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Summary. Consider the following heat conduction problem. Let D be an open, 
bounded and connected set in euclidean space IR 2 with a polygonal boundary.  
Suppose that D has temperature  1 at time t = 0 ,  while the boundary  is kept 
at temperature 0 for all time t > 0 .  We obtain the asymptotic behaviour for 
the amount  of heat in D at time t up to O(e -q/t) as t ~ 0 .  

1. Introduction 

Consider the following problem in heat conduction. Let K be a compact  set 
in IR". Suppose that K is held at temperature 1 while IRm\K is at temperature 
0 at time 0. Let EK(t) represent the amount  of heat flown from K into N m \ K  
up to time t. Compute  the asymptot ic  behaviour of EK(t) as t ~  oo. This problem 
has been studied in [5, 8, 9, 12]. 

The following problem has received little attention. Let D be an open, 
bounded and connected set in IR '~. Suppose that D has temperature 1 at time 
0 while N m \ D  is held at temperature 0. Let QD(t) represent the amount  of 
heat in D at time t. Compute  the asymptotic  behaviour of QD (t) as t -* 0. 

Both E K and QD have a probabilistic representation. Let (B(t),t>_>_O; 

~A, A ~ ' ~ )  be a brownian motion associated to - A  + ~ set D~A 3t" Define for any open 

Then 

and 

TD = inf{t => 0: B (t) e~.m\D}. (1.1) 

EK(t)= ~ ]PA[Tmm\K<t] dA, (1.2) 
~'.m\K 

QD(t)= j" IPA[TD> t ] dA. (1.3) 
D 

In this paper  we will study the case where D is an open bounded and con- 
nected set in IR 2 with a polygonal boundary  8 D (resp. K is a connected compact  
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set in ~_2 with a polygonal boundary OK). We will show that (Theorem 1) 
for some positive constant q (depending on D) 

2 t , / 2  n 
QD(t)=lDl- -i~-lc~D[+t 2 c(vi)+O(e-q/t ), t.~O, (1.4) 

i = 1  

where ]D[ is the area of D, [OD] is the length of the boundary 0D, 71 . . . .  , Yn 
are the angles at the vertices P~, ..., P,, and c: (0, 2 re] ~ IR is defined by 

4 sinh((re- fl) x) 
c(fi)= j dx. (1.5) 

o (sinh (re x)) (cosh (fix)) 

For  a compact set K in IR 2 with a polygonal boundary O K and exterior angles 
q~l . . . .  , ~b, we obtain 

2 t l / 2  

EK(t) = ~  [OK[--t  ~ c(~i)+O(e-r/t), t~,O, (1.6) 
i = 1  

where r is some positive constant (depending on K). 
Suppose D is an open, bounded and connected set in N2 with a smooth 

boundary 0D. Then by approximating D with a polygon (in which most angles 
are ~z _+ 2 re~n) we are led to conjecture that 

QD(t)= I D I - ~  I ~ D l + ~ t z(D) + o(t), t,L0, (1.7) 

where z(D) is the Euler-Poincar6 characteristic of D. Similarly (1.6) suggests 
that for a connected and compact set K in IR 2 with a smooth boundary OK 

E . .  2 t  ~ / 2  
K(t)=~TulOK[+retz(K)+o(t), t~O. (1.8) 

However, the constants q and r a r e  O(n -2) as n1"oo so that (1.7) and (1.8) 
do not follow from Theorem 1. Before we state Theorem 1 we introduce some 
further notation. Let W~ (i = 1 . . . .  , n) be the infinite open wedge of angle 7~ with 
vertex P~ such that the boundary of the wedge contains the two edges adjacent 
to P~. Denote the distance of non-empty sets G and H in IR 2 by d(G, H). Define 
for y > 0 ,  

Bi(y ) = {A e Wi: d(A, P/) < y}. (1.9) 



Heat flow and Brownian motion 43 

Furthermore let 

7 = min y~, (1.10) 

R : � 8 9  {y: Bi (y )nB j ( y ) :~ )  for all i,j, U Bk(y)cD } . 
k = l  

(1.11) 

Theorem 1. Let D be an open, bounded and connected set in ~ 2  with a polygonal 
boundary QD. Then for all t>O 

QD(t)-IDI + ~2/z I~DI t~/z-t~=c(~O 

< (4 I DI + 2 ]ODI tl/Z/~Z 1/2 + 4 7c 3 n t/y 2) e -(Rsin(y/2))z/(32t), (1.12) 

where 7, R and c are as in (1.10), (1.11) and (1.5). 

