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Summary. We investigate classes of conditioned super-Brownian motions, name-
ly H-transforms P¥ with non-negative finitely-based space-time harmonic func-
tions H (t, ). We prove that P¥ is the unique solution of a martingale problem
with interaction and is a weak limit of a sequence of rescaled interacting branch-
ing Brownian motions. We identify the limit behaviour of H-transforms with
functions H(t, u)=h(t, u(1)) depending only on the total mass u(1). Using the
Palm measures of the super-Brownian motion we describe for an additive space-
time harmonic function H(t, u)=[h(t, x) p(dx) the H-transform P¥ as a condi-
tioned super-Brownian motion in which an immortal particle moves like an
h-transform of Brownian motion.
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1 Introduction

Measure-valued processes, in particular superprocesses, have been extensively
studied in recent years. For a survey of the relevant facts and literature we
refer to the lecture notes of D.A. Dawson [D]. In this paper we concentrate
on a class of conditioned super-Brownian motions defined as H-transforms in
the sense of J.L. Doob for certain space-time harmonic functions H of the super-
Brownian motion. If the function H is not multiplicative this conditioning leads
us to processes which do not belong to the class of measure-valued branching
processes defined in [W], because the mean of the branching law of an H-
transform depends on the whole population. As a special case of a Girsanov
transformation, H-transforms are superprocesses with interaction considered in
[D, 10.1.1, 7.2.2].
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1. Our basic datum is the distribution P of the critical super-Brownian motion
with intensity 2« starting from a finite measure u, on RY i.e., the superprocess
connected with the equation

%)
(1.1) E;u=%Au—<xu2,

cf. (1.15) below.

We consider P as a probability measure on the space D,, of cadlag paths
in the space M of finite measures over R equiped with the weak topology.
Let X =(X,),» o denote the coordinate process in Dy, (), o the right-continuous
filtration generated by X, and # =\/ #,.

20
We call a non-negative function H on [0, c0) x M space-time harmonic for
P iff the process

(H(t, Xezo

is a martingale under P with H(0, yo)=1. According to [Me] a space-time
harmonic function H allows us to construct the H-transform P¥ as a probability
measure on Dy, such that for every t=0

(12) AP\, =H(t, X)) dP|z,.

The investigation of some classes of H-transforms is the aim of our paper.

2. In order to state the first theorem we introduce some notation

If f is a measurable function on IR? and pueM we define u(f):= j f(x) p(dx)
and e,(u):=exp(—u(f)). For a time-dependent function f(z,*) we consequently
write

p(f@)= T £ x) p(dx).
R4

The vector (u(f1 (1)), ..., 1(f,,(2)) is denoted by ji(f (£)). We define the directional
derivative F’ of a function F on M by

(1.3) Fx(ﬂ)'—illng .

provided the limit exists for every xe R, pe M.
All space-time harmonic functions in this paper belong to the class 4%
of finitely based functions F defined as follows:

(1.4) Ft, )= p(fL0), ..., p(fu(0))

where
$eC2([0,00) xR™, fieCH2([0,c0)xRY, 1<i<m, meN.

We are now able to state our first main result:
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Theorem A Let the function HeF A be space-time harmonic for the super-
Brownian motion. The measure P¥ is the unique measure on D, such that for
every positive feC3 the process M [e] defined by

(1.5) MtH[ef]‘:ef(Xz)“ef(Xo)
H'(s, Xy

-j. Xs(ocfz—%Af—thW-f)ef(Xs)dS

is a local martingale and such that PH[ X y= p,].

The main difficulty in the proof is caused by the zeros of H. We resolve this
problem by localization with the stopping times

(1.6) I,:zinf{t>OIH(t, X’)¢[%’n]}'
3. We interpret the coefficient
H(s, 1)
1.7
(7 H(s, p)

as the interacting branching of a “masspoint” at place x, time s induced by
the configuration . This interpretation is justified by the approximation result.
Theorem B, below.

4. The only H-transform of super-Brownian motion already considered in the
literature is the process conditioned on non-extinction [EP1, RR1]. As S.N.
Evans and E. Perkins remarked this is the H-transform with H (s, u}=p(1). This
space-time harmonic function belongs to two subclasses of # 4. It is an additive
function and it is a function to the total mass p(1), see 5. below. This process
is described in [RR1] as a process with interacting immigration as a generaliza-
tion of the processes considered in [KW]. In our general setting, we give an
intrinsic characterization in terms of interacting branching.

5. The following examples will be analysed:

(i) Additive H-transforms, where H(s, )= u(h(s)), cf. 7. below and Sect. 3.

(i) H-transforms depending only on the total mass H(s, p)=#(s, u(1)) and prod-
ucts of those functions with additive functions, ie., H(s, )= pu(h(s)) #o(s, u(1)),
cf. Sect. 2.2.2 (iii), (iv), and Sect. 4.

(iii) A multiplicative space-time harmonic function H (s, z)= e~ **® yields a non-
critical super-Brownian motion as its H-transform, (cf. Sect. 2.2.2 (v) and e.g.
[W, ER, Dy2]).

6. Our results should be viewed as a first step towards the probabilistic Martin
boundary of super-Brownian motion. In [EP2] it is proved, that if the transition
function 2(t, x, dy) of a Markov process satisfies

(1.8) {2, %) py (dx) <[ P(t+h, x,") pp(dx)
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then the transition function P(t,v,du) of the superprocess over this Markov
process satisfies

(19) P(tz.u'l’.)<P(t+h::u'2:')'

The Brownian motion on R? has property (1.8). Therefore, according to the
results of E.B Dynkin in [Dyl, Sect. 10] there exists a Martin kernel of the
super-Brownian motion w.r.t. the reference measure P(f, po,*). Additionally all
extremal space-time harmonic functions H® arise as limits of the Martin kernel.

Every H-transform with H= | H°m"(de) can be viewed as the super-Brownian
E

motion conditioned to have the exit distribution m™ at the Martin boundary.

