. By Taylor expansion, we see

a’(e'?yy = aMED) + @Y €5y - €%y — CufN + rEY),

where .
0] < 5 sup @) @)] - {20 — (Y
x&R
Therefore,
8.6) bi=e 2a%(E) / DX(y,y,15) dy
R
() /R (v — COEND Ay, y, v)dy + Y,
where

Rf|=

6*1/2/RDZC(y,y7vf)rf(y)dy‘
<2 /]R [y — CEDYID*0,y, )| dy.
However, using Lemma 7.1-(ii), we have
/R{y—C—}ZIDZC(y,y,'U)Idy=Ay2lDZC@,y,$gv)ldy, (ER,

and, in addition, v € %3, implies . ¢,yv € %3, 0- Hence, noting that vf € %3,
for small enough ¢ > 0 since 8 < 3, for such ¢, we obtain from (7.8):
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|RE| < Cre'/? sup /)'Q\cho,y,v)!dy < Ce' 2,
vE74,0 /R

For the first term in the right hand side of (8.6), we observe

16“/2/D2C(y,y,vf)dy*
R

12 / (D27, S50 ) — D3y, y,m)} dy
R
< Cye1281/2 = Cye1/10-19/40-x/2
We have applied Lemma 7.1-(ii) and Corollary 7.1 for the first equality, and then

(7.7) with p = 0 for the second inequality. For the second term of (8.6), since
the definition (8.5) of c; and the formula (7.9) imply o, = g yD*(y,y,m)dy,

/R (& — COENDXC(y, v, v)dy —

= ‘/y{DZC(y,y,ZE(v,)vf)—DZC(y,y,m)}dyl < Cup
R

Here, we have used Lemma 7.1-(ii) and then (7.7) with p = 1. Now, the proof
of the lemma is completed. O

The next task is to investigate the martingale term pf of £;. Note that its quadratic
variational process is given by

1
[/f]IE[ILEaﬂ'e]t:/ beds, t<é.,
1]

where
b = / aX(e'/*y)D¢y, v dy, t <G
R

Lemma 8.2. For all sufficiently small € > 0,

sup |bfas. — ala’(€)| < C max{?/10+1/40-r/2 (1/21
>0

Proof. We always assume 0 <t < . again. Recalling the definition (8.5) of «;
and the formula (7.6), we see

bf ~ ala*(€5) = bt — a(£F) / D¢y, mesy)* dy = I + 1P,
R
where
= /R a*("*y){D{(y, v — DC(y, mews)*} dy,

17 = /R{az(flﬂy) — @ ENIDCY, mewp)” dy.-
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However, if ¢ > 0 is sufficiently small such that 5 < 3,, we have from Theorem
7.2

| < @i [1DCC, v) = DS meaep 2 IDCC, v + DEC, mewe)llze
< Cp2?
and
1) < €72 ([@® ]| /R = CWNIDC(, meqy))” dy

c2el/2/ D¢y, m*dy = C3e'/2. 00
R

Lemma 8.3. The distribution of & converges weakly on C([0,T],R) fo that of
&;, the solution of the SDE (1.5) starting at £, as € | 0 for every T > 0.

Proof The proof is quite standard. Let % be the generator of the process &;

more precisely,
a?

Z = ——1 ) mms + ma()a’ (g)—

)852 o€
Applying Itd’s formula by noting (8.4), we see

1/ _
B wE) = we)+ 5 [ W €mE+ € dr i
= p(€) 5 [ e R dref, 0S5 <1<,

for every ¢ € CZ(R), where jif is a martingale and Rf is a process with bound

(8.8) sup |Rf| < Cy max{e?/10-19/40-x/2 1/21

0<r<d,

Indeed, this bound immediately follows from Lemmas 8.1 and 8.2. On the other
hand, these two lemmas also prove

Eflg — €11 < Gt —5)%, 0<s <t < oo,

which implies the tightness of {P*}g<c<1, where P* denotes the distribution of

.t €[0,T], on the_space C([0,T1,R). From (8.7), (8.8) and noting (8.2), we
see that every limit P of P€ as ¢ | 0 is a solution of the .%-martingale problem
and this completes the proof. 0O

Proof of Theorem 8.1. First notice that

(8.9) sup |Jv — meyllpz < oo.
vETp,

In fact, since ||v — meyllz < ||s@)]| 12 + ||y — Mol |2 Where v = s(v) + )
denotes the Fermi coordinates of v, (8.9) is deduced from {|s(v)}|;z < 5, and the
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boundedness of ||mpw) — Mewl|2 (use Lemma 5.5-(i) and (9.46) given below in
Sect. 9). Therefore, we get

&7 = xeell<|lar — meelloz + [lmge — xge[l12

2+ €/%lm — xoliz < Ce4,

=€'/*||vf — meqp)
for 0 <t < &.. Noting (8.2), the proof of the theorem is concluded. O

Remark 8.1. Slight modification in the proof leads us to the assertion (i) of
Theorem 8.1 with ||z¢(z, ) — mgrc L in place of [|@€(t,-) — x|

[2-

9 Proofs of Theorems 7.1-7.4

In this section we shall prove four theorems formulated in Sect.7. The contents
are divided into 8 paragraphs (P.9.1-9.8). P. 9.1 and P. 9.3 have technical char-
acters. We establish energy inequalities for the PDE (7.2) and its linearized PDE.
Several estimates on the corresponding semigroup are also given. In P. 9.2, the
Fréchet derivatives of the Fermi coordinates 1 = n(v) are calculated. Theorem
7.1 is proved in P. 9.3 by using the formula for 7,(v) = n(v;(-;v)) given in
P. 9.2; recall that v,(-; v) denotes the solution of the PDE (7.2) with initial data
v. Then, after deriving concrete formulas for the Fréchet derivatives of v,(-;v) in
P. 9.4, the Fréchet derivatives of ((v) := lim,, o 1,(v) are computed in P. 9.5.
Based on these formulas, Theorems 7.2 and 7.3 are shown in P. 9.6 and P. 9.7,
respectively. Finally, the proof of Theorem 7.4 is given in P. 9.8. In this section
we always use the potential F' rather than f to avoid confusion; recall f = —F’.

9.1 Energy inequalities for the PDE (7.2) and its linearized equation

Here, we give energy estimates on the solution v, = v,(-;v) of the PDE (7.2)
with initial data v € L? + m. Similar energy estimates will be given also for the
linearized equation of (7.2). We denote by 9 the energy functional .77 defined
by (3.2) with F replaced by F (but with the same constant C,). We assume
¢ = 1 in the condition (7.1)-(b) for F (i.e. F”(v) > —1) only for notational
simplicity.

Lemma 9.1. Assume v,7 € L* + m and denote v, = v,(-;v) and 7, = v,(-; 7).
(i) Then, we have

.1 lve = il < [Jv — ol|2e”,

t
) 1
9.2) / IV = Bo)l7p ds < Sl — l[T2e™,
0

and, in particular, these estimates hold for v, = U = m,, for every n € R.
(ii) For every T > 0, there exists C = Cr > 0 such that
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, C
Fw) < —dist(v, M), tEO.T), I disto,M)<1.

(iii) There exist c, 3 > O such that
FH(v) < e IFBvy), t25>0, if FBlv) <P

Remark 9.1.  Since ||s||g: < [y implies ||s|[r~ < C;6; with the help of
Sobolev’s imbedding theorem (see the proof of Theorem 3.1), if 4y < 1/C,
we have FZ(v) = FB(v) for v = My + s(v) such that ||s(v)||; < Bi; recall
the assumption (7.1)-(a) for F. Therefore, Theorem 3.1 holds also for H by
replacing 3; with min{g;,1/C} if necessary.

Proof of Lemma 9.1. We divide the proof into four steps.
Step 1: Here, we prove the assertion (i). To this end, noting F'"(v) > —1, we see

a = Tty = _
Ellvr - 7—)r||iz:2<A(Ut ) 'Dt> - Z(F,('Ut) — F'(0),v — 'Ut>

<=2[|V(v, — B)|[%: +2[Jvr — B[}

Integrate the both sides to obtain

f
©3) oy — 82 +2 / IV oy — 3|2 ds
0
t
's||v—ﬁ||iz+z/ s — | ds.
0

The estimate (9.1) is shown from this inequality by neglecting the second term
in the left hand side and by applying the Gronwall inequality. Afterwards, (9.2)
follows by inserting (9.1) into the second term of the right hand side of (9.3).
In particular, from (1.3) and recalling that F(v) = F(v) for |v| < 1, m, is a
stationary solution of the PDE (7.2) for every € R and therefore (9.1) and
(9.2) hold for ¥, =0 = my,.

Step 2: In this step, we show an elementary bound on the potential F
- C ~
(9.4) Fw) < —61(1) —mP+(+8Fm), C; >0,

for all v € R,|m| < 1 and 0 < é < 1. Indeed, this is true for all jv| > 2
and |m| < 1, since the boundedness of F/(v) (see the assumption (7.1)) implies
[F(v)| < Co(v?+1) and since we have (v?+1) < 5(» —m)* and F(m) > 0 on this
region. Therefore, it is sufficient to show (9.4) for all |v| < 2,|m| <1,0<é <1
with some C; > 0. To this end, we first see F(m) > C3(m—1)? forall0 < m < 1
with some C; > 0. In fact, this is shown for m in a neighborhood of 1 from
F(1)=F'(1) =0 and F”(1) > 0, and then for other m from F(v) > 0 in [0, 1).
On the other hand, noting F'(1) = 0 again, we have
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F@)— Fm)=F'(m)(v — m) + %ﬁ”(v*)(v —m)?

