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Summary. Consider the following heat conduction problem. Let D be an open,
bounded and connected set in euclidean space R? with a polygonal boundary.
Suppose that D has temperature 1 at time t=0, while the boundary is kept
at temperature O for all time ¢>0. We obtain the asymptotic behaviour for
the amount of heat in D at time ¢ up to O(e~ %" as t — 0.

1. Introduction

Consider the following problem in heat conduction. Let K be a compact set
in R™ Suppose that K is held at temperature 1 while R™\ K is at temperature
0 at time 0. Let E(t) represent the amount of heat flown from K into R™\ K
up to time . Compute the asymptotic behaviour of Ex(¢) as t—oo. This problem
has been studied in [5, 8, 9, 12].

The following problem has received little attention. Let D be an open,
bounded and connected set in IR™ Suppose that D has temperature 1 at time
0 while R™\D is held at temperature 0. Let Q,(f) represent the amount of
heat in D at time t. Compute the asymptotic behaviour of Q,(t) as t = 0.

Both Ex and Q, have a probabilistic representation. Let (B(f), t=0;

IP,, AcR™) be a brownian motion associated to — 4 +——. Define for any open
set D34 ot

T,=inf{t>0: B(t)eR™\D}. (LY
Then
Ex(t)= j P, [Trmgx<t]dA, (1.2)
R™ K
and \
Op(t)= j]PA[TD>t] dA. (1.3)

In this paper we will study the case where D is an open bounded and con-
nected set in IR? with a polygonal boundary 8D (resp. K is a connected compact
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set in R? with a polygonal boundary 0K). We will show that (Theorem 1)
for some positive constant g (depending on D)

1/2
0p(t)=|D|— i,z 0] 413 e +0E ), 110, (1.4)

i=1

where |D| is the area of D, |0D] is the length of the boundary 8D, y,, ..., y,
are the angles at the vertices P, ..., B, and ¢: (0, 27] — R is defined by

4 sinh((z — p) x)

“P= I Giahtx) cosh (B x)

(1.5)

Semg

For a compact set K in R? with a polygonal boundary ¢ K and exterior angles
¢4, ..., ¢, we obtain

t12

EK(t)-—zl/2 [0K|— th(¢)+0(e_’”) t10, (1.6)

i=1

where r is some positive constant (depending on K).

Suppose D is an open, bounded and connected set in IR?* with a smooth
boundary ¢D. Then by approximating D with a polygon (in which most angles
are 7+2 n/n) we are led to conjecture that

1/2
0,(0)=|D|— tl/z |6D|+nt x(D)+o(), 10, (L7

where y(D) is the Euler-Poincaré characteristic of D. Similarly (1.6) suggests
that for a connected and compact set K in R? with a smooth boundary 0K

EK(t)_2t11//22 |0K|+7nt x(K)+o(t), t]O0. (1.8)

However, the constants g and r are O(n"2) as nToo so that (1.7) and (1.8)
do not follow from Theorem 1. Before we state Theorem 1 we introduce some
further notation. Let W, (i=1, ..., n) be the infinite open wedge of angle y; with
vertex P such that the boundary of the wedge contains the two edges adjacent
to P. Denote the distance of non-empty sets G and H in R? by d(G, H). Define
for y>0,

B,(y)={AeW; d(4, P)<y}. (L9)
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Furthermore let

y=miny;, (1.10)

R=3%sup {y: B;(y)n B;(y)=¢ for all i}, O Bk(y)cD}. (1.11)

k=1

Theorem 1. Let D be an open, bounded and connected set in R? with a polygonal
boundary 0D. Then for all t >0

QD(t) |D|+ 1/2|6D|t1/2 IZC(’VI)

i=1

<(4|D|42|0D| Y%l ? + 4 73 ntfy?) e~ ReiniDB320, (1.12)

where y, R and ¢ are as in (1.10), (1.11) and (1.5).