We will give a detailed description of the conditioning for additive H-trans-
forms (cf. Theorem 3.10 in Sect. 3.4) and for H-transforms depending on the
total mass (cf. Sect. 2.2.2 (iii)).

7. Consider now an additive H-transform P¥. The n-th approximation P" of
the super-Brownian motion is a rescaled critical branching Brownian motion.
The critical branching implies that the function H is also space-time harmonic
for every P" (cf. Sect. 3.1). We prove that the sequence {P™H}, . of the corre-
sponding H-transforms converges weakly to the H-transform of the super-
Brownian motion (Theorem 3.2, Sect. 3.2).

Subsequently we compute the Laplace functional of the transition function
(Theorem 3.6, Sect. 3.3). This formula connects additive H-transforms with the
Palm distribution of the super-Brownian motion and gives insight into the condi-
tioning implicit in the H-transform (Theorem 3.10, Sect. 3.4). The additive H-
transform can be viewed as the super-Brownian motion conditioned on the
event, that there is an “immortal particle” ¢, in the support of the super-Brow-
nian motion such that &, converges in the Martin topology as the h-transform
of the Brownian motion. In addition, the Laplace functional enables us to prove
a representation of an additive H-transform as a sum of a superprocess and
an independent random measure generated by the immortal particle. This gener-
alizes the representation of superprocesses conditioned on non-extinction in

[E].

8. An H-transform is the limit of a sequence of interacting branching Brownian
motions.

For fixed neN, let X1™# denote the interacting (binary) branching Brownian
motion with intensities

S =

(1.10) q% =(s, x, W)= P (s, x, w) p§(s, x, wy=not-| 1 —

g b

S ==

H, (s,

S——

q(s, x, )= P (s, x, 1) p(s, x, p)=no-| 14

=
uel
o
g
S =
g
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and with mass 1 of each particle. The condition

H;(s, %)
(1.11) inf 17— " }>0

()
xesupp (u nH(s, %)

for all point measures u ensures that g{”, i=0, 2, are intensities. The construction
of the processes X" is carried out in Sect. 4.1. It generalizes results of [MR,
RR 2] to unbounded and time-inhomogeneous intensities. Define the process
X*" on D,, by X"H:=p~t X1-"H and let P™¥ be its distribution on D,,.

Theorem B Let H be a space-time harmonic function of the super-Brownian
motion satisfying (1.11) and

(1.12) ogu(H—(s’f‘—))gu(l) K, +Ko<oo forall peM

H(s, )

with Ko, K,€[0, c0). Then the sequence of the rescaled interacting branching
Brownian motions {P™"}, . with branching intensities (1.10) converges weakly
in the space of probability measures over Dy towards the H-transform of the
super-Brownian motion.

This result justifies the interpretation of the additional drift in the H-transform
of the super-Brownian motion as the interaction in the branching behaviour.
By mixing, we can generalize Theorem B slightly.

Lemma 1.1 Let H(s, W)= | H*(s, u) m(de) be a mixture of space-time harmonic
E

Sfunctions H® with some finite measure m such that there exist approximating
particle systems {P™H°}, for every ec E with

(1.13) P = PH* on Dy
Then P is the weak limit of the sequence {P™"}, with

(1.14) = [ PrEm(de).
E

Proof. Use bounded convergence. []

Remarks. (i) Additive space-time harmonic functions satisfy the assumption of
Theorem B, cf. Sect. 4.

(i1) If there exists K; < o0 s.t.
A
H(s, )

(bounded interaction in the mean of the branching law), then the convergence
result is contained in [MR].

K V¥se[0,0), xeR% ueM

9. Let us recall a definition and some martingale properties of the super-
Brownian motion
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Proposition 1.2 Let o>0.
a. There is an M-valued strong Markov process with cadlag paths and transition
function B(u, dv) whose Laplace functional satisfies

(1.15) fer(v) By, dv)=exp(—u(V.f))

for every positive fuﬁction feC3. The function V,f is the unique solution of (1.1)
with Vy f=f.

This process is called the super-Brownian motion.

b. Let X be a cadlag M-valued process with X o=, adapted to a right continuous
filtration. Then the following properties are equivalent:

1. For all positive fe Cy and T>0 the process
{e_Xt(VT—tf)}oétéT

is a martingale.

2. For all positive fe C} the process M [e,] defined by M,[e,]:=
t

(1.16) er(X)—e;(Xo)+ [ ef(X) X,GAf—af?)ds
0

is a martingale.

3. For all feC} the process M(f) defined by
M (f)=X(f)—Xo(f)~ | X,(34f)ds

is a continuous local martingale with increasing process

A<M (f)>s=20X(f?) ds.

4. For every finitely based function F having base functions f;eCi the process
MTF] defined by

(1L17)  M,[F]=F(t X)—F(0, X,)

‘ 1 0 .
—0§ Xs((E A +%) F’)+och(F”)+5§ d(s, X (F(s) ds

is a local martingale.

The super-Brownian motion is the unique solution of one and hence of all the
above equivalent “‘martingale problems .

c. For the super-Brownian motion X starting from a measure with a compact
support the process defined by (1.17) is a local martingale for every F e F 4.

Proof. a. and b. are standard (cf. e.g. [R, I, D, MR]).
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Assertion c. follows because the support of the super-Brownian motion is com-
pact [DIP, Theorem 1.2]. []

Remarks. (i) We will need the extension of the martingale problem to unbounded
base functions in Sect. 2.1 in order to state a necessary condition of space-time
harmonicity in terms of the operator associated with the martingale problem.

(i) All results are given in terms of (super-) Brownian motion. But there are
of course generalizations to other superprocesses under sufficient regular condi-
tions. In [O2] the result of Theorem A is even extended to H-transforms of
all measure-valued diffusions defined as in [D, 7.1], including the Fleming-Viot
process, and to functions H which belong only locally to % 4.

2 Proof of Theorem A

Proposition 1.2¢ yields the operator =/ in (2.1) below, associated with the mart-
ingale problem of the super-Brownian motion and thereby a necessary condition
for space-time harmonicity of functions in # 4.