Note that (1.12) is a bound which implies the asymptotic result (1.4). Further- 
more note that (1.4) and (4a) in 1-10] are quantitatively of a similar type (also 
(1.7) and (4b) in [10]). For  general regions we have no proof of such a relation- 
ship. 

This paper is organized as follows. In Sect. 2 we compute 

Qr(t; R)= S dA Pa[Tw>t] ,  (1.13) 
{A~W:d(A,P)< R} 

using the Kontorovich-Lebedev representation of the Green's function for an 
infinite open wedge W with angle 7 and vertex P. Despite the fact that various 
expressions for P a [Tw>t  ] are available [2, 7, 11] we are unable to extract 
the vertex contribution t c(7) from these. The Kontorovich-Lebedev representa- 
tion of the Green function for a wedge has been used in [1] and [10] (p. 44). 
In Sect. 3 we obtain upper and lower bounds for PA [TD > t]. In Sect. 4 we prove 
Theorem 1. The proof of (1.6) is along similar lines. 

2. Computation of Q~(t; R) 
In this section we prove the following. 

Theorem 2. For Q~(t; R) as in (1.13) and M = 1, 2 . . . .  

Q, ( t ;R)  = y R 2  4 R t l / Z + c ( T l t + 4 R t  t/2 ; dv  i y d y  
2 n 1/2 lr 1 / ~  1 ~ - o  (1--y2) 1/2e-Rzvzyz/r 

(2.1) 
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where 

a cosh u~ S(t)= ~2 ~ a d a  ~du E r f c ~ ]  
7"g R 0 

/cosh Oz u / y )  - cos 0z2/(2 y))~ 
-In ~cosh (re u/y) + cos (7c2/(2 ~j)]' 

TC 
~<y__<2rc, (2.2) 

M oo 

S(t)=4 ~,(--1) "+1 ~ ada 
n = l  R 

(~ 2ny)/2 (a COS 
d ~ Erfc ~ ]  

0 

2 oo /acoshu\ 
+~ S ada ; d u  E r f c / ~  ) 

R 0 

(cosh (~z u/y)- cos (7c2/(2 y))] 
�9 in \cosh0 z u/7) § cos (rc2/(2 7))]' 

ZC 72 
2 M + 2  <y 2M ' (2.3) 

and 

M -  1 ; ( ~ -  2ny) /2  /a cos ~\ 
s(,/=4 z a d a  d ,Erfc[ ) 

n = l  R 0 

_ ~ o~ (acoshu]  ( rc ) q-(--1) M+14 ada duErfc~  2tl/2 ] l n  coth , 
7Z R 

M - 1  
7"C 

Y - 2 M '  ~' . . . .  0 for M = I ,  (2.4) 
n = l  

Erfc(x)=2~z -1/2 ~ e -t2 dt. (2.5) 
x 

Proof Let - A  w be the Dirichlet laplacian for W. Let pw(A1, A2; t) denote the 

heat kernel associated to the parabolic operator - A  w + ~  and define for s > 0 

oo 

Gw(A1, A2; s)= y dte-Stpw(A1, Az; t). 
0 

(2.6) 

Then (see [10] p. 44) 

Gw(A1, A2; s) ~- ~ ; dx Kix(l/sal) K/x(]/Ta2) 
0 

- {cosh (Or - [ c~ 1 - c~2 l) x) 
sinh (r~ x) 
sinh(Tx) 
- -  cosh((y - ~1 -- c~2) x) 

sinh ((Tz - 7) x) co sh ((el - e2) x)} (2.7) 
-~ sinh (7 x) 
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where al=d(P, At), az=d(P,  A2) and al (resp. 0~2) a r e  the angles between AlP 
(resp. AzP ) and one of the edges of the wedge, and K is the modified Bessel 
function. By Fubini's theorem 

