Probab. Th. Rel. Fields 85, 425-447 (1990) oae
Probability
Theory fl:ilated Fields

© Springer-Verlag 1990

A recurrence criterion for Markov processes of
Ornstein-Uhlenbeck type

Tokuzo Shiga

Department of Applied Physics, Tokyo Institute of Technology, Oh-okayama, Tokyo,
152 Japan

Received May 2, 1989; in revised form November 2, 1989

Summary. A Markov process of Ornstein-Uhlenbeck type was introduced

in [5] as a Markov process on R? generated by a Lévy process generator
d 4

. J . . . .
plus a drift term — ). Y Q Xk with the matrix Q =(Q;,) having eigen-
X;
j=1k=1 J

values with positive real parts. A criterion for positive recurrence of processes
of this type was given by Sato-Yamazato [5]. This paper gives a criterion
for null recurrence and transience by a integral condition involving the Lévy
measure in the case of one dimension. Multi-dimensional cases are also dis-
cussed.

1. Introduction

Let M, (R% be the totality of real d x d matrices whose all eigenvalues have
positive real parts. For Qe M, (R%) an Ornstein-Uhlenbeck process is defined
as a diffusion process (2, %, %, EB,,X,) on R% whose sample path is governed
by the following equation:

t
X,=x— | QX,ds+B,, (1.1)
(4]

where xeR?, and B, is a d-dimensional standard Brownian motion defined on
a complete probability space (Q,%,P). Then it is well-known that for every
xeR? the distribution of X, converges to a Gaussian distribution as ¢ — co.
Next let us consider a generalized version of the equation (1.1) taking account
of a process with homogeneous and independent increments (which we call
a Lévy process) in place of B, in (1.1).
Let A, be a Lévy process on R? whose characteristic function is given by
E(e**)=expto(2), (1.2)
oz, z)

)=~ +i<zmy+ | (ef<Z’X>—1— iif’lj:li)p(dx) (1.3)
R4
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where a=(2;;); <; j<4 1S @ symmetric, non-negative definite and real matrix,
melR?, and p is a measure on R? satisfying that p({0})=0 and the integrability
condition

Rfd Toa7 L:lez pdx)< + oo. (1.4)

For given Qe M . (R“) and 4,, let us consider the following equation:
t
X,=x—[ 0X,ds+A,. (1.5)
¢

As easily seen, the equation (1.5) has a unique solution, and the solution defines
a standard Markov process (2,%,%,,E,.,X,) taking values in R?, which we call
a process of Ornstein-Uhlenbeck type (shortly, a process of OU type) following
[5].

Such a class of Markov processes were introduced by Wolfe [8] in one
dimensional case, and by Sato & Yamazato [5] in multidimensional case, which
are paid attention by a fact that every operator-selfdecomposable distribution
appears as a limit distribution of a process of OU types as t — co. In particular,
they proved the following results.

Theorem 1.0. ([5]) Let p,(x,dy) be the transition probability of a process of OU
type (Q,F, %, P.,X,) associated with a Qe M . (IR and (1.5). Suppose that
[ loglx|p(dx)< +c0. (1.6)

x|z 1

Then there is a Q-selfdecomposable distribution u such that p(x,dy) converges
weakly to u as t — oo for every xeIRY.

Conversely, if the condition (1.6) fails, then

lim sup p,(x, B)=0 forevery bounded subset B.

T o X

As a next stage it is an interesting problem to find a criterion for the process
to the null recurrent and transient in terms of Lévy measure. Concerning this
problem it is to be noted that in the final section of [5] some examples of
one dimensional processes of QU type are given that are null recurrent and
transient.

In the present paper we settle the recurrence problem in the one dimensional
case, and we will also discuss it in certain multidimensional cases.

Throughout this paper we will adopt the following definition of recurrence
and transience.

Definition. Let (2, %, %,,P,, X,) be a Markov process of OU type on IR? associated
with a Qe M , (IR% and (1.5). We say that the process (2, %, %, B,, X} is recurrent
if there exists an acIR? such that

P(lim inf| X,—a|=0)=1. 1.7)
It
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On the other hand we say that the process (2, %, %, B., X,) is transient if

P(lim |X,|=+w)=1 forevery xeR% (1.8)
t—> 0

We remark that for a process of OU type (Q2,%,%,,P.,X,), it always holds
that

P.(limsup | X,|=+o)=1 forevery xeR?, (1.9)
>0

unless A, is a deterministic process, i.c. A,=ht for some b.
In one dimensional case the equation (1.5) turns to

t
X,=x—y [ X,ds+4,, (1.10)
[¢]

where xelR, 7 is a positive constant, and 4, is a one dimensional Lévy process
with the characteristic function

E(e* ) =expto(z), (1.11)

o(z)= —L52+ibz+ j (€""*— 1 —iza(x)) p(dx), (1.12)

where =0 and b are real constants, a(x)=x if |x|=£1, a(x)=0 otherwise, and
p is a measure on R satisfying that p({0})=0 and the integrability condition

[ min{|x|?, 1} p(dx)< + o0, (1.13)
R

Let (Q, &, %, P., X,) be the process of OU type taking values in R associated
w1th (1 1 ) We remark that if A, is not deterministic, the Markov process (£,
Z,, P, X,) is irreducible in the whole space R except the following two cases:

1
=0, p(—0,0)=0, and 0=c,=| xp(dx)<+ oo, (1.14)

0

0

=0, p(0,+0)=0, and 0=c_= | |x]p(dx)<+c0. (1.15)

-1

On the other hand, in the case of (1.14) (or (1.15)) the Markov process is irreduc-
ible in (b—cy)/y, +0) (or (—oo, (b+c_)/y)) since A4, has no downward (or
upward) jump.

