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Summary. We construct Brownian motion on a continuum free, a structure
introduced as an asymptotic limit to certain families of finite trees. We ap-
proximate the Dirichlet form of Brownian motion on the continuwm tree by
adjoining one-dimensional Brownian excursions. We study the local times of
the resulting diffusion. Using time-change methods, we find explicit expressions
for certain hitting probabilities and the mean occupation density of the process.
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0 Introduction

Over the last several years, various authors have extended the theory of
continuous-time Markov processes to inherently rough sets. Barlow and
Perkins [8], Lindstrom [11], Hambly [10], and Barlow and Bass [5-7] have
defined Brownian motions on various classes of fractal sets. A characteristic
of all these works is that the Brownian motions in question must be defined
through approximations by simpler processes, generally random walks on ap-
proximating lattices. As a consequence, it is difficult to describe functionals of
the resulting Brownian motion explicitly.

In this paper, we approach constructing such Brownian motions from a
different angle. Our underlying state space is a continuum tree; think of this
a limit at infinity of a finite, graph-theoretical tree of segements in Euclidean
space. A natural approach to constructing a Brownian motion on such a state
space is to start from Brownian motion on the approximating finite trees, then
let the finite trees converge to the continuum limit while suitably rescaling
time. It turns out that this can be done rigorously through potential theoretic
methods. The details comprise the bulk of this paper.

A standard property of graph-theoretic trees is that any two points x, y are
joined by a unique path fx, y|, a property common to the real line. This property
allows many standard calculations for linear Brownian motion to be transferred
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to Brownian motion in the tree setting. As a result, the hitting distribution and
the occupation density for Brownian motion on the continuum tree may be
described fairly explicitly. Standard results on Brownian local times also carry
over directly to the tree.

Brownian motion on the continuum tree was proposed in Aldous [3]; a
rigorous construction was not provided, although an intuitive argument for the
existence of the process was sketched. This paper formalizes that argument
carefully. Besides clarifying Aldous’ argument, we feel that the argument pre-
sented here has a couple of other points of interest.

(1) Certain fractal subsets of Euclidean space have natural approximations by
trees. The construction given here (with a slight modification) will define
Brownian motion on such spaces. Many of these fractals do not admit
easy approximating lattices.

(11) In Aldous [2—4] models for random continuum trees are developed, to-
gether with applications to family trees of branching processes and random
combinatorial structures. Brownian motions can be constructed on realiza-
tions of these random trees. These may be useful for studying random
walk on finite or discrete random trees.

(i) In [3, Sect. 6.3.1], Aldous remarks that local time at the root for Brownian
motion on the continuum tree can be recovered from the superprocess
constructed over the Ray—Knight diffusion. Other interesting relationships
might exist between superprocesses and diffusions on continuum trees.

The remainder of this paper is organized as follows: In the first section we re-
view the properties of continuum trees that we will need and explicitly define
our Brownian motions. In the second section, we construct the Dirichlet space
for our process and develop some of its potential-theoretic properties. In the
third section, we study additive functionals of our processes, prove that our
Brownian motion has jointly continuous local times, and describe the occupa-
tion density of our process explicitly.

1 A review of continuum trees

Let (&, 1) be a continuum tree, in the sense of Aldous [4, Sect. 2.3]. That
is, & C /1(N) is closed, contains 0, and for every x, y € &, there is a unique
path [x, y] connecting x to y, of length d(x,y)=|x — y|;; 4 is a measure
corresponding to choosing a point “at random” from <.

Taking 0 as the root of the tree and x, y € &, define the branch point
b =b(x,y) as the point & in [0,x]MN{0, y] of maximal distance 0. Say that
x € & is in the skeleton of & if there exists y € & such that x € [0, 3. If x
is not in the skeleton of &, we say that x is a leaf. Following Aldous [4], we
assume

(a) If x1,x2,x3 € & are such that b(x;,x;) = b(x1,x3) = b{x2,x3) = b, then at
least one of x1,x;,x3 equals b.

(b) pf{x:xis a leaf of ¥} = 1.

(¢) u{y:x€]0,y]} > 0 for all x in the skeleton of <.
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We also assume

(d) & is compact and the support of u is &. (In the terminology of Aldous
[4], (&, ) is said to be “leaf-dense”.)
(e} & has finite box-counting dimension «.