=F"(vg)(m — D —m)+ —;—ﬁ”(v*)(v —m)?
<Cy {|(m — D(v — m)| + (v — m)*}

2

C_
<6C3(m — 1)* + {4&6 +c4}(u —-m)?, v <2, |m| < 1,

for some |v.| < 2, |v.] < 1 and C4 > 0; a simple estimate |ab| < (a® + b?)/2
has been used to derive the final line. Therefore, since C3(m — 1)2 < F(m) if
0<m <1, (94) is shown for |v] < 2 and 0 < m < 1. Replacing (v,m) by
(—v, —m), we obtain (9.4) also for —1 <m < 0.

Step 3: Let us prove
" Cs 2 2
(9.5) / FH(u)ds < —6'—|[vo — myl||e” + C.ét,
0

forall 0 < 6 <1, > 0 and i € R, where C, is the constant appearing in (3.2).
Using (9.4) and (9.1) with ¥, = m,,, we have

! . C ~
(9.6) /ds /F(v‘\.(y))dy < —l||UO — m,,||i2(e2' —D+e(1+8) /F(m,,(y))dy‘
0 R 26 R

On the other hand, first using (a +b)* < (1 + 1/6)a® + (1 + 6)b? and then from
9.2),

t t l
(9,7)/||Vv_\,|]iz dsg/{(l + 5) IV (v, — mp)||% + (1 +5)I|an||iz} ds
0 0

| 1
< (1 ‘ 5) v — myl e + 11+ 6)][Vmy| .

Now, recall the definition of .7%(v) and the fact .«“7/:’(m,,) =.%(my) = 0 and sum
up the both sides of (9.6) and (9.7) multiplied by 1/2. Then, we obtain (9.5).

Step 4: The estimate (9.5) is not an estimate on . (v,) for each ¢ but that
on its integration in ¢. To get an estimation on .767(1),) itself, we observe
||8v, /8¢ |2, + 8.5 (v,) /0t = O from the PDE (7.2), which proves t||8, /Ot|[Z; +
B{t.?/:”(v,)}/(?t =.9%(v;) and consequently

t
£.96 (v, < / G (v,)ds.
0

Combine this estimate with (9.5), in which we take & = ||vg — my||;2. Then, we
obtain

~ C
.7ﬂ(vt)§——tz|lvo—mn||u, t€O,T], if |luo —myllp <1,
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with some Cr > 0. Taking infimum in 7, we obtain the assertion (ii). Finally,
the assertion (iii) is shown since Theorem 3.1 (see Remark 9.1 as well) implies
that

d . 3 s
— W) = —IDFCv)l|5 € —cFB(v), c=c1/cy >0,

holds if ||s(v)||g+ < B and therefore if FH(v,) < B = afi. 0O
As an immediate consequence of Lemma 9.1, we obtain

Corollary 9.1. There exist C,c > 0 and $,,0 < 3, < By, such that v € Zj,
(i.e., disttv,M) < (o) implies v,(-;v) € %3, for all t > 0 and

i) lse]|p < e dist(v,M), >0,

(i) lse]|s < C/dist(o, Mye=, t>1,

where (3 is the constant appearing in Theorem 3.1 and s, = s(v;(-;v)) is defined
in terms of the Fermi coordinates of v,(-; v). Especially, we have

(iii) lIs: |2 < C+/dist(v, M)e™ ', t>0.

Proof. The assertion (i) (as long as v,(;v) € %, Le., ||s:||rz < B and hence
the Fermi coordinates are defined for v,) follows from (9.1) with @, = m,;; take
infimum in 7. On the other hand, Lemma 9.1-(ii) shows that 5@(1}1) < B if
dist(v,M) < B, := min{3/C\, 1, 4}, and therefore we have

cillsdlz < Fw) < e Ve disto, M), t> 1

b

if |[so||z < B from Lemma 9.1-(iii) with s = I, Theorem 3.1 and Remark 9.1;
recall that C, = “Cy with T = 1”. This proves (it). The assertion (iii) follows
from (i) and (ii). Finally we remark that, by taking (3, smaller if necessary, we
have ||s;||;z < By for all £ > 0 from (iii). O

Now we give bounds concerning the linearized equation of the PDE (7.2):

O
ot

having an inhomogeneous term r,(z) € L*([0, T],L*), T > 0.

9.%) = (A - FH('Ut(‘;U))) u+r, 120,

Lemma 9.2. We have
f

©9) |l Se3’{||uo|liz+/ Ilr.\-llizdS},
)]

! l 4

(9.10) / V| |72 ds < 563’ {||u0||§2 +/ ||rx||izds}, 0<t<T.
0 0

Proof. Since we have

0 -
3¢ rllir = 20wy, ) =2 / F (@)t (@) dz +2(ri, ),
R

by using 2(r,,u,) < ||r¢||% + {lu]|%, the proof can be completed in a similar

fashion to Step 1 of the proof of Lemma 9.1. O
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Let ps;(v,2) = ps(v,7:v),0 < s <t < oo, be the fundamental solution for
8/0t —{A, — F"(v,(z;v))}. Namely, the solution u(¢,z),¢ > s, of the PDE (9.8)
without inhomogeneous term (i.e., r, = 0) having initial data u(s,z) = A(z) has
an integral representation u(t,z) = prs,,(y,z)h(y)dy, t > 5. Then, we have a
Gaussian bound on the fundamental solution p; ,(y, z):

Lemma 9.3. There exists C = Cr > 0 such that

C™ g5, (v,2) < s (v,2;v) < Cgs 4 (9,2)

Jorevery0<s <t:t—s <T, where q;,(y,2) = q;—;(y,2) is the heat kernel;
see the formula below (2.2).

Proof. The conclusion follows from Feynman-Kac formula:

'fll o(r,v/2B,)dr

p.Y,t(va;U)=E'.Y,t;y,Z[e_ s ]%,r()%z)’

where c(r,z) = F"(v,(z;v)) is bounded and E; ry.2[-] denotes the expectation
with respect to the pinned Brownian motion B, starting from y/v/2 at time s
and reaching z/+/2 at time z. D

9.2 Fermi coordinates 1, = 1,(v) of v(-;v) and Fréchet derivatives of g

In the following, we always assume v € %, where 35,0 < (3, < G, will be
chosen later in an appropriate manner; see Proposition 9.1 and also Corollary
9.1 above. For instance, 3, is taken so small that the solution v, = v (-3 v) of
the PDE (7.2) has a representation in terms of Fermi coordinates: v, = My, + 5,
where 1, = n,(v) = n(v,(;v)), s, =5, (v) = s(v,(-;v)) forall t > 0and v € Zs,.
The next lemma computes the derivative of 7, in ¢. ‘

Lemma 9.4.
dne _ (Av; — F'(v), Vimy,)
dt (v, V2my,) ’

t>0.

Proof. Since the property (3.6) of the Fermi coordinates shows (v, Vi, ) = 0,
the conclusion follows from

d
0= 20 Fmy) = (S Ty ) — (1, VP, ) 2 1
Our first goal will be to give concrete formulas for the Fréchet derivatives of
1N = n,(v) in v (Lemmas 9.8 and 9.11), which will be useful to derive bounds
on the Fréchet derivatives of the limit map ((v) = lim,_, o, 7,(v). To this end, we
naturally start with the computation of those for ng = ng(v); recall that no(v) =
1(v) is the Fermi coordinate of v itself.
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Lemma 9.5. The map n(v) € R is twice Fréchet differentiable in v € %3, and
its derivatives are given by

Vi (y)
(v, V2myw))’
V)01 Vit (92) (0, V1)
<U7 vzmﬂ(v)>3

V) ) V) (92) + Vi) (51) Vi) (v2)
(v, V2mpa)? '

©.11) Dn(y,v) =

(9.12) D*n(yy,y2,v) =

Proof. Since
Vity@emy(-) — Vg ()

1
= —{U(U +h)— W(U)} / Vzm(l——a)n(v)+un(v+h)(')da7
0

noting that (v, V) = 0 from (3.6), we have

(hy Vinyn)

2
— , hel
Jo (v, V2ma —ayoyran(osny)da

n(v+h) —n(v) =

From this formula, one can easily prove that n(v) is Fréchet differentiable and its
first derivative is given by (9.11). The formula (9.12) for the second derivative
is similarly shown by slightly more works; we omit the detail. O

The following four functions will play a role of basic ingredients for giving
concrete expressions of Dn,(y,v) and D?n,(y1, y2,v); see Lemmas 9.8 and 9.11
below.

(Pk(t) = (pk(ta U) = <AUI - F,(Ut)a vkmn,}_ .
wk(t,)’) = wk(tayﬂv) = (PO,t(ya ')7 {A - F//(Ut)}vkmﬂr>.

(9.13) Pr(1) = it ) = (v, V¥ my, )
Delt,y) = Bty y,v) = (po, (v, ), V¥imy, ),
k=1,2,--.

In addition, we introduce two more functions.

