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1 Introduction

In 1977 Figotin and Pastur [11, 12] introduced a class of simplified and
exactly solvable models for mean-field spin-glasses, in which the random
interaction J;; between two spins was of the form J;; = Py ey, with &,
ie N, ue{l, ...,p} a family of independent, identically distributed random
variables, taking, in the simplest case, the values + 1 and — 1 with equal
probability. While these at first did not receive much attention, the same
model was reintroduced in 1983 by Hopfield [18] as a model for autoas-
sociative memory. The interpretation of a disordered spin-system in the
context of neuroscience initiated the continuing wave of interest of the physics
community in the field of “neural networks”. An important new ingredient in
Hopfield’s version of the model was, however, the interpretation of the vectors
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& u=1, ...,pasafamily of “patterns” to be memorized and the fact that the
parameter p, the number of stored patterns, is allowed to depend on the size of
the system, N. In an important paper, Amit et al. [ 1], using the replica method
for a heuristic analysis of the thermodynamic properties of the model, dis-
covered crucial changes in the behaviour of the model depending on the speed
with which p(N) grows to infinity. In particular, they pointed out that there
should be a transition to a truly spin-glass like behaviour (interpreted as
“failure of the memory”), if p(N) grows faster than a, N, with o, ~ 0.14.
Overall, it appeared that, using the speed of growth as a model-parameter, the
Hopfield model yields an interesting class of models intermediating between
ferromagnets and spin-glasses. Over the last few years, a fairly good math-
ematical understanding of the thermodynamic properties of this model has
been developed, albeit under more restrictive conditions on the growth of
p(N) [19, 26, 2-4, 27].

From the point of view of spin systems, the Hopfield model is a mean field
model and thus plagued with the typical pathologies of all such models, in
particular the non-convexity of thermodynamic functions or the impossibility
of implementing the DLR scheme to define the infinite volume Gibbs
measures, etc. To overcome these pathologies and to give a natural interpreta-
tion of mean field models in terms of limits of “standard” models of statistical
mechanics, Kac et al. [22] proposed a model with long, but finite, range
interactions, known as the Kac model. Taking the infinite volume limit for
such a model first, and then considering the limit as the range of interactions
tends to infinity while appropriately rescaling the interaction strength, one
then recovers mean field theory. The most precise and complete form of this
asymptotic relation was later proven by Lebowitz and Penrose [23]. They
showed that the rate function for the total mean magnetization in the Kac
model converges, in the limit of infinite interaction range, to the convex hull of
the corresponding rate function in the Curie-Weiss model. Such results were
later recovered for more complicated mean field models, such as the
Curie—Weiss—Potts model (see e.g. [21] for a recent survey).

Nothing is more natural than to consider the same question in the context
of the Hopfield model; in fact, the first to introduce and study the Kac-version
of the Hopfield model were Figotin and Pastur [13]. They proved, assuming
that the number of stored patterns is bounded, the convergence of the free
energy of the Kac-version to that of the mean-field Hopfield model (and hence
to that of the Curie-Weiss model). The main purpose of the present paper is to
extend this result in two ways: First, we want to allow the number of patterns
to be an unbounded function of the interaction range, and second, we want to
prove the convergence on the level of the rate functions. For an exposition of
both the theory of large deviations and mean field models, we refer in
particular to the book by Ellis [10].

To do this, we are of course confronted with the problem of proving a large
deviation principle (LDP) for the Hopfield model itself. In the case where the
number of patterns is bounded, this is not a problem as the existence of an
LDP is essentially covered by the classical Gértner—Ellis theorem [15, 10, §].
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In explicit form this can be found in [17] and in mathematically rigorous form
in [6]. As soon as the number of pattern is an unbounded function of the
system size, however, standard theorems do not apply anymore, and up to
now no LDP was available in this case. An important task of the present
paper is therefore to establish a large deviation principle for the Hopfield
model with unbounded number of patterns. Before entering into the precise
formulation of our results, let us mention one curious fact. We will actually be
able to prove directly a large definition principle for the Hopfield model only
under the condition that the number of patterns grows more slowly than the
logarithm of the system size. By relating the Hopfield model to its Kac-
version, it will, however, be possible to extend this result to much more rapidly
growing number of patterns, in the sense that at least the convex hull of the
rate function still exists in this case. This fact was, for us at least, quite
surprising.

Beyond the large deviation results for the mean magnetization, there are
a lot of interesting questions to be answered concerning in particular the
Gibbs states of the Kac-version of the Hopfield model. Even in the case of the
standard Kac model, there are fairly interesting problems related to this, as
can be seen in the recent paper by Cassandro et al. [7]. In the case of the
Hopfield model, this promises to shed light on various aspects of the proper-
ties of spin-glass type models. An investigation of these questions is under way
and results will be published elsewhere [5].

We will refer to the Kac version of the Hopfield model as the FHKP-
model. Let us now give a precise definition of this model. Since the results we
are aiming for in the present paper will be independent of the dimension of the
underlying lattice, to simplify notations we will work here in dimension one.
For the same reason, we will work only with free boundary conditions.! We
denote by A the set of integers A={—N, —N+1,...,N} and by
Sy ={—1,1}" the space of functions ¢:4—{ —1,1}. We call ¢ a spin
configuration on A. We shall write ¥ = { —1,1}” for the space of infinite
sequences equipped with the product topology of discrete topology on
{ —1,1}. We denote by 4, and & the corresponding Borel sigma algebras. We
will define a random Hamiltonian function on the spaces &, as follows. Let
(92,7 ,P) be an abstract probability space. Let & = {&},z en DE a two-
parameter family of independent, identically distributed random variables on
this space such that IP(¢! = 1) = IP(¢* = —1) = 3. The Hamiltonian with free
boundary conditions on %, is then given by

M)

1
Hjlwl(o)= —7 2 2 dlelélell,i— o, (L.1)

(i, j)edxd u=1

"Note, however, that the dimensionality will be important for the properties of the Gibbs
states of the model and that more general boundary conditions will have to be considered to
study them
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where J,(i — j) = 3J(y]i - j|), and

1 af x| 1,
J(x) = = 1.2
() {0 otherwise. (12)

(Note that other choices for the function J(x) are possible. They must satisfy
the conditions J(x) 2 0, fdx J(x) =2, and must decay rapidly to zero on
a scale of order unity. For example, the original choice of Kac was
J(x) = e For us, the choice of the characteristic function is particularly
convenient).

We see that the spins in this Hamiltonian interact over a distance y !, and
we will obtain results for the limit when y tends to zero. Note that in the
FKHP-model we have denoted the number of patterns by M, rather than p.
We reserve the name p = p(N) for the number of patterns as a function of the
system-size and M = M(y) as the number of patterns as a function of the
parameter y. We are interested in the case where M ()] 0, as y|0. We will set
a(y) = yM(y).

The finite volume Gibbs measure for our model is defined by assigning to
each o € &, the mass

- 1 = FHL1,5lw}(0)
gA,ﬁ,y[w](O—) - ZA,/},V[CU] € > (13)
where Z, ; ,[@] 1s a normalizing factor usually called partition function. We
will drop the explicit @ dependence of various random variables when no
confusion may arise. For any subset 4 < Z, we define the M-dimensional
vector of “overlaps” my[w](o) whose components are

1
— Y &#wle, u=1,..,M (1.4)

milele) =

The main object we will study in this paper are the distributions of m,(o)
under the Gibbs measure, i.e.

2, p[0l(m) =Gy 4, ({ms[w](0) = m}). (1.5)

24 5.,[w] defines a random probability measure on (RM%, Z2(RY?)). For
fixed v > 0, this sequence of probability measures satisfies a large deviation
principle in the sense that for instance the limit?

1
lim lim ————1In(2, ;.. — |3 <e)) = —pF; (i 1.6
im fim = (2, [0 Ly =13 S 2)) = —BF,00) (16
exists almost surely by the subadditive ergodic theorem and is independent of
the random parameter w. Moreover, F; (/i) is a convex function of its
argument. We will be interested in the limiting behaviour of I , as y]0. Since

2We comment below on the equivalence of this definition with the conventional one in our
case. We find this formulation particularly convenient for our purposes
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the domain of this function depends on y via M(y), it is natural to consider
restrictions to finite dimensional cylinders. Thus, let I = N be a finite set and
denote by II;:IRM — R, for any M such that I = {1, ..., M}, the orthogonal
projector on the components m*, with u € I, of a vector m e R™. We set, for
me R,

B0 =~ lim lim (2, [0 oy — 13 < 61, (1)

¢l0 Ntw
which enjoy the same properties as Fj , itself, and which potentially converge
to a limit y]0. The Lebowitz—Penrose theory relates the limit of these quantit-
ies to the analogous ones in the corresponding mean-field model, i.e. in our
case the standard Hopfield model. Recall that this model is defined by the

Hamiltonian in the volume A = {1, ..., N},
1 PV
H[o]o)=—= > Y &[w] ¢ilwloio;. (1.8)
2N (. jleAxAd p=1

We denote by gH“’f[w] the corresponding Gibbs measure, and by QH"Pf [w]
the induced dlStrlbuthH of the overlap parameters my [cu] (a)
¥ TN Elw]o;. We also write

FyoPt () = — 71 lim lim 1 ln(»@H""f[w] [T my — |3 < €]) (1.9)
elO NToo
provided this limit exists. Note that, contrary to the case of the Kac-model,
there are no simple arguments that prove existence and non-randomness of
the limit, and even if it exists, we cannot expect it to be a convex function at
low temperature, i.e.if § > 1. In fact, our results on the FHKP-model will turn
out to be extremely useful in order to obtain some partial information on
these questions. Let us define the convex functions CJ°°"’, which, if
F,?"Pf’l exists, are the convex hulls of these functions. Recall that the convex
hull, Conv f, of a function f, is the largest convex function that is pointwise
smaller than or equal to f. We set

1
Ciertim) = g~ Iilrgl STI?O N Conv( — In(2y 3 [w] [ Hm, — &5 < €])).
(1.10)

Notice that the functions C;°*"' depend on the asymptotic behaviour of the
function p(N). Let D(I) = RY denote the set of values # for which the limsup
on the right hand side of (1.9) is bounded. Our following convergence results
hold for meint D(I).

