Probab. Theory Relat. Fields 105, 193-225(1996)
Probability
Theory fll;?ated Fields

© Springer-Verlag 1996

Generalized Mehler semigroups and applications

Vladimir I. Bogachev!, Michael Réckner?, Byron Schmuland?

! Department of Mechanics and Mathematics, Moscow State University, 119899 Moscow,
Russia

2 Department of Mathematics, University of Bielefeld, D-33615 Bielefeld, Germany

3 Department of Mathematical Sciences, University of Alberta, Edmonton, Alberta,

Canada T6G 2Gl

Received: 5 October 1995/1In revised form: 12 December 1995
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(p:)iz0 are based on some new purely functional analytic results implying, in
particular, that any strongly continuous semigroup on a Hilbert space / can
be extended to some larger Hilbert space E, with the embedding H C E being
Hilbert-Schmidt. The same analytic extension results are applied to construct
strong solutions to stochastic differential equations of type dX;, = CdW, 4
AX, dt (with possibly unbounded linear operators 4 and C on H) on a suitably
chosen larger space E. For Gaussian generalized Mehler semigroups (p;);>0
with corresponding Markov process M, the associated (non-symmetric) Dirich-
let forms (&, D(&)) are explicitly calculated and a necessary and sufficient con-
dition for path regularity of M in terms of (&,D(&)) is proved. Then, using
Dirichlet form methods it is shown that M weakly solves the above stochastic
differential equation if the state space E is chosen appropriately. Finally, we
discuss the differences between these two methods yielding strong resp. weak
solutions.
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0 Introduction

The two main objectives of this paper are the study and construction of gen-
eralized Mehler semigroups (p;);=0, and the solution of stochastic differential
equations of type

dX;, =AX, dt+ Cdw;, (0.1)

on infinite dimensional spaces. Here 4 and C are (in general) unbounded linear
operators on a separable Hilbert space H, W, is a cylindrical Wiener process in
H, and we always assume that 4 generates a strongly continuous semigroup on
H. As will be seen, and is essentially known, solutions of (0.1) are connected
with a special class of generalized Mehler semigroups, namely Gaussian ones.
Generalized Mehler semigroups ( p;);z¢ on a separable Banach space E are
defined for bounded, Borel measurable functions f : E — IR, by the formula

pef ) = [f(Tex — pIuddy) = (e * [)(Tx), 20, (0.2)

Here (T:)»0 1s a strongly continuous semigroup on £ and p,, ¢t = 0, are
probability measures such that

s = (o T )y, foralls,z20. (0.3)

Then (p;)izo is always a Feller semigroup (i.e., p(Cp(E)) C Cp(£) for all
t = 0). In Sect. 2 below they are treated in detail. In particular, construction
methods are described (cf. Lemma 2.6) and a class of non-Gaussian examples
is given (cf. Example 2.7).

The construction methods for ( p;);»¢ are based on some purely functional
analytic results on extensions of strongly continuous semigroups presented in
Sect. 1. More precisely, we show that for a strongly continuous semigroup
(Ti)izo on a Hilbert space H there exists a larger separable Hilbert space
E such that the embedding H C E is Hilbert-Schmidt, and (7;),;»¢ extends
(uniquely) to a strongly continuous semigroup on E (see Corollary 1.4). Vari-
ous extensions of this result (e.g. that £ can be chosen in common for finitely
many commuting semigroups), which are particularly important in connection
with constructing solutions for (0.1), are also discussed (cf. Theorems 1.6, 1.8).
These functional analytic results are of their own interest.

In Sect. 3 we consider the Markov processes on £ whose transition fune-
tions are given by generalized Mehler semigroups. They always exist by the
classical Kolmogorov theorem, but might (even in the Gaussian case) have no
sample path regularity whatsoever (cf. Remark 3.1 below). However, general-
izing a result in [BR 95], we show that if the Markov process started with one
probability measure on E has continuous (resp. cadlag resp. right continuous)
sample paths, then it has the same sample path regularity when started with
any other probability measure on E (cf. Theorem 3.2). In Sect. 4 we study the
most general type of Gaussian Mehler semigroup on a Hilbert space E. It turns
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out that in the Gaussian case, (0.3) implies that (¢,x) — p,f(x) is continuous
on (0,00) x E for all f € Cp(F), in particular,

lin(l) pf(x)=f(x) forallxe€E.
t—

A way to obtain examples for (p,),z¢ is described in Remark 4.5(ii). We also
consider invariant measures for (p;),>¢ in this case. However, the correspond-
ing results are more or less well-known (cf. [DPZ 92]), but they read a little
differently in our framework.

We emphasize that throughout this paper our viewpoint with respect to both
the construction of ( p;);»o and the solution of (0.1) is the following: we think
of the quantities involved, i.e., operators, processes, and measures, as being
given on a separable Hilbert space H as operators, cylindrical processes, and
cylindrical measures. Our task is to construct a larger state space £ such that
all quantities have natural extensions to £ so that (0.2) makes sense and (in
the strongest possible sense) also (0.1).

Equations (0.1) and their non-linear perturbations have been studied exten-
sively (see [Ro 90, DPZ 92], and the references therein; for the linear case
see also [MS 92]). It turns out that because the linear operators in our infinite
dimensional setting are unbounded and are only defined on subdomains of the
Hilbert space, a substantial part of the work is “to give the best possible sense”
to the linear equation (0.1). Then a variety of well-understood (but neverthe-
less sophisticated) methods lead to solutions for the non-linear ones. However,
in most of the literature the authors try to find solutions in an a priori chosen
state space £, which if this space is too small, might require restrictive con-
ditions on the operators 4, C. Our approach is to first construct an appropriate
sufficiently big state space £ on which (0.1) can be solved (uniquely) in the
strongest possible sense, then try to solve the perturbed non-linear equation and
(simultaneously) try to determine a smaller natural sub-manifold of £ which
carries the process.

Step 1 of this programme is carried out in Sect. 5 of this paper (cf. Theo-
rem 5.1) on the basis of the analytic extension results in Sect. 1. We emphasize
that we do not assume the diffusion operator C to be bounded on H, but only
need that it can be represented as the composition of a bounded operator and
the generator of a strongly continuous semigroup on H, that commutes with
the semigroup generated by 4. As is well-known (and in this case particularly
easy to see), the transition probabilities of the strong solutions of (0.1) on the
enlarged state space E are then given by Gaussian Mehler semigroups. They
are determined explicitly in Proposition 5.3.

Sections 6 and 7 are devoted to a different approach to (0.1), namely to
construct weak solutions via Dirichlet forms using the method developed in
[AR 917. In contrast to [AR 91] we treat here only linear cases, but these are
much more general, in particular non-symmetric. Moreover, the solutions are
constructed on a state space £, so that their transition probabilities are given
by Gaussian Mehler semigroups. In particular, they are Feller.

The starting point in Sect. 6 is a general Gaussian Mehler semigroup ( p;),;>a
which has an invariant measure u on one of the enlarged spaces E con-
structed in Sect. 1. We first calculate the L*(E; u)-generator L of (p,);»¢ and
the corresponding positive definite bilinear form &. Assuming that the sector
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condition is fulfilled (cf. Condition 6.2) we prove (Theorem 6.3) that its clo-
sure (&,D(&)) is a local (non-symmetric) Dirichlet form on L2(E; 1) (cf. [MR
92]). We characterize when (&,D(&)) is symmetric (cf. Remark 6.4). We
point out that the symmetry of (&,D(&)) depends on symmetry properties of
the involved operators on H and not of their extensions to the state space E.

In Sect.7 we prove that (&,D(&)) is quasi-regular if and only if the
Markov process M associated with (p;);»>o (constructed in Sect.3) has cad-
lag resp. continuous sample paths. We also prove a sufficient condition for
(€,D(&)) to be quasi-regular and identify an enlarging space E constructed
in Sect. 1 for which this is always the case. Subsequently, we prove that M
weakly solves (0.1) on this particular state space £. We emphasize that the
diffusion coefficient C may not be an operator of the type as in Sect. 5 and
that this solution of (0.1) may not be a strong one (see the final discussion in
Remark 7.11 about the connection with the results in Sect. 5).

The idea of extending equations to larger spaces E is quite standard. In
many concrete situations, say where 4 is a differential operator on L?, an
extension may be obvious with some Sobolev space of negative order for E.
Also if E is not required to be a Banach or Hilbert space; or if 4 is self-adjoint
on H with discrete spectrum the extension results in Sect. 1 are entirely trivial.
However, in more general situations, even for self-adjoint 4, the existence of
suitable extensions on Banach or even Hilbert spaces as above is not trivial.
To the best of our knowledge [R 88a, b] scem to be the first papers in this
direction. In [BR 95] a complete solution to the case with an arbitrary self-
adjoint 4 was presented. In fact [BR 95] together with [S 93] were the starting
point of this work. A substantial part of the results of this paper are extensions
of results in [BR 95, S 93].

Finally, we would like to note one technical point which might appear odd
to the reader. Since we mostly work with two different Hilbert spaces H and
E with H C E, to avoid confusion we identify neither H nor E with its dual.

1 Functional-analytic preliminaries: extensions of semigroups

For a Banach space E, let #(E) denote the set of all bounded linear operators
on E with the corresponding norm | « || 4. Also, we let Z(E) denote the
g-algebra of Borel sets in E.

Let H be a separable Hilbert space. A set O C H is called a (nondegen-
erate) Hilbert—Schmidt ellipsoid, if there exists a Hilbert-Schmidt operator T
on H with dense range such that Q = T(Uy), where Uy is the unit ball in H,
ie, Uy ={hecH||hl,; < 1}.

Remark. 1.1. (i) We note that the operator 7° above can be assumed to be
injective, self-adjoint, and nonnegative. Indeed, to get an injective Hilbert—
Schmidt operator 77 with 71(Ugx) = T(Uy) we define T to be the restriction
of T to H := (ker T)*. Clearly, T is an injective Hilbert-Schmidt operator with
the same range as 7. It follows that H is infinite dimensional, and since H is

separable there exists a unitary map A 1 H — H. We then can take T; := TA.
Assuming that T is already injective, let 7' = TpJ be the polar decomposition
of T, that is, J is a partial isometry, and T, is self-adjoint and nonnegative.
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Since T has dense range, it follows that J is onto and so J(Uy) = Uy and T
is injective. Thus To(Upy) = To(J(Uy)) = T(Uy) where Tj is injective, self-
adjoint, and non-negative.