— — £10P2()— 51 pa(t)
Am_mmywmgﬁff,i
= - = = POV -1 )i ty)
9.14) E(,y) = 2@, y,v) = BEESETERRE,

t>0,y R, ve %,

9.3 Estimates on the basic ingredients and proof of Theorem 7.1

In order to give decay estimates on d7, /dt (necessary for showing the existence
of ¢ = lim,_, ;) and also to give bounds on D7, and D2, therefore on D¢ and
D?(, we need bounds on the ingredients ¢, Yk, Gk, Y. Especially to establish
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the estimates like (7.7) and (7.8), we need decay estimates of (¢, y) and Die(t,y)
in y as |y| — oo. This forces us to introduce weighted LP-spaces

I, =’(R,eOdy), AeR,p>1,

where a function § € C*°(R) satisfying 6(y) = |y| for [y| > 1 will be fixed
throughout the paper. We also introduce

P x = {v € Z,; In()] < K} = {v; dist(v, M) < By, [n(v)] <K},
for K > 0. Then, the basic estimates are summarized as follows:

Proposition 9.1. There exists 5,0 < 5, < 0y, such that the following estimates
hold for all v € P, x, K > 0, with some C,c,¢,\ > 0 dependent on K.

(1) lpe(®)] < C+/dist(u, M)e™ ¢,
) g <C,
|G = ¢, fork=1,3,5,---(odd),
(i) ([, )]l < CVAdist(o,M)e™,  forevery A:0 <A<,
|92, -)||LzA < CefM, k=2,3,---, forevery A\:0< X<},
(V) |1, Mg < Ce,  forevery A:0 <A <A

Remark 9.2. The condition |n(v)] < K is necessary only for the estimates (iii)
and (iv) to be uniform in v. The constants C, ¢, ¢, A are common for 1 < k < kg
for each kg.

Proof of Proposition 9.1-(1) and (ii). Let 3, be the constant determined by Corol-
lary 9.1. Noting that (1.3) implies Am,, = F'(m,,), we have

eI |(vr = 1, V2 rmn, )| + || Cwr) = F G )12V || 2
<lsella {[VZml]2 + |F"[| || VEm]| 2}

This proves (i) with the help of Corollary 9.1-(iii). On the other hand, to prove
(i1), we decompose @ () = (v, —my,, V¥ m, }+(m,, , V¥*'m,, ) and use Corollary
9.1-(iii); note that |(m,,, V¥*'m, )| = ¢ > 0 if k is odd. If necessary, we choose
smaller §,. O

Now, let us complete the proof of Theorem 7.1, since we shall need the fact that
the limit {(v) = lim,_, o 7 (v) exists for v € Z, to state Lemma 9.6 below. This
lemma will be necessary for the proof of Proposition 9.1-(iii), (iv).

Proof of Theorem 7.1. Let (3, be the same constant as above. From Lemma 9.4
and Proposition 9.1-(i), (ii), we see

‘ w1(t)
@1(t)
This proves that the limit { = {(v) := lim,_, o 7,(v) exists. Now, the conclusion of

Theorem 7.1 readily follows from Corollary 9.1-(ii) by recalling that v, = my, +s,.
8]

dn
dt

< C/dist(v,M)e™, t>0,v¢€ %,

(9.15) ‘
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The next lemma gives estimates on the semigroup {7 ., } defined by

Ty pwpy) = (ps (v, 50), ), €L 0<s <1< o0

In particular, To,.;m, is sometimes denoted by e~"%c, ¢ € R. Recall that A =
—A + F"(m¢(y)) is the operator defined by (3.17); we have replaced —f' with
F" noting that —f' = F" and F(v) = F(v) for |v| < 1.

Lemma 9.6. There exist C,c,¢, A = g > 0 for every K > 0 such that

0 el _s <, A<, CeR,

(i) ||T-\‘,f;v||L2)\—»L2)\ < CefPE=D N < X ve /Y

Gi) e Pomglla g e N <A [ <K
(iv) I{To.0 — €™ % }P g+ 22

< Cy/dist(u,M)e™, ve %,

where (3, is the constant determined in the proof of Theorem 7.1, ((v) = lim,_, o0 7
W), Pyumey- = (- ¢chbe, d¢ =Vme/[\Vm|2 and Py o =1 — Pium}-

Proof. We assume |A| < 1 in the proof. First, simply denoting by . % = . 4, T, =
e~"%and ¢ = ¢, we prove (i) and (iii). Introduce an isometry 7 =7y : L — L?
defined by 7¢ = ¢ - ¢*? and consider an operator . 4 = 7.447 ' : [? — L?. Then,
a simple computation shows that . %4 = . 4+ .9 with

AG =22V0- Vg +{XV20 — \(V6)*}7.

From an inequality of Géarding type, which can be easily shown by noting that
V@ and V26 are bounded and [\ < 1:

(A5, 2l < CUN{( 25,9012 + 113117},
with C; > 0 independent of ( € R, we obtain
9.16) (29,9 =45, )iz + (G,
>{1 = N} 45, 5)2 — CHIN 131,
where § = 7g. Now assume |[A| < 1/C; in addition. Then,
(9.17) (49,9013 = —CiIN 131172 = ~CilAl llgl[7; -

Therefore, we have

d

EH”"'IZ}A = *2<-/’7’/Mhur>L§ < 2G4 A ||ur||i§7 u; = Truo,
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which implies [[u, |2 < e>“12|[ug||, and this proves (i). Noting that we have
A by

( 48,9 = 1l|§ — {3, 9)¢ll}: from Lemma 3.1 (u, denotes the spectral gap
of . #) and also noting elementary facts ||§]||z2 =||g - (g,qﬁ)qb”iz + (g, $)? and
1§ — (@, ®)¢ll7: = {l1allz — 1(g, &) [}?, we obtain from (9.16):

(9.18) {49,901z = {pa = Culus + DINHIGNE — 211311221(3, )]}

if Ci(px +2)}A] < p.. However, recalling g = 7,g, we have

(9.19) (G, 8)1 = (G, (1 — e 7)) < CcOMGlle,  if {g,4) =0

with Ce(W) = [|[(1 — e )¢ ]|z which satisfies limy_,0 C¢(A) = O uniformly in
I¢] < K, use Lebesgue’s dominated convergence theorem. Therefore, from (9.18)
and {9.19), we obtain

(9.20) (9,902 > na|lgl2 /2= u*llgllig /2, i {g,¢)=0

if || is sufficiently small that {1, —C) (. + DA }{1-2Cc (M)} > p. /2. However,
{7,} is a semigroup on the space H := {g € L3;{g,¢) = 0}, i.e., u, = Tyup € H
if u; € H. In fact, noting Lemma 9.3, 7, : L] — L3 holds for every t > 0,
since heat semigroup has this property (cf. Lemma 2.1 of [33]), and moreover,
d{T,ug, ¢)12/dt = O implies (T,uq, ¢);> = {4, ¢);2. Hence, for up € H, from
(9.20),

d ,
g”“rfli& = —2<~-"5“n“r>L§ < ﬂ«‘»*”“r“iﬁ,

which proves ||u,||LzA < e‘“*’ﬂnuoi[%. This concludes the assertion (iii).
To show (ii), we see

H
9.21) T, = e 0% / T, G et gy,

where Ty = T iy, w6 = gy and E,(2) = E(r,2) = F"(myw)(2))— F" (vr(z; v)).
In fact, since 77,9(z) = prx,,(y,z)w(y)dy is a solution of the PDE (9.8) for
t > s with r; = 0, decomposing {A — F"(w,( o)} T7, 9 = — AT b+ & (VT 0
and regarding ¢, 7,7 as a perturbation term, we have

‘ .
(9.22) Tx*,r = p—(t—5)P +/ e—(t—r)(.,{égrr‘t, dr.

Taking the adjoint of the both sides of (9.22), we obtain (9.21). From (9.21) and
(1), we have

(9.23) T allz gy < T
t
+/ Wl Sz lle; - ||L§—,L§\ect/\l(t_r) dr.
5

Here, we see
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(9.24) e Nz mz < I8l < Coe™, 120,

In fact, by Sobolev’s imbedding theorem and then from Corollary 9.1-(ii) and
(9.15), we have

(9.25) & oo <||1F "V oo [ Imcwy — vellLos
<Ca{llsillmr +1lmecy — my, ||}

<Cya/dist(v,M)c™, t>1,

and evidently ||&||zoo (< 2||F"||1e) is bounded for 0 < ¢ < 1. From (9.23) and
(9.24), the assertion (ii) is shown without difficulty.

Finally, we prove (iv). We simply denote ¢ for ((v). From (9.21) and (i)
with A =0,

926) |[{Tozw — " }Prumeyslle—re

t
/ Torwtre TP Gy dr
0

t
SC/ a(r,t)dr,
12512 0

where

9.27) a(r,t)=|[ée "¢ P g, a2
=| |€"(twr)'/g<1’{VmC}L “Erllpor

<P iy my el mpliEr - oo

We notice that ||e_t'/écP{va}J_||L2_>L2 < e~ H+! and S“pogtgrtl/“He«r'%q

L2
< 00; use Lemma 9.3 by noting [1g: * gllz < llaillzllglle < Cst='*lglin,
where ¢, is the heat kernel. Therefore

9.28) |le P (gt i

He—%b%CP{V”‘(}J’I|L2—>L2He_éu@<||Ll—>L2 < C6t_1/47 t <1,
<
||e_(t_1)h//)cP{Vm<}J‘HLZ—vLZHe_V%CHLI—%Z < Cﬁe—“*ta > l’

On the other hand, from Corollary 9.1-(iii) (similarly to the proof of (9.25)), we
see

(9.29) 1 - pow = &1z < C/dist(w, M), r > 0.