Note that (1.12) is a bound which implies the asymptotic result (1.4). Further-
more note that (1.4) and (4a) in [10] are quantitatively of a similar type (also
(1.7) and (4b) in [10]). For general regions we have no proof of such a relation-
ship.

This paper is organized as follows. In Sect. 2 we compute

Q,(t; R)= | dAP,[T,>1], (1.13)

{AeW:d(A,P)<R}

using the Kontorovich-Lebedev representation of the Green’s function for an
infinite open wedge W with angle v and vertex P. Despite the fact that various
expressions for P,[ T, >t] are available [2, 7, 11] we are unable to extract
the vertex contribution ¢ ¢(y) from these. The Kontorovich-Lebedev representa-
tion of the Green function for a wedge has been used in [1] and [10] (p. 44).
In Sect. 3 we obtain upper and lower bounds for IP,[ T, >¢]. In Sect. 4 we prove
Theorem 1. The proof of (1.6) is along similar lines.

2. Compntation of Q,(¢; R)

In this section we prove the following.

Theorem 2. For Q,(t; R)asin(1.13)and M=1,2, ...

y R? 4R 12 4Rt 2 dv [ ydy e
Q,(t; R)——_ o +et+——57— s ) _zj 2)1/2 REVIIED — (),
0

1

2.1)
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where
27 7 acoshu
S(t):E fadafdu Erfc(W>
R 0
cosh(mufp)—cos(/27)\
1 LI .
n(Cosh(nu/y)+cos(n2/(2y)) ’ 2<y__2n, (2.2)
M © (m—2ny)j2
SO=4% (-1 [ada | daErfc(EC‘}%)
n=1 R 0 2t
-I-% fada|du Erfc(&ls/hzu)
T r 0 2t
cosh(mu/y)—cos(z*/(2y)) n 7
o (Cosh(nu/y)+cos(1r2/(2y)) © aM+2 T am 2.3)
M1 L (m—2ny)/2
SO=4Y (~1r* [ada | daErfc(&gjzﬁ)
n=1 R 0 2[
4 7 . acoshu Tu
+( 1)M+1; ;E adaaf du Erfc(—zﬁ> ln(cothﬁ>,
T M-1
y==, ...=0 for M=1, (2.4)
2 n=1
and
Erfe(x)=2n"12 e "d¢. (2.5)

Proof. Let — 4y be the Dirichlet l1aplacian for W, Let py(A4,, 4,; f) denote the

heat kernel associated to the parabolic operator — A4, —i—i and define for s >0

ot
Gy (A, Ay 8)= O}Odze—“ pw(Ay, Ay; D). (2.6)
Then (see [10] p. 44)
Gw(d,, Ay; s)=% fdx Ki()/sa;) Kin()/5 )
.{cosh((n—[oc1 —a,)) x)—zii%i‘l((—;% cosh{(y —a; —a5) x)

sinh ((m —y) x)

Y cosh (ot — ) x)}, 2.7)
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where a,=d(P, A,), a,=d(P, A,) and «, (resp. a,) are the angles between 4, P
(resp. A, P) and one of the edges of the wedge, and K is the modified Bessel
function. By Fubini’s theorem

! ! 2 Tdx
fda §day Gyl(dy, Az 9)="5 [ = Kinl}/sa) Kinl)/s2)
0

0 0 ”
-{y sinh(z x)—% <tanh 125) (sinh(n x))}, (2.8)

and

jdoh 5 d4, Gy(A4,, A;; s)

AreW
2 ®dx °

=7 j —Kix(]/‘;al) j a,da, Kix(l/;az)
Tty X o

: {y sinh (7 x) —% (tanh Y ) (sinh(x x))}

_2 7 X2 Gnp EX 4 2 sinh(E—y) 2)
= (;[deix(V;al){ycosh 5 xsmh 3 +x c0sh(7 x/2) }
[6, formula 6.561.16]

_r_ 4 pdx 4 pdx sinh((z —y) x/2)
s @s g ”‘(l/;al) sinh - +ns g K”‘(l/gal) cosh(y x/2)

[6, 6.794.2]. (2.9)