Our main result of this paper is the following.

Theorem 1.1. A one dimensional process of OU type (2, %,
by the equation (1.10) is recurrent or transient according as

%,,P.,X,) governed

Pl - 2
fdz;exp(—fg’)_y—dy)=+oo or <+ o0, (1.16)
0

z
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where
L= | (1—e?Mp(dx) (1.17)

Ix[z1

The proof of transience is based on Fourier analysis method, that is quite
standard. On the other hand for the proof of recurrence we first prove it under
the assumption that A, is an increasing and pure jump 1Lé&vy process by making
use of an explicit formula of Laplace functional of a hitting time distribution
for any point. For general case it can be reduced to this case. Theorem 1.1
will be proved in section 3.

In section 4 we discuss several classes of multi-dimensional cases. Let
(Q,F,%,P.,X,) be a Markov process of OU type on IR associated with a
QeM ,(RY and (1.5). Under some restrictive assumption on Qe M (R% and
the Lévy measure p, we obtain a recurrence criterion for the process of OU
type (2,7, %, B, X).

For instance We will prove

Theorem 4.3. Suppose that

Q:(ij)1§i,j§d €M+(]Rd) (1.18)

is symmetric, and the Lévy measure p of A, is rotation invariant, i.e. p(O(E))=p(E)
for every Ee@(]Rd) and every orthogonal transformation O: R* -R*. Then the
process (2, F, #,, B, X)) is recurrent if and only if

7 en(- {4 a) o a2

r
where y is the minimum eigenvalue of Q, and

By= | (—e7khp@x). (1.20)

|xi|=1

Let (Q, 7,4, P,X,) be a process of OU types on R under the situation
of Theorem 4.3. If the process (Q,%,%,,P.,X,) is transient, then the integral
of (1.19) is convergent, hence “one-dimensional transience” occurs. Namely, since
for any eigenvector e associated with the minimum eigenvalue y of @, the one-
dimensional projection process (X,,e> is also a one-dimensional process of
OU type associated with y and the Lévy process {4,,e) hence it follows from
Theorem 1.1 that

P.(lim [<X,,ed|= +o0)=1 holds forevery xeR"
t—> o

This phenomenon is a special character of the processes of OU type unlike
Lévy processes.
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2. Preliminaries

We begin with summarizing some preliminary facts following [5]. Let G be
an integro-differential operator defined by

d

6f(9=4 3 2uDDuf (+ T mDyf 09+ | (f(x+y)—f(x)

jk=1 j=1
d
Jk=1
where D; stands for partial derivative in x;, (m)eIR" 0=(Q;)eM . (R,

o= (o;;) 18 symmetric and nonnegative definite and o 1s a measure on R satisfy-
ing that p({0})=0 and

x|?
) T

———— pldx)< + . (2.2)
Ra !
We consider G as acting on C? functions defined on R? with compact supports.
Let Co(R? be the Banach space of continuous functions vanishing at infinity
with the supremum norm. Then G has the smallest closed extention in the
Banach space C,(IR¢), which is the infinitesimal generator of a Markov semi-
group T,. Furthermore, it is casy to see that for the solution X, of the equation
(1.5) with Xy=x,

TLf()=E(f(X)) forevery feCo(R). (2.3)

Thus, corresponding to the Markov semigroup 7,, we have a Markov process
(Q,F,%,P,,X,) taking values in R? which is called a process of OU type associat-
ed with Qe M , (IR and (1.5).

Lemma 2.1. (cf. [5], Theor. 3. 1) Let p,(x, *) be the transition probability of the
process of OU types (Q, &, %,, B., X,) associated with Qe M . (R%) and (1.5).

Then the characteristic function of p.(x, ) is
t

Pi(x, z)=exp (i {x,e 2>+ j e % 2) ds), (2.4
0

where @(z) is given in (1.3) and Q* stands for the transposed matrix of Q.