From (9.27)-(9.29), we obtain an estimate on a(r,?) and then, inserting it into
the right hand side of (9.26), we see that the left hand side of (9.26) is bounded
by

1 r—1
CCeCqy+/dist(u, M) {/ - r)_ée_“’ dr+/ g H=ng—er dr}
r—1 4]

and therefore by Cg+/dist(v, M )c~. This completes the proof of (iv). 0O
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Remark 9.3. (i) The estimate (9.17) shows that —.% — C;|})| is dissipative on
the space L3; see [51, 54]. Similarly, (9.20) shows that —. %+ 1, /2 is dissipative
on the space H.

(i1) Since the operator 4 is .-#-compact, applying Weyl’s theorem concerning
the perturbation theory, we see that the essential spectrum of .74 is the same as
that of .-, c.f. [41, 48].

(iii) The assertion (iv) of Lemma 9.6 will be used only in the proof of Lemma
9.12.

Now we are at the position to complete the proof of Proposition 9.1.

Proof of Proposition 9.1. The assertions (i} and (ii) are already shown. Using
Lemma 9.6-(ii) and {A — F”(m,,,)}Vm,,, =0 (Lemma 3.1 implies . 4Vm =0
and recall the assumption (7.1)-(a)), we have
1)1 =1 To 0 {A — F0r)} Vi 13
Scear“{ﬁﬂ(mm) - F”(v,)}meHL%\
<Ce™|[s;|| 2 ]| F ™| | sup {[Vimy, ()]0},
YER

for sufficiently small A > 0. Therefore, the estimate (iii) for £ = 1 follows
from Corollary 9.1-(iii). Notice that the condition |n(v)| < K is necessary for the
bound to be uniform in v; in fact, this condition implies SUP;>0,ve 7, (V)] < c0
from (9.15). Similarly as above, we have

1xlliz < Ce||{A = F (W)} Vemy, ||z

and the norm in the right hand side is uniformly finite in v € %, ¢ if A > 0
is sufficiently small and this shows (iii) for k£ > 2. Finally, again using Lemma
9.6-(ii), we have

1Dlliz = 1To,0 V< i [z < CeN IV g 2

which completes (iv). O

The next corollary immediately follows from Proposition 9.1; recall (9.14) for A
and =.

Corollary 9.2. For all v € %, x and for sufficiently small \ > 0

LAW)] + 112, )| < C/dist(w, M)e™ .

9.4 Fréchet derivatives of v,(-;v) in v

Here, we study the Fréchet differentiability of the solution v,(-; v) of the PDE
(7.2) in its initial data v.
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Lemma 9.7. (i) The map v € L* + m — v(;v) € L* + m is Fréchet dif-
ferentiable, namely, there exists D{v,(-;v)} € B(L* 1*) such that (7.3) holds
with ®(v), DD(-;v) and H replaced by v,(-;v), D{v,(-;v)} and L?, respectively.
Moreover, the derivative D{v,(-;v)} has an integral representation

D{vr(-;v)}h(z)=/D{v,(z;v)}(y)h(v)dy, heL?
R

with a kernel D{v,(z;V)}(y) = po,(y,2;v) € L*(R?); see Paragraph 9.1 for

PO,r(Y 325 U)-

(ii) The map v € L* + m — D{v,(z;v)}(y) € L*(R?) is Fréchet differentiable
and the derivative D[D{v,(z,;v)}(y)] € L (L* L*(R?)) has an integral repre-
sentation

DID{wi(z, )}k = / D220}, yh O dyny b € L,
R
with a kernel

D*{ui(z; v)} (31, y2)
t

= —/ /P.v,t(ZI,Z§U)F/H('Us(z/§U))Po,s()/l72/;U)PO,.\-()’Z,ZILU)deZ/-
0 R

Remark 9.4. (i) Fréchet derivative of v,(-;v) in v is defined by that of
v () —m € L2,

(i1) Rather formal proof (in the sense of functional or Géteaux derivatives) can
be given quickly. In fact, differentiating the both sides of the PDE (7.2) for
v = v(z;v) in v, we get the PDE (9.8) with , = 0 and initial data 6,(z)
(delta function) for D{v,(z;v)}(y). This implies D{v,(z;v)}(y) = po,(¥,2;v).
Taking further differentiation of (9.8), we obtain the PDE (9.8) with r,(z) =
—F""(,(2))D {v,(z;v)}y1)D {v,(z; v)}(y2) and initial data O for D?{v,(z;v)}
(r1,y2). This leads us to the formula given in the assertion (ii).

Proof of Lemma 9.7. To complete the proof of (i), it is sufficient to show
(9.30) PG, )|z < Gl

with C; > 0 (independent of v), where u"’ = uV(;v,h) = v,( v +h) —
v(-;v) — w (v, k) and uy = u (v, h) = pro,,(y, -;v)h(y)dy denotes a solution
of the PDE (9.8) with r, =0 and ug = h. We see that u,(l) satisfies the PDE (9.8)
with

r() = =F'u o+ b))+ F'o (o) + F' (o) v + b v)

where v, (-; v +h;v) = v (-;v+h) —v,(; v). However, using Sobolev’s imbedding
theorem

1, -
lIrillee S SIE Hleoe Jor 5 v + ;0| |7

LGl G5 v + Ay 0)| [ | [vr (50 + B3 v)| |2
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Therefore, since uél) =0, we have from (9.9) and then from (9.1), (9.2)

1
ol < e [ nlfhds < i, 0<i<T,

which proves (9.30). Secondly, to prove (ii), we set
i = ”—lt(s v, hl 3 hZ)

- / D vz 0)}01, )l O ha()dvidys, b,y € L2,
R

where the kernel Dz{v,(z;v)}(yl, y2) is the function defined in the assertion
(ii). Note that @, satisfies the PDE (9.8) with an inhomogeneous term r;(:) =
—F" (w0, (3 0))ue (30, ) (v, hp). To conclude (ii), it is sufficient to show

9.31) 4250, k1, k|2 < Callal 4

12

with C; > 0 independent of v and h;  ||iy||;2 = 1, where u® = u® (v, by, hy) =

u v+ ho, b)) — w (50, hy) — 4, (-5 v, by, hy). However, we see that u,@ satisfies

the PDE (9.8) with r, = rt(l) + r,(Z), where

r0C) = —w G v, h) {F (50 + o)) — F7 (0, (50)) = F™ (0, o) (50, 1)}
r2() = = {F" 50+ 1)) = F' o)} {u v+ b, ) — (50, )}

Therefore, noting u(gz) = 0 and applying (9.9) again, (9.31) follows if we can
prove

t
(9.32) / IrPl|7 ds < Cs|lhall}s,
0

t
933) | 11 ds < il
0
To prove (9.32), we notice that the Gaussian bound (Lemma 9.3) shows
(9:34) s (50, B)llese < Cre™'4 T0<e < T,

recall that ||A||;z = 1. Hence, we have the following two types of bounds on
“rr(l)HLZ:

||’f(l)||L2
< Cpt!V! {||F“’||Loo s ol 31 F o+ mnb}
< Cot V4|1l G + oo + has o[}

and

e 12 <Cre VA LI o oG5 0+ Rz o) [z 4+ 1FY || o Cv )2}
<Cyt~ 4|y

12
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In fact, the first bound follows by applying Taylor’s formula for the term in paren-
theses and then by using (9.30), while the second one is derived by estimating
the first two terms and the last term separately and then by applying (9.1) and
(9.9). Therefore, we obtain (9.32) by dividing the interval [0, ] of the integra-
tion in the left hand side into the union of I; = [0, ||A]|%,] and L = (||]|%, 2].

We use the bound [|r"||;2 < C7t="/4||hy||;2 on the interval I, while we use
112 < C7|Ihg||;1/2{l|hz||iz+||v,(-;'u+l12;v)|[i4} on I, and compute similarly

to deriving the bound on {|u{"(;v, h)||%;. Finally to prove (9.33), using (9.1), we
see

1r P < AE||zsilor (50 + o o)l 21| < Cae! [l 218 11
where &, = b;(-;v,h1, hy) = w (v + by, By) — w,(-;u, hy). However, using the

energy bounds (9.9) and (9.10) for &, one can prove [ ||i|/%: ds < Col|hs||%
and this completes the proof of (9.33). O

9.5 Representations of D¢ and D*C

We begin with the computation of Dn,.

Lemma 9.8. The map n,(v) is Fréchet differentiable in v € @5, and its derivative
is given by

' ! '
939 D, =eh Mbnwu+ [ 6l s,
0

where A(t) and Z(t,y) are the functions defined by (9.14).

Proof. Noting the formula D{v:(z; v)}(y) = po+(y,z; v) shown in Lemma 9.7-(i)
and also noting

(9.36) D{V*m, (2)}(y,v) = ~V¥*'m, )Dn,(y,v),
we obtain

(9.37) D{pc(O}y,v) = e (t,y) — Grrt(O)D7 (¥, ),
(9.38) D{p:(O}y,v) = %i(t,¥) — 1 (D7 (v, v).

Since dn, /dt = ¢(t)/@1(t) from Lemma 9.4, using (9.37) and (9.38),

d
(9.39) PO, 0={a1Dw; — e1D@ Y Pt
=A(t)Dn,(y,v) + Z(t, y).