2.1 Space-time harmonic functions of the super-Brownian motion

Let the mapping of on # % be defined by
LN N @
21) AF (@ p=p\\5 A+5; ) F+aF" |+ ot u(f (1)

0 . 1 0
= ¥ o pe GO u(y 450+ 5 50)

fa Y 6—5671_¢(z,ﬁ(f<t»)u<ﬁ<t)mt))+jt o)

i,j=1

If He # % is space-time harmonic then a.s. &/ H(t, X,)=0 for dt a.s.

2.2 H-transforms

We describe the H-transform of the super-Brownian motion with a space-time
harmonic function He# % by proving that P¥ is uniquely determined as the
solution of a martingale problem. An H-transform can be considered as a super-
Brownian motion with interaction. For superprocesses which exhibit an interac-
tion also in the variance of the branching law the question of uniqueness of
the solution to the martingale problem is open, cf. [MR]. But because H-trans-
forms have their interaction only in the mean of the branching law, the unique-
ness follows by a suitable stopping argument from the Girsanov transformation
for measure-valued processes proved by D.A. Dawson [D, 7.2.2, 10.1.2].
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The interaction of an H-transform induced by state u of the process is mani-
fest in the non-criticality H’(t, ) H™'(t, u) of the branching law of a “mass-
point” at x at time t.

2.2.1 Proof of Theorem A. In the setting of [D, 7.2] the domain of the martingale
problem of the super-Brownian motion is {F(u)=¢(u(f))|¢eCi R), feD(4)}.
By Proposition 1.2.b.2 and because C3 is a core of (4, D(4)) uniqueness of the
solution of the martingale problem still holds if the domain is restricted to
the exponential functions, ie., ¢(x)=e™* and positive feCZ, cf. also [R, Theo-
rem 1.3].

Hence we can apply Theorem 7.2.2 in [D]. We have to write the martingale
(H(t, X,));» 0 as an exponential martingale. Up to the stopping time T, defined
in (1.6) we have the equation

| 1! 1
22) IOgH(t’Xt)—gH_(&TQdH(S’XS)_fgmd<H(S’XS)>'
By It&’s lemma and Proposition 1.2 we obtain
t
(2.3) H(t, X)=M,[H]=[ | Hi(s, X)M(ds,dx),

0 R4

where M(ds, dx) is the martingale measure associated with the super-Brownian
motion, which is an extension of the martingales M(f), feC?, cf. [D, 7.1.3],
[MR]. By the covariation for martingale measures (or Proposition 1.2 applied
to H?(t, p)) it follows that

(2.4) d{H(s, Xo)>=2aX,((H (5, X,)*) ds.
Hence

_ T H(s, X)) 1} H'(s, X )\?
(25) H(t,X,)—eXp(j j. mM(ds’dX)_E(‘)[ XS(2a(m> )ds).

0 R4
It follows that the martingale problem associated with P¥ is well-posed up
to T,, ie, P¥|;_ is the unique solution. But it is easy to see (use e.g. [El

Theorem 4.16] and that H is the density of P¥), that
(2.6) PH[sup T,= 0] =1.

Uniqueness of the stopped martingale problem and (2.6) imply that for every
solution P* of the (global) martingale problem the random variable sup 7,

is also P* as. infinite. The assertion is now proved, because \/ Zr, _ =%, _
=%,,cf. [De, T31]. O "

Remarks. (i) By Proposition 1.2.b.3. it is easy to see that P¥ is even the unique
measure s.t. (M. 1 [e,]);»0 is only a local martingale for all feC} and neN.

(ii) In the present case of H-transforms with He # %, Dawson’s Girsanov trans-
formation can be avoided by using ordinary stochastic calculus, Proposition 1.2
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and Eq.(2.1). We derive from the Girsanov transformation for real-valued mart-
ingales that P¥ is a solution of the martingale problem in Theorem A. Addition-
ally we get the exponential martingale under every solution P* and from this
the local characteristics of X (f). This yields the martingale property of every
MY[F] defined by

@7) METFI=F(, X)=F0. X0~ { |55 6. £ 6)
0

1 a HI(S,XS) !’ rr
+Xs(<§A +'é—s+2am)F (S, XS)+OCF (S, Xs)>:IdS.

(This approch is in the spirit of [ER].) In particular, H™!(¢, X,) is a martingale
up to T,. Then proceed by “backward transformation” to prove the assertion
of Theorem A.

2.2.2 Examples. We assume H(0, uy)=1.

(i) Non-extinction. Let us define for every t>0 and every Ae4, the measure
P by P'[A]=1im P[A|X,,,(1)>0]. Then it is shown in [EP1, RR1] that

P’ = PH with the space-time harmonic function H (¢, )= u(1).

(i) Additive harmonic functions. Because we consider critical super-Brownian
motion, a function H(t, u)=pu(h()) is space-time harmonic iff h is space-time
harmonic for Brownian motion, which is equivalent to

0 1
Eh(t, x)+§Ah(t, X)=0

The corresponding H-transform exhibits the non-criticality

i AU D) +eh(t, x) — u(h(®)

el0 &

~u(h(@®) ™ =h(t, x) p(h(®) "

This H-transform is analysed in Sect. 3.

(iii) Harmonic functions of the total mass. Let o= 1. A function H (t, )=z, n(1))
is space-time harmonic iff # is space-time harmonic for Feller’s continuous-state
branching process, which is equivalent to

2

0 0
En(t, x)+2x-a—xzf1(t, x)=0.

The corresponding H-transform causes the following additional drift in the
branching behaviour:

1t u(l)+8)—n(t, u(1)
&

nohE, p(1))-

0
> 1) n= e, u(1))

x=p(1)
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Hence the total drift is the drift which an y-transform of Feller’s continuous-state

. . 0 .
branching process causes, i.e., Zocxﬁlog 7(S, X)|x=x)- In [O1] the Martin

boundary of Feller's continuous-state branching process was identified as [0, o)
U {0}. The extremal space-time harmonic functions #°, e€[0, co) U {@} are:

n°(s,x)=1,
n°(s, x)=x
k

£ (ex) c

m69= 2 Ti—1) (k; k!(k—l)!) e O<c<w..