(it) Clearly, O C H is a Hilbert-Schmidt ellipsoid if and only if Q = T'(Uy, )
for some Hilbert space H| and a Hilbert—Schmidt operator T : H; — H with
dense range.

(iii) Note that, of course, every Hilbert—Schmidt ellipsoid is compact in H.
(iv) If T is injective, then the space Hy = T(H) possesses a natural Hilbert
space structure given by

(x:y)H():(TglxaT—ly)H9 X,J’GHO- (11)

The set Q := T(Uy) is the unit ball in (H,|| - ||H0) and || - [l < af - ||H0,
with @ = [T gy

Lemma 1.2 Let (T;);z0 be a strongly continuous semigroup in a separable
Hilbert space H, such that ||T;|| g4y < 1 for some t = 0. Then there exists
a Hilbert—Schmidt ellipsoid Q so that T,(Q) C Q for all t =Z 0. Moreover, if
T},...,T™" are commuting semigroups, satisfying the condition above, then Q
can be chosen common for all of them.

Proof. We mote that the assumption |Tif|gyy <1 for some ¢ 20,

implies that there exist positive constants b, ¢ so that ||7 |y < be™ for all
t 2 0.

Let Hy be a Hilbert space in H corresponding to any nondegenerate Hilbert—
Schmidt ellipsoid, as in Remark 1.1(iv), and a the corresponding constant. Let
X :=I*([0,00) — Hp;ds), be the L%-space, with respect to Lebesgue mea-
sure, of Hy-valued functions on [0,c0). Define an operator 7 : X — H by
Tx = [ goTSx(s) ds. This integral is well-defined since s — Tyx(s) is weakly
measurable, and hence strongly measurable, and for every x € X

oo oo oo 172
SN Zx(3)| r ds < ba [|x(s)|| 6™ ds < ba (fe_zcs ds> x|y . (1.2)
0 0 0

In particular, the operator 7' is bounded.

We claim that 7' is a Hilbert-Schmidt operator with dense range, and that
T (T(Ux)) € T(Uyx) for every t = 0. If we can prove these statements, then
the result follows by letting O = T'(Uy).

First we prove that 7 is a Hilbert—Schmidt operator. Let (e;)ren be an
orthonormal basis in Hy. For m of the form m = 22 consider the orthonormal
system in X defined by

e;?k(s):{ﬁek fim=s=GHDm o a3y

0 otherwise,

Denote by X,, the closed subspace generated by (€% )iken-

This is an increasing sequence of subspaces with union dense in X. So for
any vector x € X, the sequence P, x of the projections of x onto X,, converges
to x; in particular, TP,x — Tx. Hence by Fatou’s lemma it suffices to prove
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that the operators 7P, have uniformly bounded Hilbert—Schmidt norms. We
may now estimate the Hilbert—Schmidt norm of 7P,, directly:

2 2
>, TPuelilly = X2 1Tl lly

LkEN i kEN
(i+1)/m 2
=3 [ VmTeds
i,keN im H
) (i+1)/m :
< 2 mley | J 1Tl gy ds
i kEN ijm

, (i+Lyim
< 2 mledlp®/m) | [ Tl g, ds

LkEN i/m

é“zb{||Ts||$(H)dSa (1.4)

where o is the Hilbert—-Schmidt norm of the natural embedding Hy — H. The
left hand side of this estimate is precisely the Hilbert—Schmidt norm of 7P,
as TP,, is zero on the orthogonal complement of X,, and the Hilbert—Schmidt
norm does not depend upon the choice of an orthogonal basis. This proves that
T is Hilbert—Schmidt.

For any & € Hy, the sequence T'(nljg1/nh) =n fol/ "Thds converges to 4 in
H-norm as n — co. This shows that the range of T is dense in Hy, and hence
also in H.

Finally, we see that T;(Tx) = T(x,) where

Xt(s):{x(s—t) if s 21, (1.5)

0 otherwise .

If x € Uy, then x, € Uy and so it follows that T,(7(Ux)) C T(Uyx).

The case with finitely many commuting semigroups is handled similarly,
with X being a space of Hy-valued functions on [0,00)” and the operator T’
given by

Tx = T TV x(s1,...osm)dsy - dsy . O (1.6)

S1

Theorem 1.3 Let (T:):»0 be a continuous semigroup on a separable Hilbert
space H. Assume that || T¢|| gy < 1, for some t 2 0. Then H can be linearly
and continuously embedded into a Hilbert space E such that H is dense in E,
the embedding is Hilbert—Schmidt, and so that (T,);z¢ admits an extension
10 a strongly continuous contraction semigroup (TE),>o on E.

Moreover, finitely many commuting semigroups satisfying the condition
above can be extended simultaneously on such a space.

Remark. In the symmetric case, Bogachev and Rdckner [BR 95] have proved
this extension result where (7,);>0 was only assumed to be a strongly contin-
nous contraction semigroup without the exponential decay of ||7¢| #(#).
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Proof. Since ||T}|| 2w+ =||Til|¢@) we can consider the Hilbert—Schmidt
ellipsoid Q obtained by applying Lemma 1.2 to the dual semigroup (7} );z¢.
For x € H, define p(x) := sup,cq 4+ {g,x)g. Since Q is absolutely convex with
dense linear span, it follows that p is a norm on H. Let E be the completion of
H with respect to the norm p. If T* is a self-adjoint Hilbert—Schmidt operator
on H* that maps the unit ball Uy« onto Q, then for all x € H,

p(x) =sup g+(g,x)s = sup p+{T ux)g = sup g+(u, Ix)g = || Tx||x .
qeQ0 u€Upx uc Uy«
(17)

It follows that E is a Hilbert space and that the natural embedding A C E is
Hilbert—Schmidt.
For each t = 0 we have 770 C O, so forall x € H

p(Tx) = sup = (q, Tix)g = sup p+{I7q,x)g < sup (g, %)y = p(x), (1.8)
q€0 qe0 q€0

from which it follows that 7; can be extended to a linear operator T2 on E with
| TE|| #z) < 1. The strong continuity of (77 ),z on E follows from the strong
continuity of (7;);z0 on H, the density of H in E, and the fact that ||T || gy <
1 for all + = 0. In the case of finitely many commuting semigroups, (1.8) holds
for all of them by Lemma 1.2. O

Corollary 1.4 Let (T;)iz0 be a strongly continuous semigroup on a separable
Hilbert space H. Then H can be linearly and continuously embedded into
a Hilbert space E such that H is dense in E, the embedding is Hilbert—
Schmidt, and so that (T;);z0 admits an extension to a strongly continuous
semigroup (TE);=0 on E. If T},...,T™ are strongly continuous commuting
semigroups on H, then the space E as above can be chosen common for all of
them.

Proof. Since T, is strongly continuous on H, ||T;| ¢#) < be® for some ¢ > 0.

We can apply Theorem 1.3 to the semigroup 7; = e~ 2“T,. Now we can take
its extension and multiply it by e2¢. In the case of finitely many semigroups
the proof is the same. [

Remark. 1.5. In Corollary 1.4, we have H C E, and the semigroup (7;);>0
extends to a strongly continuous semigroup (7Z),»0 on E. Letting (4,D(4))
resp. (4%, D(4F)) be the generator of (T;),;>0 resp. (TF);>¢ on E, it is not hard
to show that

D(4) € D(4F) and AF =4 on D(4), (1.9)

since || - ||z < constant || - ||z on H. On the dual spaces, everything is re-
versed. That is, E* C H* and if (7}*);20 and ((TE)*),»¢ are the dual semi-
groups on H* and E* respectively, then (TZ)* is just the restriction of the
operator 7;* to the subspace £*. In addition, the generators satisfy D((4F)*) C
D(4*) and (4%)* = 4* on D((45)").

In Sects.5 and 7 (cf. Theorems 5.1, 5.2, and Proposition 7.5 below) we
shall need the following stronger version of Corollary 1.4.
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Theorem 1.6 Let (T;);»0 be a strongly continuous semigroup with generator
(4,D(A)) on a separable Hilbert space H. Then H can be linearly and con-
tinuously embedded into a Hilbert space E such that H is dense in E, (T});>0
admits an extension to a strongly continuous semigroup (TE),5q on E, and so
that H embeds into D(AF) (equipped with the graph norm) with a Hilbert—
Schmidt map.

Proof. For any fixed 7 € (0, 00), there exists ¢ € (0, 00) so that for T, := e~ 4T,
we have || T,]|#¢r =y < 1. Then also | T lg@ =7 < 1.

Consider the Hilbert space D(4*) equipped with the graph norm ||2||pi4=) =
(A% + ||4*A]j%,.)"/2. One can easily check that (7}*),»¢ is a strongly conti-
nuous semigroup on D(4*). In addition, for the same value of ¢ as above,

1T Iy = N7 Allpe + 114* T AlGpe = 177 Rl + T A R

< 2P| |hlfe + 2|4 RlG = 2P Ay . (110)

Therefore we can apply Lemma 1.2 to (7});>0 on D(4*) and let Q be a
nondegenerate Hilbert—Schmidt ellipsoid in D(4*) such that T5(Q) C Q for
every ¢t = 0. Since A*:D(4*) — H™ is continuous it follows that 4*(Q) is a
(possibly degenerate) Hilbert—Schmidt ellipsoid in H*.