For convenience, we assume that if x = (x1,x;,x3,...) € & then (x1,0,0,...),
(r1,%2,0,...), (x1,%2,%3,0,...),(x1,...,x;,0,0,...) € & for all j. (Thus, for any
x € &,[0,x] =[0,x];p, as defined in Aldous [2-4].) Let {k;,k,,...} be the stan-
dard unit vector basis for /. Let s, be the maximal segment in the direction
ky contained in #. Let ¥ = J{" 5. By the assumption that all paths are
“special”’, we can see that &, contains the skeleton of &. It is not hard to
see that this also implies that ¥, = U'{ s 1s connected n=1,2,....

As & is compact, D = sup, . d(x,y) < co. Let J; be Lebesgue measure

on s;, and define a measure me, 01 S oo by taking me(E) = > o0 27 24(s; N E)
for Borel sets £ C Z!. As A(s;) < D for all i, moo(&) < 0.
Call a graph-theoretic tree with exactly & leaves labeled 1,...,%, such that

all internal nodes have exactly two children a proper k-tree. If & = U"f 5
then assumption a. implies that &, is a proper k-tree. Let p be Lebesgue
measure on ¥, normalized so that y (%) = 1. We assume

(f) i converges weakly to p as £ — oc.

Explicit constructions of pairs (&, ) satisfying assumptions (a) — (f) appear
in [2,3]. In particular, if B, is a Brownian excursion started at 0 and conditioned
to end at time 1, then a function f can be defined mapping B, into a pair (&, 1)
which satisfy (a) — (f) with Probability 1. See [3] for a heuristic explanation
and [4, Sect. 2.6] for a detailed proof. Alternatively, some well-known fractal
subsets of Euclidean space are quite similar to the continuum trees.

Let {X;} be an &-valued stochastic process. We make the following:

Definition 1 {X,} is an (&, u)-Brownian motion if

(1) {X:} has continuous sample paths.

(i) {X;} is strong Markov.

(iil) {X;} is symmetric with respect to the invariant measure .
(iv) For each path {a,b] C & and each x € ja,b],

d(x,b)

PT, < Tp] = iab)’ (1)

where T, = inf{t: X, =z},z € &.
(v) Forx,y € &, let my, be the mean occupation measure for X; started at
x and run until it first hits y. Then,

myy(dz) = 2d(c(z; [x, y]), y)u(dz) , 2)

where (c(z;[x, y]) is the point where [y,x| and [y,z] diverge.
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2 Constructing the Dirichlet space

Our objective is to construct an (& u)-Brownian motion explicitly. To do this,
we will define a Dirichlet form on the Hilbert space L?(¥,me). Let FC°
be the set of functions f :#! — R such that f depends on a finite set of
coordinates x,...x, and is a C5° function when restricted to these coordinates.
Since . is compact and moo(y) < 00, FCE C L*(F,ms). We define forms

of og
Ok; 6k

goo(fag) = Zéal(f’g) ’

D(E) = Wb o) = FC

0f/0k; is a partial derivative in the direction k;, in the sense of Gateau; see
[1, p. 409, expression (3.3)]. So that the sign of & will be well-defined, we
establish a convention that integrals over s; will always be directed outwards
from the root. For convenience, we will write 2(6o0) = P

@@(fg)—~f i=12,...,

Theorem 2 &, is a symmetric, regular, local, Markovian, closable form.

Proof. & 1s a sum of the forms &;. A standard calculation shows that &, is
closable if the forms &; are; see Robinson [14], 1.2.9. Note that &;(f,g) is a
“classical Dirichlet form” in the sense of Albeverio and Rockner [1]; Theorem
3 of that paper gives necessary and sufficient conditions for the closability of
such a form. Examination of &; shows that it satisfies these conditions trivially.
Thus, each &; is closable, hence so is &

Routine arguments show that each &; is symmetric, Markovian and local. (See,
for example, [9, Sect. 2.1]) It is easy to see that these properties will pass
through the sum to the form &,

To see that &~ is regular, observe that #C§° is an algebra of functions,
whose restrictions to % separate points and vanish nowhere. Thus, Z(€)
is uniformly dense in C(&) by the Stone—Weierstrass theorem and &, 1s
regular. [

Corollary 3 (i) Let & be the closure of §.. Then & is a Dirichlet form.
(ii) There exists an moo-symmetric & -valued strong Markov process X°, with
continuous sample paths and Dirichler form &.