The Martin boundary theory (cf. [Dyl, Fol, Fo2]) yields the limit behaviour
of the coordinate process in the Martin topology, i.e.,

P"E[X—;gﬂ—w]zl if ee(0, ),

P”O[Xt(l)>0 for allt>0and Lﬁ”—» 0]= 1,
t

and
P°[Thereisat>0s.t. X,(1)=0]=1,
and also the interpretation of the H-transform as a conditioned process:

P = lim P[-| X,(1)=a,>0], ec[0, ).

t
2 e
t2

(iv) Harmonic functions of product type. Let a=1. A function H(t, )= pu(h,(t))
h,(t, u(1)) is space-time harmonic iff 4, and h, are space-time harmonic for
Brownian motion and Feller’s continuous-state branching process conditioned
on non-extinction, respectively. In particular,

hl(ta x):xﬂl'?(fa X)

where 5 is space-time harmonic for Feller’s continuous-state branching process
and of course (cf. [O1])

2

0 d 0
'a*ljhz(t, X)+2xWh2(t, x)+4ah2(t, JC)—O

Such a function H produces in its H-transform the interaction term

hi(t,x) 0

at position x, time ¢t which depends on the state u of the process.
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(v) Multiplicative harmonic functions. A function H (¢, w)=exp(— u(h(t)) is space-
time harmonic if & satisfies

8 1 o,
S, %)+ Ah(t, x)=ah* (1, x),

The additional total drift is 2a(— u(h(t) F')). This H-transform keeps the branch-
ing property and does not entail any additional interaction. It belongs to the

class of non-critical superprocesses considered by several authors, cf. e.g. [W]
or [ER].

2.2.3 Martingale problem of the H-transform on Dy, . In order to use convenient
tightness criteria in Sect. 3 and 4 we have to consider the martingale problem
on a slightly changed state space. Let R?¥:=R?U {0} denote the one point
compactification of IR¢. We extend every feC, to feC(IR") by f(00)=0. Let
M,=M (R denote the space of finite measures on IR% cf. [T]. Every element
UEM is viewed as an element ie M, by ji=pu(-\{0}). According to a result
of Iscoe [I] the super-Brownian motion does not charge the point at infinity.
In the proof of Theorem A we only use test functions f vanishing at infinity.
Therefore these arguments are independent of the fact whether we view X as
a Dy or a Dy, valued random variable. Hence it is obvious that the only
probability measure on D, such that for all positive fe C§ the process

H'(s, XS)JT ocf2> is

t 1~
Mt - | =e Xt —er(X ¥ Xs Xs 74 2o
[er]=er(X,)—ez( o)+6fef( ) <2 I+ H(s, X,)

is a local martingale, is the distribution of X under PH_ In particular, the solution
P of this martingale problem on D, satisfies P[Dy,]=1.

3 Additive H-transforms
First we prove that an additive H-transform of the super-Brownian motion
is the weak limit of additive H-transforms of the approximating branching Brow-

nian motion. Therefore we summarize some properties of H-transforms of
branching Brownian motion.

3.1 H-transform of the n-th Approximation

Let the operator .o/” be defined on # % by

A" F (s, 1= 3 s, AT S))

+ 3 o 06 ATO) (5 R0+ 5 A0)
1
*om

8—
2 5y ax o, A(f () -1V fi-V fi)

ME et o) )

1
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The distribution P" on D, of the rescaled branching Brownian motion is the
unique probability measure on D, such that

F(t, X)—F(0,Xy)— j S"F(s, X;)ds
0

is a local martingale for every Fe # 4, cf. e.g. [R].

Since a space-time harmonic function H"e# # satisfies P" a.s. that
A"H" (5, X)=0 ds as, and since /" exhibits for G(u)=y¥(i(g)),
F(1)= ¢ (A(f))eF B the product rule

M"FG(M)=F(M)-&/" ()+G(M)-&f" ()

+-Z (u(f) —(ﬂ(g) uvVg;Vf)

oo 1o
(et e

we easily derive the following

Proposition 3.1 Let P""" be the distribution of an H"-transform of the n-th
approximation of the super-Brownian motion, H"=n"(ii(h"(s)))e & B. Then for
every function Fe % 9 the process M™™"[F] defined by

(3.1) MM [F]=F(t, X,)— F(0, X o) — § ™" F(s, X ds

0

is a local martingale under P™"", where

ax 2 s, AP

—(/u)—“ u(V 3 (s) ¥ £)

1 d¢
n, H? e g . N
A F (s, p)=2f"F (s, ,u)+2n gj oy , (7 ()

A
1 e (s ey 3) = s
+(F<u+;5)—F(u)) ?

H"(s, 1) >
Examples. (1) Since under P" the intensity measure of X, is also determined
by E"[X,(f)]=us(T, f), every space-time harmonic function of the Brownian
motion gives an additive space-time harmonic function of the branching Brow-

H" (s, /,l——%5>-H"(S, w
) H"(s, p)
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nian motion at every approximation level. This is important in Theorem 3.2
below.

(ii) In the case n=1, a=1 all space-time harmonic functions #'(s, (1)) of the
total mass are computed in [O1].

3.2 Convergence theorem for additive H-transforms

We now state and prove the convergence theorem for additive H-transforms.
For the proof we use the method of [MR, RR 2], but the approximating H-
transforms do not satisfy the assumption of boundedness of the mean of the
reproduction law and of the drift coefficient in the one-particle motion in [MR,

RR 2], because h(s, x)
w(h(s))
ticular, we have to control the drift of the motion of an individual particle.
Therefore we first consider extremal space-time harmonic functions h{t, x)
=h(t, x)=e** ¥,

Theorem 3.2 Let h be an extremal space-time harmonic function of the Brownian
motion. Let H(s, p):=u(h(s)) be the corresponding additive space-time harmonic
function of the super-Brownian motion and of the approximating branching Brow-
nian motions. Let P™¥ be the distribution of the additive H-transform of the
rescaled branching Brownian motion on D,,. Then the sequence {P™"}, converges
weakly to the additive H-transform of the super-Brownian motion P¥.