Since ¢ is also a Hilbert—Schmidt ellipsoid in H*, as in the proof of
Theorem 1.3, we can now define £ to be the completion of H with respect to
the following Hilbertian norm,

x|z := sup m+{g,x)u, x€H . (1.11)
g€0

As in Corollary 1.4, the semigroup (7;);»o extends to a strongly continuous

semigroup (7F);>0 on E. Let (45, D(4F)) be the generator of (7F),;»¢ on E.
Using (1.9), we can evaluate the graph norm of 4% for x € D(4),

leliey = NPl + Il

= sup g+ (q.4x)> iy + sup u=(q.x)°n

9€Q geQ
= sup g{p,x)y +sup w{g, %) n . (1.12)
PEA*(Q) q€0

Let (e;)renw be an orthonormal basis for H sitting in D(4). Since both @
and A*(Q) are Hilbert—Schmidt ellipsoids in A*, from (1.12) and (1.7) we
see that Z,‘;’;Hek[ﬁ)(ﬂ) < oo. This shows that the injection (D(4),] -« l|x) —
(D(A"), || + || peary) is Hilbert—Schmidt and hence extends to a unique Hilbert-

Schmidt map from A into D(4%). Using (1.12) and the fact that Q is non-
degenerate shows that this extension is one-to-one, i.e., it is an embedding.
O

In Sect. 5 below we need the following stronger results, involving a second
strongly continuous semigroup.
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Theorem 1.7 Let (T;):z0 and (S;)iz0 be two commuting strongly continuous
semigroups on a separable Hilbert space H with generators (4,D(4)) and
(G,D(G)). Then

(1) T{(D(G)) C D(G) and T, commutes with G on D(G) for all t = 0.
(il) The domain

Dy = {h € D(4) N D(G)|4h € D(G), Gh € D(4)} (1.13)

is dense in H and AG = GA on D4. In addition, Dy is complete with the
norm ||h|la6 = (|AllF + |45 + | GRIF; + |AGR|F + (|GAR|7)' 7.

Proof. (i) Let A € D(G) and ¢ > 0. Then the map 7+ S;2 is differentiable
and so is the map t — 7,84 = 8§, T;h. Hence T h € D(G) and T,Gh = GT,h.
(ii) If h € Dy, then AGh = GAh. Indeed, for ¢ > 0,

Th—h 1
¢ =

t
-G [ T.Ahds =
t oy

~ | =

t
[ T,Gahds, (1.14)
0

which converges to GA4h as ¢ goes to zero. On the other hand, the derivative
of t — T,Gh at zero equals AGh. Furthermore, note that vectors of the: form

I.S:hdrdt, heH, (1.15)

H
z={
0

o,

belong to D, . Indeed, they are clearly in D(4) N D(G) and (see [P 83; The-
orem 2.4])

t s 5 t
A (ffT,Srhdrdr) =4 (fT, <fSThd7:> dr>
00 0 0
t t
7, (fSszr) _ [ Sihde
b 0

t t
— [S.Tohdt — [ S:hdt, (1.16)
0 0

which belongs to the domain of G. Similarly, Gz € D(4). The collection of
vectors given by (1.15) span a dense subspace in H, since if some kg is
orthogonal to all of them, then differentiating the scalar product of 4, with
such a vector in s and in ¢ at zero we get (hg,h)y = 0 for all » € H. This
implies that 4y = 0.

Finally, to prove that D, is complete, assume that (%,),en is a Cauchy
sequence in the norm above. Then the sequences (%, )uen, (AAnneNs (Ghy)nen,
(GAly)wen, (AGh,)en are fundamental in H. Since both 4 and G are closed
operators, this implies that there exists # = lim, o, 4, such that & € D(4)N
D(G) and 4h =lim, o Ahy, Gh = lim,_,o, Gh,. For the same reason, Gh €
D(A4), AGh =lim,_o AGh,, and Ah € D(G), GAh = lim,_,., GAh, and the
proof is complete. O
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Theorem 1.8 Let (7));=0 and (S;)»0 be two commuting strongly continuous
semigroups on a separable Hilbert space H with generators (4,D(4)) and
(G, D(G)). Then H can be linearly and continiously embedded into a Hilbert
space E such that H is dense in E, (T;),zo and (S¢);20 admit extensions to
strongly continuous commuting semigroups (T),>o and (S),»¢ on E, and so
that H embeds into D ce (equipped with ||| 4 ge) with a Hilbert—Schmidt
map.

Proof. Using the last part of Lemma 1.2 and Lemma 1.7, the proof is done in
exactly the same way as that of Theorem 1.6 replacing the role of D(4) and
D(4*) (with the graph norm) by Dy ¢ resp. Dy g+ (with || |46 resp. [f [l4+.6*)-
We leave the details to the reader. U

Remark. 1.9. (i) Let (T;)¢z0 on H be as in Corollary 1.4 and let Ey be a Hilbert
space into which #7 is densely embedded by a Hilbert—Schmidt operator. Then
the space £ described in Corollary 1.4 can be chosen in such a way that £y
is continuously embedded into E. Indeed, it suffices to take the initial ellipsoid
Qo in the proof of Lemma 1.2 so that it is a Hilbert—Schmidt ellipsoid in the
Hilbert space for which the polar of Ug, is the unit ball.

(ii) Note that both Theorems 1.3 and 1.6 admit iterating (e.g., one can
choose E in such a way that the initial space H is embedded into E with a
nuclear operator).

2 Generalized Mehler semigroups

Let E be a separable Banach space and (7} ),0 a strongly continuous semigroup
on E. Given a family (p,),>0 of probability measures on #(E) we define
for f € B(E) (:= the set of all bounded %(E)-measurable functions on E}),
tz0

pef ()= [ f(Tix = yyuedy) = (e + [)Tx), x€E. 2.1)

Note that for each ¢t = 0, p, is Feller (i.e., p, maps Cp(E) into itself, where
Cy(E) is the space of bounded, continuous functions on E).

Lemma 2.1 Assume that the map t — u, on [0,00) is continuous in the weak
topology. Then (t,x) — p, f(x) is continuous on [0,00) x E for all f € Cp(E).

Proof. Fix ¢ > 0, and suppose that (4,,x,) — (£,x) in [0,00) x E. By the Pro-
horov theorem, there is a compact K with

us(E\K) < & foralls € {¢,t;,...,t,...}. 2.2)

By the strong continuity of the semigroup (7})»o0, the set S = {Tx}U
{T,,xs |n € IN} is compact. Hence S — K is compact, and since f is uniformly
continuous on compacts, there exists N € IN such that for any » > N and any
yekK

|/ (Tyxn = y) = f(Tx = y)| S ¢ (2.3)
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Set C = || f||co, and note that by increasing this N if necessary, we also have
that for any n > N

J f(Tix — y)u(dy) —I{f(Ttx - y)utn(dy)] =@2C+1e, (24)
K

since by the weak continuity [, f(Tix — y)p,(dy) — [, f(Tix — y)u(dy) as
n — oo. Finally we get for all n > N

L[ S(Tx — y)udy) —E[f(Tznxn - y)/xtn(dy)‘
< ‘Kf S (Tix — y)udy) _I{f(Ttnxn - J’),“zn(dy)' +2Ce

= L{ S(Tix — y)uldy) ~I{f(Ttx - y),u,,,(dy)‘

+kflf(7}nxn =)= f(Tix — y)|py,(dy) + 2Ce

SQ2CH+1e+e+2Ce=(4C+2). (2.5)
Since ¢ is arbitrary, this proves the result. [

Now we turn to the question when (p,);»0 in (2.1) defines a semigroup. To
this end, for a probability measure v on %(E) (or just a cylindrical probability
measure on £), we denote its Fourier transform by 7, i.e.,

i(l):= [e'dv, 1€E*, (2.6)
E

where E* denotes the topological dual of E.
The following gives a characterization of the semigroup property of (p;); 0.

Proposition 2.2 (p;);z0, as in (2.1), is a semigroup on B,(E) if and only if
forallt,s 2 0
Pobs = (e 0 T, 1) 5 gy (2.7)

where y, o T\ is the image measure of , under Ty. Equation (2.7) is equi-
valent to

iuss(D) = A(DATTT) foralll € E (2.8)
Proof. Let f € Bp(E) and ¢, s = 0. Then for all x € E:

P ps %) = (e * ps S NTx)
= (e + (s ¢ T+ )N(Tix)
= (e o I 1) # o) * SN TipsX) 5 (2.9)

while
Prasf(x) = (pras * U Trasx) - (2.10)

Comparing these two expressions the assertion follows (where for the converse
one applies both to functions f = e¥, [ € E*). [J
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Remark. 2.3. Note that the validity of (2.8) for 7 = s = 0 implies that g, = ;1(2),
hence by continuity, and since fi, is equal to 1 at 0, we conclude that fi, = 1.

Definition 2.4 If (T, )0, (p)izo satisfy (2.7), we call (p);zo defined in (2.1)
a generalized Mehler semigroup.

In Sect. 4 we shall see that the classical Gaussian Mehler semigroups (cf.
e.g. [BR 95]) are special cases. Now we want to present a general method to
construct examples of generalized Mehler semigroups.

Let E be a Banach space and H a separable Hilbert space such that H C E
is a continuous linecar embedding. We say that a cylindrical measure v on A
admits a countably additive extension to £, if the cylindrical measure v* on
E defined by the formula v¥(C) = w(C N H), where C is a cylindrical subset
of E, is countably additive. Note that for the Fourier transforms the following
formula holds:

vE(l) = %(1) forall I € E* C H*. (2.11)

Note also that (2.7) and (2.8) make sense if y;, ¢ > 0, are merely cylindrical
probability measures. We call a cylindrical measure on H sirong or strongly
cylindrical if its Fourier transform is continuous on H*.

Theorem 2.5 Let (T}),»0 be a strongly continuous semigroup on a separable
Hilbert space H and let (u; )0 be a family of strongly cylindrical probability
measures on H satisfving (2.7). Let E be a Hilbert space so the properties
of Corollary 1.4 are satisfied. Then

(i) w, us admit countably additive extensions to E (denoted by uf, uf).

(ii) (p1)izo, defined as in (2.1) with (TE)z0 and (uF)»0, is a generalized
Mehler semigroup on E.

(iii) If, in addition (t,1) — {,(1) is continuous on [0,00) x H*, then (uF)=0
is weakly continuous and Lemma 2.1 applies.