Theorem 1 Suppose that p(N) is such that limy;, p(N)= 400 and
limp o, p(N)/N = 0. Then,

(i) For almost all o, C§°""*(m) defined through (1.10) exists for any finite set
I = N and is independent of w, e, and the function p(N).

(ii) If, moreover, limy,,, 2°™/N =0, then, almost surely, Fy°P"'() defined
through (1.9) exists and is independent of p(N).
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Remark. We will give an explicit expression for the function CF°*"7(#) in
terms of a variational formula in Sect. 3. The independence of this functlon on
the precise behaviour of p(N) is certainly quite surprising and indeed crucial
for proving the theorem under such weak conditions on p(N). In fact, we will
be able to give an elementary proof only of the statement (ii), while (i) will then
follow by passing to the Kac-version of the model.

For the FHKP-model, we obtain the Lebowitz—Penrose theorem:

Theorem 2 Assume that M(y) satisfies lim, o M(y)= + o0 and lim,,y
M(y) =0. Then, for any S, and any finite subset I, for almost all o,

— B~ fim lim lim 10(2y 5., Tl [ T ymy — 1|3 < £]) = CHoP )
|0 70 Ntoo N 1
(1.11)

Let us make a short comment on our definitions of the rate functions through
limits over balls of radius . Since all the measures we are considering here
have actually compact support, the families of measures are in particular
exponentially tight. Thus to prove a strong LDP it is enough to prove a weak
one. By appropriately covering closed sets with balls of radius &, respectively
fitting such balls into open sets, one can easily proof the weak LDP with rate
fanctions given as defined above, provided they exist. Also, of course, one can
easily obtain the corresponding level-2 LDP by standard arguments. We
refrain from entering into these technicalities.

As a simple special result we note that the free energy,

F/l,/],y[w] = _BW

InZ, s ,[w] satisfies

Proposition 1.1 Assume that lim, oy M(y) = 0. Then, for almost all w,
lim lim F, 4 ,[w] = hm Fy¥w] = F§¥ (1.12)

y10 MZ
with F§™ = infep(x*/2 — B~ 1Incosh,Bx the free energy of the Curie—Weiss
model.

It should be noted that for f > 1 the rate function for the Hopfield model will
not be convex and therefore, that of the FHKP-model will contain a ‘flat’
horizontal piece. In fact it is known [4] and also follows quite easily from the
estimates we will give in Sect. 3 that F}/°*" /(i) takes on its absolute minimum
for vectors ni which have only one non-zero component of values =+ a(p),
where a(f) is the maximal solution of the equation x = tanh fx. Obviously,
these are the extremal points of the convex polytop described by the equation

]y < a(B) (1.13)

and it is therefore this polytop on which the limiting rate function of the
FHKP-model takes on its minimum value. This information will not be
enough to obtain the complete characterization of the Gibbs states, just as in
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the Hopfield model the mere knowledge of the convex hull of the rate function
would not suffice. While we have not been able to prove existence of the rate
function itself in the Hopfield model if p(N)} = In N/In 2, it is possible to get
lower bounds that suffice to determine the Gibbs states [4]. This information
will be necessary again for the analysis of the states in the FHKP-model.

The remainder of this paper is organized as follows. In Sect. 2 we construct
a block-spin approximation for the Kac-Hamiltonian and give a probabilistic
estimate on the error term. As an almost immediate application, we also prove
Proposition 1.1. Section 3 is devoted to results on the Hopfield model itself.
We prove an exponential estimate on the deviation of the rate function from
its mean value and prove statement (ii) of Theorem 1. In Sect. 4 we combine all
these results to prove Theorem 2 and statement (i) of Theorem 1.

2 A block-spin approximation

The main step in the analysis of Kac-type models is always to exhibit the
dominant part of the Hamiltonian as an effective model on local spin averages
(‘block-spins’) and to show that the remainder gives no contribution to the
leading asymptotic behaviour of 2, ; , when y tends to zero. The purpose of
the present section is to do this in the case of the FHKP-model.

We introduce a new scale /(y), with the property I(y)] co, as y|0. Further
conditions on I(y) will be imposed later. We partition the volume A into blocks
A(x), xe'={—-L, —L+1, ...,L}, of length I(y): A =J%__,A(x) where
(2L + 1)I(y) = 2N + 1 (Here we assume that (2N + 1)/I(y) is an integer; thus,
in principle, we must choose Iy(y) depending on N in such a way that this is
true while Iy(y) converges to [(y) as N1 co. To simplify our notation, we shall
not make this explicit).

This allows us to write

1
HA(G) = _5 Z Z J, (l ]) 5176 )O- i0js (21)
(x,y)el'xT ;:;11((3;))

where (&, &) = Yo £6¢h. Now for i € A(x) and j € A(y) we write
I, —j) = J,(0) x — y) + U, =) = U — »)

1 -
=i Juo(x —y) + 4J,(0,j). (2:2)

Using this, we decompose H, into
Hu(0) = H{i(0) + AH4(0), (2.3)
where

1
H/?(J)E—i DI VI AT ) D W (SR ITF (2.4)

(x,y)eI'xTI i A(x)
jeA(y)
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and )
AHq(0)= —= ). Y A0 — )&, €)oo (2.5)
2 (x, el xI ieA(x)
JjeA(y)
Using that
M(y) M)
Z (‘fi:éj)aio-j: Z < z flilai>< Z E“UJ>—I(Y)2 Z mA(x)(O')mA(y)(J)
i_eA(x) u=1 \iedA(x) jeA(y)
JeAy)
(2.6)

we can write HS as

M)
O = —510) S Japl ) Y mMi@miglo)  27)
(x,y)eI'xTI p=1
Equation (2.7) makes explicit that H depends on ¢ only through the block-
variables m () and thus has the desired form. We will now show that the
remainder 4H (o) is asymptotically negligible.
The decomposition given here was already used by Figotin and Pastur [13].
They also showed, under the assumption that M(y) £ M < oo, that
|4H, (o} || < const.yl(y) M N, uniformly in ¢ and uniformly in £, which implies
that AH is negligible if [(y) is chosen such that 9I/(y)]0. In order to obtain
results for M(y) that tend to infinity with optimal conditions on the allowed
speed of growth, we will have to improve on this bound; this will require in
particular to replace the uniform bound in £ by an almost sure one. Precisely,
we show that:

Lemma 2.1 Foralle>0

I:suzp 2N1 |4H,(0)] > a} <16 exp{ — (2N + 1)[% - ln2:|}

Xp {M(;)L}. (2.8)

An immediate consequence of this estimate is the

Corollary 2.2 There exists a subset 2, < © of probability one, such that for all
weld,

|AH,[@])(0)] £ 71(7)4/210g2 + /2yM(y).  (2.9)

limsup su
Nleo p ae/li 2N + 1

Proof. If we choose ¢ in Lemma 2.1 as ¢ = 4\/§yl(y) (log 2 + M(y)/4l(y) + 6)
for some & > 0, we get
1 i
n{m | 4H,(0)| Z y1()4/2(log 2 + 8) + ﬁyM(«/)} < 16708+
(2.10)
from which 2.9 follows by the first Borel-Cantelli lemma. [



Large deviation principles for the Hopfield model 519
Proof of Lemma 2.1 In order to estimate AH,{c), we notice first that
. - Y
T = 1) =10 (e = ) = Z{li—si -1 Ligz-yi> 010n -3

.
= Bgimjisy - M-y s iop - (211

Moreover,

Ljicjisy- 3 Wx-yiaon - = Li-iisy - Loy -1+ 121x-p>men -y (212)

and

Liimjiso -y Lge—yicoion—13 = Lii-jisy - y Ligton — 12 1x—yi>oten -1 -1 (2.13)
We now write 4AH (o) = (y/2)[4"H (¢} — A4*H ,(5)] with

1
A'H,(0) = ~3 > Y Mgijso-y
(x,y)eI'xI' ieA(x)
jed(y)
X Mipien =141 212> ien - 1 (&0 €;)0i0; (2.14)

and

1
A*Hy(0) = 3 Y 2 Lyimjisyy
{x,y}el'x ieA{x}
JjeAp}
X Lim — 1 2 x- 51> g1on - 13 (0, €,) 010 (2.15)
We only present the estimate of 4' H,(o); A*H (o) can be treated in exactly the
same way. We have

L=[0ip) — -1

AlHA(O-) - - Z Z
x=—L ieA(x)
jeAx+IGly)) —11+1)
X Nyji-ji <y -1y (&, Ejoio;. (2.16)
Let us set
f”(x) = Z ﬂ{(i—j[é“/*l) él;fj{(rio'j (217)
jeA(xﬂl(jl/:‘(/f))* +1)
and
M)
fx) =3 (). (2.18)
u=1 .