Proof. & is a Dirichlet form, by definition. Since & is compact, Statement (ii)
follows from Fukushima [9. Theorems 6.21 and 6.22]. []

Let 2(&) be the domain of &. For any o > 0 and f,g € 2(&) let
Ef,9)=E(f,9)+ o[ fgdms,. It is well-known that &, defines an inner
product which makes 2(&’) a Hilbert space.

Our Brownian motion will ultimately be produced by a time-change of X°.
To show that a suitable time change is possible, we prove

Lemma 4 (i) Let {fy} C Do, and suppose E1(fn— f>fn— f)— 0. Then
{fa} is uniformly equicontinuous and f is uniformly continuous.
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(i1) There exists a constant C < oo such that sup,., f(x) £ C\/E (S, f)
Jor all f in 2(&).
(iii) A/l non-empty subsets of & have positive capacity.

Proof. Let p,q € ¥ ; without loss of generality, suppose p,q,€ %,. Let
7 = ypq be the unique path in &, connecting p and g. If f € Z(E), then
by elementary calculus f(p)— f(q) = >_, [,(0f/0k)a;(y)1,(¢t)A:(dt), where
ai(y) is 1 if v is directed away from the root on s;, —1 if v is directed towards
the root, and 0 if y does not cross s;. Then,

, 1/2 1/2
lf(p)— f(@] = (Zf (%{;) d/ti> (Zfl"/ dﬂvi)

=V28(f, H'* - d(p.g)"*

Suppose &\(fn— f>fn— f)— 0. Then f, — f in L*(mu). Furthermore,
since &(fn, fx) is bounded {f,} is uniformly equicontinuous. As & is
compact, we can choose a subsequence f, such that f, converges uni-
formly to some limit f But then f:f(mOO —a.s.). So, we may take f
to be uniformly continuous. Observe that passage to the limit gives |f(x) —
S| £ V28, £)2d(x, y)/? for all f € 9. An elementary inequality gives
@Y S fx) = fOIIF + f(p)* for f € D,x,y € &. Substituting the bound
on | f(x) — f(y)| and integrating both sides over & with respect to y gives

%f(X)2 Moo(F) £ 28(f, f) - Dmeo(S) + ;fz(y)moo(dy) ,

which gives (ii).

To prove (iii), observe that (i) implies that all point masses {J,} are of
finite energy integral. Measures of finite energy integral charge no polar sets, so
all singletons have positive capacity. As capacities are increasing set functions,
it follows that all non-empty sets have positive capacity. [

From this we get
Corollary 5 Let v be a finite measure on B(SL). Then,

(1) There exists an additive functional A® satisfying the relation
1 t
lim~ [ACO)E* [ (X Aimoo(dx) = [h(x)f(r)(dx)
=01 g 0 &z

Jfor any y-excessive function h and nonnegative measurable f.

(i) Let 7, =inf{s > 0: 4! > t}. Then X} = X°(1,) is a v-symmetric Hunt
process.

(iii) The Dirichlet form of X¥ is &' (f, f) = EHyy f, Hyy[f), where H, is the
first hitting operator for the support M, of v, and vy denotes restriction
to My. If € D, then f € Dom(&").

Proof. Statement (i) is Theorem 5.1.3 in [9]. Statement (ii) follows from Sil-
verstein [16, Lemma 5.1]. To see (iii), first note that since all non-empty sets
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have positive capacity for &, the support of v and the fine support of 4* are the
same. If f € 2, then f is continuous, hence bounded on &. Thus, f € L*(v),
so (iii) follows from, Silverstein [16, Theorem 8.4.]. [

In particular,

Corollary 6 For every z € ¥ there exists a local time L* for X° at z.

Besides local times, we are interested in two other additive functionals, together
with their associated time-changes. First, suppose 4 = A*, with corresponding
time-change 7. Then X; = X°(z,) is a u-symmetric Hunt process with continu-
ous sample paths. We restate this as

Corollary 7 {X,} satisfies conditions (1), (ii), and (iii) of Definition 1.

Now let x,y € #,x+y, and let ¢ =d(x,y). Define y:[0,1] — Jx, y] by
taking y(¢) to be the unique point z on [x, ¥] such that d(x,z)/c = ¢ Then,
evidently, y is continuous. Let 4 = 4 ;i be the image of Lebesgue measure on
[0,1] under y, let A4* be the additive functional corresponding to A and let 7/ be
the time change induced by 4*- X/ = X°(¢}) is then a A-symmetric Markov
process.