0 0 0 X 

- {y sinh(K x)-- 2 (tanh ~ )  (sinh (K x))}, (2.8) 

and 

da l  ~ dA2Gw(A1, A2;s) 
0 A2~W 

= ~  K i x ( ~ S a l )  ~ a 2 d a  2 Kix([~ssa2) 
0 0 

' I7 sinh (K x ) -  2 (tanh ~ )  (sinh(rc x))} 

_ - -  { ~x 2 . ~zx 2 sinh ((K -- y) x/2)_\ 
_ 2  dxK x(lAa 0 yoosh __ysinhz_+ y cosh( x/2) j 

7~S o 

[-6, formula 6.561.16] 

; ~ sinh((K-- 7) x/2) 
_ _ _  Kx 4 K~x(]/sal) cosh(vx/2) 7s Ks dXx Kix(~sal)sinh2-+~ss o 

[6, 6.794.2]. (2.9) 

Moreover by Fubini's theorem 

4 J ~ dx K,~(~ssa~)sinh K X 4 ~/2 o~ - -  -- ~ d~ j dx(cosh(Tx)) Kzx(~ss al) 
Ks o x 2 KS 0 0 

2 ~/2 
- s ! d a e  -"'v~ . . . .  [-6, 6.795.1]. (2.10) 

Hence 

y 

~, d~ ~ dA zGw(At,A2;s) 
0 A2~W 

~/2 - a ' ~  . . . .  4 J 7 dx  ]/~ sinh ((K -- 7) x/2) 7 2 ~o dee iv + - -  - - K i x (  aO 
s s Ks o x cosh(vx/2) 

(2.11) 
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Define the inverse Laplace transform by L- t {g(s)} =f( t )  if 

co 
g(s) = ~ f(t) e-~t d t. 

0 

Then 

L -1 a d a  --'yR2 
" .0  2 

M. van den Berg and S. Srisatkunarajah 

(2.12) 

(2.13) 

L -1 -- ~ada 
0 

d e e  -av~c~ = - 2  a d a L  -1 dee-aV~ . . . .  
0 0 

R ~/2 / a  c o s ~  
=--2 y ada l daErfc\  2?/2 ] [4,5.6.3] 

0 0 

R S i V2 y2 a2 2 ~ a2da dv ydy  
- -  ~ 1 / 2 t l / 2  (1 __y2)1/2 e 4t 

0 1 

- -  ; 2 1/2 ~ v2yZaZ 
1 1 ( 1 - y )  57y ( e - ~ 7 - )  4tl/2 ~ d a  d v y d y ~  

g l / 2  0 1 0 
R co 1 v 2 y~ a ~ 

2 ~aZda~dv~dyy3( l_y2)_ l /2e  4t  
7 C l / 2 t t / 2  

o 1 o 

4Rt 1/2 4t t/2 R ~ dv i vZyZaZ 
- nl/a I--~7~-~da ~ -  dyy(1-y2) -1/2e 4t 

0 1 0 
R co 1 vZy2a 2 

2 ~ a 2 d a y d v f d y y 3 ( l _ y a ) _ , / Z e  4t  
7~1/2 t U 2  

0 1 0 

4Rt 1/2 ydy  R2/~ 
- -  4 t  

4Rtl/2 ~ dv i 
~ 1 / ~  'q" ~1/2 T ~- (1 __y2)1/2 e 

1 o 

{ 4  ; a d a  ~ dx Kix(~sa)sinh((rc-y)x/2) } 
L- 1 ~S 0 0 ~ -  cosh (? x/2) 

{~_ sinh ((re - 7 )  x/2) "~ 
= L_ 1 2 ~ d x ( c o s ~  x/2))f = t c (?) 

0 
[6, 6.561.16]. 