Proof. Since H C E is Hilbert—Schmidt, we obtain (i). From (2.11) and the
fact that (TF)* = T} on E* C H*, we see that if (2.8) holds for (jI,);»0 and
(T7 )20 on H*, then (2.8) also holds for (/ItE),;O and ((T£)*);z0 on E*.
Therefore, by Proposition 2.2, (it) also holds. Finally, assume that (¢,7) — #,(7)
is continuous on [0,00} x H*, and let 4 = 0 and ¢, — # as » — co. Suppose
that we can prove that (,ui Jnen is relatively compact in the weak topology,
then by the assumption, it is easy to see that uj — uf weakly as n — oco.
To show relative compactness, by [VTC 87, p. 365] it suffices to check that
(ﬂi )seN IS equicontinuous at zero with respect to the Sazonov topology on
E* (cf. [VTC 87, p.363]). Let ¢ > 0. Since (£,/) — fi,(/) is continuous on
[0, 00) x H*, there exists 6 > 0 such that for all / € 6Up~,

|, ()~ 1] ¢ forallneN. (2.12)
Let @ ;= (0Ug~)NE*. Then for all / € ¢,

()~ 1 Se forallneN. (2.13)
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It remains to show that O is a neighborhood of zero in the Sazonov topology
on E*. Note that / € Q if and only if / € E* and ||/||z+ < §. Since Uy is a
Hilbert—Schmidt ellipsoid in E, by Remark 1.1(i), (ii) there exists an injective,
self-adjoint, non-negative Hilbert—Schmidt operator 7 on E such that Uy =
T(Ug). Hence for [ € E*,

o= = sup wx(l,h)yg = sup p«(l,Thyg = sup px(T*Lh)g = ||T*I||g~ .
heUy heUg heUz
(2.14)

Since T'* is a Hilbert—Schmidt operator on E*, Q is a neighborhood of zero
in the Sazonov topology on E*. [J

The following lemma provides both structural information and a construction
method for (u,);=¢ satisfying (2.7).

Lemma 2.6 Let H be a separable real Hilbert space and (I;);=o a strongly
continuous semigroup on H.

(1) Let (p)i=0 be a family of cylindrical probability measures on H. As-
sume that for all | € H*, t — [{,(1) is differentiable at t = 0 and set A1) :=
—(d/dt)fi(1)|i=o. Assume also that t — f,(1) is locally absolutely continuous
on [0,00) and s — AT 1) is locally Lebesgue integrable. Then the following
are equivalent:

fip (1) = B(DALTSD) for all L€ H, 4,5 2 0. (2.15)
t

A1) =exp (-f A(Ts*l)ds> Jorall IeH*, t 20. (2.16)
0

In this case, A is a negative definite function (¢f- [BeF 75]).
(ii) Suppose that i:H* — € is a continuous, negative-definite function with
A(0) = 0. Then there exist (i )= as in (1), satisfying (2.16) and hence (2.15).

Proof. (i) Suppose that (2.15) holds. Then by Remark 2.3, ji, = 1 and for all
le H*, 5,t 2 0 we have

/’NLH-t(l) B ﬂs(l) — ﬁt(Ts*l) -1
t t

hence (d/ds)fi (1) = —MT;1)fi(l) and (2.16) follows. Conversely, if (2.16)
holds, then for all / € H*, s, ¢t = 0 we have

(1), (2.17)

fyg(1) = exp (—fsl(T;l) du) exp (—Sfti(T;l)du)
0

0
= LDAATED) . (2.18)

If (2.16) holds, then A is negative definite since it is a limit of (f, — {, )/t as
t—0,as fig— f, =1 — fi, = 1,(0) — [, as seen above, and [BeF 75; Chap. II,
Corollary 7.7] applies.

(ii) By [BeF 75; Chap. II, Theorem 7.8] and the assumption, the function on the
right hand side of (2.16) is positive definite. Its restrictions to finite dimensional
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subspaces of H* are continuous, hence e.g. by [VTC 87; Chap. VI, Proposition
3.2(¢c)], the family ()0 as in (1), satisfying (2.16) exists. O

Example 2.7. Let H = L*(T, %, 1) where (T,4, 1) is a finite measure space.
Let a: R — € be a negative-definite function with a(0) = 0. Define

K1) = J a((Ry D(E)u(dt), 1€ H*, (2.19)

where Ry : H* — H denotes the Riesz identification. Then, since by [BeF 75;
Chap. II, Corollary 7.16], there exists ¢ € (0,00) such that |a(s)| < c(1 + |s?)
for all s € IR, 1 is well-defined, continuous on H*, and negative-definite. Hence
Lemma 2.6(ii) applies. If we replace H by some Sobolev space of arbitrary
order r € N in L*(T;dx) with T an open subset of IR?, and assume a : R” —
C to be continuous and negative-definite, where n is the number of multi-
indices of length r, then Lemma 2.6(ii) also applies for

A1) = [ a((P*RuD))jaj<r)dx, 1 E€H". (2.20)
T

Remark. 2.8. (i) In the situation of Lemma 2.6(1) we can calculate the gen-
erator of the associated generalized Mehler semigroup (p;):z0. It is given by
the pseudo-differential operator which can be written as the sum of the pseudo-
differential operator with symbol 1 and the linear drift given by the generator
of (T} )0 (cf. [BLR 95, FuhR 95]).

(i) It is well-known that if ;1 is a Gaussian measure on a Hilbert space £y with
Cameron—Martin space H, then every operator T' € £ (H) admits a unique ex-
tension to a y-measurable linear map 7%0 on Eq. In particular, any continuous
semigroup (7;) on H extends uniquely to a semigroup (ZN"IEO) of measurable
linear mappings on Ey. However, in contrast to our Theorem 1.6, cne cannot
always take such extensions to be continuous on Eg. What is even more impor-
tant, the domain of the generator of (7) on our space £ has full y-measure.
By the Hilbert—Schmidt character of the embedding H — D(4%) this is true
for the countably additive extension v* on E of any strong cylindrical measure
v on H. This observation leads to new existence results both for deterministic
and stochastic evolution equations. Note that if £ is chosen as mentioned in

Remark 1.9 for given Ey, then T50 = T p-ace.

3 Corresponding Markov processes

In this section we extend the results from [BR 95; Sect. 4] to generalized
Mehler semigroups. Let £ be a separable Banach space, (7);20 a strongly
continuous semigroup on E, and (p)>o a family of probability measures
on B(E). Let (p/)iz0 be as specified in (2.1); where we assume that (2.7)
holds, and that ¢+ 4, is continuous on [0,00) in the weak topology. By
the usual Kolmogorov scheme one can construct a normal Markov process
M = (% F,(X)rz0,(P:)zcr) with transition semigroup (p;);z¢. This process,
however, is only of interest if one can prove certain regularity properties of its
sample paths. Unfortunately, M is in general not a right process (i.e., is strong
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Markov and has right continuous sample paths) as will be seen in Sect. 7 be-
low. We intend now to give conditions which imply that the sample paths of
M are even continuous (P,-a.s. for all z € E). In particular, M is then strong
Markov (since (p;);=¢ is Feller), hence a diffusion.

Let u be a fixed probability measure on E. By Kolmogorov’s exis-
tence theorem there exists a unique probability measure P, on (E[%*), of)
(where o is the o-algebra generated by the canonical projections X, : E[%:>) —
E) such that for any n€ N, 0 < < --- < ¢, < oo, and 4y, 41,...,4, €
B(E),

P [Xg € 40, X, € Ar,.... X, € 4y]
(3.1)

= f f T f Dt~ n_l(zn—ladzn) T p11(209d21 ),u(dZO) .
Ao 4y An

Let Q = C([0,00),E), X, := X, on Q for ¢ = 0 and let # := o(X; | € [0, 00)).
Suppose that the following holds:

There exists a probability measure P in (£2,.%) having the same
finite dimensional distributions as 15#, i.e., P satisfies (3.1). 3.2)

Remark. 3.1. In Sect. 7 below, we shall prove a necessary and sufficient con-
dition for (3.2) to hold, using the theory of Dirichlet forms (cf. Theorem 7.3).
Condition (3.2) is not always true, a counterexample may be found in [BR 95;
Example 6.6(ii)].

Define ¥ : Q — Q and J : E — Q (componentwise) by
=X -TXy, t=0, (33)

and for z € E,
(7Z)t = TtZ, t g 0. (34)
Clearly, Y is & /% -measurable and J is #(E)/ -measurable. Define for z €
E the probability measure P, on (£2, %) by
PJFl:=(PoY HDF-Jz], FeZ. (3.5)
Then we have the following result.

Theorem 3.2 Assume that (3.2) holds and that (P,).cg are as in (3.5). Then
forallzeE,and 0 <t < --- <t, <oo,n €N, and Ay,...,4, € BE),

Pz[‘th EAlr'-?‘thn EA}'I]

=[ - [ pu- 1 (Zn—1,d2s) - - py(z,dzy) . (3.6)
4 An

In particular, M = (Q, F,(X)iz0, (P2 ):er) is a (conservative) diffusion pro-
cess (i.e., a conservative, normal, strong Markov process with state space E
and continuous sample paths) having transition probabilities (p;);=0. More-
over, (3.2) holds with u replaced by any other probability measure v on E.
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Proof. Equation (3.6) is proved by calculating the Fourier transform of P, o
(Xygs--»Xy) 7" (cf. [R 88b]). Indeed, let z € E, 0 < f) <1 < -+ < 1, < 00,
neN, [,...,1, € E*, and for xq,...,x, € E, define

f(x1,..,%,) = exp li 'iIE* (lj,xj)E] . (3.7)
iz

Obviously, it suffices to show that

[ f(Xeys-.n s X,,) AP,

= [ [ fGn X)) Py, Gne1,d%n) -+ Pry—r (X1, dX2) Py (2,dx1) .
(3.8)
By definition,

[ &Ko X)) dP, = [ f(X, — TEXo + Thz,.. ., X, — TEXo + Tfz)dP

= exp {i S el T§Z>E D, , (3.9)

J=1

where for a probability measure v on %(E) we set

D, := [ w(dxy)exp [iiﬁ*(lﬁTf’CO)E - D(xo) , (3.10)
=

where by induction for £k € {1,...,n}, if tp :=0=:1_,,

D(xo):= [ - [ py(x0,dx1) -+ pry—t, | (Xn—1,dXs)eXp [i > E*(lj,xj>5}
j=1

= [ [ Py G0 dx1) - Pry iy —t0—qerryy K1), AXn—k))

k=1

X exp [i 3 E*<ln_j,T,f_j, nkxn_k>E} -k (3.1D)
j=0

with ¢ € € only depending on #,,...,%4—k, lu, ..., In—k+1). Thus for & = n,
D(xp) = exp [i S exll), J}fxo)E} - Cp (3.12)
=1
and hence D, = ¢,, in particular, D, = D,,. But

exp [ZEE*UJ-, T§Z>E - D, = D(z) (3.13)
j=1

which is exactly the right hand side of (3.6). [J

Remark. 3.3. (i) A similar study of the corresponding Martin boundary as in
[R 88b,92] can be carried out in the more general situation of Theorem 3.2
above.
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(i1) Replacing € resp. (X;)r=0, in condition (3.2) by the set )’ consisting of
all cadlag sample paths on [0, 00) resp. X/ := X, on €, Theorem 3.2 (with the
same proof) obviously remains true in the sense that we obtain a conservative
normal strong Markov process M’ with merely cadlag sample paths. In Sect. 7
below we shall see, however, that in fact also in this case the sample paths
are continuous P,-a.s. for all z € E.