If f € §(&), then f € L*(1). Thus H, f € L2(A), and it is not difficult to show
that

, P 2
) = Staf ) =5 [ (5L @i
T s;Nx,¥] i

Proposition 8 Let (F%,&}) denote the Dirichlet space associated with X*.
Then (F*,&%) is isometric to the Dirichlet space for Brownian motion on
[0,1] reflecting at the endpoints.

Proof. If x,y € S then it is easy to see that there exist points 0 = vy <
v < -+ < vp =1 such that y restricted to (v;,v;41) is a C° mapping. For
arbitrary points x,y € &, by letting x;, y be the closest points in % to
x,y respectively, we can find an increasing sequence {v,}52_., such that
lim,_,_o v, =0, lim, .o v, =1, and 7 is a C* mapping when restricted to
(Uny Uny1). On [0,1], define

rdf dg
&* = - dz, € g* 3
()= 3 ards f9eT 3)
g* ={f € C[0,1] : f restricted to (v, v541) 18 C®n=...,—1,0,1,... ;

f is constant on [0,v_,] and [v,,1] for some n},

where the derivatives in (3) are taken in the sense of Schwarz distributions.
If fe9.N%F,;, then we can define f on [0,1] by f(#) = f(y(¢)). Then,
f € D*. Clearly,

1 o\ 2
”ffz(z)/l(dZ) = ff (dt, EMS,f) = %of (E%) dt

Thus, y induces an isometry between (F*, &%) and the closure of (2%, &7).
To complete the proof of the proposition, we must show &* is a closable form
generating reflecting Brownian motion on [0,1].
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Let f € C*[0,1]. Let ¢ > 0, and choose ¢ sufficiently small that |/ (x) —
f(y)| < &/2 for |x— y| < 5. Note that ﬁgﬁdfﬁhfdt—>ﬂkdfﬁhfdtas
n — oo. Choose n sufficiently large that

VL/drN? 1w fdf\?
EJ(E) di=3J (zz?) <ol vl o <0

n

Define

[, Vop <t < Uy,
f*(l):{f(v—n), U -
S (0n)s v, s 1.
Then f* € 2* and

e ey LT (Y
1(f~f,f~f>—5<f+ ><E> dr

0 Un
v_p 1
+ [ (f@) = fn)Vdi+ [(f(2) — f(va))dt
0 Up
<e/2+ 6c/4

<é&.

Thus, f € 9" for all f € C™[0,1], and (o”*(f,f) is given by the usual
Dirichlet integral. But this is the Dirichlet form for reflecting Bownnian motion
on [0,1]. (See, for example, [9], Theorem 2.3.1, and the discussion following
Theorem 2.3.2.) O

As a consequence, if T/ is the transition semigroup associated with X* and
f is a continuous, real-valued function on & then T/ f(z) = T; f(y~'z), where
T, is the transition semigroup for reflecting Brownian motion on [0,1]. Thus,
y71(X%(z})) is a realization of reflecting Brownian motion on [0,1]. In parti-
cular, it follows that the hitting distribution and the occupation density of X*
for a € [z,w] C [, y] are given by

PUT, < Tyl

Cd(zw) 28ed6) )(dz), z €[ax],

by directly applying the usual formulas for Brownian motion.

d(a,x)d(z,
- @) %wwz{bﬁﬁﬁﬂﬂlzemw5

Corollary 9 {X,} satisfies (iv) of Definition I.

Proof. The distribution of hitting places is unaffected by changes in time seale,
so iv. follows from Proposition 8. [

3 Analysis of the mean occupation density

Let 7, = (£;x1,...,%,_1) be a finite proper n-tree, in the sense of Aldous [4].
Thus, ¢ is a rooted tree, with n leaves in the usual sense of graph theory. Let
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0 denote the root of 7, assume the degree of the root 0 is 1, and assume that
the degree of v is 3 if v is an internal vertex of 7. Let ej,..., ez, denote the
edges of £ and let x; be the length of e;. For vertices vy,v; in 7, let [vy,v2] be
the path from v; to v, and define the distance

dy(vi,02) = > x;.

e;€lvy,v]