Moreover by Fubini’s theorem

4 =d . 4 7
_x f xx %a ) sinh 712_x_ —— j do f d x(cosh(ax)) lx(]/gal)
0
nf/2 ~
=3 [ daemaVseoss [66.795.1]. {2.10)

0

Hence
y
jd‘% I dA; Gy (4, 435 5)
Q AreW

y 272 _ 4 Tdx sinh((z —y) x/2) '
_f _= d all/scosa "
5 s Of xe s g ”C(l/ Y cosh(yx/2) @10
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Define the inverse Laplace transform by L™t {g(s)} =1(¢) if
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gs)=[ f(e~*de. (2.12)
0
Then
R 2
-1 Y _yR
L {g ada S}_ > (2.13)
2 R /2 - R 1 ™2 ~
—1{_._ j‘ ada }‘ dae—al/scosa}:_z j‘ adaL—l{_ j’ dae—al/scosa}
5o 0 0 S

R /2
——2[ad j da Erfc (ﬁ’&;%ﬁ) [4,5.6.3]
0

2 ydy _vzyzaz
72y 1/2.[“ daj'dvjme 4

2.2 .2

4t1/2 R «© 1 1 ;] _vya
= jda _f dvjd —2 — VY (e 4t )
0 oy

1

2.,2 52

2 o) vya
T fa da | dvjdyy (1—y*)"e
1 0
4Rl’1/2 4t1/2 R ) dv 1 _v2y202
=“T Rz jd j_zf yA—=y*) e 4
0 1 0
) ®© — v"yz 2
1/21/2§adafdvfdyy(1 ¥y
1 0
4R 1/? 4Rt”2 *dv } ydy Ry
= 2172 V) j .‘. 2)1/2e ar
0

_ T dx sinh((m—7v) x/2)
L {— f adaj —K,x(]/ )W}

{ sinh((w —y) x/2) }=tc(y) [6, 6.561.16].

(cosh {y x/2))(sinh(z x/2))

Since

Q,(; R)=L"*{ j d4, f dA, Gy(A4y, Ay 5)}

{A;eW:d(P, A1) <R} w

(2.14)

(2.15)

(2.16)
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we have by (2.11), (2.13), (2.14) and (2.15)

sz ARtY2 4RtY? *dp ! ydy R
0, R)= 172 + 172 j j'(l 2)1/2e TAr 4te(y)

(4 7 sinh((z —7) x/2)
-L {n—sf ‘x(‘/) cosh(y x/2) } 217)

R 0

In order to compute the fifth term in (2.17) we have the following:

. n s
(i) For ——2—<ﬁ<5

Lt {jada 0}0 dTX Kix(]/;a) W}

=Lt {}o %gﬁ }odx(cosh(ozx)) Kix(]/ga}

o]

0 B B
Lt {l fadal doce"“V“"s“} [6, 6.795.1]
2s ¢

0

:% {a j da Erfc (“2“172“) [4, 5.6.3]. (2.18)
R

(ii) For ~%<ﬁ<%

17 2 dx sinh(f x)
L {E ] “d“§ "X cosh(yx/2) ”‘(‘/E“)}

—It {% j ada Ofo dT Ef;l;h((y—% [ ducos(xu) e-“Vmsh"} [6, 3.547.4]
=L! {% 5 ada jo du e aVscoshu j‘o dx % cos(xu)}
{5y fada fanenmmn (e S

[6, 4.114.2]
=% : ada | du Erf (“;‘t’f}; ”) (zzzzg Zggizﬁg ZB) [4, 5.6.3].