4 The general Gaussian case

Let H be a separable real Hilbert space and (7;);»o a strongly continuous
semigroup on H. Let (¢ ),>0 be a family of centred Gaussian strong cylindrical
measures on f, and let (B;);>¢ the corresponding covariance operators, i.e.,
B, ¢ #L(H*) for all ¢ > 0, such that

(D) = exp(=(1/2)|[Belll=), 1 €H", 120, CRY
Proposition 4.1 The family ()0 satisfies (2.7) on H* if and only if for all
e H*,

1Bisslpe = IBslFre = BT 7, 5.2 20 (42)

In this case, (t,1)— ||B/1||%« is continuous on [0,00) x H*, and Theo-
rem 2.5(i)—(iii) applies.

Proof. The equivalence is obvious by Proposition 2.2, and the proof of part
(i1) is a exercise in real analysis, so is included in the appendix. [

Remark. 4.2. (i) Let [ € H* such that (4.2) holds. Then ¢ — ||B,I||%+ is a
distribution function of some measure m' on Z([0,00)). If this holds for all
1 € H*, then (4.2) just says that the image measure of m’ under shift by s, is
exactly the measure m”s /. One should note the resemblance with the defining
property of additive functionals of Markov processes.
(i1) Note that Theorem 4.1 applies also if each 4, is even a Gaussian probability
measure on /. In this case (4;),>0 gives rise to a generalized Mehler semigroup
(2.1) on H.

We now want to apply Lemma 2.6(i) to gain some structural information
about (B,),30.

Proposition 4.3 Assume that (4.2) holds and that t — ||B,1||%. is differentiable
at t =0 for all 1 € H*. Then there exists C* € $(H*) such that for all
I € H*, (d/dt)||Bd|}x 1m0 = ||C*1||4~ and

t
|B |7 = [NC* T |} ds, £=0. (4.3)
0

Proof. Since the mapping that takes / € H* to (d/dt)||B,!||4x =0 = lim,_¢ |
(1/6)||B:1)|%+, is non-negative, satisfies the parallelogram law, and is defined
on all of H*, there exists C* € .#(H*) such that for all / € H*,

d *
2Bl b0 = IC™ 1|l . (44)
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It 1s not hard (cf. Sect. 8) to show that (4.2) combined with differentiability at
¢t =0 implies, in fact, that # — ||B,/||%. is absolutely continuous and so (4.3)
follows by Lemma 2.6(i). U

Invariant measures

Let E be a Hilbert space such that the properties in Corollary 1.4 are satisfied.
Let (4, )0 be a family of centred Gaussian strong cylindrical measures on H,
and (B;);=o be the corresponding covariance operators as above, and assume
that (4.2) is satisfied. Let (p:);»0 be the corresponding generalized Mehler
semigroup defined as in Theorem 2.5, which exists by Proposition 4.1. For the
rest of this section, we make the following crucial assumption

sup |B,1||%» < oo forall 1€ H*. (4.5)
t=0

Condition (4.5) is related to the existence of an invariant measure for (p;):zo0.
The proof of the corresponding theorem below is an adaptation of [DPZ 92;
Theorem 11.7] to our situation. We nevertheless include the proof for com-
pleteness.

Theorem 4.4 (i) Condition (4.5) holds if and only if there exists a probability
measure v on B(E), which is a strong cylindrical measure on H, and which
is invariant for ( p;)izo, i.e.,

[pfdv=[fdv forallt 20, f€ByE). (4.6)

(ii) If (4.5) holds, there exists a self-adjoint operator B € L(H*) such that
sup, - |B\s = ||BI||%» for all 1 € H*. Let u be the centred Gaussian mea-
sure on J(E) with Fourier transform

D) = exp(—(1/2)|BI3), 1€ E” (47

Then a probability v on B(E) is invariant for (p;)izo if and only if there
exists a probability measure ¢ on B(E) such that ¢ o(TE)™' =¢ for all
t20,andv=puxo.

Proof. We first note that for 1 = 0 and a probability measure v on #(E), by
an elementary calculation,

vpr=ve (vo(TF) Dxp=v
& F(TEY D) = 3(1) for all I € E* . (48)

(i) Now suppose that (4.5) holds. Since ¢ + [|B,I||%+, I € H* is increasing by
(4.2), it follows that there exists a self-adjoint B € £ (H*) such that

IBI||2 = Jlim |B:l||3« for all I € H* . (4.9)

Letting ¢ — oo in (4.2) we obtain

|BI||%« — | BT 1|2 = ||Bsll|3- forall I€H*, s=0. (4.10)
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Since H C E is Hilbert-Schmidt, there exists a probability u on #(E) satisfying
(4.7). Clearly, u is a strong cylindrical measure on H, and by (4.8),(4.10) it
is an invariant measure for (p;)izo.

Conversely, if v is a probability measure on #(E), which is a strong
cylindrical measure on H, satisfying (4.6), then the equation involving the
Fourier transforms in (4.8) extends to all of H*. Suppose / € H* such that
sup, s ol|B: |4+ = oo. Fix s € R\{0}. Then lim,_, fi,(s/) = 0. Hence by (4.8),
since ¢+ #(s(TF)*1) is bounded, ¥(s/)=0. Letting s — 0 it follows that
1 = 9(0) = 0. This contradiction proves (4.5).

(ii) The first part of the assertion was already proved above. To show the
second, let ¢ be as in the assertion. Then if v:= u=* o, obviously, since
GU(TEY y=2¢6(1) forall I€E* and ¢ Z 0,

F(TEY D, (1) = 9(1) for all I € E* . (4.11)

Hence v is an invariant probability measure for ( p;);>o by (4.8). Conversely, if
v is an invariant probability measure for (p;),>o, then by (4.8) for all [ € E*,

lim F(TE)" 1) = (1) exp(1/2)||BI|E-) - (4.12)

Since the right hand side of (4.12) is a function on E* which is continuous in
the Sazonov topology (cf. [VTC 87; p. 363]), by the Bochner-Sazonov theorem
(cf. [VTC 87; Chap. VI, Theorem 1.1]) the left hand side of (4.12) is the
Fourier transform of a measure ¢ on #(E). Clearly, oo (TE)™! = ¢ for all
t = 0 and the proof is complete. [

Remark. 4.5. (i) The existence of an invariant measure (which is strongly
cylindrical on H) imposes extra regularity on ¢ — ||B,!||%. via (4.10). For
I € D(4*), the map ¢ — || B3 is continuously differentiable with

d
EHB,ZH%,* = 2(BA*T/ BT D)+, t20, (4.13)

and so

t
|Bed||3+ = 2 (—BA*T;}1,BT; D)y ds . (4.14)
0

If the quadratic form (—BA*k,Bl)y+ + (Bk,—BA*[)y+ extends to all of H*,
then the square root of the corresponding generator would be exactly the C*
in Proposition 4.3 and we would be in that case.

(ii) Suppose that (4.5) holds. Since ¢+ ||B,/||%. is increasing, the derivative
in (4.13) must be positive. In particular, at ¢t = 0, we get

—(BA*1,Bl)g» = 0 for all / € D(4™). (4.15)

Conversely, if we are given B € £ (H™*) satisfying (4.15), then we may define
B, by the left-hand side of (4.10) and obtain a family (B,),=¢ which satisfies
(4.2) and (4.5). Thus any such B leads to a Gaussian generalized Mehler
semigroup with invariant measure u given by (4.7).
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5 Strong solutions for the associated stochastic differential equations on
enlargements

As is well-known, the Gaussian Mehler semigroups studied in the preceding
section arise as transition probabilities of processes solving linear stochastic
differential equations of type (0.1). Using Theorem 1.8 we can solve (0.1) in
a very strong sense on an enlarged state space E. This can be done even if
the diffusion operators are unbounded.

Let H be a separable real Hilbert space and (T} )z, (St)rz0 strongly contin-
uous commuting semigroups on H with generators (4,D(A4)) resp. (G, D(G)).

Theorem 5.1 Let C € L(H) and (CW,),»¢ be the cylindrical centred Gaussian
process on H having covariance (t A sY(C*hy, C*hy)y=, hi,ho € H*, 5,6 =2 0
(ie.,(CW,)=0 is the cylindrical Wiener process on H if C = identity). Let
E be a Hilbert space such that the properties of Theorem 1.8 are satisfied.
Then

(1) (CWy)izo is a continuous Gaussian process on D s cx.

(it) For each x € E, there exists a continuous Gaussian process (X[ )izo in E
which solves Eq. (0.1) (with GgC replacing C) in the following sense:

I
X =x+GECW, + AF (f)(g@) . (5.1)
0
It is given by
¢
X7 = TEx + GECW, + [APTE ,GECW,ds, t20. (5.2)
0

In particular, if x € D(AF), then (X)), takes values in D(A®) and A% can
be interchanged with the integral in (5.1).

Proof. Assertion (i) follows immediately from standard results about Gaus-
sian processes on Hilbert spaces, since the embedding H C Dk & is Hilbert-
Schmidt.