It will be convenient to represent .7, as a connected set of line segments in R".
Suppose v1,...,v, are the leaves of 7. Let 8 = (£,0,...,0),0 < ¢t £ d,(0,v)).
Let ¥1 be the branch point of [0,v1] and [0,v,]. Let r{ = d,(0, y1). Then, let
= (r,4,0,...,0),0 £t = d (yl,vz) Note that any vertex w € [0,v,] U [0, v2]
corresponds to a point (w] wy,0,...,0), where 0 < wy; < d,(0, vl) 0w £
dn(y1,v2). Continuing recurswely, let y; be the branch point between | [0,v741]
and [J] [0, v, and let 5,41 = (r1,...,74,1,0,...,0),0 < ¢ < dn(y;,v;,1). Hence-
forward, we will always identify 7, and its set representation in R”.
Let m,, be linear Lebesgue measure on .7, normalized so that m,(7,) = 1.
On L*(Fy,my), define

af dg
ST S, —dm
olf>9) = ?ZT S{ﬁk o,

W) ={feC(T 70 f € C°(R),

where dg/0k; is the usual partial derivative of f in the direction k;. As in Sect.
2, & is a symmetric, regular, local Markovian, closable form on LT, my).
Let &" = gﬁ and let 9, = 9(&,). Then &” is a Dirichlet form, and there is
a my,-symmetric strong Markov process Y/ with continuous sample paths and
Dirichlet form &”.

Let f € 2(&}) and suppose x € 7, is not a vertex. Then some neighbor-
hood of x contains no vertices, and we can compute a derivative f'(x) by
difference quotients; paths outward from the root will have a positive direc-
tion. Then, &(f, f) =1 [ 7 (f")?dm,. The same formula will hold for general
f €2, if we take derivatives in the sense of Schwarz distributions.

Lemma 10 Let x,y € 7, and let T, =inf{t:Y, = y}. For any bounded
Borel-measurable h,

T
E"fyh(Yr)dt = [ (z) - 2d(c(z;x, ¥]), yIma(dz) . 4)
0 T

Proof. Without loss of generality, let 2 be a positive continuous function and
suppose y = 0. Write 7 = T, and let ¥ be yi killed on hitting 0. From
Dynkin’s formula and Theorem 4.4.1 of Fukushima [9] we deduce that the
Dirichlet form &° corresponding to ¥ has domain (&%) = {u € 9, : u(0) =
0}, with &%(u,u) = &,(u,u) for u € D,(&°).

Let g(x) = [, h(z) - 2d(c(z;[x, 0]), 0)m,(dz). If x € T is not a vertex of 7,
then we can differentiate g along 4 by the standard argument for differentiating
integrals on R!; it is not hard to see that for such x,g'(x) = [ 72 hz)[x €
[z, 0]lm,(dz). An argument similar to the proof of Proposition 8 shows that
g € D(E.
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Let u be the restriction to Z of a C*°(R") function with #(0) = 0. Then
1
Eu,g) = 5 [u'(x)- [2-h(@)1ix € [z, 0]lm(dz)m(dx)
g T

= [h(z) - u(z)m(dz) .
7

As u is arbitrary, this shows that 2d(c(z;[x,0]),0) is the Green’s function for

the infinitesimal generator of Y,"’O, by the Corollary to Theorem 1.3.1 in [9].
Formula (3) follows as a consequence. [

Corollary 11 Let 7, be a proper n-tree, let x,y € T, and Y; be a diffusion
process on J ,. Suppose Y; satisfies (1) of Definition 1, and suppose the
speed measure v of Y; is equivalent to m,. If T, = inf{t: Y, = y}, then for
any Borel measurable f,

Ty
E"Off(Y,)dt = rff(Z) - 2d(c(z; [x, y]), y)W(dy) .

Proof. Since Y; satisfies (1) of Defintion 1,Y; is a time change of Brownian
motion on J,. Let p be the density of v with respect to m. Then the time
change of Brownian motion giving Y, corresponds to the additive functional

fot p(Y;)ds. The corollary then follows from Lemma 10, after a change of
variables in the integral. [J
We next extend (2) to the process X° defined in Corollary 3.

Lemma 12 Let x,y € S, and let T, = inf{t : X? = y}. Then for any Borel
measurable f,

Ty N
E* [ f(X)dt = yf f(2) - 2d(e(z;[x, ¥]), yImoo(dy) -
0 o)

Remark. Since mo{\F ) =0, we can take the integral on the right-hand
side over &.