Lemma 2.2. Let X, be the solution of the equation (1.5) associated with a
QeM , (R?, a Lévy process A,, and the initial condition X,=x. Then X, has
the following decomposition:

X, =Y+Z, (2.4)

where Y, and Z, are two processes independent of each other such that (i) Y,
is the solution of (1.5) with the Q and a Lévy process A, of pure jump type and
Y, =x, and (ii) Z, is the solution of (1.5) associated with the Q and a Lévy process
Af such that Z,=0, and the distribution of Z, is convergent as t — 0.
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Proof. Use the Lévy-Ito decomposition to decompose 4, into
A=A+ A7 (2.5)

such that A4, and A; are independent of each other, A4; is a Lévy process of
pure jump type, and A; is a Lévy process with the Lévy measure satisfying
the condition (1.6). Let Y, and Z, be the solutions of (1.5) with the same Q,
the initial conditions Y,=x and Z,=0, and with A; and A4, in place of A4,
in (1.5) respectively. Then by Theorem 1.0 it is obvious that Y, and Z, satisfies
the requirements (i)—(iii).

Let «>0. For a measurable subset B of R, and a positive measurable func-
tion f on IRY, set

R, (x, B)—j'e “p(x,B)dt, and Raf(xszaxdy)f(y). (2.6)

Lemma 2.3. Let (Q,%,%,,P.,X,) be the process of OU type associated with a
QeM,(RY% and a Lévy process A,. Then there is an ry>0 such that for every
r=rg and every a>0

inf R,(x, B,)>0, (2.7)

xeB,

where B,={xeR*: |x|<r}.

Proof. Let xeIR? be fixed. Using the decomposition of X,=Y,+Z, in Lemma 2.2
together with Theorem 1.0, we will show that there are constants t,>0 and
o > 0 satisfying that

Iilnf P(X,=r)>0 forevery t>t, and r>r,, (2.8)

which yields (2.7). Clearly
P(Y,=e '2x)=P(A,=0forall se[0,t])>0 (2.9)
for every t =0. Qe M (R%) implies that for some a>0 and b>0,
le7x|<ae ®|x| holdsforevery >0, (2.10)
hence by (2.9) we have a ¢,>0 such that
P(Y|E]x|/2)>c, forevery xelR (2.11)

On the other hand, by Theorem 1.0, Z, has a limit distribution as t — co, from
which and together which (2.11), (2.8) follows.

Next we present a criterion of recurrence and transience for the process
of OU type in terms of the transition probability.

For a measurable subset B of R?, the hitting time of B is defined as usual;
og=inf{r=0: X,eB} if { - } £ ¢, 65= + oo otherwise.

Theorem 2.4. Let (Q,F,%,,P,,X,) be the process of OU type associated with (1.5),
and let p,(x, dy) be its transition probability. (i) If for some xeR?, it holds

Ro(x,B)< + o0  for every bounded subset B of R’, (2.12)
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then (2.12) holds for every xe R? and the process (Q, % ,%,,P,,X,) is transient.
(i) If for some xeR* and aeR, it holds

Ro(x, U=+ o0  for every open subset U containing a, (2.13)

then the process (Q, % ,%,,P.,X,) is recurrent.

(iii) Furthermore, if the process (@, %,%,, P., X)) is recurrent, then there is an
acR? such that (2.13) holds for every xeR%.

Proof. We first claim that for any Lipschitz continuous function f on R? there
is a constant C >0 satisfying that

IR, f(x)—R,fWIZC|x—y| forevery x,yeR? and «>0. (2.14)
Denote by X, and Y, the solutions of the equation (1.5) associated with the
common Q and A, and with X,=x and Y,=y. Then, clearly X,— Y,=¢ " "2(x—y),
so using (2.10) we easily obtain (2.14). The first part of (i) is obvious by (2.14).
For the latter half of (i) we use Lemma 2.3. By the strong Markov property

Ry(x, B)Z P (05, +c0) inf Ro(y, B,). (2.15)

vl=r

Hence from (2.7), (2.12) and (2.15) it follows that for any sufficient large » >0
lim B(05,(0) < +co)=lim | p,(x,dy) B(o5, < + )
< consn‘:.dtlim { p:(x,dy)Ry(y, B)
o pa
=0, (2.16)
which implies g(tlirg |X,|= +o0)=1 for every xeR"

(ii): Let U be a bounded open set containing a, and f=0 be a C? function
supported in U with f(a)> 0. By the strong Markow property

R f(x)=E (e "R, f(X,,)), 2.17)
hence
(1 - Ex (e 716(])) Raf(x) = Ex (e —aaU(Raf (Xa'u) - Raf(x)))
=Csup R, f(y)—R.f (). (2.18)
yelU
Using (2.13) and (2.14), we have
Poy<+o0)= lin(l) E.(e”*v)=1 forevery xeR" (2.19)
From this it is easy to see
P(liminf|X,—a|=0)=1 forevery xelR, (2.20)
t—> oo

thus we conclude the recurrence of the process (Q,%,%,P., X,).
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(iii): Suppose that the process (Q,.%,%,P.,X,) is recurrent. If the conclusion
of (iii) fails, then for every acR¥, there exists a bounded open set U containing
a such that Ry(x, U)< + oo for some x, but by (2.14) it holds for all x. This
implies the condition (2.13), so the process (Q, %, %, P,, X)) is transient, complet-
ing the proof of (iii).

Next we show that the definition of recurrence in this paper is equivalent
to the usual recurrence notion.