Since 

Q~(t;R)=L-I{ ~ dA, ~ dAzGw(AI, Az;s)} 
{AIEW:d(P,  A1)<R}  W 

(2.14) 

(2.15) 

(2.16) 
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we have by (2.11), (2.13), (2.14) and (2.15) 

i R2y2vZ Q~(t;R) =~R2 4Rtt/2 4Rtl/2 dv ydy - - -  
2 ~1/2 ~- 7C1/2 ~ -  (1_y2)1/2 e 4t +tc(y) 

1 0 

_L_I _~s,{ 4 ~adao dX Kix(~ssa )sinh((~-7)x/2)~~ -f" 

In order to compute the fifth term in (2.17) we have the following: 
7C 7C 

(i) F o r - ~ < f i < ~  

(2.17) 

L - I { f  ada~dxKix(V~sa) x 

a d a -  de dx(cosh(c~x)) Ki=(r ) = g - 1  

s o 

= L  -1 ~ ~ ada~dc~e -aV~~ [-6,6.795.1] 
R 0 

! lacos   
=--  a d a d ~ Erfc \ 2 t 1/2 ] [4, 5.6.3]. 2 g  

(2.18) 

(ii) For - ~ < 

L- l{1  ;ada  ~ dx 
R 0 X 

sinh(fl x) 
cosh(7 x/2) KMI//s a)} 

{1  ~ ; d x  = L  -1 ada 
R 0 X 

sinh(fix) ~ du(cos(xu))e_,V~r 
cosh(7 x/2) o 

=L- l{1  ~ada~due-aV~r 
R 0 0 

sinh (fl x) )} 
x cosh (y x/2) cos (x u 

= L _ I {  1 ~ a d a  ~o due_.V~r ln[COsh(rcu/y)+sin(~fl/7)~ 

/a cosh u\ (cosh Oz u/y) + sin (Tz fl/7)] 
=12 ~ ada o ~ du Erfc ~ ~ ) l n \ c o s h ( n u / ~ ) _ s i n ( n f l / 7 ) ]  

I-6, 3.547.4] 

[6, 4.114.2] 

[4, 5.6.3]. 

(2.19) 
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(iii) For fl > 0 

L - l {  1 ~ada  ; d x  ( tanh(flx))K~(l /sa)} 
R 0 X 

=L * 5 ada d u e  -al/ar176 (tanh(flx)) cos(xu) 
R 0 0 

oo 

= L - l {  1 R ; a d a  !due-aV~~ [6, 4.116.2] 

0o ~ { a cosh u] 
= ~ ada d u g r f c \  2tl/2 ]ln(coth(nu/(4B))) [-4, 5.6.3]. 

R 0 

(2.20) 

iv) For M =  1, 2, ... 

sinh ((n - 7) x/2) 
cosh (7 x/2) 

~, sinh ((~ - 2 M 7 -- 7) x/2) 
2 (--1)"+1 sinh((~-2ny)x/2)+(-1)~t cosh(7 x/2) ' 

n = l  

7~ 7C 
= 2 M + ~ < y < ~ ,  (2.21) 

M - 1  
7~ 

2 ~ (--1) "+I sinh((~-2ny)x/2)+(-1) M+I tanh(Tx/2), 7 - 2 M  . 
n = I  

The proof of (2.1), (2.2) follows from (2.17) and (2.19). The proof of (2.1), (2.3) 
and (2.1), (2.4) follows from (2.17)-(2.21). 

Corollary 3. For t > 0 

Is(t) l_-< 
2 t 7 e - n 2 / ( 4 t ) ,  2 < 7  < 2  ~, 

5 ~3  t e_(Rsin~)2/(4t  ) 0 < 7  ~ 2  " 
472 

(2.22) 

Proof. 