Therefore it remains to prove assertion (ii). Let # — F; be any continuous
map from [0,00) to Dy ge with Fo = 0. Define for x € E,

t
X[ =TEx + F,+ [AETE F.ds. (5.3)
0

Since A®TE F, = TE AFF,, the integrand is a continuous map with vales in
E. Hence 7+ X7 is continuous from [0,00) to £, and integrating (5.3) from
0 to ¢ we obtain by a simple computation

t t t
[XFds = [TExds+ [TE Fds. (54)
0 0 0

Hence f;XS" ds € D(4E), and we can apply 4% to (5.4). Since (4%, D(4F)) is
closed on E and s — TZ F, is continuous as a D(4%)-valued map, 4% can



Generalized Mehler semigroups and applications 213

be interchanged with the integral on the right hand side of (5.4), and so we
obtain

I3
XF=x+F+4° (sz"ds) . (5.5)
0
For each fixed w € (2, taking F; := GFCW/w) for t = 0 we obtain (5.1). O
Remark. 5.2. (i) Note that if

t
X, =x+GECW, + [4E X, ds, t =0 (5.6)
0

(where we assume implicitly that X; € D(4%) for all s = 0 and also x €
D(4%)), i.e. (X;)iz0 solves (0.1), then it is well-known and easy to see that
(Xy)e=o satisfies (5.2). Therefore, at least if x € D(4%), the solution in Theorem
5.1 is unique.

(i) In the situation of Theorem 5.1, the Gaussian strong cylindrical measure
vo on H whose Fourier transform is given by

Vo(l) == exp(—1/2||C*I|}}), 1eH*, (5.7)

extends to a Gaussian probability measure on Dz z. Let v denote the image
of this measure on E under the map GZ. Then by Remark 1.5

W) = exp(—1/2||C*G*1||%,.) for all I € D(GF)*). (5.8)

Hence by Sazonov’s theorem (cf. [VIC 87; p.363]) there exists a Hilbert—
Schmidt operator A* on E* such that

|C*G* 1|3« = |A*||3  for all [ € D((G®)*). (5.9)

(iii) A theorem corresponding to Theorem 5.1 can be found in [FD 95], but
their operators TZ, SZ were only p-measurable extensions of T, S, t > 0 (see
also [FD 91, 94]) which are not “true” semigroups.

Propesition 5.3 Consider the situation of Theorem 5.1 and let A* be as in
Remark 5.2(ii). Define Hilbert—Schmidt operators B,, t = 0, on E* by

t
I1B:dM3+ = [IA*(TEY l|ze ds, 1€ E™, (5.10)
0

and let (p)i=0 be centred Gaussian probability measures on E with Fourier
transform

f,(1) = exp(—1/2||B,||3), [€E*. (5.11)
Let (pi)iz0 be the generalized Mehler semigroup defined by
P () = (e fUTFx), x €E, f€B(E). (5.12)
Then for all f € B(E)
pf(x)=E[f(X)], x€E t=0. (5.13)

Proof. First note that (u,);>¢ satisfies (2.7) by Proposition 4.1, hence (p,);20
is indeed a generalized Mehler semigroup. Fix x €E, t = 0, and f € %,(F).



214 V.I. Bogachev et al.

We may assume that / = e’ for some / € Deye (gEy+- 1t is well-known that
by 1t6’s product formula, Eq. (5.1) can be rewritten as

4
Xi=Tix+ [TE d(GECW). (5.14)
0

Hence
Elexp{il(X)}] = exp{il(TEx)}E {exp {il ( Of TE a’(GECWS)> H . (5.15)
We now replace the stochastic integral by a Riemannian sum and obtain that
E [exp {il ( kz_jl TZ,, (G*CWy,, — GECWSk)> H

Efexp{s- (TE, Y"1, GECW,, ., — G°CW,,)p}]

—s

s

k=1

N

i

| 1emo{—(l/z)(sm —s)|GECT T 1|5}

1l

~ exp {—(1/2)}2 AT 1 (st — sk>} (5.16)

(cf. Remark 5.2(i1)). Consequently, taking the limit over partitions of [0,£],
and changing variables we get

Blexp{i10G) = exp {a(TF3) — /2 IAVT; 1 ds |
0

= exp{il(T/x) — (1/2)||B:!| 7+ }
= pif(x). (5.17)
Thus (5.7) is shown. [

Remark. 5.4. In Theorem 5.1 we solved (0.1) for a diffusion operator which
can be decomposed into a bounded operator on H* and a possibly unbounded
one, but which is a generator of a semigroup that commutes with the one
generated by the drift. In Sect. 7 below, using the theory of Dirichlet forms,
we shall construet a solution for (0.1) where the diffusion operator might not
have such a representation.

6 Associated generators and Dirichlet forms

Let H be a separable real Hilbert space and (7;);zo a strongly continuous
semigroup on H. Let (g )s=o be a family of centred Gaussian strong cylindrical
measures on H, and let (B;);»¢ the corresponding covariance operators. Let £
be a Hilbert space satisfying the conditions in Corollary 1.4. We assume that
(4.2) holds and let ( p;);=, be the generalized Mehler semigroup as in Theorem



Generalized Mehler semigroups and applications 215

2.5(iii). We also assume that (4.5) holds, and let u be the Gaussian invariant
measure whose Fourier transform is given by (4.7).

It follows from the p-invariance that (p;);>o gives rise to a contraction
semigroup (P;);z0 on L*(E; u). We can now calculate the generator (L, D(L))
on L*(E; 1) corresponding to this semigroup (P;);»o. Although the semigroup
(P:)iz0 acts on real L2-space, for computational convenience, we will apply it
to a space ¥ of complex-valued functions. To this end, define the following
subspace of complex L2(E; u),

j=

% = {u = Zn:ocj explil;] u-ae; n €N, [; € D((AE)"), o; € (E} . (6.1)
i=1

Let us define %’ to be the subspace of real L2(E; u) which is the linear span of
{sin(7),cos()| I € D((4%)*)}, and note that €’ is a subspace of 4. We also
recall (cf. Remark 1.5) that 4* = (4%)* on D((4%)*) C D(4*).

Proposition 6.1 ¢’ is dense in L*(E; u) and the generator (L,D(L)) of (Pr)zo
is the closure of (L,%'), where for u=¥}_a; explil;] € ¢,
Lu=7Yo; exp[ilj](i((AE)*lj) +(BA™1;,Bl;)y+) . (6.2)
j=1
Proof. From (2.1) and (4.1), for any / in E*, if u = exp[il], then
Pou = exp[i(TE )" Iexpl—(1/2)||B. |3+ (63)

Hence, if I € D((4%)*), then ¢ + P,u is differentiable in L? with (cf. (4.13))

%Pt(eXp[il]) = expli(T7" ) 1G((A7)" 1))exp[—(1/2)]| B: |3+ ]

+exp[i(T;")* 1] expl—(1/2)||B.2{ 3+ J(BA T} |, BT D= .
(6.4)

Thus, exp[il] € D(L) and,
L(expl[il]) = exp[il](i((AF)* 1) + (BA* 1, B])y~) . (6.5)

By linearity, (6.2) holds for all of &, in particular ¢’ is contained in D(L),
and Eq. (6.2) is valid there. Using a monotone class argument, it is not hard
to show and well-known that ¢’ is dense in L*(E; u). In addition, (77 )* maps
D((AF)*) back into itself, and so taking real and imaginary parts in (6.3),
implies that P, maps 4’ back into itself. Consequently, we can apply the core
theorem [ReS 75; X. 49], and conclude that L is equal to the closure of (L,%’),
i.e., L is uniquely determined by its values on €’. [J

We now calculate the corresponding quadratic form & on €' x %’. Let Lk €
D((AE)*) and u = exp[il] and v = exp[ik]. Then, since u is Gaussian, using
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integration by parts we obtain
f(~Luyvdp
= —i [((4%)* Dexpli(! + k)] dp — (BA™1, Bl [expli(l + k)] dp
= —(*(BA*L,B(I + k)« + (BA* 1, BD)y Yexp{—||B(I + k)||3;./2}
= (BA*1, Bk)greexp{— || B(I + k)| %+ /2} - (6.6)

On the other hand, «’ = ilu and v’ = ikv, where ', and v’ are the Frechet
derivatives of u and v on E. This gives (BA*u',Bv )y» = —(BA*l, Bk)g~uv,
and then by integrating this equation over £ we obtain

&(u,v) == [(—Lu)vdu = [(—BA* v, B0 )g=dp . (6.7)

By linearity, this holds for all of %, in particular for all «,v in the real space
€. O

Condition 6.2 There is a constant K so that for k,1 € D(A4*) we have
|(—BA*k, BD)g+|* < K*(BA™k, Bk)g~(BA™1,B)g~ . (6.8)

For the definition of a non-symmetric Dirichlet form we refer to [MR 92;
Chap. I, Definition 4.5].

Theorem 6.3 Under Condition 6.2, the form (£,%") is closable, and its closure
(&,D(&)) is a Dirichlet form satisfying the local property, that is,

ifuve D) and uv=0 u-ae., then &u,v)=0. (6.9)

Proof. Note first that, since (L,D(L)) generates a contraction semigroup or
because of (4.15), (&,%’) is positive definite. Condition 6.2 guarantees that
(&,%") satisfies the sector condition, and so by [MR 92; Chap.I, Proposi-
tion 3.3] it is closable. The generator (L,D(L)) of the closure (&,D(&)) i.e.,
the Friedrichs extension (L,%’), generates the L?-semigroup corresponding to
(&,D(&)). On the other hand, we already know that (L,D(L}), the closure
of (L,%’), generates a strongly continuous L?-semigroup and since (L,D(D))
extends (L,D(L)), these two operators must coincide. It now follows that the
semigroup corresponding to (&,D(&)) is, in fact, the semigroup (P;);z¢ that
we began with.