By the integral representation of space-time harmonic functions and by bounded
convergence we obtain

Corollary 3.3 Let h be a space-time harmonic function of the Brownian motion,
P"H the corresponding additive H-transform of the approximating branching Brow-
nian motion and P¥ the additive H-transform of the super-Brownian motion. Then
the sequence {P™™}, converges weakly to P

In the following subsections we prove that P"#[Xe-]=P#[X -] as measures
on D, . But, because by Subsection 2.2.3 P"#[XeD,]=P¥[XeD,]=1, it fol-
lows (e.g. by Corollary 3.2 in [EK, Chap. 3]) that P*™¥ converges also weakly
to PH as measures on D,,; cf. also “main remark™ in [MR]. We will therefore
denote P*¥[Xe-]and P?[Xe-] also by P»¥ and P¥ and the coordinate process
on Dy, by X.

3.2.1 The process of the total mass and the exponential martingale. Since the
total mass process of an additive H-transform is a critical branching process
conditioned on survival we have the following result (cf. e.g. [KW]).

Lemma 3.4 Let P™¥ be the distribution of the additive H-transform, not neccessar-
ily with an extremal h®, of the rescaled branching Brownian motion X™* on Dy,
with P"H[ X o= puo]=1. Then the coordinate process X on D, satisfies the follow-
ing equations

(3.2) EH[X, ()| X, (D)]=2a(t—1r)+X,(1) and

(3.3) EREIXE(D)] S puo(l)+4at(at+1).

The main tool for the convergence result is the ‘exponential martingale’.
Lemma 3.5 Consider the situation in Lemma 3.4 and assume in addition that

h(s, x)=h(s, x) =e**~ /2% is an extremal space-time harmonic function of Brow-
nian motion. Then the process M™"[e,] is a martingale for feCZ under P™¥.

is not uniformly bounded in xeR% ue M. Hence, in par-



558 L. Overbeck

Proof. The random variable o™ " e (s, X,) is bounded by
1 1
X(D)(3AS] o+ T F 1% +an? [en’ +e v =2 )

d
Y lalno(il—e g Hl1—e™ V).

W0 j=1

+(2n)‘1sqp ‘%f

For a localizing sequence {8$,,},, of stopping times and a stopping time T bounded
by NeNN this estimate yields

IM3s,.le, =2+ Ney sup X,(1)+Ne,

s<N

with two reals ¢, and ¢,. Lemma 3.4 and the submartingale inequality prove
that {M%% s [e ]}, is a uniformly integrable family of random variables. Hence

ASm

the assertion is proved. [

3.2.2 Weak convergence of {P""},

Step 1. Tightness.

It is well-known, cf. e.g. [D, 3.7], that a sequence of measures {P"},cP(D,,,)
is tight if the one dimensional projections {P"oX(f)}, are tight for every
feC2u{1}. For tightness of the projections X (f) we apply the criterion in
[EK, Theorem 8.6, Chap. 3].

Since E™E[X,(1)]=puo(1)+ 20t is independent of n the first condition in [EK,
Theorem 8.6, Chap. 3] is easily proved by the Chebyshev inequality. In order
to prove the second condition in [EK, Theorem 8.6, Chap. 3] we choose for
every n a sequence of stopping times {S%},, which localizes M[F] as well with
¢{x)=x as with ¢{x)=x2 By the representation of the semimartingales X(f)
and X2(f) the following inequality is obtained for 120, 0su=d6<1:

E"’H[(X(Hu)AS',‘,.(f)—XtAs;',.(f))215";]
=E" [ X0 asn(D—2X, 50 (f) Xy nsn () + X2 50 (NIF]
=E"[X% i asn(N)—=X2, sn(N)—2X,  sn.(f)

Gransmg (1 1 (Vi)Y h*(s)
L G e ()

'0/:]

ol )
F4aX, (N X, (Y%f>+2“Xs(fz)—2Xms;(f) X,341)

XN X, (%)—Xms;(fmxs(%f))ds

2
§5E"’H[< sup Xsu)) AL AS o 1S

O<s<t+1

g
|

0
ax’

1

2 2 ;
s XIS Y e

O0<s=r+1 i=1

w+<x2uf||§o)
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Letting m — co we have by Fatou’s lemma

(34) E"[(Xe+ ()= X (W IFISOEP[( sup X, (1)*-4134f 1o 1Sl

0ss=r+1

v s X2 3ol Lo veuz)z]
Hence it remains to show that the expression
(3.5) sup EXE[( sup X, (1)7]

0=5s=t+1
is finite. Since X (1) is a non-negative submartingale under every P", Lemma 3.4
and the strong maximal I?-inequality complete the proof of tightness.
Step 2. Identification of the limit point.
Let PH=P* We prove that under P* the process M [e,] defined by

h(s)

! 1
M [er]=e,(X)—e,(Xo)+ [ X, (5” TR )

f—afz) e/ (X)) ds

is a martingale for every positive feC3.

Let /" be the mapping corresponding to the particle system X" and &/ the
mapping corresponding to the H-transform of the super-Brownian motion:

stestsiy=—n(y 41+ el ) e+ 0200 w7 £ €0
2 his) \ —+r hs) \ +ir ).
+ep(pan “((1+nu(h(s))>e +<1_n,u(h(s))>e 2),
A el =—n(3 45 +2a g =) e

1
It sufficies to show that for 0<s; <...<§;<s<t, Ger(X M)
i=1

t
EOO [(ef(Xt)_ef(Xs)—j. JZ{eI(O-, Xd)d0'> G(Xsl, ""Xsl)]=0'
By weak convergence
leH; E™Hl(e (X)) —e, (X)) G(X,,, ..., X,)]

=E® [(ef(Xt)_ef(Xs)) G(Xsp ""Xsl)]'
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Since P"H solves the martingale problem in Lemma 3.5, it remains to show
that

t
E® [j ot e(0,X,)do G(X,,, ...,Xsl)]

t
——E""’H[j A ep(0,X,)do G(X,,, ...,Xsl)]

tends to 0 as k — oo. But this expression is dominated by

Enk,H [

H
[ Aeo, X,)— A ep(0,X,)da

IG(X,, ...,Xsl)|]