2 ~ \ !/ac~ 2 f a~ 4t R~ -- a d a E r f c |  2~7T-}=< ~ adae 4 t = - - e  4t, 
g R  

and 
ln[C~176 ; du ' [cosh(~u/7)-}) 

du \cosh(~u/?)+cos(~2/(27))][ m ~ ~  
0 0 

(2.23) 

= 2 5 d u ln(coth(rc u/(2 ?))) = u o o ~ du=rcT/2 176, 3.521.1], (2.24) 
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7C 
so that (2.22) follows for ~-<7 < 2 rc from (2.2), (2.23) and (2.24). Since the series 

in (2.3) and (2.4) are alternating in n and the absolute values of its terms are 
decreasing we find that 

M ~ (~- 2,,)/2 {a cos c~l 
4,=~1(--1)"+1R a d a  o~ dc~ Er fc \  2tl/2 ]l 

2,,j2 [ a c o s  
<4 ~ a d a  ~ dc~ Erfc ~ 2tl/2 ] 

R 0 

<_2re ; a d a  Er fc[aSiny]< 4rot e_(R~i,,)2/(4t,<TZat e_(Rsin,,2/(4t ) (2.25) 
- R kZt l / z]=(s iny)2  - 72 

7g 
and (2.22) follows for 0 <7--<~ from (2.3), (2.4), (2.23)-(2.25). 

3. Bounds for ]PA [ To > t ]  

In this section we will obtain upper and lower bounds for IPA[TD>t ]. First 
we show the "principle of not feeling the boundary" for t $ 0. 

Lemma 4. Let D be an open set in ]R m. Then 

1 >= IP A [T  o > t] > 1 -21  +-7 e-d2(A)/(8 t) (3.1) 

where d(A) = d(A, c3 D). 

Proof By Levy's maximal inequality [-13, Theorem 3.6.51 

IPA[T~<t]<=2IPo[IB(t)I>d(A)]=2 S 
Ixl >a(A) 

< 2 ~ +-~ e-dZ(A)/(st). 

e-lX12/(4t) _ _  

dx  
(4 rc t) m/2 

(3.2) 

For A near a vertex we have the following bound. 

Lemma 5. Let R be as in (1.i 1). Then for all A e D  with d(A, P0<R (ie{1, ..., n}) 

I IPA ETD > t] -IPAETw,>t] [ < 4 e  - R2/(st). (3.3) 

Proof. Suppose AeW~, d(A, P/) <R.  Then 

PA [TD > t] <= PA [ Tw, > t] + IP A [TR2\c,(2m < t], (3.4) 
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where C~(R) is the arc in W~ with centre P~ and radius R. Since R is as in 
(1.11) Ci(2R)cD.  Since d(A, PI)<R we have d(A, Ci(2R))>R. Hence by Lem- 
ma 4 PA [ T,:\c,(2 R) < t] < 4 exp (-- R2/(8 t)). Similarly 

IPA E T, > t J > IP A [ rw~ > t ] - -  ]PA [ Te:\Ca2R) < t]. (3.5) 

For A near an edge of 0D but not near a vertex we have the following. 

Lemma 6. Let 7 and R be as in (1.10) and (1.11) and let 

R 7 (3.6) 5 =~-  sin ~ .  

Then for all A~D with d(A)<6 and d(A, P/)>R and for all i~{1, ..., n) 

]PA [ T o  1 d(A)e-YZ/(4t) d y <4 e -(Rsin('/2))2/(32t). (3.7) 
> t ]  (7~ t)  1/2 0 

Proof Since AeD,  d(A)<5 and mind(A, P/)>R there is a unique edge E A of 
i 

OD nearest to A. Let HA be the halfspace such that HA~A, OHA~EA. Then 
by Lemma 4 

1PA[To> tJ < IPA[T~:xe~ > t] 

<= PA [ T .  ~ > t] + IPA [ T R : \ ( ~ )  < tJ 
1 a(A) 

< - -  ~ e-y2/(4t)dy+4e -n2/(st). (3.8) 
= (E t) 1/2 0 

Let GA be the convex hull of E A and the component of 

{BED: d(B)< 26, mind(B, P0>R} 
i 

which contains A. Then GA ~ D and 

d(A, ~ GA\EA) = d(A, lR2\int {(IR2\HA) u GA}) > (R/2) sin (7/2). 
Hence 

1 d(A) 
> ~ e -y:/(4t) d y - 4  e -(Rsin(7/2))2/(32t) 
= (7~ t)  1/2 0 

(3.9) 