Proof. Recall that we can write &, = ]2, sy, where ¥} = Uk s, is a

-1 =1
proper k-tree. Without loss of generality, sulgpose X € 81. !

For k=12,..., let A= [[15,(X%)ds,tf =inf{s: 4% >¢}. The o-
potential for A¥ is E¥ [[° e dAf = E* [[ e™*14,(X0) dt = R,14,(x). Since
Eu(Ryly,,u) = /. %, udm,, we see that 4¥ and 7% are, respectively, the addi-
tive functional and the time-change corresponding to the measure moo(- N F%).
By Corollary 5,X°(cF) has Dirichlet form %ZI; J, (0 [0ki)(0g/0k;)dx and is
Meo(- N Sy )-symmetric. Thus, X°(z¥) is a time-changed Brownian motion on
S, with speed measure my.(o N Fy).

By Corollary 11, if f is a positive measurable function on ¥,

Ty Ty
E* [ fX) 0, (X,)ds = E* [ f(X(5))ds
0 (4}

= yf J(2)2d(c(z; [x, YD), )y (2)meo(dz) . (5)
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Let £ — oo and apply the monotone convergence theorem to both sides of (5)
to prove the lemma. [J

Remark. We can also state Corollary 12 in this fashion: The 0-potential density
of X? killed on hitting y is 2d(c(z; [x, ¥]), ¥).
From Lemma 12 we have the following

Corollary 13 For x,y € S, E°Ty, + EVT, = 2.d(x, y) - moo(Z).

Proof. Recall that m (&) < co. Let x,y € ¥, and apply the preceding
lemma twice with f =1 to get

7y
E'T, =E*[1-ds= [1-2d(c(z;]x, y]), y)meo(dz) 5
0 SF

E'T, = [1-2d(c(z;[x, y]), x)moo(dz) .
¥

Thus,
EXTy + E’T, = [2d(x, yI)meo(dz) = 2d(x, y)meo(S o) -
¥

For x € #\F oo, ¥ € P o0, let x; be the nearest point to x in . Then x;, €

Ix, y] for all k£ and x; — x as k — oo. Let T} = T,,. By sample path continuity,
T T Ty, (P? — a.s.). By the strong Markov property,

Ty Ty
B [ 1, (X0)ds = E% [ 1, (X0)ds = [ L, (212 (0023 5, 1) X Woeld)
0 0 &

Letting & — oo gives
Ty Ty Ty
E* [1g,(X))ds — E* [15 (X)ds = E* [1-ds ,
0 0 0

1y, (2)2d(c(z; Ix, y]), x)Moo(dz) — [2d(c(z; x, y]), X )moo(dz) .
> k2
On the other hand,
E’T, = klim E’T, = klim J2d(c(z; [xr, Y])s 20 )Mo (dz)
— 00 — 00y

= [1-2d(c(z;[x, y]), % )moo(dz) -
7

Thus, E5T, + EVT, = 2d(x, y)meo(Fo), as before. A similar argument gives
EXT, 4+ EYT, = 2d(x, y)moo(Fy) for arbitrary y in &. U

Remark. 1f we think of .¥ as an object of finite resistivity, then the resistance
from x to y is a constant multiple of d(x, y). Thus, Corollary 13 can be restated
as saying that E*T), + EYT, equals the resistance between x and y. This result is
well-known for reversible Markov chians on finite graphs, from the connection
between random walks and electrical networks.
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This estimate on the expected hitting times is extremely strong. In particular,
it implies that the local times of X are jointly continuous. We state this result
as a separate theorem.

Theorem 14 The local times {L?} of X° may be chosen to jointly continuous
in (z,1).

Proof. For o > 0, let U be the resolvent operator for X. For x € &, let
Ul(x,4) = U,14(x) be the corresponding a-potential measure. By Lemma 3,
all non-empty subsets of & have positive capacity for £. By Theorem 4.31 in
Fukushima [9], this implies that X° has no non-empty exceptional sets. Thus,
by Theorem 4.2.2 of Fukushima [9], U%(x,4) has a density «*(x, y) with respect
10 Moo -

Let u'(x,y) be the 1-potential density for X'. Let {G(z),z € &} be a
Gaussian process with covariance function u!, and define #(x, y) = (E(G(x) —
G(y))*)"2. By Theorem 1 of Marcus and Rosen [13], to show that I is jointly
continuous almost surely it suffices to show that G(z) has continuous sample
paths almost surely.