_I..

t
E® [y A eo,X,)do G(X,,, ..., X,)]

t
—E""’H[j dep(0,X,)do G(X,,, ..., Xs,):”'
By a Taylor expansion it is easy to prove that the first term is bounded by

1
;((t—s)cl +CZ Sup Enk’H[Xr(l)]L CIJCZ<OOa

r=t

and converges to 0 by Lemma 3.4. The function /e, is not bounded in u
but continuous and /e, (s, X,) is dominated by the function c; X (1), c; < 0.
By Lemma 3.4 the latter function is bounded in IZ(P™¥) uniformly in n and
in s <t. Hence, by uniform integrability and weak convergence the second term
tends also to 0. [

Remark. This approximation differs from the approximation in Theorem B, be-
cause the particles are also subject to an interacting drift; namely the H-trans-
form of a branching Brownian motion with individual mass 1 has

%Af—{-—L Vh(s)-Vf

(3.6) (h()

as the generator of the motion and

p o i) (1402
G piates 9=12(1= o) 12 (14 e

as the branching law. The new drift in the motion shows that the drift caused
by an h-transform of the Brownian motion is distributed among all living parti-
cles, as easily seen by considering h=Fh* In the limit, however, the interacting
drift of the one particle motion disappears by scaling.

For h=1 the branching law p§ ,=1/2(1—1/u(1)), 1/2(1 + 1/u(1)), resp., corre-
sponds to the branching law of a Galton-Watson process conditioned on non-
extinction. For general h, at branching times the particles are weighted with
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h and are subject to the same reproduction as in the case h=1. In particular,
this shows very nicely, that an H-transform moves to the subset of the state
space where H takes greater values.

3.3 Laplace functional of additive H-transforms

We set ao=1.

Theorem 3.6 Let P¥ be the H-transform of the super-Brownian motion. Then
for every fe CEZ(RY), r<t, we have

(3.8) Ef[e (X)X, =u]

iy M2 o (= [ e as) e,

where & is the coordinate process on C([0, o), RY) and 2", denotes the h-transform
of the Brownian motion in R? starting in x at time r. The operator V[ is defined
for r<t as the time-inhomogeneous generalization of the non-linear semigroup
associated with the super-Brownian motion via its Laplace functional, ¢f. [Dy2,
D]:

(39) Vi f= AV A =
Proof.
(3.10) B e (X)X, =] = (hl( S ELX,(h(0) ¢ (X)L X, =]

The second factor on the right-hand sight is computed by differentiation as
w(U7 f) e *VED, where

A1) U fmr V420

is the solution of

0 1
U f=—5 AU S+ NV S, Uf=h

The Feynman-Kac formula [Fr, p. 148] yields
(3.12) U f)=2, [h(t, &) exp (— [ V1) ds)].
Since E[X,(h(0) e~ | X, = )] E[X,(h())] X, = il = pn(h() <0, we may

interchance differentiation and integration.) [J

By differentiation, we get
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Corollary 3.7 The intensity measure of X, under P¥ is computed as follows:
EF[X,(NIX,=u]

=2h0) § (R Th(s, &) 2o, [f )1 D ds+u(2, . Lf (ED).

3.4 Conditioning and Palm measures

Now we want to express the Laplace functional of an additive H-transform
by the Palm measures of the super-Brownian motion. The Palm measures
(Q,)ycra Of a random measure Q over R? are defined as the components of
the desintegration of the Campbell measure Cy, i.e.,

ColA, B1= [ v(B)QLdv]= [ 0,[dv] Co[M,dy],
A B A4

AeB (M), BeB(R%, [K, Sect. 10]. The measure Co[M,dy] on R? s the inten-
sity measure of the random measure Q.

Lemma 3.8 Let veM, f, g(t,")eC3, xeR? and 0<r<t. The Campbell measure
C,., of P[X,e-|X,=v], the distribution of the super-Brownian motion at time
t starting in v at time r, is characterized by

§ g(ta X) ef(.u) Cr,t,v[dﬂadx]

M xIRd

—exp(—v( 1) | 2..[g(t,2) exp(—f Vif(és)dr)]V(dx)-
R4 ¥

For v=4,, let (R, ,.),)ycra be the collection of the corresponding Palm measures
on M. These have the Laplace functionals
ét:y:l-

Proof. The formula for the Campbell measures follows by differentiation as
in the proof of Theorem 3.6. The Laplace functional of the Palm measure is
e.g. given in [D, 11.6].

(R, yle,]=e 07 [exp (f V) ds)

Lemma 3.8 combined with Theorem 3.6 yields

Corollary 3.9 Let P¥ be the additive H-transform of super-Brownian motion with
a space-time harmonic function h of Brownian motion. Let v*., , be the distribution
of & under P, the h-transform of Brownian motion, ie., vt is the normal
distribution N (x+a, t—r) if h=h" is extremal. Then

(313) EH[ef(Xt)erzéx]: j (Rr,t,x)y[ef] Ul;c,r,t(dy)'

R4

The Palm measure at y can be viewed as the distribution of the random measure
given that y is in the support of X, cf e.g. [K, Sect. 10.2]. Hence Corollary
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3.9 suggests that P¥ is the super-Brownian motion conditioned on the event
“there exists a moving particle &, in the support of the super-Brownian motion

such that é—» a as t— oo, i.e, & —a in the Martin topology of Brownian
motion”.

This suggestion is justified in the following Theorem 3.10. We use the embed-
ding of the Campbell measure of super-Brownian motion in a dynamical struc-
ture, which is based on a representation of conditioned superprocesses by S.N.
Evans [E]. Theorem 3.10 generalizes this representation to all additive H-trans-
forms.