Theorem 2.5. Suppose that the Markov process of OU type (2, %, %, ,P.,X,) is
recurrent, and that for a point beR?,

P(oy<+o0)>0  forevery open set V containing b and every xeR%. (2.21)
Then it holds that
P.(liminf|X,—b|=0)=1 forevery xeR% (2.22)
t— oo

Proof. By Theorem 2.4 (iii) there is an a such that (2.13) holds. Let V be an
open set containing b. By (2.21) it holds that for every x there is an r>0 such
that

fr ps(x, V) ds>0. (2.23)
1]

But using the Feller property of T, one can see that for every bounded open
set U containing a, there is an r >0 such that

intf; | ps(x, V)ds>0. (2.24)
xe 0

Hence by (2.13) and (2.24)

ool

rRO(x7 V)g fdu(u/\r) pu(xo V)= j J ps+z(x: V) dsdt
0 g 0

= lnf j ps(yn V)dSRO(X, U)
yeUG

=+o0 forevery open set ¥ containing b. (2.25)

Accordingly by Theorem 2.4 (ii) the proof of Theorem 2.5 is complete.
Finally we present an elementary lemma which will be often used.

Lemma 2.6. Let g: [0, 1710, +o0) be a contionuous function. Suppose that
(a) g is a C* function on (0, 1) satisfying g(0)=0, (b) for some c;>0 and c,>0,
¢  £g' (W Zc, for every 0<u<1, (¢) ug” (u) is bounded in 0 <u<1. Then

lcosug

(1) sup is bounded inuz=1.

12rz1/u

r

(i) Let p be a measure on R satisfying | (1 Alul) p(du)< + 0.
R
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Then | 7)} | p(du)(e™ =0 —cos ug(y)) is bounded in 0<r<1.
R

¥

Proof. For (i), use inegral by parts to get

f cos ug(y) J

sinug(l) sinug(r)
ug(l)  urg'(r)

j g’ () +g W

<
= u(yg' ()

2

which is bounded in u=12r with ru=1 by the assumption.

(ii):
1
sup f § p(du)(e™ ™5 —cos ug(y))
O<r<1lyg R
1 A(1/}ul)
<[p@w [ im0 _cosugly)
R 0

+ | p(du) sup

lujz1 1zrz1/ju}l,

t e—]ulg(y)_.cos ug(J’) dyl
) .

Use the inequality: |e™* —cos x| <2|x| to show the finiteness of the first term.
Moreover, using (i), one can easily see that the second term also is finite.

3. Proof of Theorem 1.1

Let (Q,%#,%#,,P.,X,) be the one dimensional process of OU type associated with
the equation (1.10). For simplicity we will henceforce assume y=1 since other
cases can be reduced to this case by changing the other parameters. Let us
denote by p,(x, -) the transition probability of (Q,%,%,B,,X,). Then by Lem-
ma 2.1 the characteristic function of p,(x, *) is

ﬁ,(x,z)=exp(ixze"+jt(p(e_sz)ds), (3.1
0

where ¢(z) is the one of (1.12).
We first prove Theorem 1.1 under the following situation:

1
a=p(—00,0)=0, and [ xp(dx)=c<+co. (3.2)
0
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Then the Lévy process 4, has no downward jump, so that the Markov process
(Q,7,%,,B., X, 1s irreducible if we take (v, + 00) as its state space, where v=b—c.
Note that in this case G of (2.1) turns to

Gf (x)=(—x)f"(x)+ io(f(x+Y)—f(X))p(dy)- (33)

For the associated process of OU type (Q,%.,%#,,P.,X,), denote by o, the
hitting time of {a}, i.e. 6,=inf{t=0|X,=a} if {- } + ¢, and o,= + 00 otherwise.
We use the following formula hitting time distribution due to Hadjiev [2].

Theorem 3.1. ([2]) Assume the condition (3.2). Then for every A>0 and every
x=za>uv,

}O dzz* ' exp ((v—x)z+ f ﬁ;y) dy>
1

E (e~ =2 - , (3.4)
{dzz*"t exp((v—a)z+ ) E;—y)dy>
where ’ 1
pO)= | (1—e ) p(dx). 3.5)
0

In order to make the paper selfcontained we here give a simple proof of
Theorem 3.1 in the present context.
Lemma 3.2, Let g,(z)=z" texp (j !%

dy) for 1>0, and denote its Laplace
1

transform by f,(x)= | e*~¥%g,(z)dz for x>v.
0
Then f,(x) is a decreasing C*-function on (v, + 00) vanishing at infinity, and
satisfies the following equation:

—x)f"(x)+ }o (fx+Y)=f (X)) pdy)=2Af(x)  for x>v. (3.6)

Proof. By (3.2) it follows that for every ¢>0 we have a constant C,>0 such
that

PO)SC,+ey. (3.7)
Using this one can easily see that f;(x) is well-defined. Next show that

zg3(2)=(A—1+p(2) gu(z), z>0, (3.8)

which implies that f;(x) is a solution of the equation (3.6).
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Proof of Theorem 3.1. Apply the Dynkin formula to get

Em*mﬂmagwhﬁm+m(?e*mmeumxmg

=f;(x) for x=g, (3.9)

here we used Lemma 3.2 and (3.3). Note that if x >a, then X,>a and f,(X,) <f,(a)
for any t<o,, because X, has no downward jump. Letting ¢t — oo in (3.9), we
obtain

Jalx

BT

for x=a,
which yields (3.4).