Since L = [(yI{y))” ']n + r with 0 < r < [(I(y))~*] for some positive integer n,
where [x] denotes the integer part of x, we can rewrite (2.16) as

L[y — -1 [(G1) — 1(m—1) —[GlG) ~Un—1

flx) = X [+ Y f®

x=-L x=—[(I) — n x==L
L-iin — 11
+ Z f(x). (2.19)

x=[Go) ~ -1 +1
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Let us consider the first sum in (2.19) first. In order to take into account the

independence of (¢;,¢;) and (&}, &) when i # i’ and j # j' we first decompose
the first sum in (2.19) in the following way:

[y — (n—1) [n/2] -1 [L/(pi)—1 1
R I . f([ }zms)

x= 610N~ In k="Tnj21  s=0 21(7)
[(n+1)/21=2 [1/(HPI-1 1
+ ) Y f<|:—](2k+1)+s>. (2.20)
k=—[(n+1)2] s=0 y1(y)

The important point to observe here is that each of the two terms in (2.20) is
now a sum of independent random variables. Let us denote these two terms by
S: and §,, respectively. We have

P _1_X|S|>£
SUPoON+ 1201 =3

geFy
M@y [n/2]1-1 [1/GIGHI-1 1
gz?”*HP[Ej y oY fw({__}zk+s>
u=1 k=—[n/2] =0 YY)
z§y1@N+1ﬂ (2.21)

where the probability on the right-hand side is in fact independent of the
chosen spin configuration o. Using the exponential Markov inequality to-
gether with the independence, we get that

1 y & . .
Ip TS =l < 23NF2 pf et T AN )/4
[SUP2N+12| 1'—8}— ¢

LCE

x [[Be!! O ]2MI2101/10]

< 22N+ 2 inf e @7~ 2N+ 1)4 []Eetfl(O)]ML. (222)
t=0

Thus we have to estimate the Laplace-transform of f1(0). We write

Ee/'© = Eexplt Y & & 2.23
P Jj
ieA(0) JeA(1/ Gl + 1)
li—jl<y—1

Notice that all the ¢} with ie A(0) are independent of the ¢} with
je A([1/(yi(y))] + 1), and that, conditioned on these latter variables, the vari-
ables &1 ¥ a1 jorom+ 1y, 1i—ji<y—1 & are independent. If we denote by [E; the
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expectation w.r.t. &L this allows us to write

Ee/ " =FE [| B expjté! y &
i€4(0) JEALL/GTOM + 1)
limjl<y—1
2
1
2 1
<E [] expj5t % &l oo (2.24)
16 A(0) JEAUGIGM+ 1)
Ji—ji<y—*

where we have used that In cosh x < % x2. Using the Holder-inequality on the
last line, we arrive at

2 1/l

Ee' @ < ] |Eexpisi(y)e? 3 ¢! . (2.25)
ieA(0) JeA(L/GIGN+ 1)
[i—jl<y—1!
Now
2 2
E expi31(y)t® > Z}) { £ Eexpizl(ye? Y &
JeA[L/GIGNI+ 1) JeA(l1/IN1+1)
Ji—jl<y =1
1
< (2.26)

1= 2y

where we have used the Khintchine inequality and the fact that

[ACIpI)] + DI £ Uy). Since for 0<x<3, 1./l —x<e*, for
t* £ 1/2I(y)?, we can replace (2.26) by the more convenient bound

[Eel/ MO < o102, (2.27)

Therefore, choosing t = l/ﬁl(y) in (2.22), we obtain

1y g 1
IP[sup —|S1|g—]§22N+2exp{—4£(2N+1)+%ML}
2N +12 8 4\/5[@)},

ey
(2.28)

By the same procedure, one obtains exactly the same bound for §,. It remains
to consider the two last sums in (2.19). Obviously, they are much smaller than
S, or S, and can be treated in the same manner. Finally, A*H, is decomposed
in the same way, so that we end up with eight terms all of which satisfy bounds
like (2.28). Putting these together concludes the proof of Lemma 2.1. [

To understand the need for Corollary 2.2, let us anticipate that we may be
able to treat H° further provided M(y)/1(y){0. Then, if only yM(7)|0, we can

choose e.g. I(y) = ./ M(v)/y to achieve that M(y)/l{y)|0 while at the same time
|AH(0)|/N]0, a.s. by Corollary 2.2. If, on the other hand, we had only the
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uniform bound yI(y))M(y)N on AH, then we would have to demand
y[M (7)]? 10, which is a much stronger, and quite unnatural, restriction on the
number of patterns.

Thus the Hamiltonian of the FHKP-model is asymptotically equivalent to
a block-spin Hamiltonian if yM(y)]0. But it is more or less clear that the
bounds in Lemma 2.1 cannot be substantially improved, and that therefore,
once this condition is no longer satisfied, such an approximation breaks
down. This sheds doubt on whether in such situations {(which would also
include real spin-glasses), mean field models can be seen as limits of ordinary
models with diverging interaction range!

As a simple first application of Corollary 2.1, let us give at this point
a short proof of Proposition 1.1.

Proof of Proposition 1.1 By Corollary 2.2, it will be enough if we can compute
the behaviour of

Zag 0] =27080 y pmpitie) (2.29)
[

Using that J, = J,,(x — ) is a positive definite quadratic form, it follows
that

ZA,M[CU] 227CNTD Z (2.4Y) (% Z l(y)_ljyl(y)(x - ) Z 5;1 'fjl 0in>

gESN (x,y)el'x I’ ieA{x)
JjeA(y)

=2-@NTy } exp(% Y ) apx =y X GU])

geEF 4 (x,y)elI'xT ieA(x)
Jjed(y)
_ y 2
Z n 2~y 2 ]1{2 I Bl (1/2)m
meWyyy xel e A(x)
CW 2L+1
2 sup [Zyy pm)]™7, (2.30)
me#

where ZT3(m) = Y, 015 -5t p=m e /P™ is the restricted partition func-
tion of the Curie~Weiss model with volume land #;={ — 1, — 1 + 2/,
1 — 2/, 1} denotes the set of possible values of m(¢) = 1/I3}_, 6;. This yields

1 1
liminf ————1InZ w] 2 Sup —In Z5Y 5(m). (2.31)
o 2 1 el el 2 B g Zis
On the other hand, using the fact that
M (0 ()(0) < 33 y(9)) + 3y (0)) (2.32)
and (2.7), we see that
] 1 gy 1 2 1 2
Hj(o) 2 AEZ(“/) Y Japx =) Y GOl (0)? + 50m,(0))7)
(x,y)el'x I u=1
1 M)
5 Hy) Z Z mA(x)(O')) > (2.33)

xel p=1
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so that

M(y)
ZA,ﬁ,y[CU] <2TeNFD Y n exp (ﬁ%l(ﬂ Z (mﬁ(x)(o))2>

ce¥y xel' p=1

M(y)
=T[27% ¥ exp (ﬂ%l(v)Z (M’Z<x>(0))2>

xel ceFa(x) u=1
=[] Zirslwdd. (2.34)
xel’
But this implies that
limsup —— ! InZ,; [0] <E— ! In ZFoP (] (2.35)
e R Iy "o |

where we have used the strong law of large numbers to replace the spatial
average over I' by the expectation over & If now [(y) is chosen such that
M{y/l(p)i0, while {(y}T 0, by a result of Koch [19], the right-hand side of
(2.35) converges, as 7]0, to the negative of the free energy of the Curie-Weiss
model, as does, obviously, the right hand side of (2.31) (see [10]). This proves
that
— B~ lim lim InZ,,[w]=F5. {(2.36)

oo ATZ 1 "
Corollary 2.2 on the other hand implies immediately that for any sequence 7y,
tending to zero as nf oo,

lin |y, [@] — Fy,[0] = 0 (2.37)
for almost all w (namely for those in the set ,ex £2,,), from which one obtains
(1.12) for the subsequence y,. There remains in principle the possibility that
(2.37) holds with probability one for any given sequence, while 1t fails with
probability one for some (random) sequence. However, this is excluded by the
following

Lemma 2.3
1
lim sup SUp sUp Sup i |HA Lw](0) — Hp, 1ul@](0)l = 0. (2.38)
nfoo 1n<y<1n+1l weQ A oe¥u
Proof. To prove (2.38), notice that
|H[0](0) — Hi[w](0)]

M)

Y | X SlolElwld, i —j)oo;

(i, JyeAxA |u=1

=

N =

M(1/n}

- z gffa)]f?[w]‘llln(i—j)o-iaj
pu=1
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S@EN+1) {IM(l/(n + 1) — M(1/n)|

+ M(1/n)n<1 — —1-) LM ")J. (2.39)
n n+1 n

The coefficients of N in all three terms vanish, as N7 oo under our assump-
tions on M(y) which proves (2.38) and the lemma. []

Combining Lemma 2.3 with (2.37) and (2.36) gives immediately Proposi-
tion L.1. [

3 Large deviation results for the Hopfield model

In this chapter we provide the large deviation results for the standard Hop-
field model that will be needed to obtain the analogous ones for the FHKP-
model. At a later stage, this will in turn allow us to improve the results for the
Hopfield model itself. There are two results that will be given here. The first is
a result on the self-averaging properties of the large deviation rate function
under the assumption p(N)/N | 0, as N 1 co. The second is a large deviation
theorem for the Hopfield model under the strong assumption p(N) < In N/
In 2. However, to do this we first have to provide some a priori large deviation
estimates for the Hopfield model.