Solving this equation in Dn,(y,v), we get the conclusion. O
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Remark 9.5. In the proof, more precisely saying, we first obtain (9.36)-(9.39)
with D{V¥m,, (z)}(y, v), Dn(y,v), D{px(t)}(y, v) and D{Ge () }(v, v) replaced
by VEMun(@) — V¥ @@, i + h) — 00, 9i(t,v + ) = @i(t,v) and
&e(t, v+ h) — @i (t, v), respectively, and with small errors o(]|2||;2). Notice that,
as a function of y, the right hand side of (9.35) is in L?\ with some A > 0 and
therefore in L?.

Before computing the second derivative of 7,(v), we prepare two lemmas.

Lemma 9.9. . 3
D{A®)}(,v) = At)Dn:(y,v) + =5(t,y),

where

A@) = 951_3 [2<P1<,5% — 2G1p2f2 + Preps — ©1B133],

E¢,y)=¢7’ [—2¢1¢21Z1 + @ { @21 + o1 +o2th } — Bi]
and @y = i(t), B = G(®), ¥ = Y, y), i = P2, y).
Proof. Take the Fréchet derivative of A(t) given in (9.14) by noting (9.37) and
938). O

Lemma 9.10.

DE(t,y1,y2,v) = D{E(t,yD}o2,v) =Tt —Ja+J3 —Js — s,

where J; = J;(t,y1,y2,v) are given by

Ji={@1®)} > {110t y1,¥2, ) + J1 208, 1, v)D 1 (2, v)},

Ty = 20118,y (t, ¥2) — Gr(En (8, Y12, v2)
—E1OD1E, 1 ) (E, y2),

T2 = GrOGA1(E, 1) + Gr (D2 (2, 31)
+31 ()1 (Oha(t, 1) — 201(OB2( ) (2, 1),

I = {31} 21D (Y01, y2), Vimy,),

J3 = {@10} D {wi()}o1,¥2), {4 — F" ()} Vmy,),

Ja = {G1()}  "alt, y))D 7 (2, v),

Js = {G1(®)}  Hpoy 31, Ipo, 2, ), F(0,)Vmy,).

Proof. Use the formulas (9.37), (9.38) and
D{wi(t,y1)} (2, v) = (D{w:(D}1,¥2), {A = F"(0))} Vmy,)

—<P0,t()’l 5 ')PO,:()’L ')7 F”,(U;)an,> - wZ(Ia )’I)D"]r(YZa ’U),
D{P1(t, y1)} 2, v) = (D, ()} 31, ¥2), Vi, ) — Palt, y))D 1 (32, v),

which are shown by noting Lemma 9.7-(ii). 0O

Now, the following formula for D27, is immediate from Lemmas 9.9 and 9.10
by differentiating (9.35).
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Lemma 9.11. The map n,(v) is twice Fréchet differentiable in v € Z3, and its
second derivative is given by

4
(9.40) D’y (1,32,0) = Y Lit, 1,52, 0),

i=l

where

t t
5L(t,y1,2,v) = / D A(s)(2, v)ds - eo " Dy ),
0

" As)ds
IZ(tay11y27U) = ej;) @ ‘DZU(J’I,)’L'U),

t t ,
I3(t’yl’y2’v)=/ 5(57YI)/ DA(r)()’Z,U)dr-efs A(r)drds,

0

f t
— A(r)d
14(ta)’17YZ7U)=/ D-:(SJI,)’Z,U)‘«’L (r)rds'
0

We obtain the following representations of D¢ and D?¢ by taking the limit
t — oo in the formulas for D7, and D?n, given in Lemmas 9.8 and 9.11. In
fact, using Proposition 9.1, Corollary 9.2 and Lemmas 9.9, 9.10, one can prove
that Dn,(y,v) and D*n,(yy,y2,v) converge uniformly in v € %3, to D((y,v) in
the space L? and to D2({(y;,ys,v) in L*(R?), respectively, where D¢ and D%
are given by the formulas (9.41) and (9.42) below; to establish the convergence
of the term I4(t,y),y2,v), we use some estimates established in Paragraph 9.7
below.

Proposition 9.2. The map ((v) is twice Fréchet differentiable in v € %3, and its
derivatives are given by

©41)  Dy,v) = e A('Y)d“.Dn(ya”)J’/ E(s, el A0 g,
0

4
942) DX,y v)= Y LiG1,y2v),

i=1
where

° A(s)ds

L1, y2,0) = / DA@ 52, )dr - eds 2 Dy ),
0

% A(s)ds
120’10’2,”):6’[" w ‘Dzn(yhyZa'U)a

- > * Als)ds
Ly, y2,v) = / 5(1,)’1)/ D A(s)(y2, v) ds - o A dt,
0 !

A (s)ds

~ J
I4()’1a)’2,U)=/ DE(E)’IJ’LU)E ! dr.
0
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9.6 Proof of Theorem 7.2

Here, we give the proof of Theorem 7.2. We notice that
(9.43) A@t,mp)=0 and ZE(,,my)=0, neR,

and this especially implies the formula (7.6) from (9.41); the second equality in
(7.6) follows from (9.11). Now, assume v € %3, 9, i.e., v € %3, and ((v) =
Then, using (9.41) and (7.6)

944)  |IDCC,v) = DEC )| < DG, )l led 464

+”D77(';U)_D7](',M)HL2+/ ||5(s,.)|'yefs°°/l(r>drds.
0

Here, ||Dn(-,v)||;> is bounded from (9.11) and

(9.45) befo A _ 1‘ < Ci/dist(v, M)

by using |¢* —1]| < |x|e™! and Corollary 9.2. Furthermore, the second term in the
right hand side of (9.44) is bounded by C;+/dist(v, M) from (9.11) since (9.15)
proves

d t T
(9.46) In()| = In(w) — Cw)| = | / "(”) dt] < C3/dist(v, M), v € T4,

glnd the third term is bounded by Cy+/dist(v, M) from Corollary 9.2. Hence, the
proof of Theorem 7.2 is completed.

Remark 9.6. 'We have actually a better estimate: The right hand side of (7.5) can
be replaced by C dist(v, M), since one can prove SUPy gy, [ID%CC, - v)]|2mey <
00.

9.7 Proof of Theorem 7.3

Now, we move to the proof of Theorem 7.3. To show (7.7) and (7.8), it is
sufficient to prove

(9.47, 1) Hll(y)ya v) — Ii(y7yam)||Ll\(Ry) <C V diSt(U,M , VE 7/.2,0a

for some A > Oand i = 1,2, 3,4, where I;(y,y, v) are functions defined in Propo-
sition 9.2. In fact, note that | [, y"I(y)dy| < HIHLl\ X SUp,cg ly|Pe=200 p =
0,1,2.

9.7.1. Estimate on D A(¢)
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Lemma 9.12. There exists C > O such that

ID{A®}(,v) = D@, M| < C/disttu,M)e™, >0,

holds for every v € Z3, o, where

(9.48) B(t,y) = D{AD}y, m) = e Y- BVIm().

1
[Vm|iL
Proof. From Proposition 9.1, we see for A(z) defined in Lemma 9.9

|A@)| < C+/dist(v,M)e™, v %y,

while ||{Dn(-, v)||;2 is bounded in r € [0, 00) and v; see the proof of Theorem
7.2. Again from Proposition 9.1, we have

15, )z < C/dist(v,M)e™, v e Py,

where S(1,y) = S(t,y) + &1(t) "ya(t,y), ie, Z(t,y) without its last term.
Therefore, since Corollary 9.1-(iii) and (9.15) can be used to see

949)  {@1(1) — (m, VPm)|<|(v, — m, Vmy )|+ |(V2m, my, — m)]
<C+/disttu,M)e™, v e %o,

recalling Lemma 9.9, it is sufficient for completing the proof to show
9.50)  {|ha(r, ) — e A= )VPm||p < C/dist(u, M)e ™, v e P .
However, the left hand side of (9.50) can be rewritten in ||U + V ||z, where

U=To s [{A = F'(w)}V?m,, —{A - F'(m)}V’m],
V={Tosw —e " '/’}(—. AV m.
Using Lemma 9.6-(ii) with A =0,
WU <€ [|IV¥H{my, — mY| + ||F" )V {my, —m}|ip2
+{F"(v) — F"(m)}V?m|| 2]

<C +/dist(v,M)e™ .

Here, the second inequality is shown similarly to (9.49). On the other hand, from
Lemma 9.6-(iv) by noting that . 4V?m € {Vm}+, we have

V]l < C/dist(v,M)e™ .

These two estimates prove (9.50). O
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9.7.2. Estimates on [} — I5

Here, we prove (9.47;1)-(9.47;3). We always assume v € Z3,0 and X > 0 is
taken sufficiently small.

Proof of (9.47:1). From (9.43) and (9.48), we have

©.51) Il(y,y,m)=/ (1, y)dt - Dy, m),
0

and therefore
11()’,)’,11) ‘11@7y7m) =A+B +C7

where
* ~ As)d
A=a0.0= [ DA - a}dr- el Do),
0
* = A(s)d
B EB(y,v):/ &(1,y)dt x {efo s _ I}Dn(y,v),
0
oo
C=cow= [ oy x (Dnw.v) - Day,m)}
0
Since efo A and ID7(-,v)||z are bounded, using Lemma 9.12, we have

(9.52) ||AHL1A <G / [|IDA@), v) — D(t, )|z dt < Cro/dist(v, M).
0

For the second term B, since (.#V2m,Vm) =0, we get

(9.53) [|2@, )z < Cae™#,

see Lemma 3.1 for u. (spectral gap of .-&). Therefore, noting (9.45), we obtain
Bl < Con/dist(o, BD).