Theorem 3.3. Consider the process of OU type (Q,% ,%,,P,,X,) under the condition
(3.2). Then the process (2, % ,%,,F,,X,) is recurrent or transient according as

1

fdz exp( §p(y)dy> or < +oo. (3.10)

0

where j(y) is the one defined in (3.5).

Proof. Let a>v. Using (3.7) one can easily see that

wd Zz x
j7zexp<(v—x)z j% )<—|—oo forevery x=a. (3.11)
1 1

Furthermore, if the integral of (3.10) is divergent,

jl dzz*1 exp((u—x)z—l— ~fzi(y—)dy>
lim ° LV Ty (3.12)

2lo0 1

[dzz* exp((v a)z+§ p;y) y)

Hence by (3.4) we have that for every a>v

B(o, <+ oo)=£ifré E (e *9)=1 forevery x=a, (3.13)

which implies

P(liminf|X,—v|=0)=1 forevery xelR. (3.14)
o0

Thus we see the recurrence of the Markov process (2, %, %,,P., X,).
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}odzz exp((v—x)z+f 0] dy)
B (0,< +o0)="% Y T (3.15)

Conversely if the integral of (3.10) is convergent, by (3.4)

\_/

{dzz™ exp((v-a)z-{—j (y)
0]
if x>a,and lim P(o,< + c0)=0.
Here note that (3.15) implies
J loglx| p(dx)= + oo,
[xfz 1
and by Theorem 1.0,
lim P(X,|<h)=0 forevery b>0and xeR. (3.16)
t—> oo

Combining this with (3.15) we get
P(hmmf[X |<+o0)=lm lim P.(0,(8,)< + o)
a—=> oo t=>aw

= lim lim E, (P, (6,< + o))

a— oot

=0 forevery xeR. (3.17)

Therefore the process (2, &, %, B., X,) is transient.

Now let us return to the general case. Recall that the process of OU type
(Q.F,%,P.,X,) is governed by the infinitesimal generator G of (2.1) with y=1.
We first prove transience when the integral of (1.8) with y=1 is convergent.

Lemma 3.4. Suppose the following condition:

1 1
jdzlcxp(—fi"—@dy)<+oo, (3.18)
0 z z y
where
L= [ (1-e™)p(dx).
Ixjz1
Then the process of OU type (2, % ,%,,P.,X,) is transient.

Proof. For a>0, let us define
h(x)=a—|x| if |x|<a, and h,(x)=0 otherwise.

For the proof of transience, by Theorem 2.4 (i), it suffices to show that

{dt Th(x)<+o0 forevery a>0 and xeRR. (3.19)
0
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It is easy to calculate its Forier transform
1—
B 2)= 2(1—cos az)‘
From the Parseval theorem and (3.1) it follows that
1 A
7; ha(x)zijpt()@ Z) h;(Z) dz

=

—J1B.(x, 2) ha(z)dz

:]\p—n N‘»—x

i ((f Re (p(ze“)ds)

hence we have

ST (")dK% .Fdz(fdteXpO Re g(ze™)d ))1—_020252

1—cosaz
ZZ

dz,

0 — 0
_2 f dz(j dr exp(j Re o) ))1_“;5“
7 0 0 r z
0 z z A%
§£jdz<fdr~exp( j’o (y) >)1 cgsaz’
n ¢ Q0 r z

where

pro)= | (1-cosyx)p(dx).

-

Assuming that

1 1 A*
jdr—i—exp( ] y(y)dy)<+oo
0

r

one can check that

z

0 0

and

ol jortenl £

0.

+ co.

437

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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Hence (3.19) follows from (3.20) and (3.23) to (3.25) under the condition (3.22).
However it is easy to see that (3.22) is equivalent to the condition (3.18) since
it holds by a modification of Lemma 2.6 that

1 *
[ LA PO=4W) 4ol sboundedin 0<r<1. (3.26)

Therefore the proof of Lemma 3.4 is complete.

For the proof of recurrence we use the Lévy-Ito decomposition of Lévy
processes, that is, an arbitrary Lévy process A, is constructed by means of
a Poisson point process and a standard Brownian motion as follows:

t+

A, 1/B+bt+j [ yNsdy+ [ | yNdsdy, (327

0 {ylz1 0 |yl<1

where N, is a Poisson point process on R\{0} with characteristic measure
o, N, (ds d y=N,(dsdy)—dsp(dy), and B, is a standard Brownian motion inde-
pendent of N,.