3.1 Large deviation estimates for the Hopfield model

Let us consider the quantities

_ il 2
ZR my=27N Y e MmOty < (3.1)
ceLy

We first proof large deviation upper and lower bounds. We define the
functions

1 N

¥y, p(m,1) = (m, 1) —3 Im|3 — Z In cosh B(&;, 1) (32)

and
Dy g(m) = tsungz Y, p(m,t) (3.3)

We also define t*(m) through ¥y z(m, t*(m)) = sup,.r- ¥, s(m. 1), if such a t*
exists, while otherwise |t*| = co. Properties of t*(m) will be discussed in
Lemma 3.2. With these notations we have
Lemma 3.1 Set fy 5 ,(m) = — 1/fN In Zy ;5 ,(m). Then

Jr.p.p(m) Z Py p(m) — p(l2* |2 + [Imll2 + p) (3.4)
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and for p = /20,

Srppm) = Py p(m) + p([e*]]2 + [mllz + p) + BN (3.5
Proof. We first prove the lower bound. Note that for arbitrary t € R?,

L imto) =l 5 ) S W{imgto) — i, = gy €7 O 7w Bl (3.6)

Thus

Zyppm < inf 27 % ePNTUm} + 2pmls + p) BN ((malo) — m) + BNp s

r
teR cePy

IA

inf eANGImIZ =m0+ 3w X1 In cosh(B(&, D)1 BNo(Im] 5 + fit]2 + p) (3.7)
teRP

This gives immediately (3.4). [

Remark. Note that to determine the supremum in (3.3) we would need to solve
the system of equations

N

=% Y & tanh B(Z.1) (35)

which is quite difficult. Note that at the critical points of @y z(m) we have that
t*(m) = m.

Next we prove the upper bound. It is of course enough to consider the case
where *(m) is finite. Thus we define, for ¢* € R?, the probability measures
IP on { — 1,1}" through their expectation IE,, given by

- ]EaeﬂN(t*,mN{a))( )

Bo() = g (3.9)

we have obviously that

Zyp,m)=E,e* S my(a) |13 = BN, my(0)) L ymyto) — mi, < gy gV

mll,
> ¢~ BNEm) = NG lap = Hml3 £ plmla + YA NN g
= eﬂN(z Imi2 = (e%m) + 33 XL Incosh (&, 1*) o ~ BNoU &z + Iml2 + p/2)
x P my(e) —ml; < p] (3.10)
But, using Chebychev’s inequality, we have that
~ 1 ~
P[[my(o) —mll, < p]>1—p—1E ollmy(e) —m| 3 (3.11)

We choose t*(m) that satisfies Eq. (3.7): Then it is easy to compute

& (o) — 3 = %(1 -3 ¥ tanhZ(/s(a,t*w)))) (3.12)

from which the lemma follows. -Ij
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In the following lemma we collect a few properties of @y ;(m) that arise from
convexity. We set T = {m e RM|t*(m) exists}, D = {me RM|®y ;(m) < 0},
and we denote by intD the interior of D. We moreover denote by
I(x) = sup,.r(tx — Incosht) the Legendre transform of the function In cosh t.
A simple computation shows that

L2201 L=n(1 — if <1
1) = { Hn(l 4+ + 55— x), if x| < .13
+ 00, otherwise
Lemma 3.2
i)
1
@ = —= 2+ f I 3.14
N, 5(m) 2”’””2 - lgv(y) mﬁN Z ) (3.14)
where for each m e R™ the infimum is attained or is + oo vacuously.
ii)
D={meRM|Iye[ — L,1]"s.L.my(y) = m} (3.13)

iiiy @y, g(m) is continuous relative to int D
iv) T=1intD

Note that point i) of Lemma 3.2 provides the following alternative formula for
the variational formula (3.3),

Py p(m) = inf < 5 ()] Z > (3.16)

ye RY:my(y) =m

Proof. Note that the function g(1) = gy Z?’zl In cosh f(¢;, 1) is a proper convex
function on RM. Denoting by h(m) = sup,.g«{(m,t) — g(t)} its Legendre
transform, it follows from standard results of convex analysis that h(m) is
a proper convex function on R and that

1 N
him) = inf — I i 3.47
( ) YEIRN”WN(V)*—‘W'BN igl (y ) ( )

where for each m e R™ the infimum is either attained or is + co. This
immediately yields i). Denoting by domh = {x e R™|h(m) < oo } the effective
domain of &, we have, by (3.13), that dom h equals the right hand side of (3.15),
and since — |m|3 <0, ii) is proven. iii) simply follows from the fact that
h being convex, it is continuous relative to the interior of dom h. Finally, to
prove iv), we will make use of the following two important results of convex
analysis. First, the subgradiant of & at m, 6h(m), 1s a non empty set if and only if
m belongs to the interior of dom ki, i.e., m € int D. dh(m) is moreover a bounded
convex set. Next, (m, t) — g(t) achieves its supremum at t* = t*(m) if and only if
t* € Oh{m). This concludes the proof of the lemma. O
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3.2 Self averaging of the rate function

We will now derive the self-averaging properties of the large deviation rates
introduced above, or rather of some slightly modified versions of them. These
are the results actually needed in the proofs of our Theorems, while the
estimates above are needed to establish them.

Let us make a few remarks on the questions of self-averaging in general.
The central réle played by ‘self-averaging’ properties in disordered systems
has particularly been emphasized by Pastur and Shcherbina in their work on
the Sherrington-Kirkpatrick model [25]. Shcherbina and Tirozzi [27], and
Pastur et al. [26] have recently performed the same analysis for the Hopfield
model. Basically, they prove two types of results:

(i) The free energy, Fy°0" as well as its derivatives, such as the Gibbsian mean
of m¥ (o) are self-averaging for all choices of p(N} in the sense that their
variance behaves like N 71,

(i) If the so-called ‘Edwards-Anderson’ parameter gy =Y, <{a;>% s
where (- )y, , denotes expectation w.r.t. the Gibbs measure of the Hopfield
model, has variance of order 1/N, then a certain set of ‘mean-field equa-
tions’, that can be formally derived using the so-called ‘replicatrick’ (see
[17), are exact.

As we will see later, here we are in need of self-averaging results on the rate
functions. While it is fairly easy to prove results on level of the variances for
fixed argument, along the same lines as in the above cited papers, such
estimates would not be sharp enough for our purposes, since we will require
results that hold uniformly in the arguments. Thus, we must extend the
variance estimate to exponential estimates.

For technical reasons, we consider here somewhat softened versions of
the functions introduced earlier in which the characteristic function
Ly jm, — my, < 18 replaced by a smooth version of this function. We let y,(x) be
a differentiable function satisfying:

(1) %) 20,

(2) 110N = 2N, < <+ 11w
(3) L <oy = 2000 = Mg <+ 180y
(4) In x(x) is concave.

Let us introduce, for m € RP™ the functions

i

- 1 1

PR, m= ———ln(>5 Y e MOy (Imy(e) —ml,)) (3.18)
ﬁN 2 oSN

These are the non-normalized versions of the rate function that differ from the

corresponding normalized functions F I;f’gfp(m) by the free energy. We remark

at this point that we will be interested in this quantity only for very (but not

too) small p (in fact p ~ p/N). In this case, we need only to consider m with,



528 A. Bovier et al.

, Jml, =<2 For, F%"gfp(m) can on]y be different from + oo if there
ex1sts a 065”1\, Such that N~ 'Y .¢o0,~m But this implies that

|m|:~ Z Z, ; a aJ < || B], where B is the random matrix with elements

B; = Zu &4 e has been proved for instance in [27,2]) that with probability
larger than 1 — e N |B| €1+ 2r/p/N.

Lemma 3.3 For all m e RPW™) with |||, < 2 that satisfy | t*(m)| < oo, there

exists p with \/; <p §4\/;, (possibly depending on m), and a constant
C() < oo such that and for z > 0,

e~ NC(m}zl’ 1f z é 1

e NCmZ o) (3.19)

IP[IFHopf ( ) _ Eﬁg?;fp(m)] > Z] § {

Moreover, the constant C(m) depends only on {|t*(m) ||, and |m],.