According to [E] there exists a M x R%-valued Markov process (Y,, {;) with
transition function I7 defined by

(3.14) I [ep(wem IO, %)t (du, dy))

M xR4
—emrvin g, Jexp(~ [ 72 f(E) ds)ecc]

for f, ge C3. The process (Y,) is a super-Brownian motion conditioned on survival
and is distributed as a sum Y,=Y, + X;, where X’ is a super-Brownian motion
independent of (Y, {,);»0. For a fixed path ({)=(zy), the random measure ¥,
has the Laplace functional

t
(3.15) exp(——f V,sf(zs)ds).
This is the Laplace functional of the random measure
t
| § vNds,dv),
r M
where N, is a Poisson random measure with intensity measure

[s1,8)x A= | Di(z(s), A)ds r<s;<s,<L

51

The measure D; is connected with super-Brownian motion by the representation
of a superprocess as an infinitely divisible measure:

Plep(X)| X, =p]=exp(—pu(f(1 —e,(v)) Di(-, dv))).

The process Y’ is therefore interpreted as an “immortal particle that moves
around as a Brownian motion and throws off pieces of mass, which then proceed
to evolve as super-Brownian motions”. A similar description is given in [CRW,
GRW] for the Palm measures of branching diffusions.

With this preparation we can state the dynamical version of Corollary 3.9.

Theorem 3.10 Let (Y,, {,) be the continuous Markov process on M xIR® with
transition function II starting from (84, 0). Let Q be the distribution of this process
and let h* be an extremal space-time harmonic function of the Brownian motion.
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1. The function H(s,(u, x)):=h(s, X) is space-time harmonic for Q and the H-
transform QY of Q is the limit of

Q['ICtzxt] as t—oo and th_t___)a‘
2. The measure P¥ arises as the limit of
Q[-|¢,=x1ep* as t—o0 and %_,a

where p*((1)s <;» (X5)s <) :=(1t,)s < is the projection onto the first coordinate.

3. The measure P! is also the distribution of the projection of Q" onto the first
coordinate. The measure Q* is the distribution of a Markov process (X,+ Y/,
()izo0 where the process X' is a super-Brownian motion and the distribution 0
of (Y, {,) is independent of X' and determined by

Fey 00 ) Qe d) =75 [exp - j Ve dr)st)|

for f, g€ C%. The random measure Y' can be viewed as an immortal particle moving
as an h*-transform of the Brownian motion, i.e., a Brownian motion with drift
a. This immortal particle produces at random times mass which evolves as a super-
Brownian motion. The measure Y, is the sum of all these super-Brownian motions
at time t.

Proof. Setting f=0 and g(t, x)=h(¢t, x) in (3.14) we derive the harmonicity of
H. Next we show that

Q[-1E1=0%"["],

where Q*' is the distribution of a Markov process on the time interval [0, £]
with transition function II** which is determined by

(316) f ef (.us) g(xs) Hx’t(rs (nu'r» xr)a S, (d Hss dxs))

M x R4

=exp(—u (VS N A%, [GXP (— f Vs f(&) dl’) g(fs)],

0=<r<s<t. The measure £~/ is the distribution of the Brownian bridge from
x, to x in the time interval [r,t]. We introduce the notation f:=(u, x) for an
element in M x R% For notational simplicity we set F(@)=e, (1) g:(x), i=1,
2 and show for s, <5, <1:

(3.17) QLO*'[F (X)) F2(X.)]8(E)]=0Q[F (X)) F(X,,) g(£)]-
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The Markov property and (3.16) implies that the left-hand sight of (3.17) is
equal to

(18 exp(=VOUfi + Vi )P [g1 @) ga(E)
. exp (— [ VE(+ Ve e di— [ Vs, (ér)) g(ft)],

which equals the right-hand sight of (3.17) by definition of Q and I1. Considering
the finite dimensional distributions of Q“* we see by the usual arguments in
the Martin boundary theory of Brownian motion (cf. [Fol, Fo2]), that Q'»*»

. b . o
converges iff t,— oo and t—"—m as n— oo, for some acR? The limit exhibits

n
the transition function I1* determined by

(319) ‘f ef(:us) g(xs) Ha(ra (tur’ X,.), (d‘us’ dxs))

M xR4

—exp(— (V7 1) 225, exp ( - j VirE) dr) )|

The measure 2" is the h°-transform of Brownian motion. The tightness of
{Q'*}, follows by a slight modification of criteria given in [EK, Chap. 3]
from the investigation of

Q" [(ep(Y) g(L)— e (Y) gL | 7.

This proves assertion 1. Assertions 2 and 3 follow in the same way as in [E,
Theorem 2.7] by the definition of IT.

Remark. Theorem 3.10 for superprocesses has the following analogue for the
critical binary branching Brownian motion IP. The Campbell measure can be
identified as (cf. [CRW, (2.1), (2.2)])

(3.20) E, . [X.(g)e,(X)]

13
~ (2 [stc) e Pexp§ Vet =6 d) [ males 00,
This yields for the corresponding Palm measure that

G2 Rois)le]=2. [exp (f Vel —e)E) ds)

fr=J7] e SO

Formulas (3.20) and (3.21) imply for an additive H-transform IP¥ that

L

(3.22) Er; Lo, (X)]= h(r, x)

j (]Rr,t,éx)y [ef] U:‘,t,x(dy)'

R4
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In analogy to (3.14) let us define the transition function ¥ by
323) | [ef(w g1 ¥, x)t (dudy)

M xRd

=@,x[g(é,)e-f<ft>exp( i Vf(l—e‘f)(és)dSﬂ E,, ;. [e,(X,)]

Thereby, a process is given which is associated with a critical binary branching
Brownian motion in the same way as Q is associated with super-Brownian
motion.