Finally, similar bound on the third term ||C|| 11 is shown by proving

(9.54) 1D, v) — Dn(, m)||2 < Csdist(v, M),

cf. Paragraph 9.6. O

Proof of (9.47;2). First note that

(9.55) L(,y,m) = D*n(y,y,m).

Then, the estimate (9.47;2) easily follows by showing {|D?n(y,y, || LR, <0
and '

ID* 00y, , ) = D*n(y,y,m)l| 1 &,y < Co/dist(v, M)
from the concrete form of D%n(y,y,v) given in Lemma 9.5. 0O

Proof of (9.47;3). Since =Z(t,y;m) = 0 from (9.43), we see
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(9.56) L(y,y,m) =0.

Then, since (9.52) and (9.53) show that fooo [|DA(s)(-, v)|lz2 ds is bounded and

also since edo 1AM o bounded, (9.47;3) is shown from Corollary 9.2 (estimate

on ||5(T,-)HL:A). a

9.7.3. Estimate on Iy

Finally we shall prove (9.47;4). To this end, it is sufficient to show the following
two bounds:

(957) HDE(tvyay’U)’DE(tayay,m)HLl)\ S C diSt(vaM)e_Ct{l-l-_l\/Tt'}v
(9.58) IDE@y,y,m)lly < Ce=ot{1+ =}
. =LY, Y, L/\ — \/Z )

for some C,c, A > 0. We always assume v € %3, ¢ again. To show the estimate
(9.57), from Lemma 9.10, it is enough to prove the following five estimates:

(9.591) it 3,y )|, < C+/dist(v, M)e™,
fori =1,2,3 and

(9.59;4) IMalt,y,y,0) = Jalt,y,y,m)lly, <C dist(v, M)e ™,

, , 1
(959,5) ‘|J5(t7y7yau)_JS(tayvyam)HLl)\ < C dlSt(U7M)e—Ct{1+$}'
We prepare three lemmas under the assumption that v € Z, o

Lemma 9.13. For sufficiently small A > 0, we have

@ D7, v) = D, 0)ll < C+/dist(w, M), ¢ >0,
(ii) Dm0l <€, 120

Proof. The assertion (i) follows from the expression of Dn,(y, v), see (9.35), and
the bounds on A(¢) and =(¢,y) given in Corollary 9.2. The assertion (ii) follows
from (i). O

Lemma 9.14. There exist C, ¢, \ > O such that

i}e’“"(z), t>0,0< A<

(9.60) l'p()’,(',Z;U)||iz)\ <C {eé’\’ + N
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Proof. For 0 < t < 1, using the Gaussian bound in Lemma 9.3, the left hand
side of (9.60) is bounded as follows:

C2
/ 2)\9(})1)0 (y z; 'U)zdy < o t/ 220(v)— dy
R
2
- S / VI gy 2e”"(“,o <t<1L,0<A<A
AT/t vt

For t > 1, using the semigroup property of {p;,(y,z)} and then the Gaussian
bound again, we have

P01 (3,2) = To -1 {Pi—1,(2)}(¥) < \/'*:To: Lle 3.

Therefore, the left hand side of (9.60) is bounded by

C? Ll
Z;‘rHTo,r—l;u{e it }”ii

202
< ¢ Cl eZE/\(t—l)

2 p
< He—%(-—z) Hif\ < (/«362L/\182)\6(z)7

r>1,0< A< A
Here, we have used Lemma 9.6-(i1)). O
Lemma 9.15. There exist C,¢, A > 0 such that
(961) DHu Y0 D)l < Ce Il
holds for all ¢ = @(y,v) and for every 0 < XA < M < A,

Proof. From the formula for D2{v,(-)}(y,y) given in Lemma 9.7-(ii) and using
Lemma 9.14, the left hand side of (9.61) is bounded by

f
/ ds/ psi @ OIF" (0(2))| Iso(z)ldzdz’/e’\g('v)po,.\-(yaz')zdy
0 R? R

t
F €AY !
< C1)|F" |1 /0 {e /2 4 W}HT\',t;vVPi ”L'A ds.
However, noting A\ < )’ and using Lemma 9.6-(ii),
1T s0le0l ||L[\ < O | T ol HLf\, < C2e62/\ (r_x)“‘P“Li,'

Therefore, the conclusion follows. O
Now, we can prove (9.59:1)+9.59;3). Recall that we are assuming v € %3, o
Proof of (9.59;1). Using Proposition 9.1, we see

1,008,323, 0}y, <200l (e O 190 g + 18O b1t iz )

<Ci+/dist(v, M )e <"
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and
II‘II,Z(tayaU)Dnt(YaU)HL;SHJ],ZO’)}!U)”LZHDT/t(y’U)”LZA

<Cy+/dist(v, M )e V',

Here, we have used Lemma 9.13-(ii). These two estimates complete the proof of
9.59;1). O

Proof of (9.59;2). If A > 0 is sufficiently small, one can find A’ > X such that
||[V2my,||;2 is bounded in t and therefore, from Lemma 9.15,
)\/

D v (I}, 3), Vo )|y < Cae™".
Now the estimate (9.59;2) is shown from Proposition 9.1-(i) and (if). 0O
Proof of (9.59;3). Taking A’ > X similarly as above, we have

(D {o ()}, 90, {A = F" ()} Vo, ) Iy

< Cae™|{A - F" )} Vimy Iz,

< Cse™'t\/dist(v, M)e ™.

Here, for the second inequality, see the proof of Proposition 9.1-(iii), £ = 1.
Therefore, (9.59;3) is proved by taking sufficiently small \'. O

Now, let us give the proof of (9.59;4): First we notice that

(962) J4(t7y7y7m) = '—é(tyy)Dn(yvm)v

where &(¢,y) is the function defined in Lemma 9.12. In fact, (9.62) is shown by
noting @1(t,m) = (m, V2m), ¢(t,y,m) = e~ #(—.4)V>m(y) and Dn,(y,m) =
Dn(y, m). In order to prove (9.59;4), we decompose

(9.63) Ja(t,y,y,v) —Jat,y,y,m)=A+B +C,
where

A=Ay, v) = {1} () {Dn G, v) — DGy, m)},
B =B(t,y,v) = {¢1()} " H{a(t,y) — e " 4~ )V m(y)}Dn(y, m),

— — 1 _ 1 Ty 2
C - C(t)yav) - {Sb](t) <m’v2m> } € ( g é)v m()’)D"?(Y7m)

We give estimates on A, B and C separately, recall that v € %3, o

< Cqor/dist(v, M)e™ ,

from Lemma 9.13-(i), (9.54) and |12, )|z < Cze ™ for v € 24,0, which
follows from (9.50) and (9.53). Secondly,
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065 |Blly, <Cllatt, ) — e A=)Vl D, m)3

<Cqr/dist(v, M)e @,

from (9.50). Finally, from (9.49), we have

(9.66) IClly < Cs/dist(v, M)e ™.
Combining (9.64)—(9.66), we have proved (9.59;4). O
Finally, let us prove (9.59;5). We are assuming v € 73, 9. Note that
1 -
9.67)  Js(t,y,y,m)= ER) / o, z;m)*F" (m(z2)Vm(z) dz,
y R
and decompose

(9.68) Js(t,y,,0) = Js(t,y,y,m) = {pr()} A+ {&: (0} B+ C,

where
A=Al,y,v)= /{po,t(y,z;v)2 — pos(y,z;m)*}F" (m2))Vm(z) dz,
R

BEB(tJaU):/PO,t()’,Z;'U)ZB(taZ,U)dZ,
R
B(t,z,v) = F" (v,(2))Vmy, () — F""(m(2))Vm(z)

1 _
C= C(I,y,U)Z {(,51(1) - <m’v2m>}c(t7y)v

C@,y) = /R Po v,z mPF" (m(2)Vm(z) dz.
Estimate on B: Using Lemma 9.14, we have
1Bl < [ sy 1B,z ) de
<C {e“'/2+ %} B, o), O<A<A

However, for sufficiently small A" > X,
||B(ta K U)HL’)\ S Cl HB(t’ ) ,U)HLZ)\, S C2 V diSt('Uﬂ M)e_”s

use Corollary 9.1-(iit) and (9.15) to show the second inequality. Therefore, we
obtain for sufficiently small A > 0

(9.69) [\B(, ‘,’U)HL& < Cy/dist(v, M)e ™" {l + %} .

Estimate on C: We prepare the next lemma. A much weaker estimate is sufficient

here; however, this lemma will become necessary later again for the prootf of
(9.58).



278 T. Funaki

Lemma 9.16.
- . 1
IC@, Il < Ce™ {1 + $}7

Sor sufficiently small X > 0.