Formula (6.7) tells us how the Dirichlet form (&,D(&)) behaves on the
space %', which is the linear span of {sin(/),cos(!)|/ € D((4¥)*)}. The space
&' is useful for identification purposes, but for computations, the following
space (6.11) is more useful. Using fairly standard techniques in functional
calculus for Dirichlet forms [S 92], you can show that (&, D(£)) can also be
realized as the closure of

E(u,v) = [(—BA™Y BV Yy dp, uv€F (D45, (6.10)
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where
FCRDA ) ={f(hh,-... )|k €N, I1,.... 1 € D{(AFY"),
f € CP(RM}. (6.11)

To show the Dirichlet property we shall use [MR 92; Chap. I, Propositions 4.7
and 4.10]. So, let ¢, : R — [—¢,1 + ¢] be a smooth function such that ¢,(¢) = ¢
for all 1 €[0,1], and 0 £ @.()— @:(t1) <, — ) for {{ £ £». Then by the
chain rule, for all u € FC(D((4%)*)) we have ¢.(u) € FCL(D((45)*))
and

Eu+ @(u), uF @:(1)) = [(1£ o (u))(1 F o(u))(~BA™u , B )du 2 0,
(6.12)

by (4.15), since 0 < ¢, < 1. Hence [MR 92; Chap. I, Proposition 4.10] implies
that (&,D(&)) is a Dirichlet form on L*(E; u). The local property follows
immediately from [S 95; Proposition 2.3]. (O

Remark. 6.4. (i) For Lk € D((4%)*) and u := exp[il], v := exp[ik]

Jopudy = exp[(—1/2)||BI||%» Jexpl(—1/2)||Bk|[%+ Jexp[—(Bk, BT y+] .
(6.13)

Hence (p;)zo is symmetric on L*(E; 1) (or equivalently (&,D(&)) is a sym-
metric Dirichlet form), if and only if (k, 1) — (BE, BT, ])y~ is symmetric for
all ¢+ = 0. This situation has been studied in [BR 95]. Note that, in [BR 93],
By = /1 —-T;B for all t+ =z 0, where (7} );z¢ was assumed to be a strongly
continuous symmetric contraction semigroup on H*, which commutes with B.
(11} There is a result due to Fnhrman [Fuh 93] related to Theorem 6.3 above
proved in a different framework under more restrictive assumptions.

(ii1) Let (P,),>o be the dual semigroup to (P,);>0 on L*(E; u). Then the fact
that 4 is an invariant measure for (p,);»o (cf. Theorem 4.4) implies that 2,1
=1, ¢ = 0. Since each 7, is positivity preserving (because each P; is $0), we
obtain that (Pt),>o is sub-Markovian (ie., 0 < » < 1 implies 0 < Pu < 1
forall t 20, 0 £u <1 implies 0 < P,u <1 for all £+ = 0) as is (P/)izo
by definition. Hence (instead of the last argument in the preceding proof)
the Dirichlet property of (&,D(&)) also follows from [MR 92, Chap.1I,
Theorem 4.4 and Proposition 4.3].

7 Quasi-regularity, continuity of sample paths, and weak solations of the
associated stochastic differential equations via Dirichlet forms.

Let £, be as in Sect. 6, in particular, Condition 6.2 is assumed to hold. We
recall the following notions from [MR 92].

Definition 7.1 Let (&,D(&)) be a Dirichlet form on L*(E; ).
(i) An increasing sequence (Fy)ren of closed subsets of E is called an &-nest
i Upsi{u € D(E) | u =0 p-ae. on E\F, for some k € N} is caz":/z-dense in
D(&). Here &= &+ (, )2z, and &1 is its symmetric part.
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(ii) A subset N C E is called &-exceptional if N C (. F§ for some &-nest
(Fi)ren. A property of points in E holds &-quasi-everywhere (abbreviated
&-q.e.), if the property holds outside some &-exceptional set.

(iii) An &-q.e. defined function f:E — R is called &-quasi-continuous if there
exists an &-nest (Fi)ren so that f|g, is continuous for each k € N.

Definition 7.2 A Dirichlet form (&,D(&)) on L*(E; 1) is called quasi-regular
ift

(QRI) There exists an &-nest (Fy)reN consisting of compact sets.

(QR2) There exists an (gai/z-dense subset of D(&) whose elements have &-
quasi-continuous U-versions.

(QR3) There exist u, € D(&), n € N, having &-quasi-continuous m-versions
iy, n € N, and an &-exceptional set N C E such that {i, |n € N} separates
the points of E\N.

Now we are prepared to prove the first main result of this section. Let (p;);z0
and (&,D(&)) be as in Sect. 6. We also adopt the notation of Sect. 3.

Theorem 7.3 The following assertions are equivalent:

(1) Condition (3.2) holds.

(i) (po)ezo is the transition function of a (conservative) diffusion process.
(iii) Condition (3.2) holds with Q resp. X;, t = 0, replaced by the set QV of
all cadlag paths from [0,00) to E resp. X/ :=evaluation at t on &', t = 0.
(iv) (&,D(&)) is quasi-regular.

Proof. (1) = (ii): This is the last part of Theorem 3.2.

(ii) = (iii): Trivial.

(ili) = (iv): Since (p,)zo is Feller, it follows by [Dy 71; Satz 5.10] that
the normal Markov process M’ in Remark 3.3(ii) is strong Markov, hence a
right process. Clearly, M is associated with (&,D(&)) (cf. [MR 92; Chap. IV,
Sect. 2]). Therefore, using [MR 92; Chap. IV, Theorems 1.15 and 5.4 (including
Remark 5.5)} and also [MR 92; Chap. Ili, Proposition 2.11(i)} we conclude that
(QR1) holds. Hence (&,D(&)) is quasi-regular.

(iv) = (i): Since (&,D(&)) has the local property by Theorem 6.3 [MR 92;
Chap. V, Theorem 1.11] (see also [AMR 93]) implies that there exists a
diffusion process M=(Q, #,(X;)iz0, (P:x)xer) having (p;);z¢ as transition
semigroup. (Note that the lifetime { is identically equal to +o0, since p;1 =
1, t 2 0.) Hence P := [ Pyu(dx) satisfies (3.2). O

Remark. 7.4. (i) Note that if (&,D(&)) is quasi-regular, by [MR 92; Chap. V,
Theorem 1.11] there always exists a diffusion process such that for its transition
semigroup (p,);z0 we have that p, f is a &-quasi-continuous p-version of P, f
for all f € L*(E;u), t = 0. Theorem 6.3, however, implies that we can even
find “better versions”, namely (p;);»0 given by (2.1) and these {p;);»o are
even Feller.

(il) We emphasize that (&,D(&)) is not always quasi-regular and refer to
[BR 95; Example 6.6(ii)] for a counterexample. A sufficient condition for
quasi-regularity is given in the following proposition (cf. [BR 95; Proposition
6.5] for a special case of this).
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Proposition 7.5 Suppose that there exists ¢ € (0,00) such that (—BA*1,Bl)g~
< c|l ||§* for all I € D((A%)*). Then (&,D(&)) is quasi-regular. In particular,
this is always true for a Hilbert space E satisfying the properties in
Theorem 1.6.

Proof. We want to apply [RS 95; Theorem 3.4]. To this end, let /; €
D((4)*), j € N, such that ||/;]|;. <1 for all j € N, and ||z||; = sup; /,(z)
for all z€ E. Let ¢ € C;(R) such that ¢(0) =0, ¢ is strictly increasing,
and ¢’ is both decreasing and bounded by 1. Then pi(z,x) := o(|lz —x||z)
is a bounded metric on £ that is uniformly equivalent with the usual met-
ric p(z,x) = ||z — x||z. Let {x;|i € N} be a countable dense subset of E, and
define for 7,j € N

(@) = o(li(z — x1)) . (7.1)
Then f;; € F Co(D((AF)*)) for every i,j € N and
fii@) = o'z = x));, (7.2)

and so for all z € E,
sup(—BA™ f1;, Bf 1))+ = sup(e'(1(z — x:))Y(—BA* 1}, 1)+
LJ LJ
< el e (7.3)
Furthermore, for every fixed i € N

sup f5(2) = 0 (su_p LG - x,»))
J

J
= o(||lz — xil[£)
= pi(z,x;) (7.4)

for every z € E. Hence the conditions of [RS 95; Theorem 3.4] with I'*(u,v) =
(—BA*u' ,BV Y+, u,v € FCP(D((AE)*)) and h = 1, are satisfied and hence
(6,D(&)) is quasi-regular. To prove the last part of the assertion, let /, €
D((4%)*), n € N, such that [, — 0 in E* as n — co. Clearly, it suffices to
prove that 4*/, — 0 weakly in H* as n — co. So, let ] € H*, Then, if Ry:
H* — H denotes the Riesz isomorphism,

(AL, D = gx{A" 1, Ry D)
= p+{(4")* 1., Ry l)g
= g+ (L, A"Ryl)p
-— 0 as n— o0 (7.5)

where we used that, by construction in the situation of Theorem 1.6, we have
H c D(4%). [

Assumption 7.6 We assume from now on that one of the equivalent conditions
in Theorem 1.3 holds.
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Let M = (0, %,(X;}=0,(Px)xece) be the (conservative) diffusion process
introduced in Theorem 3.2. Since (p;);=¢ is the corresponding transition semi-
group, by [MR 92; Chap. IV, Theorem 5.1], M is properly associated (see
ibidem) to the quasi-regular Dirichlet form (&, D(&)). We intend to show that
under P, (for &£-q.e. x € E), (X;);=¢ solves an equation of type (0.1) where
(CW,;)izo will be a Gaussian process whose covariance is determined by a not-
necessarily bounded linear operator C* on H*. This operator exists by virtue
of the sector condition (6.8) and is defined as follows:

Let

g(k, 1) := 2(—BA*k,Bl)g~, k1€ D(A*). (7.6)

Then, since B is bounded on H*, it is known (e.g. by [MR 92; Chap. I, Propo-
sitions 3.3 and 3.5]) that (¢,D(4)) is closable and the closure (¢,D(q)) is a
closed coercive form. Therefore, its symmetric part (§,D(q)) is also closed.
Let (Cy,D(Cy)) be the corresponding self-adjoint operator, i.e., the unique
negative definite self-adjoint operator on H* such that D(C;) C D(q) and
Gk, 1) = (—C1k, D)y+ for all k € D(Cy), I € D(g). Define C* :=+/—C;. Note
that C; is negative definite by (4.15), that D(4*) C D(C*), and that

(C*1,C*D)ype = 2(—BA™1,Bl)y~ for all 1 € D(A™) . (1.7)

For [ € E* set
ui(x):=p={Lx)p, x€E. (7.8)

Note that for / € E*, [u}du = ||BI||}«, and hence u; € L*(E; p). Moreover,
we have

Lemma 7.7 Let [ € D((A®)*). Then u; € D(L) and Lu; = uy+).