Proof. The proof of this lemma is based on the classical method of Yurinskii
[28]. An exposition can be found in particular in the beautiful book by
Ledoux and Talagrand [24]. Earlier applications of Yurinskii’s method in the
context of spin glasses and the Hopfield model can be found in [ 25, 26,27]. Let
us set for later use

1
Zy(m) = Zy g, p,6(m) = N Z e =Py s(Imy(o) —m|,)  (3.20)

oSy
and write for simplicity
fN(m) = — ﬁ- 1 In ZN(m) (321)
We now introduce the decreasing sequence of sigma-algebras %, , that are

generated by the random variables {&/}] 5= U {& }*=*, and the correspond-

ing martingale difference sequence

T4 m =B fm)|Fe.] —E[fym|Z,] (3.22)

where for notational convenience we have set

Fors if x<p
971-’( — kok+1, ) i 3
* {5‘:1“1,1 if ©=p. (3-23)
Notice that we have the identity
N o
falm) — Efyom) = 3 Y. T40m) (324)

Note that we use a finer filtration for the construction of the martingale than
[26,27] which allows us to get much sharper estimates.

Our aim 1s to use an exponential Markov inequality for martingales. This
requires in particular bounds on the conditional Laplace transforms of the
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martingale differences. Namely, we clearly have that

IP[ T S FEm)

k=1xk=1
=2infe "E[E[.. ELe/s "(m)|F{ 15 m)| 71 ,) ... eV 7S L]
te

N

p S~
> Nz] < 2inf e "™ [Eexp {t Yoy f%"x)(m)}
telR
(3.25)

To bound the conditional Laplace transforms, we introduce for ue[ —1,1]
the p-dimensional vectors my*(s,u) with components

1 i K K 3
(1)1 _n(Eian o+ udion), if p=k 396
4o, u) = {m;‘v - e (3.26)
and define
£ (k. k) N o wn 2
Hy¥(o,u) = > [ my (o, u) 3 (3.27)

Naturally, we set
1 - .
ZEOmuy==5 Y e PNy (Im$O(o,u) —mly)  (3.28)
ceSy

and finally
F9mu) = — B~ InZ§ (m,u). (329

Since for the remainder of the proof, m as well as N will be fixed values, to
simplify our notations we will write simply f; (1) = f % (m, u).
The point behind this definition is that

Fe9m) = E[ fieWlfan] — ELf DI fi]
1
= SELfuxlD) = frnl = DI F ] (3.30)

To obtain the last line we have used the fact that f, (u) is actually a function
of the product u&y.

On the other hand, f; ,(u) is a concave function of u (hence the condition (4)
for x,). This implies that

| feaelD) = feo( = DI = 2 max(] fi, oD 1f e, — DI)
= 2 [ + 21 f o — DI (3.31)

Now,
12 (Im& (o, u) — ill;)
f,,K(u):éa,K,u(m(k!K)'K(G,u)éKU + — d s
' e KO BN 1, (ImE (o, u) — mll,)

(my (o, u) — ﬁl“)&’xﬁ%)

Imi (o, u) —m,

(3.32)
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where &, ., denotes the expectation w.r.t. the probability measure

1 . _ pitex
ZE0 g e I o) = i) e =0, do (3.33)
N >

Using the standard inequalities e* <1 + x + 5 ¢ and 1 + y < ¢’ we get
g q

. 2 [~ P
ELT 7,0 5 exp( S| (Tom | e, )

To bound the f%(m) in the exponent, we will simply use a uniform upper
bound on |}, ( = 1)|. As the functions for + 1 have the same distribution, it is
enough to consider the case + 1. Note that

Xp(“mN ) — ntlf,)
xo([lmy(o) —m| )

(Dl < Elmig (o) + =

ﬂN

<l+4— (3.35)

2

(
~(
L olnimy(o) — i)l
BN xo(lImy(o) —ml,)

where we wrote simply & for &, .. 1, as this measure is independent of (k, k). To
use this bound, we need the following lemma.

Lemma 3.4 Let c(m) = 2{({{m|, + [t*(#)|,) be finite. Then there exists p sat-
isfying \/&, <p< 4\/& (where o = §) such that

IX;)(”mN(U)‘Yﬁ“ )I <2 3c(m)
ﬁN Xo(llmy(a) —m]2)

—2 (3.36)

(Note that p may in principle depend on m).

Proof. Note that the conditions on y, imply that

1l imy(e) —ll2)] _ ZZN,ﬁ,p+ 1em(m) — Zy, g, (M)
BN x,(Imy(e) —ml,) = Zy, g, ,(m)

- z(-—~z”~jj1’v”;”(‘;’;>(m) - 1). (3.37)

Let us set g(x) = gy In Zy 4, .(m). Obviously, g(x) is a monotone increasing
function of x. From the large deviation estimates in Lemma 3.1, it follows that,

for x = 2\/&,

glny/2) — g(2/2) < clm)(n + 2)/x. (3.38)
Therefore
\/xn 2,
em(n +2)Jo = b g(ﬁ+(k+1/(/w — g/ + K/BN)))
k:0

(3.39)
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But this implies that the number of values k in the sum for which

7

¢
Np

(9(/o + (k + DABN)) — g/ + K/(BN))) >

c(m)(n+2)/aNB.
¢’ >

(3.40)

is bounded by thus if we choose ¢’ = 23 ¢(m), we can deduce that

there exists a smallest value ky < \/&ﬂN (n — 2) for which

0 < (92 + (ko + DABN)) — g(/2 + ko/(BN))) < C/BN)  (341)
Thus choosing p = Nfky + 2\/&, we get for this value the bound

1 Ixllimy(o) — i) .
BN L (Imle) —m) =2 2 (3.42)

Choosing n = 4 concludes the proof of the lemma. []

Putting these observations together, we see already that |f§\’,"")(m)| < C(where
C depends on 1, if p is chosen appropriately (but of order \/&). Hence we can

write
- t? - 2
E[e!y ™| 7] < exp Eezc“']E flnimy ) | Fi (3.43)

Using the bounds (3.30) and (3.31) we get further that

IE[(%L”’(@)Z «%}

S 2ELE keI F ) + E L i = DI P F Lk

S 2E[E[IfiDPF e d + EL il — DPF eI F ]

S 2E[IfkuP + Sl — DIPLZ L

= 4E[|fi (D F ik (3.44)

Inserting the resulting bound into (3.25), using Jensen’s inequality
eBxi71 < EfeX| 7], we get

P[ fy(Im) — E fy(m)| = Nx]

<2 infe_’NxIE|:exp <4t2e2‘c i f (f;,K(1))2>} (3.45)

rz0 k=1x=1

Now,
7 2 1 K £K 2
(fk,k(l)) §2<g|:NZi:5i kaiUk:|>

(m5(0) — ) 1 I,(lmyo) — i) |\
* 2<‘°@ [nmN(o) s BN 7, ([ my(@) —m]5) D
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e i

|my(a) — mll,
! g[cxg(u (o) — nm)lﬂ
(BN)? Xo(llmy(o) —m|,)

<2¢ % ) 5';ai>2 +2(e3m — 1) & [MJ (3.46)

my(a) —ml,

where we have used Lemma 3.4. Thus
N 14 p 1 2
(5[ > X (fk’,K(l))z:| <2N& 3}, <NZ & m-) +2N(e>™ — 1)
k=1xk=1 k=1 i
=48 Hy(o) + 2N (e>*™ — 1) (347
Note that this formula is quite remarkable, in that it relates the variance of the
local free energy to the distribution of the (local) internal energy of the system.
For our present purposes it will, however, suffice to bound £Hy(o) by the

supremum of the Hamiltonian over all spin configurations,
Lemma 3.5. There exist a constant ¢ 2 1 — 271292 sych that for all x,

IP[sup Hy(o) 2 xN:| L ex—2nAN, (3.48)
ce Ly
Proof. Just use that

P[sup 2Hy(0) = xN:| < ZNE[% i (ﬁ ii f?)z > xN:| (3.49)

cgeSy k=1
and the fact that ﬁ YV, &F is subgaussian. [
From this estimate it follows easily that
B Lr=1 e ()] < ot (3.50)

for some constant ¢’ < oo if 5 is smaller than some constant. Lemma 3.3 now
follows by choosing ¢ appropriately. [

Remark. One has to keep in mind that the constants in the estimate in Lemma
3.3 depend on m in a way that is difficult to control explicitly. The self-
averaging result concerns thus the rate functions only at points where this
constant is bounded, 1.e. in the interior of the set where the rate function itself
is finite. It should be noted that this includes in particular the critical points,
for which t*(m) = m.

Let us introduce the sets

Wy, p(c) = {meRP |V, m"e
{1, —1+2//N, ... 1 =2/ /N, }ncm <} (3.51)
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Proposition 3.6 Assume that limy; ., # = 0. Then, for almost all w, there exist
a sequences p = pn(m) satisfying \/% Sp s 4\/% such that

lim  sup

Nt oo me# §pmlc) N.8.p(m)

FRhom(m) — EF R (M) ‘ =0 (3.52)

for any ¢ < 0.