Let

={ [ yN,dsdy), (3.28)

0 Iyiz1

and consider the process of OU type (2,4, %, P! ,X]}) governed by the following
equation:

=x—| X}ds+Al. (3.29)
0

Lemma 3.5. Suppose that

fldzéexp(—jl /Ip;y) dy)z-l—oo, (3.30)
0

z

Then the process of OU type (2,7, %, B}, X}) is recurrent.
Proof. 1t is easy to see that

t+
X =1x]— §1X1|d8+f §oo0Xi+yl—IX-DN,(dsdy).  (3.31)

0 lzt

Let Y, be the solution of the equation

Y=|x|— | Yds+A4,, (3.32)

where
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Noting that

[ (X1 +yl—|IXL)N,(dsdp)<dA, forevery s=0,

Iyiz1
by (3.31) and (3.32) one can easily see that
|IX}<Y, forevery t=0, as. (3.33)

Since the Levy measure g of the Levy process 4, is given by p(E)=p((Ew(—E))
n[—1, 1] for each E contained in R, the integral (3.10) is divergent for
p. Accordingly, Y, is recurrent, and by Theorem 2.5 we see

P.(liminf|X}|=0)=P.(liminf ,=0)=1 forevery x,
t~> o0 I

which yields the recurrence of X}.
Now we are in position to complete the proof of Theorem 1.1. Let (Q, &,
%,, P2, X?) be the process of QU type associated with the following equation:

t
XZ=x— [ X2ds+A,—AL. (3.34)
0

Noting that 4,— A} is a Lévy process and its Lévy measure is the restriction
of p on [—1, 1]\{0}, we have by Theorem 1.0 that the distribution of X?
converges to a limit distribution as ¢t — co.

Let pi(x,dy) and p?(x,dy) be the transition probabilities of the Markov
processes associated with X} and X? respectively. Since X! and X? are mutually
independent, and X,= X} + X? is a solution of the equation

t
X,=x,+x,— [ X,ds+4,, (3.35)
0

X, is equivalent to the Markov process (Q, %, %,, P, X,) starting at x, + x,, hence
it follows that

plxit+x5,(@b)= [ plx,dy)pi(x,.dz),  a<b. (3.36)

y+tze(a,b)

Since X} is recurrent, by Theorem 2.4, there is a ceR such that

f pl(x,(c—ec+e)dt=+ forevery e>0and xeR. (3.37)
0
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By Theorem 1.0, p?(x, +) converges to a distribution as ¢ — co, hence from this
and (3.37) that there exists an aelR such that

jp,(x,(a—e,a+s))dt=+oo forevery e>0 and xelR. (3.38)
0

Accordingly, by Theorem 2.4 (ii), the Markov process (Q, &, %, P, X,) is recur-
rent.

4. Multi-dimensional case

Let (Q,%,%,,B.,X,) be the standard Markov process of OU type on R? (d=2)
associated with a Qe M , (R? and the equation

— | 0X ds+A4, (1.5)
0

where A, is a Lévy process on IR whose characteristic function is given by
(1.2) to (1.4).

In this section we discuss the recurrence problem of the process
(Q,%,%,,P,,X,) on RY under some restrictive situations. We obtain the following
results.

Theorem 4.1. Suppose that

Q:(ij)1§i,j§d with ij:V(Sjk 4.1)

for some y>0, and the Lévy measure p of A, is symmetric, i.e. p(—E)=p(E)
for every E e%’(]Rd) where 6, stands for the Kronecker symbol. Then the process
(Q,7,%.,B,,X,) is recurrent if and only if for all zeR?, {X,,z) is a one dimensional
recurrent process of OU type, which is equivalent to

1 1 12
jﬂexp —jMdy =+o foral zeR? 4.2)
o r VY
2= | (A—e 1N px) for zeR" (4.3)
Kx,z)|=1

Theorem 4.2. Suppose that the Markov process (Q,%,%,,P,, X} is a direct product
process of one dimensional processes of OU type (2, % J,,E{ LX) (1£j£d) such
that each Lévy measure p; of the associated Levy process A} is symmetric.

Then the process (2,%,%,,P.,X,) is recurrent or transient according as

X

1 1 4
fdr (—j Zmdy):-i-oo or < + oo, 4.4)
¢ roj=1 iY
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Theorem 4.3. Suppose that
0=(Qji)1<i,j<a€M (Rd) 4.5)

is symmetric, and the Lévy measure p of A, is rotation invariant, i.e. p(0 (E))=p(E)
for every Ec#(R?) and every orthogonal transformation 0: R¢ - R®.

Then the process (2, %, %,, P, X,) is recurrent or transient according as

1 191
jg ( jlyﬁ)y)dy) +00 or <-+4oo, (4.6)
0 r

where y is the minimum eigenvalue of Q, and 1(y) is the one defined by (4.3)
with z=(L,0, ..., 0).

We first prepare the following lemma which makes the situation simpler
in the proofs of Theorems 4.1 to 4.3.

Lemma 4.4. Let (Q,#,%,,B,,X,) and (Q,% ,%#,,F,, Y, be two processes of OU type
on RY associated with a common QeM | (]R") and Lévy processes A, and A, respec-
tively. Suppose that A, is of pure jump type whose Lévy measure p' is the restriction
of p (the Lévy measure of A, onto {xeR?||x|=1}, i.e. p'(E)=p(En(x|>1)) for
every Ec%(RY). Then

@) if (Y,,B) is recurrent, (X,, B,) also is recurrent.