Proof. First we assume ¢ > 1. Then,

po. (v, z5m) = po,(z,yim) = e Lg( y)}z)
= (9(,y), @) (@) + e~ 250 M}z,

where ¢ = Vm/|[Vm||z, g(z,y) = poi(z,y;m) and §(z,y) = g(z,y) —
(9C:s¥), @) 120(z). Therefore, noting that fR PHF"(m(2))Vm(z)dz = 0 (m is
odd from the assumption (1.2)-(b)), we have

|C(t,)’)| = '2<9('a)’)»¢>L2<e—(t—])'%{§('7)’)}a¢F”/(m)vm>L2

2
. /R [~ {5, )}@)] F"(m(e)Vime)de

< ¢ [He—"—”' aC M, + e g0 I ]
for every sufficiently small X > 0. However, from Lemma 9.6-(iii), we see

He—(r—l).f&{g(.’y)}HLz_N < e—c(r~1)||g(.,y)||L2_A,

Coe ™9 Wllpz |, < Cre™ e,
— A/

IA

For the last inequality, we have used the Gaussian bound; see Lemma 9.3. Now
the desired bound is shown when ¢ > 1. When 0 < ¢ < 1, similarly as deriving
the estimate on ||B(z, -, v)|| 1! » we have for sufficiently small A > 0

HC([, )”le

IN

- 1 o
c {ec)\t/2+ ﬁ} | (m(-)Vm ()|

C4{1+——1\/—E}. O

From Lemma 9.16 and (9.49), we have for sufficiently small A > 0

IN

(9.70) @, )y < C/disttw, M)e™ {1 + —1—} .

Vit
Estimate on A: We shall prove
0.71) 4G, -, 0)llzy, < Cy/disttw, e, 1 >0,

for sufficiently small A > 0. To this end, we prepare
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Lemma 9.17.

t
Pes(:2) = Py ar2) + / dr / B (@' 206 @ s s (v, 2y 2
5 R

where ps (y,2) = pss(¥,2:v) and Ps s(y,2) = ps (v, 2:m).

Proof. This is just the kernel representation of the equation (9.21). 0O
From this lemma, we have a decomposition:

(9.72) A(t,y,v) = A1 +A,,

where
t
Al sA1<r,y,v>=2/ dr/er<z'>po,,(y,z’)A1<r,r,y,z'>dz',
0 R
Ay(r,t,y,z)) = /ﬁo,t(y,z)ﬁr,r(z’,Z)F”’(m(z))Vm(z)dz
R

t t
Ay EAz(t,y,U)=/ drl/ drz/ &r @)Po,n (v, 21)
0 0 R
XETZ (Zzl)PO,rz()’a Zzl)AZ(r] y 2, z, Z]ly Zzl) dz{dzé,

AZ(r19r27t’Z]/)Z2,):/ﬁrl,t(zllaZ)prz,t(zéaZ)F”I(m(z))vm(z)dz
R

Estimate on A;: Notice that

Ayt y,2)) = e A, 1,-,2)} )
where
Ai(r,1,2,2") = Pra(@’, DF " (m(2))Vm(z).
Therefore, from Lemma 9.6-(iii),
||A1(”71‘7‘,2/)||L§(Ry) < ||<A1(r,t,',Z'),¢>L2'¢||L§
+e|Ay(r, 1, ',Z')||L§(Rz),
and noting that (A(r,t,-,2"),$);2 = e " {F"(m)Vm - ¢}(z'), we have
©O73) |41, 1, ) grz. < 211811T ™ H{F " (m)Vm - $}I7
+2e 72| A(r 8, ')Hiﬁmi’
where
[A ||§§®sz = /R2 AL(y,2)2ePOONN0D) gy gy
Here, since (F"'(m)Vm - ¢, ¢) = 0, again from Lemma 9.6-(iii), we have
(9.74) lle == A{F " (m)Vm - §}||5
< eTCNE m)Vm - glpz < Crem,
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while, using Lemma 9.14 (one can replace po; by p,, there),

( LI (R)
i { =
c {eww P } P m)Vm

; 1
C c)\(t~r)+ .
? {e Vi—r

(9.76) ”Al(rvtv'v')”Lg®g < G [e—c(f—r)+€—c{ {eEA(r—r)/2+({ _ r)_i}}‘

2

it

©.75) A2, ory

F"(m(z)Vm(@)||preC,zim)ll

(A

AN

From (9.73)-(9.75), we obtain

To complete the estimate on A {#,y, v), we also need the following: Using Lemma
9.14 with A = 0 and (9.29),

12
0.7 16,0, e Mzw)srw.y < €' {1 + %} / AIE
< Cyv/dist(o, M)e ™" {1 +r—z’} .
Then, (9.76) and (9.77) can be combined to get
0.78) A,y
< 2/(: 12-"po. (v, DMz @ 1A 2, iz vy ye 2R, A

< Cs+/dist(v, M)e™<"".

Estimate on A,: First, in a quite similar manner to deriving (9.76), we can prove

(979) HAZ(rlarZ’zfv')”Li@Li

< Gy l:e—(;(l—rz) + e~(:(r~r1) {ef)\(f~r2)/2 + ([ _ rz)*il }] .
On the other hand, using Lemma 9.14 and (9.29),

(9.80) & @Po,n 0,2 er (2P0, (V5 22)] L ®)0L2 | (RIDL (R,
) 1 2

2
<12 @por: Dz roerr )

A/2 —
i=]

2
<11 [Hén l|z2 sup {Ilpo,r,(-,z)]lq“e**"m}}
i=l z

2
< Crdist(w, M) [ [e= {1+ %},

i=l
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for sufficiently small A > 0. Therefore, from (9.79) and (9.80), we have
”A2(t, *y U)' |Ll)\

i1 1
~ ! Iy~ / I3
< / / 127 @10, (5 218 (2P0, O, 2| R | R, NEIZ R,
0 JO 1 2
X HAZ(rl s 12, tv %y ')|‘L§®L§ d’"ldrz

(9.81) < Cg+/dist(v, M)e ",

Two estimates (9.78) and (9.81) complete the proof of the desired estimate (9.71)
on A(t,y,v) and consequently, from (9.69)-(9.71), we obtain (9.59;5) and there-
fore (9.57). O

Proof of (9.58). Noting that J;(¢t,y,y,m) =0 for i = 1,2,3, from Lemma 9.10,
(9.62) and (9.67), we see that

1 -
(982) DE(%)’,%’") = oo /PO,r()HZ§m)2F/”(m(z))Vm(z)dZ
IVmllZ: Jr
+&(1,y)Dn(y, m)-

Using Lemma 9.16 for the first term and (9.53) and ||D77(-,m)||LzA < oo with
small A > 0O for the second, (9.58) is proved. 0O

9.7.4. Proof of Theorem 7.3; completion

Only task what 1s left before completing the proof of Theorem 7.3 is to show
the equality (7.9). By the shift-invariance (cf. Lemma 7.1-(ii)), we may suppose
1 = 0. Noting that

I4(y,y,m)=/000D5(t,y,y,m)dt,
from (9.51), (9.55), (9.56), (9.82) and (9.42), we obtain
9.83) DX(y,y,m) = W B f dt / po, v,z my>F" (m@)Vm(z) dz
+2 /:o B(t,y)dt - D(y, m) + D>y, y, m).

However, since (V?m, Vm) = 0 (recall that m is odd), we have

oo 1 % g Vm(y)
d(t,y)dt = —/ et ”Vzm(y)dt )
/o (Vm|[3, Jo i (IVm|Z,

Therefore, from Lemma 9.5, the sum of the second and the third terms in the
right hand side of (9.83) cancels and we obtain (7.9); note that F'(v) = F(v) for
b <1 D
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9.8 Proof of Theorem 7.4

Let H* = H*(R), a > 0, be the Sobolev spaces equipped with the norms ||- ||z«
defined by (3.1) for & = n € Z, and by interpolation for general «. The proof of
Theorem 7.4 can be completed with the help of Proposition 9.3 stated below. In
this paragraph, we always mean by v/ — v that v',v € %5, and |[v' —v||;2 — 0.

Proposition 9.3. (i) For every v € Z3,, we have D((-,v) € Ns>oH %% and

l,im HDC(v U,) - DC('7U)||HZ‘(’ = Oa 6>0.

(ii) Let v, = v;(-; vo) be the solution of the PDE (7.2) and suppose vy € H%+m,0 <
& < 2, for its initial data. Then,

ltllrg llor — vollgs = 0.
Since ¢ = ((v) is constant along the classical flow v, we have
d fndd
(9-84) 0= EC(U:) =(D{C, ), Ave ~ F'(v), t>0.

However, assuming that Proposition 9.3 is already proved, we see

lrlf{)1<D<() Ut)v AUI) = <D<(7 U0)7 AU0>,

if vy € %5, N (H® + m). Furthermore, since lim, o ||[F/(v,) — F'(vo)||;2 = 0, we
have

131;3(0«-,@,),#@,)) = (DC(-, o), F'(vo))-

Hence, Theorem 7.4 is shown by letting ¢ | 0 in (9.84).
Let us give the proof of Proposition 9.3-(i). We prepare some lemmas.

Lemma 9.18.

(i) limy .y SUPg<r<T Hor(50) — o (5o)lie =0, T >0,
(i) limy (V) =m), =0,

(i) Timys . [1DC, ') — D1, )|y = 0.

Proof. The assertion (i) is a consequence of Lemma 9.1-(i), while the assertion
(i1) is shown from

1
@) —n @) = ‘/ (D, (-,av’ + (1 — a)),v' —v)yda| < C(llv" — 0|}
0

We have used SUP,e 7, liD7, (-, v)||;2 < oo which follows from (9.35). Finally,
(iii) is a consequence of (9.11); notice lim,_,, n(v") = 7n(v) as a special case of
(i) withr=0. 0O
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Corollary 9.3.