Proof. By Lemma 3.3, there exist p(m) such that

£ Hopf £ Hopf
P sup FN?g,p(M)(m) - IEFN?Ig,ﬂ(m)(m) > Z:|
me Wy, pw(c)
7% Hopf Hopf
S || gt~ EFE ) > £
me Wy pam(c)

< ec"N%ln}':}—Nc'z2 (353)

fIA

Where we have used the well-known fact that the number of lattice with

spacing 1 /\/N in the p-dimensional unit ball is bounded by exp(c” pIn pN) for
some numerical constant ¢”. Since by our assumptions on p(N) for any z > 0,
this bound is exponentially small in N for N sufficiently large, the proposition
follows from the first Borel-Cantelli Lemma. [

3.3 Two variational formulae for the rate function

We now turn to the second result on the Hopfield model, which is a large
deviation principle under a very strong condition on p(N), namely that
p(N) <InN/In2. This makes use of a very nice technique introduced first
by Grensing and Kiihn [16] and later used by Koch and Piasko [20] and
Gayrard [14] to compute the free energy and to construct the Gibbs states of
the model in this regime.

Let us denote by I « N a finite set; we will always assume that N is so large
that I < {1, ..., p(N)} (we exclude the trivial case p(N) bounded). We denote
by II, the orthogonal projection from R?™ to IR’. Let us introduce, for
me[—1,17, the quantities

Z{V,ﬁgs[a)](nﬁ) = 2_N Z e_ﬁHN(a)]l{HH1mN(o')—rﬁH§és}' (354)

e N

" We introduce the family of vectors e, e{—1,1}%, for y = 1,2, ..., 27 which
represent a complete enumeration of all vectors in IR? whose components take
only the values +1. We set

v,={ied|& =¢!, Yu=1,..,p}. (3.55)

The v, are of course random quantities depending on the &, however, their
volumes |v,| almost deterministic in the sense that there exist a subset 2 < Q
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of probability one, and functions dy tending to zero as N1 oo, such that for all
but a finite number of indices N,

llo, — 27PN < 6,2 PMN, Wye{l, ..., p(N)} (3.56)

provided that p(N) satisfies the assumption of Lemma 3.4. A proof of this fact
can be found in [ 14] (Proposition 4.1). Let us remark further that the vectors
e, have the property that
2r
277 ) eher =46

y=1

(3.57)

v

where ¢ here is the Kronecker symbol. Let us denote o,(0) = (1/[v,)¥;,, 0;.
We then have

miy(o) =277 z el = m,(2(a))). (3.58)

up to a negligible error of order Jy.

Lemma 3.7 Assume that limy,, 2°™In N/N =0. Then there exists a set
Q < Q with P(Q) = 1, such that, for all w €@, for all but a finite number of
indices N,

2

1 1 z

——InZ} n) = ~[2"® .,

BN n Nsﬁ,s[w] (m) de[~sl 11)]2 w2 “ VZI €,0, 5
1m0 —m|2 < e

2 Z I() + o(1). (3.59)

Proof. We have

A-N N(1/2)llmp(@) 13
Zy,5,0() = 2 > gy 1ymp - g2 < oy €N 2NN
0y W fp, =1, ..., 2P

Y Ly =ayy=1, .02} (3.60)

e N

where #7,, = {—1, =1+ 2/Ip,|, ...,1 — 2/|v,|, 1}. The last sum over the ¢ is
easy to compute. Namely

- =N
2 N Z ]l(a(},(o)=oc-,,,7:1,.“, =27 N H <| |1+a¢]
V

oe N
2r
= exp( - Y (v, I(e) + 0(1n|v./|))>, (3.61)
y=1
with I the well-known entropy function

L n( *In(1 — x) if [x] <1,
I{x) = .
+ oo otherwise.

(3.62)
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The term Zi‘;l O(In|v,]) is of order 27In N and therefore totally negligible.
Using (3.42) we obtain

Zzlv,ﬁ,a(ﬁl)z Z ﬂfun,m,,(a) M2 <e exp(ﬁNz | m, (05)”2

any=1,..,2°

2
=3 (v, () + O(ln|v,|)) + NO(&N)>. (3.63)
y=1

Observe that the o, take values in the set #], | so that the total number of
terms in thesum 3, _, . is bounded by [T22, |v,| < &N, Therefore, it
suffices to use the upper and lower bounds

1 1
sup 5 Imy(@) 13 — BN Y (v, (@) — O(n|v,])) — NO(3w)
y=1

€W, |,y =1, ..y 2P 2
{rmp(e) - m(12<€

1
<onZhp s s S im0
ﬁ oy EWp, ),y =1, ..., 2P

[mrmp G~ )2 o

2» 2!’1
Z (o {e,) + O(ln|v,[)) + NO(y) + 71 ;;N.

.64
iy 2 (3.64)
Since we have assumed that 2°1n N/N|0 as N1 oo, and using (3.56) we see that

on O both the upper and the lower bound in (3.64) only differ by terms that
converge to zero as N1 oo from the quantity

Dy 4..() = sup Z I(e,). (3.65)

ael[—1,11,y=1, ..,2° 2
12, mp(o0) — m\12<s

Imp() 12 —

ﬁ2”

But this proves the lemma. [

If p(N) were bounded, we would now be done. For in such a case, the limit as
N tends to infinity of @y 4 (1) clearly exists and yields the desired large
deviation rate function in terms of a variational formula. In our situation,
since the dimension of the space over which the o vary diverges, it is not
a priori evident that the limit exists and can be expressed through a variational
principle. To prove it we need some notation. Let us first observe that the
vectors e can be chosen in the following explicit form,

el = (— 127, (3.66)
where [x] denotes the integer part of x. Let us define the sets
A = {oe[ —L11* |y, o, = o, 1 5a}. (3.67)
Obviously,
Ay A - cb b =[-11]". (3.68)
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The points to notice are now the following: If o € &%, with d < p, then

(1) my(x) =0, if v > d and

(i) mh{o) = mf{er), if p S d.

Let us set
O,(x) = Hmp 15— ﬁz,, ZI (o) (3.69)
and
2p,o(1) = sup O (). (3.70)
M

[Irm (d) mH2 =¢
3

Then, for « € Z5, 0 ,(a) = O,4(x), while at the same time the constraint in the
sup is satisfied simultaneously w.r.t. m, or m,, as soon as d is large enough such
that I = {1, ...,d}. Therefore,

2y, (h) = sup O, = sup O4() = 25,.0m). (3.71)

xe.ﬁﬁ oel g
MIrmato) =) < & M mae) =3 < e

Hence 2, () is an increasing sequence in p and being bounded from above,
converges. With these preparations, we are ready to prove the following
proposition.

Proposition 3.8 Assume that limy,,, 22V In N/N = 0. Then for almost all w,
the induced measures 23°% [w] satisfy a large deviation principle with rate
function F}j°P"!(i#) given by the following variational formula

- 1
FRoPtI (i) = —sup sup —l2-r Z evocy > Z I(x,)
peN xe[—1,+ 1]2F v=1 2 ﬁz
2 *17):32‘_”: &A= h
2
x -1
+ osup (=B UX)). (3.72)
xe[—1,1] 2

If I, denotes the set
F = {l’;le]RI|3a€(_1 1)17: Hlmp((x zfﬁ}

then F}°P"1(i) is uniformly bounded on Iy and Fi°™"'(i) = + oo if m¢l ;.
FH”pf N is lower-semicontinuous, and Lipshitz contmuous on Iy

Progf. We have shown above that 2, .(#1) converges for fixed ¢, from which
we obtain immediately that FH°pf(m) exists and is given by the variational
formula

Z I(e,)

1
FRPt1(i) = —sup sup > lhmp(e) 13 —
he peN ae[—1,+ 1712 2 i 52}7
N2 =752 oy =<

+ sup (%Z—ﬁ"ll(x)) (3.73)

xef—1,1]



1arge deviation principles for the Hopfield model 537

From this it is obvious that Fjlo"" converges, as £)0 to a lower-semicontinu-
ous function and that
lim FRorST i) = lim  inf  Fj™"'(m), (3.74)

£l0 £l0 m:[[m—ﬁlngga

with F{°°"!(m) understood to be defined by (3.53). This will imply

1i113)1 FP (i) = FoP™ (1) (3.75)

whenever F}°?"" is continuous in a neighborhood of #i.

Recall that I(x) is uniformly bounded on [—1, 1], and continucus with
bounded derivative on (—1, 1). Therefore, & () enjoys the same properties on
[— 1,177 and (— 1, 1)%, respectively. Moreover, a straightforward computation
shows that on compact subsets of its domain of continuity, @, is in fact
uniformly Lipshitz with constant C27 72 je. for a,a’ €(—1, 1)7,

[05() — ©,()] < C2772 [la — o/ [|,. (3.76)

It is clear that if there exists p and o €[ — 1,117 such that IT;m,(o) = i1, then
FjPt 1) < + co. This shows that F{°*"" is bounded on Ij;. But it is not
difficult to see that I}y o I',for all p = {I], so that I', so that I}y 1s the domain
of finiteness of F;I"pf’l.