(i) Conversely, under an additional assumption that p is symmetric, if (Y,,B) is
transient, then (X,,P,) also is transient.

Proof. (i) can be shown by the same argument as the final stage in the proof
of Theorem 1.1. For (ii), let p,(x, dy) and p;(x, dy) be the transition probabilities
of (X,,B) and (Y;,B) respectively. By the symmetry of p and (2.4) it is clear
that

[P(x,2)|£P:(0,2) forevery x and zeR% @.7
Recall that for a >0,
h,(wy=a—|u| for |u|<a, and h,(u)=0 otherwise,
and define a function k,(x) on R? by
a
k()= T h(x) for x=(x));<;<s€R™.
j=1

Then

k@=T1 hulz)=2" Ij —oonds (4.8)

J
Hence by the transience of (Y;, B) and (4.7) together with Parseval theorem

on Fourier transform we have

[ ( podp) kaO) i< | (] pO.dY) ki) di<+o0  forall a>0,

0 R4 0 Rd
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which verifies the assumption of Theorem 2.4. Therefore the process (X,,B) is
transient.

Proof of Theorem 4.1. Supposing first that the Markov process (Q,%,%.,P,,
X,) is transient we will show the transience of a one dimensional projection
process {X,,z) for a.e. zeR% By Lemma 4.4 we may assume that 4, is a pure
jump Lévy process with Levy measure p satisfying p(|x|<1)=0. By (4.1) and

Lemma 2.1,

5.0,z ——exp( j { (1—cose™7{z,x)) p (dx)ds), 4.9)

0 R4
hence

Y;ka(O)—(z ) [ dzF,(2) exp< [l (1—cose—vs<z,x>)p(dx)ds>. (4.10)

0 R4

Since the process (2,%,%,,P,,X,) is transient, by Theorem 2.4 | T,k,(0)dt <

+ o0, so that we have 0

T, k,(0)dt

Semyg

1
— j" dz k,(z) f j—y | (1—=cos y<z,x)) p(dx)
2 ) g r ;7Y Ra
<+ (4.11)
For zelR*\ {0}, define a bounded measure p,(du) on R by

j p(du)f ()= j p(dx)f({z,x>) foreveryfunction f defined onR(4.12)

d
Then from (4.11) and £,(z) = H (z;)>0for ae. zeRY, it follows that

j=1

1
dr ( I f —COS yu pz(du))<+oo forae. zeRY (4.13)
r ]R

1
]
0
which, by (3.26), is equivalent to

! dr ldy i

| —f—= [ (—e?"yp.(dwydyl<+o0 forae z (4.14)
0

Note that for every zelR™\{0}, <X,,z> is a one dimensional process of QU
type associated with y and the Levy process {A4,,z) having the Lévy measure
p.. Accordingly, by virtue of Theorem 1.1 and (4.14), {X,,z) is a transient pro-
cess of OU type for a.e. zeIR%
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Conversely, if the process (2, #,%,P,, X)) is recurrent, then clearly (X,, z)
also is recurrent for every zeRY, which yields (4.2) together with Theorem 1.1.
Thus we complete the proof of Theorem 4.1.

Proof of Theorem 4.2. By Lemma 4.4 we may assume p;([—1, 1])=0 for all
1<j<d. Suppose that the integral of (4.4) is convergent. Let us denote

F)= [ (I—cosyu)p;du) (1=j=d). (4.15)

lulz 1

By Lemma 2.1,

20, z)=exp(—

1=
Qo

It
-

() (1—cose " z;u) p;(du)) ds)

J R

=1 exp(—7;1) V¥

—exp - Z éf( j (1 —cos yzpi) ),
j

i 402) y), (4.16)

exp(—rp) j=1 1Y

2o -

where y= min 7y,.
1<j<d

Recall the functions k,(x) and k,(z) in (4.8). By the Parseval theorem and (4.16),
| T ky(x)dt
0

j [ be(x,2) ko(z)dz dt

0 R4

e ﬂ)"

A (27
_(271)" | kiz)dz f dtexp( f ¥ Mdy)

exp(—ty) j=1 1i¥

A‘*
y(zn)djﬁ()dzjexp( jz 40z ) (4.17)

r j=1 J

Note by modifying Lemma 2.6 that

1
[i (yz)—4,,(v]z I) isboundedin (r,z)e(0, 1) xR. (4.18)

y

Since 4, (y) is increasing in y>0, we see

1

1 1
R P

(4.19)

Izl Al



444 T. Shiga

From (4.17), (4.18) and (4.19) it follows that

0 d 1 ( )
| Tk,(x)dt<const. | k,(z)dz exp(z f —Jld )
0 R4 Jj=1 ]z A1 VY

jdr ( jy A ) (4.20)

r r}lyjy

Noting that 4, (y) =0 as y — 0, we see easily

1
fﬁ(zj)exp( f —”@dy)<+oo (1<j<d). 4.21)

|zl A 1 J

Thus we obtain

T k,(x)dt<+oo forevery a>0 and xeR? (4.22)

On’,s

hence, by Theorem 2.4, the process (Q, %, %, P, X,) is transient.