(2.19)
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(iii) For §>0

dx

I {i jo daojo7 (tanh(f x)) Kix(\/ga)}

—1 {1 Fada [ aue o 25 anigo) cost o

R 0 0

=L {% }o ada }o d u e ™V In (coth (m u/(4 /3)))} [6, 4.116.2]

R

acoshu

= f ada f du Erfc (Tf) In(coth(zu/(46)) [4,5.6.3]. (2.20)

iv) For M=1,2, ...

sinh{(m —7v) x/2)
cosh(y x/2)

M o h (2 M 5
ZnZ,I(*‘ 1**rsinh((n—2ny) x/2)+(— D)™ sin ((ZOSh(y ;’/2)}’) x/2) ’
- 21\;+2<V<27;\4> 2.21)
2Mz—:1(_1)n+1 sinh((n—2n7y) x/2)+(— DM * 1 tanh(y x/2), y:i'
n=1 M

The proof of (2.1}, {2.2) follows from (2.17) and (2.19). The proof of (2.1), (2.3)
and (2.1), (2.4) follows from (2.17)+H2.21).

Corollary 3. For t >0

2tye RAG4D, g<y§2n,
St = (2.22)
5% _ reinne v
4y2 ¢~ (Rsinn)* /(&) 0<V§5-
Prodf.
2% h 2 _a _R
= j ada Erfc(acolslzu)é— f adage 4t=—¢ at, (2.23)
T . 2t T . i
and

b cosh (mu/y)—cos(72/(2y)) b cosh(mu/y)—1
Of du ’1n (cosh(n u/y)+cos(n?/(2 y)))’ = g du ‘ln (COSh(TE ufy)+ 1)‘

[ce]

=2 | duln(coth(mu/(2y)) % }O

p— du=7y/2 [6,3.521.1], (2.24)

(=}
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so that (2.22) follows for g<y§2n from (2.2), (2.23) and (2.24). Since the series

in (2.3) and (2.4) are alternating in n and the absolute values of its terms are
decreasing we find that

M ol (m—2nv)/2
4Y (—1y*t {ada | daEfc(“;‘ZfZ“)
n=1 R 0

o (m—2y)/2
<4 [ ada j daEfc<“°?fz°‘)
] 21

<2 }oada Erfe (25107 < Tt dmt —(Rsxnv)2/<4t)<_ﬂe—(Rsmv)Z/(:m (2.25)
=, 2112 )= (siny)? y2

and (2.22) follows for O <y g% from (2.3), (2.4), (2.23)-(2.25).

3. Bounds for IP,[ T, >¢]

In this section we will obtain upper and lower bounds for P,[T,>t]. First
we show the “principle of not feeling the boundary” for ¢ 0.

Lemma 4. Let D be an open set in R™. Then
12P,[T,>1]=1—2*3 =80, (3.1)

where d(A)=d(4, D).
Proof. By Levy’s maximal inequality [13, Theorem 3.6.5]

P, [Tr<t]S2B[IBOI>d(A)]=2 | e"""z““”dixm/z
| x| >d(4) (47”)
<21 e PG, (32)

For A near a vertex we have the following bound.

Lemma 5. Let R be as in (1.11). Then for all AeD with d(4, B)<R(ie{l, ..., n})
[P, (Tp>t]— P, [Ty, >1]|S4e™ 8D, (3.3)
Proof. Suppose AeW,, d(A4, P)<R. Then

P, [Tp>t] S [Ty, > t]1 + Py [Trorciomy < (3.4
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where C;(R) is the arc in W, with centre B and radius R. Since R is as in
(1.11) C;(2R)<D. Since d(A, B)<R we have d(4, C;(2R))=R. Hence by Lem-
ma 4 Py[ Tio\c, o) <t] <4 exp(— R?/(8 t)). Similarly

P, [T,>t]1 2P, [Ty, > t] P [ Tra\c, 20y < t]- (3.5)

For A near an edge of 6D but not near a vertex we have the following.
Lemma 6. Let y and R be as in (1.10) and (1.11) and let
R .y
o = sin 5 (3.6)
Then for all AeD with d(A)< 6 and d(A, B)>R and for all ie{1, ..., n}

d

(4
]PA[TD>t:|—H1/_2 [ e @0 d y| <4 (ReinG/22320), (3.7)
0

Proof. Since AeD, d(4)<6 and mind(4, B)>R there is a unique edge E, of

0D nearest to A. Let H, be the halfspace such that H, 4, dH,oE,. Then
by Lemma 4

P,[T,>t] P [Tra\p, > 1]

SP [Ty, >+ Py [ Tra\garrn <tl
1 d(A) ., B
ng 0§ e VNN dy+ 4o RIED, (3.8)

Let G, be the convex hull of E, and the component of

{BeD:d(B)<20, mind(B, P)>R}

which contains 4. Then G, < D and

d(4, 0G\E,) =d(4, R2\int {IR2\ H ) U G ;})>(R/2) sin(y/2).