Notice that if ae[—1,1]% is such that [I;m,(x) = m then «' defined
through o, =a, +3 e/(@" —m") satisfies II;m,(0) =m. Clearly
oo —a'l]; =27 | — m|,. Using this fact and (3.57), we find that 7, is
actually uniformly Lipshitz continuous on compact subsets of Iy with
constant C, independent of p. But this implies by a simple three epsilon
argument the Lipshitz continuity of F;°*"" on the interior of its domain of
finiteness. This concludes the proof of Proposition 3.5. [

Remark. From the rate functions for the marginal distributions one can of
course, by standard arguments construct the rate functions for the infinite
dimensional distributions through an inductive limit, as in the Daw-
son—Girtner theorem [9] (see e.g. [8]).

It may be of interest to give an alternative expression for the variational
formula (3.53) which allows to obtain some interesting bounds. To this end, we
notice that the function I(x) is the Legendre transform of the function
Incosh(z), i.e. that

I(x) = sup (tx — Incosht). (3.77)
telR
Let us first rewrite
. 1 e
Oup )= sup sp - 5lmliE = ¥ I) BT
me[—1,1]° oe[— 1,172 y=1

IIH;m—ﬁt]l% S& 27PEY_ jsm=m

To find the suprema under the constraints 277 Zfil e,a, = m, we introduce
the corresponding Lagrange multipliers ¢,, u=1,...,p. The resulting
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function

L(m,oc,t)s%i[mH% ,82” Z I(a,) + Z t (2 » Z ela, *mﬂ> (3.79)

is quadratic in m’, and (d/dm"}L(m, o, t) = 0 if and only if t' = m’. Thus for the
component v, with v € I, over which the supremum over m’ is taken uncondi-
tioned, we must have that ¢, = m’. Therefore,

¢N,/],s(n~/l)

= sup inf  sup Z( (m*)? —tum">

me[— 1,11  teRP 2e[—1,1]%
l!HIm—ﬁl||2<s

1 %
/32” ( Y e, IBI(oc./)>

sup sup inf ) = (w“—tu)2
wel[—~ 1,11 feRL teR! pel
fw— mr12<6

4 l~2 1 21’1 4 /t
_Zzt\ BZ”Z ncosh( ge )

il

1
= sup sup inf ) —(w*—1,)*

we[— 1,1} feRI® teR! pel

| w— mH2<£
1 2
2¢ﬁ<2et+2ez> (3.80)
pel vel¢

where ¢y(z) = — 2°/2 + (1/B)In cosh(pfz) and where to get the last line we
have used the orthogonality relations (3.57).

From (3.80) we can derive the following alternative variational formula for the
rate function Fj°*" (ri):

1
Fiovtlm) = —sup  sup  inf ) (@ —1t,)?

peN feRil: —-riN eRT pef

1 x "
b3 % o e 3 e

uel vel®

2
— inf (X— — B~ 'lncosh ﬁx) . (3.81)
xelR 2

In fact, to obtain (3.81), we have to show, like in the proof of Proposition 3.5,
that the limit of (3.80) as N tends to infinity exists. To do this, let us define, in

complete analogy to the proof of Proposition 3.5,

E,(f,w)=inf ) %(W#_ )2+ 2p Z ¢/3<Z e, + ) eva>. (3.82)

telR{ pel uel vel©
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Note that @y » .(w) depends on N only through p(N). This suggests to define
r,wy= sup E,(Iw) (3.83)

FeRiL —» N
To compute this supremum, we can first compute the suprema over subspaces
in which only the first d components of f are allowed to take non-zero values,
and then take the supremum over d = p. But notice that for such
£, Z,(F, w) = Z,4(f,w), where obviously in the second function f is understood to
be the projection of the original ¥ onto the subspace R -4\ Thys
F,wy=sup sup E,(Iw)

d<p feR P}
f,=0%>d

=sup sup Zyfw)
d<p feRil ~d\I
= sup 2y{w). (3.84)
d<p
But this implies that 77,(w) is a monotone increasing sequence in p. Since it is
bounded from above (see. e.g. (3.87), it therefore converges to a finite limit.
Thus
lim @y 4.() = sup lim 2,(w) (3.85)
Nt we[— 1,1} ploo
hw=mZ<e
From this it is obvious that the expression (3.81) represents the rate
function.

From (3.80), it is possible to derive two bounds that involve suprema in a finite
number of variables only. First we obtain the obvious lower bound

. . 1 12
Dy )= sup inf ) —(W'—1,)* + 77 Y ¢ﬁ< Y e’;tﬂ> (3.86)
H‘rf£7ﬁ1\]’21<]lg teRY pel y=1 uel

by bounding the sup over £ by its value for i = 0. On the other hand, we get an
upper bound

1
Dy ()= sup sup inf Y —(w —1,)°

we[— 1,11 feR’< teRI pel
lw—m|<e

1 Z
+ 5 Y Concqﬁ,;(Z e, + Y e;f‘,>

y=1 uel vel©

[IA

1
: 2
sup inf Y —(w* —1t,)
we[—1,1V teRY puel
w2 e

1 2w

+ 3 Y. Conc d),;( Y e’y‘t,l). (3.87)
y=1 pnel

Here Conc f denotes the concave hull of the function f, i.e. the smallest concave

function that is pointwise larger or equal to f. To obtain (3.87) we used two

facts: First, the sum of the concave hulls of the functions ¢, is in fact the
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concave hull of the sum, as a function of the ¢ and . Moreover, the function
appearing in the first line of (3.87) is symmetric in f. Being also concave in 7, its
supremum must be taken on at zero.

Remark. In the case |I| =1 one can easily show that this upper bound
coincides with the concave hull of the lower bound (3.86), and one may think
that this could be true in general, but we cannot prove this.

4 A Lebowitz—Penrose theorem

Having reduced the FHK P-model effectively to an interacting local mean field
model in Sect. 2 we will now use the results on the rate function for the
Hopfield model obtained in Sect. 3 to show that the large deviation properties
of the total overlap parameters m, of the FHKP-model can be found in terms
of those of the usual mean field Hopfield model. This is an analogue of the
Lebowitz—Penrose theory [23] of the Kac-model.

As usual, we need to proof upper and lower bounds on the non-normalized
versions of the quantities 2, ; ,[w](#), that is we define for m e R’
Z/l,ﬂ,y,g[a)] (T'}N'l) = 2“ (2N+1) Z ]1{"\ Hia(e)— i H% <0 e*ﬂHA,y[w](o')_ (41)
LN B
Using Corollary 2.2, we see immediately that, for almost all w, for all but
a finite number of indices N, this quantity differs from

Z s gy elo]i) =27CV 0% ﬂ{unfmA<a)—mH§§s}37ﬁH(’)‘“’[w](a) (4.2)

GES 4

only by a factor e + @V D10)4/21ee 24 /2MG) which if y1(y)]0 and yM (y)]0, will
give a negligible contribution in the limit y]0. We thus have only to get
bounds on Z, 4, .[w] ().

In this section we will need the self averaging properties of Sect. 3.2. Due to
the continuity problems on the boundary of the set on which @(m) is finite, we
have to impose some restrictions on the set of admissible #. Given #i, we
defined m* through @(m*) =inf,. p,--P(m). Set T(I)={m|d. ., lim
SUPNt o | 1¥(m*) |, < c}. In the remainder of this section we assume #i € T(I).
T(I) is constant on almost all of Q and by Lemma 3.2 coincides with the
interior of the set D(I). For fixed # € T'(I), we write in the sequel (see (3.51))
Wiom = Wi ulc(m)).

Let us begin with the lower bound. For this, we write, using (2.7)

Z gyl =27 - miz<a)

ceF 4
1

xexpy 1) Y Jupx—)
2 (x,y)eI' xI'

M@)
x 3 mﬁ(x)(g)mﬁ(y)(ff)}

p=1
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—@2N+1)
sup 2 Y I Ymaor-miy s

oceS g xel’

v

mew pm
1rm =13 < 8(p)

1
X exp{ﬂz I(y)  sup Y, Jupx—y)

[Tpm =3 < 3(p) (x,y)yel xT

My
X Y, Miole )mfi<y>(<7)}a (4.3)

p=1
where é(p) = (\/ — p)*. Equation (4.3) holds for arbitrary p > \/& but we
will later choose p = p, that tends to zero with y in a suitable way. Since under
the characteristic functions in the last expression
M)

Z Jvl(v)(x -y Zl M ()Ml (,)(0)
(x,y)el xI" n=
My
= Y Japlx =y Y (7)Y + mimle(o) — m) + mH(mly(c) — m")
(x,y)eI'x I’ p=1
+ (I (a) — m*)(mli{a) — m*))
=Y lml5—2p|m|2 — p? (4.4)

xel

we get from (4.3)
ZA,,B,"/,S[Q)](WZ) g sup H 2‘“},) Z H{IImA(x)(rf)—m Il < p}

(3% 50 " e
x exp {B% 16 mi13 — 21)p - m(mﬂ}. @3)
In the last line we recognize the function
Zifh,Leln =270 T e T Mmooz (4
o F i

so that our lower bound can be expressed in the form
Z s pre[0](@) = sup T Zir5., [oox] (m)el = 2010 =B10eD (4.7

meW xef
[ Zrm— 12 II2 < 3(p}

where w, is defined, in a slightly abusive way, through the relation that for

ie{l, M}, Edoy) = Eygyes {w). (Sorry!) Thus, using Kolmogorov’s strong
law of large numbers, we see that for fixed y, for almost all w,
1 ~ 1
lim—InZ, ;. .[w]Hm) = su lim
Ntoo 2N 1 A, By, [ ]( ) = p Ntoo 2N + 1

me# | m
1T~ |2 < 6(p)

x Y, In ZigPy [, 1(m) — 2Bp — Bp*

xel
1
= sup — E[ln Z}PL  [o](m)]
mewine ) K-

I Zpm— (2 < 5(p)