Proof. We will approximate u; with the trigonometric function u, := nsin(u;/n).
Elementary calculations show that (x — nsin(x/n))* < x®/(36n*) for all x € R.
Thus, we obtain

[ (wi(x) — ua(x)) u(dx) < (1/36n")) [ui(x)®u(dx) — 0, (7.9)
E E

as n — oo, since p is Gaussian and [ u®du < oo. Furthermore, taking imagi-
nary parts in (6.5) shows that u, € D(L) and that

Lu, = cos(u;/n)(ug=;) + (1/n) sin(u;/n)(—BA* [, Bl )y~ . (7.10)

Taking the limit as » — oo shows that Lu, converges to u,«; in L*(E; u), and
since L is a closed operator, the result follows. [

Proposition 7.8 Let [ € D((4%)*). Then for §-qg.e. x € E we have Py-a.s. that

t
wi (X)) — ui(Xo) = M + [ ugi(Xs)ds, 20, (7.11)
0

where (Mt[ul])[;() is a martingale additive functional of finite energy (cf. [Fu
80; Sect. 5.1, Sect. 5.2]) resp. [MR 92; Chap. IV, Sect.2]). Furthermore,
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(M), = || C* 1|3t 2 0; in particular, (M{V)sq is a (time-scaled) one-
dimensional (% ):=o-Brownian motion starting at zero, where (F;)i»¢ is the
minimum completed admissible filtration corresponding to M (cf. [Fu 80;
Sect. 4.1]).

Proof. This follows by [MR 92; Chap. VI, Theorem 2.5] and [Fu 80; p. 138].
Since (&, D(&)) is quasi-regular, by [MR 92; Chap. VI, Theorem 2.5], the last
part is proved in exactly the same way as Proposition 4.5 in [AR 91]. [

For the rest of this section we assume that £ is as in Theorem 1.6. In particular,
we know that u(D(4%)) = 1 and that Assumption 7.6 holds. Set

Afx =0 if x € E\D(4F). (7.12)

Theorem 7.9 Let E be as in Theorem 1.6. Then there exists a map CW: Q —
C([0,00)) such that for &-g.e. x € E, under Py the process CW = (CW,),»q is
an (F )izo-Brownian motion on E starting at zero with covariance ||C* - ||
such that for &-q.e. x € E,

t
X, =z+CW,+ [45(X;)ds, t =0, Prae. . (7.13)
0

Proof. Since y is a mean zero Gaussian measure on D(4?), we know by
Fernique’s theorem (cf. [Fe 70], [Fe 75; Théoréme 1.3.2]) that [, ||4%x|i%u(dx)
< oo. Thus, the result is proved in exactly the same way as Theorem 6.10 in
[AR 91]. O

Remark. 7.10. (i) Equation (7.13) says that M solves (0.1) weakly (in the
sense of probability theory). The reader is warned that (7.13) does not imply
that (X;);=0 takes values in D(4%), but merely that for &-q.e. x € E, and for
Pi-ae. w € Q, Xy(w) € D(4F) for ds-a.e. s € [0,00) (cf. the proof of Theorem
6.10 in [AR 91]). Therefore, (7.13) in general cannot be rewritten in the form
(5.2) (cf. Remark 5.2(i)). In particular, in contrast to the process given by (5.2),
the process (X;);»o in (7.13) is maybe not adapted to the filtration generated
by (CW:)e=o-

(ii) By Proposition 6.1 the solution constructed in Theorem 7.10 is unique (in
the weak sense). This follows by [AR 95; Theorem 3.5]. We also refer to [AR
95] with respect to the definitions of “uniqueness” in this case.

(iii) It follows from Theorem 7.9 that (CW;);z¢ has nuclear covariance on
E*. Since by the continuity of its sample paths (X;);z¢ is predictable with
respect to (& ,);»o, it is then easy to sece that it is in fact a “mild solution”
to (0.1) (resp. (7.13)) in the sense of [DPZ 92]. In particular, (X;);»¢ can be
expressed in terms of a stochastic integral with respect to (CW,),»o and the
filtration (% ,)r=o0.

(iv) To solve (0.1) (with given C and 4) using the above scheme one has to
find B € £ (H*) such that (7.7) (which essentially is an analogue of condition
(d) in Theorem 4.1 in [ZSn 70]) and (6.8) hold. Then one obtains (B;),;»0
from (4.14) (with (7;);z0 being the semigroup generated by 4 on H) and
(4.2) automatically holds. Hence Proposition 4.1 and Theorem 4.4(ii) provide
us with a generalized Mehler semigroup (p;);»¢ with invariant measure p to
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which all results in Sects. 6 and 7 (in particular, Theorem 7.9) apply to give
a solution of (0.1) on the space E constructed in Theorem 1.6.

8 Appendix

Lemma 8.1 Let H be a separable Hilbert space and (I;);z¢ be a strongly
continuous semigroup on H. Suppose that (B;),»o is a family in ¥ (H) that
satisfies

VBewslly — IBsH|y = BTl foralls,t 20, l€H.  (81)

Then the map (t,1) — ||B.||% is continuous on [0,00) x H.

Proof. We first show that g(¢) := ||B,!|| is continuous on [0,c0) for each
fixed / € H. By (8.1) we see that g is increasing, and so for each / € H, and
I7>0
sup [|B,/||wr = [|Brlflr < o0, (82)
0<<T

which, by the uniform boundedness principle, means that

sup ||Bll. gy =:¢1 < 0. (8.3)
0StST

Similarly, by the strong continuity of (7}),z¢, We get supoélérllT,H #H) =!
¢y < 00. Define a family (f;)o<;<7 of real-valued functions on [0,77 by

Jis) = [Buslly = IBsllF, 0S5 ST (84)
Then using (8.1) we see that for 0 < ¢t < T and 0 £ 5,u £ T we have
|fds) = fe)] = BTl — BTl
= (|B:Tslller + 1B LAl |1B Tl | — [|Be Tl |||
< Qee)allllal sl — Tl
< Qe [l Tona(Tu—s) — DI|a
< QADNNall(Tums) — Dler - (8.5)

Because of the strong continuity of (7});z¢, (8.5) shows that (f,)o</<r 1S
equicontinuous on [0, T']. Now for each s € [0,T], as ¢ | 0 we have fi(s) —
g(s+) — g(s) =: f(s). By Ascoli’s theorem the convergence 1s uniform and so
/ is continuous. But ¢ is increasing and so f is equal to zero, except possibly
at countably many points. Thus f =0 and g is right-continuous on [0, T].
Since T is arbitrary, g is right-continuous on [0,00). Similarly, consider the
family (h:)o<i<yr in C([1/T,T]) given by

h(s) = fils—t) = By — |Bs—illlZ, YT <s<T.  (86)

As before, (h:)o<:<1/r is equicontinuous and converges pointwise to A(s) :=
g(s) — g(s—) as r | 0. As before, A = 0 and so g is left-continuous on [1/7, T'].
Since T is arbitrary, we conclude that g is left-continuous on (0, c0).
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Now consider the family of continuous functions (g;)o<,;<r defined on H
by g.(1) = ||B.!||}. We have

lg/(1) = g:(k)| < il )l + Nkl — |z (8.7)

and so the family is equicontinuous at each point in H. Let £, — ¢ € [0, T] and
I, » 1€ H and let K be the compact set K := {I;,l5,...} U{l} C H. Since,
by the first part, g,,(/) — ¢,(/) for all / € H, the Ascoli theorem says that the
convergence is uniform on compact sets. In particular, for ¢ > 0 there exists
N so that if n = N, then

sup |9, (k) — g:(k)| < &. (8.8)
kek

For n = N, then
96, (1) = g:(D| = 195,(1n) — g(1n)] + 19:(1n) — g(D)]
e+ 1g/1n) — g:(D)| - (8.9)

Thus limsup,_, ., |9,,({z) — g:(1)| < ¢ by the continuity of g,. Since ¢ is arbi-
trary, g,(In) — g:({) which establishes the joint continuity. ]

IA

lIA

Lemma 8.2 Let H be a separable Hilbert space and (T;);»o be a strongly
continuous semigroup on H. Suppose that (B,),;zo is a family in S (H) that
satisfies (8.1). If the map t — ||B/1||% is differentiable at zero for all | € H,
then t — ||B/||% is continuously differentiable for all 1 € H.

Proof. Fix I € H and define g(¢) := ||B,!||%. Dividing (8.1) by # > 0 and let-
ting ¢ | 0 shows that g is also right differentiable at s with

Dg(s) = lim (DIBAT D = IIC* (LD - (8.10)

By assumption ((1/6)[|B/||%)o<:<1 is bounded for each ! € H, so the uni-
form boundedness principle says that sup,<,<;||B:/vV| ¢@) =: ¢ < co. Thus
the family of functions f,(/) := (1/¢)||B:1||4 for 0 <t < 1 is equicontinuous
on H, and so the convergence f(I)— ||C*I||% is uniform on compacts. To
check left differentiability, consider 0 < 7 < s, and look at the ratio

1Bs 21 — [1Bs—:!1|7
t

1
= BTl (8.11)

For fixed s > 0, / € H the set K := (Ts_,/)o<:<s is compact. So for any & > 0,
there exists 0 < £y < 1 so that ¢ < #p implies

sup [(1/0)|1Biklizr — [|IC*k[7] < e (8.12)
keK

For such ¢ we have,
[(/DIBATe— DI — ICH(T D]
< NCH (T Dl = IC (LD + ¢
< 2| N Tomel — Tylllm + 5. (8.13)
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This implies that

fimn sup [(OIBATs— D3 — IC*(TD| < &, (8.14)

and since ¢ is arbitrary, we conclude that the left derivative D~ g(s), is also
equal to ||C*(T,1)||%. This shows that, in fact, g is continuously differentiable.
i
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