4 Approximation of H-transforms

As announced in the introduction we deal with H-transforms satisfying condi-
tions (1.2) and (1.11). In Sect. 3 we chose the approximating particle systems
as H-transforms of the rescaled branching Brownian motion. In the general
case this is not possible because there is no obvious relation between space-time
harmonic functions of branching Brownian motion and those of super-Brownian
H (s, p)
H(s, W)
of the branching Brownian motion. Because additive H-transforms also satisfy
(1.12) and (1.11) we have a second sequence of approximating particle systems.

motion. Instead we plug in the additional term in the branching law

4.1 Construction of interacting branching Brownian motion

Definition. An interacting branching Brownian motion X! with interacting
branching intensities { (s, x, p) p;(s, X, 4)};=0, 2 1S a point measure process derived
from a particle system. Every particle diffuses as a Brownian motion, dies with
death rate f(s, x, p), and gives then rise to 2 or 0 offsprings with probability
p2(8, X, 1), Po(s, X, 1), respectively. It has the defining property that for all Fe # %
the processes

(4.1) (F(t, XN~ F(0, X1)— 3" A1 F(s, XY) ds)

t=0

are local martingales, where
I O AT )
faﬂ GO0 (5 A0+ 5 H0)

s Z S P TNV AP

+u(ﬁ(s, 1) P2 (s, m)(F (s, (1 + 8))~ F (s, 1))
 Bs, 1) pols W(F(s, (u—0)— F(s, ).
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Existence. Given the sequence of interacting branching random walks the proof
of the existence of an interacting branching Brownian motion is the same as
in [RR 2], where an interacting branching random walk is constructed for time-
homogeneous and bounded parameters.

For our generalization to unbounded and time-inhomogeneous parameters
we use the theory of multivariate point processes (cf. J. Jacod [T]). Let

(4.3) Af )=y | (fO)—f(D) n(x;dy)
R4

be the generator of a jump process in IRY.

Let O={&={tn, tmmen With 0=t,<t,<..., and p,eM,}. We define the
predictable random measure v? on (2 by

O ({tms b} menss A, dV) =X (7 [ 85, - 5(dV) (-5 d )
+ﬁpo(37 X, Xs—) 5—a(dV)+ﬁP2(sa X, Xs—) 5+5(dV))dS,

with X (@) =X ({tm, tmtmen)= Y, Up- Let v(-,7)=> 6, , (,*) be the canonical

[

random measure on . There exists a probability measure P on § such that
the stopped process (W={v—vF))'~ is a uniformly integrable martingale for every
n and every predictable W(d, s, p)(— “+” indicates integration —). For FeF #
we consider the predictable function W(®, s, u)=F (X,_ +p)— F(X,_). Then the
process MBRW [F] defined by

(44) MPRV[F]=F(X)—F(X,)

—[dsy | X((F(X;+8,—0)—F(X)n(-,dy)
0

Rd

+Xs(ﬁp0(saXS)F(XS—6)+ﬂp2(S7Xs)F(Xs+5)_F(Xs))

is a local martingale until T:=sup t,.

n

w(e3)
n

nH|s, Lad
n
in [J] and by assumption (1.12) that

For Bpo(s,w)=na | 1F it is obvious by the construction of P

4.5) PIT<s]SP[Y,=o0]=0,

where Y=(Y);»o is a one dimensional Poisson point process with intensity
Y.(K;+14+9)+ K, (we add a new particle at every jump, regardless of whether
it is a “branching” or a “walking” of the process). Therefore P[T=c0]=1.
Hence, if we define P as the distribution of X under P on D,,, we get an
interacting branching random walk.
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4.2 Properties of the rescaled process, Proof of Theorem B

The process {X*™#} are defined in the introduction as the interacting branching
Brownian motion starting from py,e M, each particle having mass 1, and with
branching intensities

4.6) netl¥F—-+—-+

We consider the sequence {P“#},, where P™# is the distribution of
Xn::n‘lxl,n,H.

The proof of Theorem B is a rerun of the proof of Theorem 3.2. Therefore,
we only put together the properties of the rescaled process which we used there.

Lemma 4.1 (i) For all FeC?, feC3 L {1} the processes M™"[F] defined by

@7) MIPF]=F (X))~ F(Xo(/)
~ {]:(3 47) 5 PN 35 X9 IP) 3 PO

0

+n2<st((1 E‘S—X—)) (F(Xs(f)——f)—-F(Xs(f»>

B nH(s, X,) n
H'(s, X,) /
o) (R0 ) o
are local martingales.
(ii)
(4.8) sup sup E* [ X, (D] S (uo(1)+ Ky to 200) e**K1to < o0,

tSto n

(4.9)  supsup EMH[X2(1)]

t<tg n

S (3 (1) + 1o (2o + 40K o) (1o (1) + 1o 20 K ) e2*K10) e#*K1fo < oo,

(iii) The process M e ] is a martingale for every f €C? and the process of the
total mass X (1) is a submartingale.

Proof. Assertion (i) follows from the martingale properties of X". Assertion (ii)
follows by (i) and assumption (1.12). Assertion (iii} is a consequence of (i) and
@i). O

Example. H-transform of product type. The functions H (s, u) = uth, (s)) b (s, 1(1))

considered in Subsection 2.2.2 (iv) satisfy the condition (1.12) if k°=h, is an
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extremal space-time harmonic function of the Feller process conditioned on
non-extinction, because

~ O ckxkl 2 ct -t
(4.10) He(s, X)=k§1 m(k§1 m) e s
with ce(0, 00), (s, x)=1 or A®(s, x)=x"1, cf. [01] and (2.8).
H, s,%
The term 1————% could be negative (for example if h; =1, u(1)=1) and

nH (s, ﬁ)
n

hence is not an intensity. If z(1)>1 then this term is an intensity. This reflects
that for superprocesses the probability of extinction tends to 1 as u(1) to 0,
whereas for the particle systems the maximal probability of extinction in the
next branch in { and is attained iff p(1)=1.

h; (s, x)
If h,=1 (4.6) equals 1 1)
tionally to additive H-transforms of branching Brownian motion a second
sequence of approximating particle systems for additive H-transforms. The only
difference is the fact that in the approximation with additive H-transforms of
branching Brownian motion there is also an interaction in the drift of the one
particle motion which, however, disappears by scaling, cf. Remark in Sect. 3.2.2.

which satisfies (1.12). Hence we have addi-
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problems and for his encouraging interest during the preparation of the work. I also like
to thank the two referees for numerous useful comments and a thorough review of the first
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