Conversely, suppose that the process (Q,%,%,,P,,X,) is transient. Recalling
that p([—1, 1])=0 for all 1=£j=d, by Theorem 2.4, Lemma 2.1, and (4.15) we
have

}Oﬂka(O)dtz% { kz)dz }Odtexp(—f Zd: A¥(e " z)) ds><+oo (4.23)
0 27" ga 0 0

i=1

0 t d
jdtexp(—j Y AF(e™*iz) ds)< +o forae. zeR“ (4.24)
0

0 ji=1

By the same changes of variables as (4.17), (4.24) turns to

1 1 * A
] —exp (— [ 432y dy>< +ow forae. zeR“ (4.25)
0 ¥

j=1 J

1 1 d
j-d—rexp<—j > /L”Mdy)<+oo forae zeR‘ (4.26)
o T roi=1 Vi)

Fix a z=(z;); <j<q such that z;>0 for all 1<j<d, and that (4.26) holds for
z. Then it is easy to check that (4.26) is equivalent to the convergence of the
integral (4.4). Therefore we have completed the proof of Theorem 4.2.
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Proof of Theorem 4.3. By Lemma 4.4 we may assume that A4, is of pure jump
type and the Lévy measure p satisfies p(|x|<1)=0. We can further assume
that Q is diagonal; Q]k—yj & with 9,>0 (1<j<d) by the symmetry of
QeM , (R% and the rotation invariance of p.

Suppose that the process of OU type (Q,%,%,,P.,X,) is transient. Then by
Theorem 2.4

[ dt T,k,(0)
0

(2 G | k(2)dz j dtexp( of;xél <1~cos i e_yfszjxj)p(dx)ds)

j=1

<+ o0, 4.27)

from which it follows that for a.e. zeIR?

@ t d

{ dtexp (— [ (1 —cos Y e 7z xj) p(dx) ds) < 4+ 0. (4.28)

o] 0 |x[=z1 j=1
Recalling y= min y;, use change of variables: e™7*=y together with the rotation

15j=d

invariance of p. Then (4.28) turns to

fﬁem( f— { (1—cosiy“fzjxj)/?(dx))

o T Y xzt j=1

Ld 1d
=j’wﬁ——l§ uwwmemw@
0 r 124 Ixj=1

Ldr 1q
=y—a4 P50 ] (cosg ) puau)
o ' Y xz21
<+o forae. zelRY (4.29)

where o;=7v;/y=1, p, is a bounded measure on R defined by

{ f(xy)pdx)= | f(u)yp(du) forevery function fonRR,
R4 R

and

d 1/2
gz(y)=<z yz“fz}) for zeR% (4.30)
=1

Taking a z=(z;) satisfying that z;>0 (1<j=<d) and (4.29) holds for z, we can
apply Lemma 2.6 for g*(y). Hence,

Ldr
J e
0

( Iy_yj lulgz(y))pl(du))<+oo_ (4.31)
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Noting that p, is a bounded measure on IR, and that for some ¢>0, g°(y)<cy
holds for every 0 <y <1, we obtain

1 1
j dr exp( f f —e ey pl(du)>< + 0, (4.32)

¥ lR

which is equivalent to the convergence of the integral (4.6).

Conversely, if the integral (4.6) is convergent, then for any unit eigenvector
e of Q associated with the eigenvalue 7, (X,,e) is a one dimensional process
of OU type associated with y and the Lévy process {4,,e> having the Lévy
measure p,. Therefore, by virtue of Theorem 1.1, we see

P (lim KX, ep|=+o0)=1.
t—w

This implies that the process (Q,%,%,, P.,X,) is transient, completing the proof
of Theorem 4.3.

Finally we discuss an interesting example which is found in [5]. For ¢>0,
let p¢ be a bounded measure on R defined by

p(du )_md“ for |u|=2,

=0 otherwise.

Let (X, B) be a one dimensional process of QU type on IR associated with
y>0 and a pure jump Lévy process A, with the Lévy measure p°. Then it
is known in [5] that

i) if 2¢ Ly, then the process is null recurrent, but
L 7 p . .
ii) if 2¢> 1y, then the process is transient.

p

Of course, we can show this by checking the condition (1.16) in our Theorem 1.1.

We next consider a direct product process (X,=(X}!, X2, ..., X9, B, such
that each component process X7 is a one dimensional process of OU type whose
probability law is the same as (X, B,).

Then by Theorem 4.2 the d-dimensional process X, Fy) is transient if and
only if 2cd > y. Furthermore, noting that every one dimensional projection pro-
cess is of OU type, we see by Theorem 1.1 that for zeR\ {0} B(lim [,

[ Amdiee]

z)|= + o0)=1 holds for every xeR“ if and only if # {1<j<d|z;%0}>7y/2c.
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