For x,y € &, let Y(x,y) = E*¢~ T and A(x, y) = (1 — ¥(x, y)W(y,x))2. An
elementary estimate gives Y(x,y) = 1 — E¥(T, A 1), so

W(x,y) £ BT, + E*T, = 2moo(F)d(x, y) .

By Marcus and Rosen [13, Lemma 9.4], there exist constants 0 < Cy = (4
< oo such that Con(x, y) < h(x, y) < Ciy(x, y). Thus, forx,y € £ and 1 € R,

2 meo(S
Eexp(A(G(x) ~ G()) S exp (7 D) -d(m)) .
1

Let N(&,¢) be the minimum number of balls of radius ¢ in the met-
ric d(-,-) required to cover .%°. Since the box-counting dimension of & is
o < 0o,N(F,e) < C3(1/e)* for a suitably chosen constant C3. Thus

f(log(N(y, W N)W2du < (log C3)'? + V2a fl(log(l/u))l/zdu < 0.
0 0

By Marcus and Pisier [12, Theorem 3.1], this suffices to show that G has
continnous sample paths. (Note that the metric p in the statement of Theorem
3.1 is C+/d.) This proves the theorem. [J

We have already remarked that for any finite measure v on & we can define
a v-symmetric Hunt process with continuous sample paths as a time-change of
X°. This time change corresponds to an additive functional 4’ with Revuz
measure v. As the local times {LZ} are jointly continuous we can express A"
explicitly as
4 = [Liv(dz),
E4

by applying the representation theorem for additive functionals. (See, for ex-
ample, Sharpe [15, Exercise 75.2]).
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Recall that &, = Uﬁ:l s, and 1y is normalized Lebesgue measure on .
By assumption ( /), gy = . If we let 4F = fy LFu(dz) and 4, = fy Liu(dz),
then 4*(w) — A,(w) for each ¢ and each sample path  such that {L?} is
jointly continuous.

We now state the main result of this section.
Theorem 15 {X;} satisfies formula (2).
Proof. It suffices to show (2) for positive continuous functions f. Furthermore,
without loss of generality we can take y = 0; henceforth, let T = Tj. For &k =

1,2,..., take A;‘ and A4; as defined above and let rf and 1, be the corresponding
time-changes. Let X* = XO(<F). Then, by Lemma 10,

E* <Off(Xf)ds> nyf(Z) - 2d(c(z,[x, 0]), 0)pu(dz)
= ;f(Z) - 2d(c(z, 1x, 0)), 0)p(dz) - (6)

As k — oo, the right-hand side of (6) converges to |, o f(2))2d(c(z,]x,0]),0)
x p(dz).

Now consider the left-hand side of (6). For any w such that X’(w) is conti-
nuous in ¢ and Li(w) is jointly continuous in (z,¢), we have

JFCrhs = [ PO ds = [ FX0)dAE
0 0 [}
As k — oo, we have
T T T
[raxddadl — [F(xDydAs = [ f(X)ds .
(4} 0 0

It remains to show that { fOT F(X2)dA*} converges in L'. To do this, first note
that f is bounded on &%, so

ff(Xf)dS
0

T
< {If(XSO)IdA’S < || £145 .

We shall show that EX(4%)? is bounded. It will then follow that E*( [, f(X0)
T 0

x dA¥)? is bounded and { fOT F(X0)dA*} is uniformly integrable.
First, note that

2
EX(4}) = F* ( fouk(dz)) < B (L Pl dz)
S

s
Local times are defined within a multiplicative constant, so we can always
assume that E* [ e 'dL} =u'(x,y), with u' as defined in the proof of

Theorem 14. With this normalization, E* [, dL} = E*L} = 2d(c(,[x,0]),0),
by the Remark following the proof of Corollary 12.
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Arguing as in the proof of expression (4.8) in [13], we have
TT T T

EX(Ly)* = 2E* [ [dLYdL} = 2E* [E* [d(0, o LY)dL} = 2E*L} - E’L} ,
0r 0 0

where 0 is the usual shift operator for Markov processes. The second equality
follows by the ordinary Markov property, and the fact that L} is supported by
{s: X%(w) = y} gives the third equality.

Thus E"(A'})2 < 8D?, and Theorem 15 follows. [
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