(1) limu’——»v (Pk(t7 UI) = ka(t7 'U), t Z 07
(i) limy o @(t,v) = Gi(t,v), 20,
(iii) limy_, A(t,v') = A(z,v), t>0.

Proof. The conclusion follows from Lemma 9.18 by recalling the definition
(9.13) of ¢y, Pr and (9.14) of A(x). DO

In particular, from Corollary 9.3-(iii), we obtain
(9.85) lim eJ. A T A s g
v v

We apply Lebesgue’s dominated convergence theorem by noting the estimate on
[A(t,v)| given in Corollary 9.2. Therefore, from Lemma 9.18-(iii}, we have

=0.

H?

(9.86) lim |ledy AV Dy — el A D

v —ov

Namely, the first term of D{(-,v) given in (9.41) converges in a desired man-
ner. Hence, for completing the proof of Proposition 9.3-(i), noting (9.85), it is
sufficient to show the following two assertions:

(9.87) lim [|5(t,,v") — ¢, Wllg2-s =0, >0,

(9.88) HEW, -, 0)||ga-s < Ce {14177}, t>0,vE P,

However, from (9.14) and the bounds in Proposition 9.1, the proof of (9.87) and
(9.88) can be reduced to showing

(9.89; 1) Jim (e, v) = it W) lwee =0, £ >0,
(9.89;2) Jim (|2, ) = i V) lg-e =0, 2> 0,
respectively

(9.90; 1) 12, 0)||gems < Ce™ {14177},

(9.90;2) NG, )| |gees < CaeM{1+17 T}, t>0,v€ %,

for every A > 0.
Lemma 9.19. There exists ¢ > 0 such that
cMNvllaa < I +8)* 0|2 < c||vllga, vEH® 0<a<2.

Proof. The result is trivial for @ = 0 and can be shown for o = 2 by direct
calculation noting that F(m) is bounded. Therefore, by interpolation technique
[9, p.115], we get the conclusion. O
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We introduce weighted Sobolev spaces:
HX={v;ve*® c H®}, a>0, A eR,

equipped with norms |[v||ye = |[ve*?||p=. Notice that this norm is equivalent to
{vlng which is defined by Iv]%,r = ro HV"UH% for a € Z, and by interpola-
tion for general o > 0; see Remark 2.1 of [33, p.502] though the sign of A is
converse there.

Lemma 9.20. Assume 0 < o < 2.
(i) For every j > 0, there exists C = C, > 0 such that

I Tosnllzmpe < C{1+t7%%}e, t>0,veE %,
(ii) For every A\, T > 0, there exists C = Cy 5 > 0 such that
WTowllig —mg < €70 0<t <T,ve %,
Proof. Let us first show two estimates

(9.91) e ™|l pmpe < Cafl+17%/%}, £ >0,
(9.92) lle™ “llz wng < Caprt ™2, 0<1<T.

In fact, noting Lemma 9.19, the left hand side of (9.91) is bounded by sup,(1+
a)*/?¢=" and then, an elementary calculation shows that this quantity is bounded
by the right hand side of (9.91). To prove (9.92), noting that the coefficient
F"(m) of the differential operator .4 is smooth, we see that the kernel function
po(y,z;m) of e™" % has Gaussian bound with C = Cr,c =cr > 0:

el =2?

|V§P0,r0’73§m)| S Ct‘Te Ty,
0<t<T,y,z€eRk €y,

see, e.g., [17]. Based on this estimate and using the bound (2.3) of [33, p.498],
one can verify

(9.93) [V ™ Pullfy < G lullz;

This proves (9.92) for o € Z, and therefore for general a > 0 by interpolation.
Now, let us give the proof of (i). From (9.21) with s = 0, we obtain

(9.94) I Toswllpone < Cofl+17%/%}
I
+C2/ €_UHT0,,;UHL1_,H01 dr, t>0.
0

We have used (9.91), (9.24) with A\ = 0 and |je~“~"%||2_,;» < 1. This bound
implies the assertion (i). Indeed, first prove it for 0 < t < #g by noting that o2
is integrable near ¢ = 0 because of a < 2; f is defined by Cre™“® = p, and
then, prove for ¢t > #;. For the assertion (ii), we derive a similar inequality for
”TO,t:vHL2>\—>H§‘ to (9.94) but only for 0 < r < T by using (9.92) and Lemma
9.6-G). O
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We need the following extension of Rellich’s theorem.

Lemma 9.21. The imbedding of the space Hy* into H ff' is compact if X > X and
a>al.

Proof. The result might be already known so that we give only the sketch of
the proof. Let ¥y € C§°(R),M > 0, be a cut-off function satisfying 0 < fu <
L, Xm () = 1for |y| <M, %u(y)=0for |y| > M+1and sup,, , [V*%u (y)| < 00
for each k € Z,. Then, we can prove

(9.95) {Xmvllug < Cllvllag,

with C > 0 independent of M and

(9.96) lim sup{[{(1 — Xm)v|lwz; |[vllug < 1} =0,
M—o00 A

if A > )\'. In fact, (9.95) is shown first for o = n € Z,; by direct calculation and
then for all & > O by interpolation. On the other hand, for showing (9.96), we
notice that the norm ||g||y~ is equivalent to an another norm |g|y~ defined by

n A v/ 2
05 lale =lalf+ [ [ OO e

—z | 1+20

where a = n+o,n € Z,,0 < g < 1; see Theorem 7.48 of [1, p.214]. Then, based
on this norm and by direct computation, we can prove (9.96). Now, assume that
a bounded sequence {v, }52, in the space Hy is given. Then, one can find its
subsequence converging in the space Hy, , by using (9.95), (9.96) and applying
Rellich’s theorem which is valid for bounded domains; see, e.g., [1]. O

Let us return to the proof of (9.89) and (9.90). The two bounds (9.90;1) and
{9.90;2) are shown in a similar manner to the proof of Proposition 9.1-(iii), the
case of k = 1, and Proposition 9.1-(iv), respectively, based on Lemma 9.20-(i)
with o = 2 — §. Furthermore, based on Lemma 9.20-(ii), we obtain

(998) Sup le(tu'av)HHf <0 and sup ||1/}1(t9 av)“H“ < 00

vEZ s, vEZS,

for every t > 0,0 < a < 2 with sufficiently small A > 0; again we use the
same argument as the proof of Proposition 9.1. Therefore, from Lemma 9.21, it
is sufficient for completing the proof of (9.89) to show the weak convergence of
(e, -, v") and ¥ (2, -, V") to ¥y (¢, -, v) and (¢, -, v), respectively, as v — v. To
this end, let us take a test function & € C5°(R). Then, since
(hvw](tfav >:<T(;krvh7{A F (Uf)}vm7h>1
<h112}1(t7"v> (TOrvhvv m’?:)

noting Lemma 9.18-(i) and (ii), the conclusion is completed if we can prove

(9.99) u =Tg b — u =Tgh in L2 asv — .
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However, since & := u, — u, is a solution of the PDE (9.8) with inhomogeneous
term r,(-) = {F"(v,(-;v)) — F"(v,(-;v'))}u; and initial data iy = 0. Therefore,
we obtain (9.99) from Lemmas 9.2, 9.18-(i) and supy,, ||4/||r~ < 00; use
Gaussian bound (Lemma 9.3) by noting that % is bounded. This completes the
proof of (9.89).

Finally, we prove Proposition 9.3-(ii). To this end, we rewrite the PDE (7.2)
(recall f = —F') in an equivalent integral equation:

t
v = e Py — / TIAE () ds
0
from which we obtain
13
(9.100) ||v; — vollre < [[e"“vo — vollgo +/ e"2 2y o || F ()| 2 ds.
0

However, we can prove similarly to (and even much simpler than) (9.92):

(9.101) lle" || pops < Cre%%, 0<r<T,
(9.102) lle"2||goopyes <Cr, 0<t<T.

Moreover, since [|F”||~ < oo and vy € L? + m,
(9:103) |[F'(wy)llpp < |1F'(vg) = F' o)l |2 + [|1F" (o)l |2 < Co{lvs —vollpz + 1}

Inserting (9.101) and (9.103) into (9.100), since § < 2, we see
t
lfvr — wollwe < lle"®vo — volls +Cs + C / (e = )78l = vol | d.
0

Therefore, the conclusion of Proposition 9.3-(ii) follows if one can prove the
strong continuity of ¢’4 on the space H?°:

(9.104) ulng lle'Avg — vo||gs =0, wo € HE.
t

However, we may assume vy € C5°(R) to show (9.104), since C5°(R) is dense
in H? and by noting (9.102). Then, (9.104) is easily shown. This completes the
proof of Proposition 9.3-(ii).

Remark 9.7. Falconer [19] gave a general theory: If v,(-;v) is C? in v and its
second derivative is Lipschitz continuous, then its limit mg, as £ — oo is C?
in v. However, this general theory does not work effectively for our purpose.

The author expresses his sincere gratitude to Professor C. Mueller who indicated him an appropriate
scaling in time at the early stage of the work and gave many useful remarks on the manuscript. He
also thanks referees for their several suggestions concerning the presentation of the paper.
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