Hence
P, [Tp>t] 2 [Ts,>t]1 2P, [Ty, >t]1 - Py [ Toymavi v 6.0 <1]
1 d(A) ., _ .
z—(n 72 g e V4D 4 ) 4 ¢ Rsin(/2)7(320), (3.9)

4. Proof of Theorem 1

From Lemma 4 and (3.6) we obtain

| | dAP[T,>t]— | dA|<4 [ dAde RemG/2320 (41)

d(A)>0o d(A4)>o d(A)>d

jz f dA]PA[TD>t]—iQyi(t;R)__<_4Zn: [ dde®Mr (42

i=1 d(4,Py)<R i=1 i=1 d(4,P))<R
AeW; AeW;
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Furthermore Lemma 6 gives

d(A) 1
[ dAR[T,>t]— | dA | —gze/™0dy
E@.R) om0 (TD)
[ d4 g~ (Rsin(/2)2/(320) @.3)
E(5,R)
where
E@©, R)={AeD:d(A)<3, mind(A, B)>R}. 4.9

Combining (4.1), (4.2) and (4.3):

n 1 d(4) o,
j dA]PA[TD>t]_ j dA_ZQy,(t,R)_ j dAW j c y/(4t)dy
AeD d(A)>6 =1 E(6,R) (m)”* 3
a¢ () B®)
<4|D| e~ (Rsin(z/2))2/(321) 4.5)

From Theorem 2 and Corollary 3 we obtain

" y;R® 4nRt'? ?
(t; R)= ), S V- R 2 et
i=1 r i=1
4nRt1/2 ® d ! ydy _szzyz/(‘u)
1/2 j _21 2)1/2
1 0
2 57t ;
Y 2tpe R0, ¥ 4 e~ (Rsin(7/2))2/(41)
y;
{ >3 {035}
4n3nt . 2
< 7;2" e~ (Rsin(3/2))2/(320) (4.6)
Finally we have
j" d d(f} e~ Yi@4n j 5 212 fe~y2/(4t)
A\ s——m-dy=[dz(0D|—2n(R*—z%)!/?)
EG.R) ; (7Et)1/2 ( t)l/l

3 © d ,
=|E(6,R)|— {dz(j@D|-2nR) | (m));/z o V4D
0 z

e~ Y34

—ZIdZ(nR—n( 2)1/2) j t)1/2

t12

—|E(, R)|— 21/2 (18D|— 2nR)+§dz(|aD| 2n R)j( D e
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1/2 ® (sin(y/2))/2
4nRt i d_2 [ dyy(1—y?) 12 e Rovian
1

]

4nt1/2

= do
+ i R=(RP =3 | —e
1

- a20%(an) 4.7

where | E (6, R)} is the volume of E(5, R).
Theorem 1 follows from (4.5), (4.6) and (4.7):

n

2 2
QD(I)—ID]+TCI/2 |5D| tl/"_ ZC(Yi)t é

i=1

3
AL (RsinGr2)2/320

—»%/(41)

+4|D|e” ReinG/20%G20 4 [ q7(]oD|—2nR) |

3 ; 7rt)1
172
+4”t (R—(R?—52)'12) }od_z — 8202441
1
1/2 1
4}’1Rt § iiTU . ydyllz e—RZUZyZ/(éﬂ)
i gy (1790
172
§<47T nt 4|D|_'_2|5D|’j )e—(Rsin(y/2))2/(32t). (4.8)
7
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