—2Bp — Bp*. (4.8)
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Furthermore, we can write

sup — E[ln Ziy, Lwl(m)]
me# 1 m l( )
| Im— il £ 8(p)
> 1 Hopf
= E sup T InZjo0 s, L] (m)
meW ') amr ')))

UIm =12 < 6(p)

- IE< sup ,( 16y | 20 L] m) — B n ZEGFS,  [](m) |>. (49)
meW am

The first term in (4.9) is what we want. To control the second, we can use

Lemma 3.4. By the bound provided there, a simple calculation shows that

1
E sup 0 |n Ziees ,[w](m) — Eln ZEP,  [o](m)]
mew’
| Hym— mufé 5(p)

c MG) (4.10)
I(y)

for some positive constant ¢. Here p is choosen as in Proposition 3.7. To

simplify the notation we will set ¢ = o(p). Taking furthermore advantage of

the fact that limy;,, (1/2N + 1)1n Z s..eL@]() is necessarily a concave func-

tion, we arrive at the lower bound

fIA

1
IIVITI?O IN + anA/’/s[w](m)

1
2 ConelE|  sup oI Zi ey L m)
me f/’[Hj\z/[ 5 y
| Hym—m|5 <

M
—c M) 4.11)
I(y)
Finally, by using the trivial bound
Zigrs. Lolmy =271 % e i U 1 ymo) - w3 < &
TEL Uty
< MO InAM/M ) sup ngf;',L/M(y) [w](m), (4.12)

mey pr
I Hym— mn2<(>

this becomes

1
11\111%’2 2N 11nZA By, s[w](m)

1 o i M)
chnclE[l()lnzgnfﬁ’a[ ](m):|—c Tv? (4.13)

This is in fact the desired form of the lower bound.
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We now derive the upper bound. Here we use the simple fact that
M (0)Mly () £ 3(Mly (0 + 1Ml (0))? (4.14)
to write
Z 4,5, [0 (17)

—(2N+1
<2 ( ’ Z ﬂ{llﬂlm/x(ff)—ﬁlfl%éﬁ}

ceF 4y

xexp{ﬁ I(y) Y, I maw(o) Hz}

xel

A

Z ]]‘{HTIIZL‘Herrmx*mx i2 <6}
m“,xs]‘,uel

X H 2” » Z H{Hi}’zmi(})(") w2 =4} exp{ﬁ l(})) z ”m }

xef ce¥iyy xefl

lIA

Z ﬂ{umua,zxermx—rﬁug s

L
mi, xel', uel

X exp{ Y InZgpyt [w,] (mx)}. (4.15)

xel

Since the number of terms in the sum over the mf is bounded by
[(y)] 2Lt DI = CN+ DA we can bound (4.15) by the number of terms
in the sum times the maximal term. This gives

ZA,/;,V,E[Q)] (ﬁl) < 2N 1)1'1‘(1())11!

X sup eXP{ ) In Zﬁ;’f}’,ﬁ,[wx](mx)}- (4.16)
m¥, xel', pel xel
| Fs gy Exerme — M2 < ¢
Therefore, with ¢ = /&% + p
1 In I(y)
lim ——InZ,;,. I
Moo ON +1 4, 8, v- [w ]( ) — ( ) | |
1

< ] su ZHopf I wx] mx
Lteo 2L +1 mﬁ.xefggef g‘ l( ) . f. p[ ( )

§rgder Txerme—hZ <2

L
< Conc-— o) E ln Z;‘};’)"%i [w](R)

75 Sup |1n ZHopf’I [wx] (mx)

+ lim 10 fop

Lt 2L + 1 x:Z‘F (’J}) m¥, pel

— Eln ZyFy 7 [ (m.)]
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1 .
< Conc 0 E In Z}P5 " [0](7)

. 1 Hopf, I Hopf, I
+ ILITIE WIE[ sup |InZ;7p [ ](my) — ElnZ, 2% [w.](my)]

mﬁ:,yeI
(4.17)

almost surely, by the Kolmogorov law of large numbers. Moreover, using
Lemma 3.1 and the inequality (4.12), we can bound the expectation of the
supremum in the last line just as in the case of the lower bound by

¢/ M(y)/l(). Thus, we have that almost surely,

. 1 ~ N 1 o .
zlvlrrg NI InZ,4 ., [o](m) < Conc 0 IE In ZjP% [e] (7)
M(y)  Inl(y)
c |— 1|. 4.18
i T (419

A consequence of these bounds will be the following:

Lemma 4.1. Assume that M(y), [(y) are such that lim, o M(y)Ini(y)/l(y) = 0.
Then, for all ¢ < ¢" and for almost all w,

limsup lim F 4 5, .[w](#) < limsup Conv EFP (), (4.19)

0 A1z oo
and
lim inf lim FA,M,E[(U] (m) = liminf Conv IEFE;?Q:I(nﬁ), (4.20)
710 AZ Nao
where

1 n ZA,/L ,/,8[0\]](1’71)
2N +1 ZagyJo]l

FA,/i,y,e[w](na) = - ﬂ‘l

In particular, if the limit lim; , Conv EFSP01 () = CEoP™! () exists and is
continuous in &, then, for almost all o,

lim lim £, 5, ,[w](7) = 52" (7). (4.21)

o MZ

If in addition lim, o yI(y) = O then for almost all w,

limim F, 4, [o](#) = C;P"! (). (4.22)

710 A1Z
Proof. Let us first remark that due to Lemma 2.3, if the statements concerning
the limits y|0 hold for subsequences v, = 1/n with probability one, then they
hold for with probability one for all subsequences. By this remark, Egs. (4.19)
and (4.20) follow directly from the bounds (4.18) and (4.13). (4.21) is a direct
consequence of (4.19) and (4.20) under the additional assumptions on the
existence and continuity of Cj%""'(ri). Finally, the use of the estimates of Sect.
2, in particular Corollary 2.2 allows to replace F by F and thus to obtain (4.22)
under the additional assumption on I(y). [
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We will now use this lemma to prove Theorems 1 and 2.

Proof of Theorem 1. We counsider the situation where M(y) = |ln y|/1n 3. If we
choose I(y) such that I(y) [Inl(y)| = v, then (4.22) relates this FHKP-model to
the Hopfleld model with p(l) = In(/In))/In 3 = In! + In In //in 3. But this func-
tion satisfies the assumption of Proposition 3.5, so that

: Hopf,I¢ ~\ : Hopf, I

II;I;IOI Fl,ﬁ,& (m) B HL ||m17nﬁ£[|% =e Fﬁ (m)’ (423)
where F ;{""f "I'is given in Proposition 3.5. In particular, the continuity of this
function on I}y implies immediately the continuity of the left-hand side of
(4.23) in ¢ for all eIy, Thus, under these assumption, (4.22) holds and,
moreover,

Fy() = lim lim lim Fy,g,,,.[](7) = Conv F}/°*"! () (4.24)
el0 yl0 AMZ

exists and is given by the convex hull of the function (3.53).

Now the left hand sides of (4.22) and (4.24) do not depend on the choice of I(y).
Therefore, we can make a different choice of I(y), to relate the same FHKP-
model to a Hopfield model with different p(). For any function p(l), such that
p() =1 g(), where ¢(1}]0, we just have to choose [(y) in such a way that
|Iny|

l I(y) = ~— = M(y). 4.25

() 4t =5 = MG (4.25)
Then the assumption of Lemma 4.1 on M (y) and [(y) are still satisfied, but the
rate functions of the FHKP-model with this M(y) will be related to those of
the Hopfield model with the chosen p(l). Now, instead of (4.19) and (4.20), we
can derive from (4.13) and (4.18) that, for all ¢” > ¢, for almost all o,

limsup ConvE Fl*f‘,;{’sf’f(nﬁ) <lim lim F, 5, .[o](h) (4.26)
q Moo 0 A1Z
an
liminf ConvIE F'7+/ () > lim lj?; Fy g e [0] () 4.27)
oo 710

But the right-hand sides are continuous in ¢, and so the limit

lim Conv E F)!$?*1 () = lim lim Fy 4, . [c0] () (4.28)
oo ylo A1Z
actually exists, almost surely, and is a continuous function of . In fact,
lim 11le Conv E FIP7(i) = Conv F§°*"' (i), (4.29)
£]0 ©

with the left-hand side independent of the function p(I). This concludes the
proof of Theorem 1. [

Proof of Theorem 2. We have actually just established that the requirements
for (4.20) are in fact satisfied as long as p(I) = Iq(I), with g(l) tending to
zero arbitrarily slowly. Making the choice I(y) = ./M(y)7, we see that (4.21)
and thus (4.25) hold as long as M(y) satisfies y M(y)|0. But this proves
Theorem 2. []
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