4. Proof  of  Theorem 1 

From Lemma 4 and (3.6) we obtain 

I ~ dA]PA[TD>t] - ~ dA[=<4 ~ d A e  -(Rsin(#2)?/(32t), 
d(A) > O d(A)>~ d(A) > 3 

i = 1  d(A,Pi)<R i = 1  i = 1  d(A,PI)<R 
A~W i A~Wi 

(4.1) 

(4.2) 
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Fur thermore  L e m m a  6 gives 

d(a) 1 e - yz/(4t) d y  dAFA[TD>t]-- ~ dA ~ (nt)l/2 
E(O,R) E(6,R) 0 

<--<_ [, dA e -(Rsin(~/2)?/(320, 
E(~,R) 

(4.3) 

where 

E(6, R)= {A~D: d(A)<6, mind(A, P/) > R}. 
i 

(4.4) 

Combining (4.1), (4.2) and (4.3): 

SDdAIPA[TD>t]-- ~ dA-- ~,Q~,(t;R)- 
A d(A)>6 i= 1 E(6,R) 

Ad; U Bi(R ) 
~=1 

4 I D I  e-(Rsin(?/2))2/(32t) .  

1 dA m (n t) 112 
a(n) Y e -yz/(40 d 
0 

(4.5) 

F r o m  Theorem 2 and Corollary 3 we obtain 

" ~ R~i~z 4nRtl/2 " 
~=lQ,~(t; R)- -t ~lj2 ~ c(~i)t 

i i=1  i=1  

4nRt  1/2 ~ dv } 
~ -  Jo y d y e - R2v~y~/(,t) nl/2 a (1 _y2)1/2 

<={i:7~>2}2tTi e-R2/(4~ - 

4 7"C 3 rl~ e_(Rsin(7/2))2/(32t) 
~2 

5~z3t 
e -- (Rsin(Ti/2))2/(4t) 

4~ 2 

(4.6) 

Finally we have 

d!A) 
e-y2/(4t)  6 f e-y2/(4t)  

dA (Tot)l/2 dy=~ dz(l~Dl--2n(R2-z2) 1/2) (nt)l/2 dy 
F.(&R) 0 0 

=]E(6, R)[--Sdz(lc~Dl--2nR) ; dy e_y2/(4o 
o ~ ~ 

6 
--2 S dz(nR--n(RZ--z2) '/2) ; dy e_r2/(4,) 

o ~ 
2 t 1/2 oo 

=IE(~,R)I--T~-(IODI--2nR)+ ~ dz(lOOl-2nR) ; dy e_,~/c4~) 
3 z (7/; t) 1/2 
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4nRt  1/2 ~ dv (sin(7/2))/2 
7rl/2 v2 y d y  y(1 _ y 2 ) - 1 / 2  e-R2vZyZ/(at) 

1 0 

4 n t 1/2 q_~Tju_(R_(R2_(~2)I/2) ; dv e_O2~2/(4~), 
W 1 

(4.7) 

where  ]E(6, R)[ is the  v o l u m e  of  E(5,  R). 
T h e o r e m  1 fol lows f rom (4.5), (4.6) a n d  (4.7): 

Qo(t)-[D]+ 2~7~/21QDIt 1/2- ~c(~i)t 4 3 i: t < - - ~  e - (Rsm(W2))2/(3 2t) 

-I-4 ]Dl e-(1~i~(e/2)?/(32~ - 5; dz(lO Dl-- 2nR) ~; ~d  Y e--Y2/(4t) 

4nt~/z + ~ (R -- (R z - 62) l/z) ; ~-d v e-~v~/(4~) 

1 

4nRt  ~/2 ; dv 1 y d y  e_R2v2y2/(4t) 
+  1/2 

1 ( s i n ( y / 2 ) ) / 2  

2 leD[t  2_] < {4 ~z 3 n t + 4 I n l  -~ e --(Rsin(~/2))z/(32t). (4.8) 
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